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Abstract Based on the Caputo fractional-order deriva-
tive, this work investigates the dynamics of a newly
developed co-infection model of Human immunodefi-
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ciency virus (HIV) and Hepatitis C virus (HCV). Due
to their ability to take into account memory history and
heritability, Caputo fractional-order derivatives are a
natural candidate to study the HIV/HCV co-infection
where these two properties are critical to study how
infections spread. Furthermore, applying the Caputo
fractional-derivative to the co-infection model helps
forecast disease progression and offers optimal treat-
ment strategies for understanding complex HIV/HCV
interactions and co-evolutionary dynamics. Mathemat-
ical analysis of the co-infection model reveals two equi-
libria, one without sickness and the other with sickness.
The next-generation matrix approach is employed to
calculate the basic reproduction number for the cases
of HIV and HCV only respectively, and the co-infection
model of HIV and HCYV, jointly that demonstrates the
mutual influence of the two diseases. Using the repro-
duction numbers, the Lyapunov functional method, and
the Routh-Hurwitz criterion, we establish the global
dynamics of the model. To validate theoretical predic-
tions, the fractional Adams Method (FAM), a popular
numerical technique with a predictor-corrector struc-
ture, is utilized to compute the model’s numerical solu-
tions. Finally, numerical simulations confirm the theo-
retical findings, elucidating the high degree of agree-
ment between the theoretical analysis and the numeri-
cal results. Different from the existing literature using
the L1 scheme, we incorporated a memory trace (MT)
procedure in our paper that captures and amalgamates
the historical dynamics of the system to evoke the mem-
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ory effect in detail. One of the novel results obtained
from this study is that the memory trace starts to come
into existence once fractional power ¢ starts to increase
from 0 to 1 and completely disappears when { becomes
1. Upon increasing the fractional-order ¢ from O, the
memory effect exploits a nonlinear proliferation start-
ing from zero. This observed memory effect empha-
sizes the difference between the integer and non-integer
order derivatives and thus claims the existence of mem-
ory effects of fractional-order derivatives. The findings
of the paper will contribute to a better understanding of
the disease outbreak, as well as aid in the development
of future predictions and control strategies.

Keywords Co-infection HIV-HCV model - Stability
analysis - Global dynamics - Fractional-order
derivative - Numerical simulations - Convergence
analysis

1 Introduction

Hepatitis virus infections are a public health issue
affecting millions of people, causing death, disability,
and considerable expenditure [1]. Hepatitis that causes
liver inflammation may be self-limited or progress to
fibrosis (scarring), cirrhosis, or hepatocellular carci-
noma. Hepatitis virus is the most prevalent source of
hepatitis in the world, however other infections, toxic
substances (such as alcohol, and certain drugs), and
autoimmune diseases can also cause hepatitis. Its mor-
bidity and mortality increase in case of Human immun-
odeficiency virus (HIV) co-infection. There are five
major hepatitis viruses, called A, B, C, D, and E [2,3].
These five types are of the most concern because of
the burden of illness and death they cause as well as
being a leading driver for the likelihood of outbreaks
and epidemic spread. It is estimated that there are 2 bil-
lion people worldwide who have evidence of previous
or current HBV infection [4].

Hepatitis B (known as HBV) and C (HCV) infec-
tions are the most common causes of liver disease, and
they lead to more than 380,000 cancer-related deaths in
China each year [5,6]. There are 87 million in China,
who are chronic hepatitis B virus carriers accounting
for about one-third of the world’s chronic carriers of
hepatitis B virus. It is estimated that about 7.6 mil-
lion people are living with chronic hepatitis C virus
in China [7]. Chronic infection with hepatitis B virus
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(HBV) or hepatitis C virus (HCV) can cause severe
public health problems because of their high prevalence
and poor long-term clinical outcomes in many parts of
the world, including cirrhosis, premature death from
hepatic decompensation, and liver cancer. This is espe-
cially true in China, where the prevalence of HBV and
HCYV infection is quite high. People can get the hepati-
tis B virus through infected blood, perinatal infection,
or sexual contact [8].

The complex serological and natural history asso-
ciated with HBV infection poses challenges in assess-
ing the prevalence of HBV and providing comparable
global estimates. This is due to the availability of mul-
tiple hepatitis B laboratory markers for the infection.
Hepatitis B viral surface antigen (HBsAg) is the pri-
mary clinical marker suggestive of acute or chronic
infection, and the prevalence and endemism of HBV
infection is defined by the presence of HBsAg [9].
About 240 million are chronic carriers of HBsAg
worldwide, with a prevalence that varies according to
geographical areas ranging from less than 2 percent in
regions with low endemicity to more than 8 percent in
highly endemic areas, particularly in developing coun-
tries of sub-Saharan Africa and South-East Asia [10].

Fractional calculus includes derivatives of non-local
and non-integer order, which greatly complicates ana-
lytical solutions to fractional-order differential equa-
tions (FODE) problems and hence limits their applica-
bility [11]. Numerous studies have demonstrated that
fractional-order derivatives provide the most accurate
and reliable models for real-life problems including
many contagious diseases such as tuberculosis (TB)
disease [12], Dengue flu [13,14], HIV [15], COVID-
19[16,17]. In a study by Khan et al., [ 18], the influence
of convex incidence rate and various control measures
on the transmission dynamics of HBV disease was
investigated using a fractional-order epidemic model
in the Caputo-type sense. Also, the sensitivity analysis
was performed to verify the impact of various param-
eters on the dynamic behavior of the system. Frac-
tional calculus includes derivatives of non-local and
non-integer order, which greatly complicates analyti-
cal solutions to fractional-order differential equation
problems and hence limits their applicability [19,20].
Fractional calculus offers the advantage of non-locality
and memory effects, meaning that the state of the sys-
tem depends not only on time and position but also on
its previous states. The Caputo type fractional deriva-
tive operator is particularly useful as it includes initial
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boundary conditions, unlike other types of fractional-
order derivatives, such as the Riemann-Liouville oper-
ator [21].

The memory effects refer to the phenomenon in frac-
tional calculus where a system’s response or behavior
at a given point in time is influenced by both its pre-
vious and present inputs, with the influence gradually
decreasing but never quite disappearing. Non-integer
order derivatives and integrals are taken into consider-
ation in fractional calculus. Because these non-integer
orders account for prior data or previous system states,
they introduce memory effects [22]. Fractional-order
derivatives and integrals take into account the complete
history of the input signal, in contrast to integer-order
derivatives and integrals, which only take into account
the instantaneous effect. This behavior can be described
as memory-like, in which the system’s response at any
given time is dependent upon the information received
in the past [23,24].

When analytical solutions become unattainable, this
adaptability becomes very valuable. The development
of increasingly sophisticated computer tools and algo-
rithms has made it possible to obtain accurate and trust-
worthy outcomes. Researchers can get insight into the
behavior of the temporal dynamics of FODE systems
by simulating and analyzing these systems with these
methods [25]. Due to the occurrence of non-local and
non-integer-order derivatives, numerical instability is
a common feature of FODE systems. Stability and
the prevention of error Propagation can be designed
into numerical methods. When simulating FODE sys-
tems, it is possible to preserve stability and accuracy
by employing various numerical techniques, such as
implicit schemes and stabilizing algorithms. Results
from FODE systems can be verified using experi-
mental data with numerical techniques, which allow
for experimental validation. The system’s complexity
often makes it so that direct experimental measure-
ments are either unavailable or impractical.

The mathematical models help compare various
infection control treatments and promote a deeper
knowledge of their epidemiology. For decades, scholars
have conducted extensive research based on the classi-
cal as well as fractional-order cases [26-28]. Recently,
Tang et al. [29] conducted an epidemiological mathe-
matical study aiming to incorporate the intricate phe-
nomena of the immune system into chronic myeloge-
nous leukemia in the frame of fractional calculus. Their
approach utilized a Matlab-based model with numer-

ical simulations to explore the dynamical patterns of
chronic myelogenous leukemia to inform policymak-
ers and health authorities about the systems essential
for control and treatment. Mathematical modeling and
simulation do not find application only in the field
of mathematical epidemiology such as disease mod-
eling [30,31], but are widely used to derive dynamic
process models in the other fields of Science and Tech-
nology [32-37].

Researchers continuously work in the field of
fractional-order modeling of disease dynamics [38].
Naik and co-workers [39] studied the chaotic behav-
ior of a fractional-order HIV-1 model incorporating
AIDS-related cancer cells. They visualized the impact
of memory on disease transmission and the effect of
various biological parameters including the fractional
power of the derivative with the help of numerical sim-
ulations. Qureshi and Jan [40] investigated a new epi-
demiological measles model in integer- and fractional-
order derivatives along with their comparison. The
sensitivity of the biological parameters involved in
the model was carried out in their study to observe
the impact of these parameters on disease transmis-
sion. They suggested that the memory of the fractional
derivative plays a significant role in the transmission
process.

Recently, the COVID-19 and tuberculosis (TB) co-
infection model was studied by Joshi and Yavuz [41]
in the frame of fractional calculus. They discussed the
local and global stability of the COVID-19 and tuber-
culosis (TB) sub-models separately. They obtained the
conditions that guarantee the local asymptotic stability
of the equilibria of their co-infection model. Through
their results, they provided the impact of COVID-19
on TB and TB on COVID-19. Although researchers
studied many fractional-order epidemic disease models
there is still a need to develop or modify these models
for a better understanding of the transmission dynamic
process of various infectious diseases.

Despite existing treatment and control measures,
HIV and HCV continue to challenge healthcare sys-
tems, especially in developing nations [42—44]. This
paper introduces a fractional-order epidemic model to
elucidate the dynamic behavior of the HIV-HCV co-
infection model. This research marks a pioneering con-
tribution to the field of infectious disease modeling,
particularly in the specific context of HIV and HCV
infections causing challenges for the scientists and
healthcare system for their control. What sets this study
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apart is its groundbreaking application of a fractional-
order model, a sophisticated mathematical framework
that delves into the nuanced intricacies of infection
dynamics. By incorporating varying ¢ values, we not
only enhance the model’s adaptability but also empha-
size the crucial role of fractional calculus principles
in providing a more accurate representation of infec-
tious disease dynamics. The introduction of fractional
calculus adds a layer of complexity that aligns more
closely with the intricate and often non-linear nature
of biological systems. Unlike traditional integer-order
models, fractional-order models capture subtle tempo-
ral dependencies and fractional differentiation, offer-
ing a refined tool for exploring the dynamic behaviors
of infections and treatment responses. This choice in
methodology reflects a commitment to capturing the
real-world complexity of pathogen-host interactions,
making this research a pivotal step towards a more bio-
logically faithful representation of infectious diseases.
In essence, the novel combination of fractional cal-
culus, real-world applications, and meticulous simula-
tions positions this research as a trailblazer in infectious
disease modeling. By offering a more profound bio-
logical understanding of HIV-HCV co-infection, our
findings underscore the importance of considering the
fractional nature of infectious disease dynamics, pro-
pelling the scientific community toward more nuanced
and effective approaches in combating emerging infec-
tious threats.

In view of the above discussion, a non-linear sys-
tem of differential equations is constructed to examine
the co-infection model of HIV and HCV in this arti-
cle. The assumptions concerning the HCV and HIV
co-infection model are as follows: sexual activities are
responsible for transmission, involving sexually active
individuals aged 16 or older. It is assumed that simul-
taneous transmission of HIV and HCV is not possi-
ble. The reinfection of acute HCV-cleared individuals
is possible because past infection does not stipulate
immunity. People with advanced HCV or full-blown
AIDS are unable to be involved in sexual activities,
thereby reducing the transmission of HIV and advanced
HCV. Our model differs from other studies in the liter-
ature in that it addresses the relationship between HIV
and HCV infections along with stability analysis and
is created with fractional-order differential equations
(FODE). Additionally, in our proposed FODE model
we have included memory traces (MT), unlike studies
in the literature [45-48]. Besides we obtained the con-

@ Springer

vergence of the applied numerical technique as there
are very few studies in the literature that did it before.

The remaining body of the paper is designed as fol-
lows: after the introduction in Sect. 1, Sect. 2 gives some
basics that we required for the modeling purposes. Sec-
tion 3, provides the memory-dependent model formu-
lation. Section 4 studies the equilibrium points and their
stability results. Also in this section, the threshold quan-
tity is calculated through the next-generation matrix
method. Further, this section details the local and global
dynamics of the obtained equilibria. Section 5 discusses
the numerical scheme for the solution of the proposed
fractional-order co-infection system along with its con-
vergence analysis. In Sect. 6, we provided the effect of
memory traces (MT) of the factional-order derivatives
on the dynamic process. Section7 gives the numeri-
cal results and a detailed discussion of these results. In
Sect. 8, a summary in terms of the conclusion of the
study is provided. Finally, some potential future direc-
tions are discussed in Sect. 9.

2 Preliminaries

Definition 1 Suppose ¢ > 0 and 5(¢) € L'([0, a], R)
where [0, a] C R;. Then fractional integral of order ¢
for a function 7n(¢) in the sense of Riemann-Liouville
is defined as [49-51]

1 t
0 = s [ =0 @ =0, )

where I' (x) is the classical gamma function defined by

F'(v) = / Ve dr. )
0

Definition 2 Letn — 1 < ¢ <n,n € N,and n(¢) €
C"[0, a]. The Caputo fractional derivative of order ¢
for a function 7 (z) is defined as [49-51],

1 t
ngC"(l) = m/o(l — ‘E)giln(l’)d‘c, t>0.
€))



Modeling and analysis of the fractional-order 11683
Fig.1 Compartmental
HIV-HCV co-infection
model > Alny ’ 08
n
B Ihce
C3Br l
L
P Lho m
H H
Lemma 1l LetRe(¢) > 0,n = [Re(¢)]+1andn(t) and HCV infections:
AC"(0, a). Then [49-51]
kyiurv +ki(Ipa + Tur)
. Brn = N , (6)
(@§m©0F)
Ve Qim@ =n@ — Y ————t/. (4
j=1m J: and
ky2 (A L ko (1 1
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(J§+ Q@) = n(t) — no. ) The risk of infection for both viruses rises when HIV

The transmission of HIV-HCYV co-infection in vari-
ous compartments is presented in the following Fig 1.

The mathematical model for HIV-HCV co-infection
is derived using the notations provided in Table 1.

3 HIV-HCV mathematical model formulation

In this model, a constant recruitment rate B is con-
sidered for individuals entering the susceptible class
S(t), while a constant natural mortality rate y for every
compartment. The average number of sexual partners
per year (k), the likelihood of HIV transmission during
each sexual interaction, and the percentage of people
who are HIV-positive all affect the infection rate of
B per capita. Similar to this, those who are vulner-
able contract HCV at a per capita rate of ., where
y2 denotes the likelihood of HCV transmission during
each sexual encounter. Therefore, (6) and (7) respec-
tively represent the forces of infection linked to HIV

and HCV are present in the same person. The param-
eter k; > 1 denotes the increased risk of contracting
HCYV by a person co-infected with HIV and HCV, while
the improvement factor k; > 1 denotes the increased
risk of contracting HIV by a dually infected individual.
Co-infected people are more likely to become infected
with HIV and HCV than people with only one virus,
which increases the risk of spreading both infections.
Additionally, co-infected individuals tend to be more
infectious than those with a single infection.

Once susceptible individuals become infected with
HIV, they enter the gy class, representing individ-
uals infected with HIV only. Individuals in the Iy vy
class progress to the AIDS class at a rate of 1. Sim-
ilarly, once susceptible individuals become infected
with HCV, they enter the Ay cy class, which consists
of individuals with acute HCV infection. While some
members of the Aycy class spontaneously recover
from acute HCV infection at a rate of ¢,, others move
on to develop latent HCV at a rate of ¢;. HIV-positive
people are more likely to contract HCV than HIV-
negative people, making them more susceptible to the
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Table 1 Parametric values and notations used in the HIV-HCV co-infection model

Notations Description Value Source

S (1) The number of HIV susceptible individuals 40 Assumed

Iy (1) The number of HIV infected individuals 25 Assumed

Agry (1) The number of acute HIV-AIDs individuals 30 Assumed

Agcy (1) The number of acute HCV individuals 10 Assumed

Lycvy (t) The number of Latent HCV individuals 20 Assumed

Iga (1) The number of people with acute HCV and HIV co-infection 10 Assumed

Igcr (1) The number of infected HIV and latent HCV co-infected individuals 10 Assumed

hy Progression rate from HIV to AIDS 0.70 day~! Assumed
Natural birth rate 200 day~! Calculated
Natural mortality rate 0.0158 day~! Calculated

B Force of infection associated with HIV 0.036 day ! Calculated

Be Force of infection associated with HCV 0.05 day~! Calculated

n progression rate from /4 to Iycp 0.82 day*' Calculated

k1 Improvement factor for being HIV infected by both infected people 1.001 day~! [52]

ko Improvement factor for being HCV infected by dually infected people 1.001 day~! [52]

ho Propagation factor for individuals in /5 4 class 1.001 day*1 [52]

cr Rate of spontaneous HCV infection removal 0.27 day*l [52]

€ Rate of risk for spontaneous acute HCV removal in the presence of a co-infection 0.25 day~! [52]

V2 HCV transmission rate per sexual contact 0.1 day*1 [52]

k Average number of sexual partners required per year 0.01 day~! [53]

Y1 HIV transmission rate per sexual contact 0.1 day™! [54]

) Propagation factor for individuals in /x4 class 1.0001 day*' [55]

c3 Propagation factor for individuals in /g class 1.001 day_1 [55]

c progression rate from acute to latent HCV 1 day™! [56]

disease. HIV compromises the immune system, leaving
the body susceptible to other diseases and infections.
In addition, those with HIV are more likely to contract
HCYV than those without HIV because the two diseases
are spread similarly. Propagation parameters have been
added for people who have already contracted HIV or
HCYV, respectively, to account for this elevated risk, as
detailed below:

When individuals in the Ig;v and Agcy classes
engage in sexual contact, they are likely to become
dually infected with both HIV and acute HCV. Individ-
uals infected with HIV only (not yet in the AIDS class)
become infected with acute HCV at a rate of hsf,,
entering the class of individuals co-infected with HIV
and acute HCV, denoted as I 4. Conversely, individu-
als infected with acute HCV become co-infected with

@ Springer

HIV at a rate of ¢ 8,. Similarly, when individuals in
the latent HCV class L ¢y and the infected HIV class
Iy v engage in sexual encounters, individuals in the
latent HCV class are projected to become co-infected
with HIV at arate of ¢35, entering the class of individ-
uals dually infected with HIV and latent HCV, denoted
as | HCL-

The nonlinear dynamical system of the HIV-HCV
co-infection model is formulated with the system of
ordinary differential equations under the parameter
details discussed in the introduction section above.
Therefore, we get the classical co-infection model of
HIV-HCV epidemics as [53-58]
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G =B BS—BS+cAncy —uS.
v — B.§ +crelya — hoPelury —hiluy
—ulurv,

QA = Iy — pAnry,

dAncv — B.S — c,Apcy — c2PuAncy — ciAncy
—KAHCY,

dLnev — oy Aycy — esPulucy — lucv.

s = hyBedyry + coPuAncy — crelpa
—nlga — lya,

d’@}% =nlua+c3pnlucv — mlucer.

®)

By employing the Caputo-type fractional deriva-
tive, we can investigate the impact of memory effect
and hereditary effect on the transmission dynamics of
the HIV-HCV co-infection model. Traditional mod-
els assume instantaneous reactions, while fractional-
order models account for the history of the system.
Fractional-order derivatives are non-local, meaning
they consider information from a range of past times
rather than just the immediate past. The HIV-HCV
disease model may exhibit different fractional-order
behaviors, and adjusting the order allows for a more
accurate representation. Caputo fractional derivatives
in the co-infection models of disease dynamics give
a more accurate and nuanced picture of how infec-
tions spread because they can take into account bio-
logical systems’ memory and heritability [59-62]. This
innovative mathematical technique helps forecast dis-
ease progression and optimize treatment strategies
by understanding complex HIV-HCV interactions and
co-evolutionary dynamics. Generalizing the classical
model (8) to the fractional-order scenario, we obtain
the memory-dependent model as follows [39—41,50]

cals = BS — ByS — BeS + ;5 Apcy — ubS,
ngIHIV = BnS +C§8§IHA - hgﬂcIHIV
—h{ Iy — ¥ Tugy.
ngAHIV = hfIHIV — S Aurv,
ngAHcv = BcS —c; Apcy — C;ﬁhAHCV
—CfAHcv — ubAncy,
ngLHCV = CfAHCV - CgﬁhLHCV - MgLHCV1
ngIHA = hgﬁclmv + CgﬂhAHcv —ctellya
—n"Iga — 15 1Ha,
ngIHCL =nllga + Cg,BhLHCV - lgcr.

€))

where,

By = K y{ Ty + X Upa + Inr)
h = N ’

and

_ kyy (Ancv + Lucv +KUna + Inp)

Be N

where ¢, (0 < ¢ < 1,) represents the order of
the Caputo fractional derivative g Qf in (9) with non-
negative and appropriate initial conditions given by

SO) =S°, Inv©)=1Y,,, Aurv©0) =AYy,
Ancv(0) = AY ey, Lucv(0) = LYy,
Ina0) = I, Incr(0) = Ifcy .

4 Fixed points and their stability analysis

In this section, we find the positivity and bounded-
ness of the model and also find out HIV-HCV co-
infection free equilibrium (HFE) and HIV-HCV co-
infection exist equilibrium point (HEE).

4.1 Positivity and finiteness

Let us denote R}, = {X () e R : X (r) > 0} and let
X (7)) = [S(l), Igiv(@®), Agrv (@), Agcv(®), Lacv (),

T
Iga(t), IHCL(I)] .

Theorem 1 The solution to system HIV-HCV co-
infection is unique and in RZ_ are bounded.

Proof Here, we find the solution to the HIV-HCV co-
infection system

(S@). Iniv (@), Aurv(t), Agcv (1), Lucy (1),
Iga(t), IncL (1)),

and find that the domain ]R?|r is a positive invariant
region with initial conditions. From the HIV-HCV co-
infection model, we first

Is B
§Q; 850 = > 0,

S 11y liy=0 = (B8 (0 + cf S a (@) 2 0,
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¢
89, Agiv(©layy=0= hleIV(f) >0,

ngAHCV(f”AHCV:O =B >0,

§QF Licy @liyey=o = ¢ (Ancy () = 0,
S Iy a1y 420 = W BeTnrv (©)
+¢5Br(Amcy () = 0,

ng Incrliyep=0 =1 Uga (1)
+C§/3h(LHcv (r) > 0.

The above equations hold for all points of the HIV-
HCYV co-infection model and along with theorem 1, we
proved that the set X is positive invariant with respect
to the initial conditions. Next, we derived the bounded-
ness of the HIV-HCV co-infection system. For the total
population, we add all the HIV-HCV system equations
of the model, we get

¢
S$QN(t)=B" — uiN(1).
For,t > 0

¢
§QN(T) + puéN (1) < BY,

and

Therefore, for co-infection HIV-HCV model, N(7),
thatis, the sub-populations S (t) , Igrv (t), Arv (7),
Apcv (t), Lgcv (v), Ipa (t), Igcr (v) are delim-
ited.

Therefore, the biologically feasible area for the
model (9) is

X = {(S (), Iurv (v), Agrv (v), Agcv (1),

Lucy (1) . Iga (1), Incr (1)) € R1|0
<S@)+1Iurv (t)+Anrv () + Aucy (1)

B
+Lyiv (t) +1ga (t) +Igcr (1) < ;}

4.2 HIV-AIDS only model

Here, we are interested in the persistence of HIV and
AIDS, we take only HIV-AIDS-infected compartments
as

@ Springer

ngSHIV = B* — BuSuiv — u*Suiv.,
ngIHIV =creSlga —h5Belury (10)
_thIHIV —ublyyy,
ngAHIV =S Ity — uAnry.
where,
KyfIury
B = — 120 (1D

Nurv

where, Nyjv = Syiv + Iarv + Agry.

Now, calculate the threshold of the HIV model.
Consider the following equations for finding the disease-
free equilibrium point of the HIV-only sub-model,

BS — BuSHiv — nt Surv =0,
BrnSu1v — hgﬁclmv —hi Iy — wlury =0,
hilmv —ubAury =0,
(12)
when Iy = 0,Agry = 0. Thus, the HIV-

AIDS free equilibrium point is given by HQI o=

0 0 0 _ (B¢
(SHIV’ Ty AHIV) = (ﬁv 0, 0) .
and the unique endemic equilibrium point is

* _ (gx* * *
HIV = (SHIV’ Trpvs AHIV) where

B¢

S}k{IV = g
Sarvti
I* _ B{f:llV
HIV — ’
iy +ud) (B -+ (13)
. B ffvhi
Ay = z .
/tf(f,f,,v+u5)(hl+uf)
: * kCVfI};IV
with fr,, = Nty

4.3 Basic reproduction number R([f

Here, we need to derive the reproduction number
Rg of the HIV-AIDS-only sub-model. The repro-
ductive number is a threshold variable that indicates
the total number of subsequent diseases caused by an
infected individual in a fully susceptible population
during the infection period. For this, we use the next-
generation matrix approach. Consider the matrices let
H = Surv, Igrv, AHIV)T, the system (10) can be
written as X = FX)—-VX)
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(=BnSu1v)
here, 7 (X) = | (BuSurv) |
0
B — ufSurv
and V (X) = —hfIHIV — gy

hilmv —ubApv
The threshold of HIV-AIDS-only model is the spectral
radius of FV~!, which is

4.4 Stability analysis of HIV-AIDS sub-model

Theorem 2 The HIV-AIDS free equilibrium point Hg, v
of the HIV-AIDS sub-model is locally asymptotically
stable if RE < 1.

Proof The Jacobian matrix of the HIV-AIDS sub-
model (10) is obtained as follows

Jurv
Kylluy ¢ kyf
a j\iHI{V o . {_NHIVS 0
Ky Iurv Ky, 8t
Nurv (NHIV S—hi—p 0
0 h% —ub

(14)

The Jacobian matrix of the HIV-AIDS sub-model at

0 .
HHIV 1S

Jurv (nglv)

¢
_M§ _k;yl (B{> 0

Nuiv \ uf
- BEY o r . (15)
0 Navpt 1T H 0
0 hS —uf

The characteristic equation of Jy v (HY,,) is
det (JHIV (HIO“V) — AI) = 0, where X is the root of
the equation.

The root A1 = —u?t is trivial eigenvalue and the
other two eigenvalues are obtained from the submatrix
BEkEy{ ¢ ¢

J1 (HQIIV) = | Nuivpt hi—n 0
hf —uf

To get the local stability at the HIV-AIDS free
equilibrium Hg ;v it is sufficient to prove that trace
(J1 (H?”V)) < 0 and the det (J1 (HIO”V)) > 0.

Now,

Bky,
0 — —_ —
trace ( Ji (EH,V)) = Nuvi h1—2un <0, (16)

provided

Bky; — (Mf + hé{) 1Ny

¢
< u°, 17
Nyrvut

(l‘«[‘f‘h?)ﬂ[NHIV_B[V][kC
Nurv

and det ( Ji (Hg”,)) >0=
> 0 if
B¢ )’1{ k¢
(lﬁ + hf) WENmy
Hence by the Routh-Hurwitz criteria of stability, the
HIV-AIDS sub-model is locally asymptotically stable

atthe HIV-AIDS free equilibrium point Hpy, if R <
1 otherwise unstable. m]

<1=R{ <1

Theorem 3 The HIV-AIDS sub-model (10) possesses

a unique endemic equilibrium point Hj, ;,, = (S}‘“V,

* * . H * _ B¢
Loy Ajpry ) TR > 1 where, S, = 5,
¢
I* — Bgf;jllv A* — B[f:”\/hl
HIV ™= (ffy+n8) i+’ “THIV M{(f:anF“{)(h%*“{)’
kfy{I*
. ¥ _ Kyilyy
with fi v = Ny

Proof To find the endemic equilibrium point of the
HIV-AIDS sub-model (10), we have solved the fol-

3 3 dSHIV — dI:IIV —
10\2/;15; system of equations —f& = 0,—fH =
HIV
0,—f+ =0.

Hence we have the following algebraic equations
— 1 Shy =0,

k¢ Vlc Ty
¢ —
(N*— Sty —hiliy = w Iy =0,
HIV
hngIV* — l,LgAT_”V =0.
(18)
By solving, the above simultaneously of equations with
. . KEylrs
consideration f};,, = }’\;‘THV’V
endemic equilibrium point
B¢

Ty +pé’

, gives us the unique

* —
SHIV -

@ Springer
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HIV — N ¢ ’
(fHIV + ut) (hl + ,U«§>
e
A* — B{f;;lvhl
HIV —

w8 (hf + uf)

After substituting above values in the expression of

kCVltllfuv i i i
fiv = N and after simplification, we have
;
fiy = _ Ky B¢
NHIV(hi‘Hl[)

Thus the force of infection for HIV-AIDS in terms of
’R(I)'I is expressed as

Fry = Rg nt —pé = (Rf = 1) puf.

Hence, the force of infection for the HIV-AIDS sub-
model i.e., f};, is positive if Rg’ > 1. O

Theorem 4 The equilibrium Hy, , of HIV-AIDS only
model is GAS, if ’RO < 1 and unstable when RS’ > 1.

Proof Let a Lyapunov function L (t) given by
_ * ¥ SHIV
Ly@ =Vi(Su1v = Sprv = Survin | o —
HIV
Tary
+V2 (IHIV—];:IIV_IITIIVln (1* ))
HIV

AHlV
+V3 (AHIV—A*HIV_AZUV”Z (A* B
HIV

19)

RH

h5+4 RH > 1,and V3 =

— 1 —
where, V| = R Vy, =

1

ue”

Therefore, L (t) is continuous and non-negative for
all T > 0. The caputo derivative of L{(¢) along with
HIV-AIDS sub model is,

¢ ST,
Q'L < v <1 SH”’)gQ{sH,V*
+ W (1 HIV)OQ;- Iy«
A
HIV ) Cof
+ Vs (1—7AH )OQ A%y
1 * Kyl1
57(1_‘5;) B¢ — Y HIV S— ubs
nt N Nury
H ¢
n Ry (1_11*11v> Kyi v s
hS + ub IHry NH1v

—h$ Iy — Mi”‘/)

@ Springer

1 A%
+/T§ (1 - ﬁ) (hilpry =t Agry).  (20)

‘We have,

¢
Bt — Ky Ly §*
Nurv

KEylrs S*
¢ g \'HIv | PHIV
+u HIV»( Ni1v 5y

zhg‘*‘/ﬁ’hiliﬂuv = nE Ay - 2h

Substituting the values of equation (21) in equation
(20), we have,

2
S — S*
ng (L (1) < — {M
SHIV
(IHIV _I;-}IV)Z HIV
MUl TV
Iy
2
(AHIV - A*HIV)
+ .
Agrv

Itproves that if R > 1, then we get, ng (L (1)) <0.
Moreover, §QF (L (1) = 0 at S = S§,y, Iurv =
Iyys Ay = Ay

Hence, by LaSalle’s invariant extension to Lyapunov’s
principles, the endemic equilibrium point H}; ;,, of the
HIV-AIDS sub-model is globally asymptotically stable
if R(I){ > 1, otherwise unstable. O

4.5 HCV only sub-model

In this section, we discuss the HCV model without the
impact of HIV-AIDS on the HCV population.

ngSHcv = B® — B:Sucv +¢* Aucy

—ufSuev,
¢
§ Ancy = BeSucy — ¢; Ay ey — ¢ Ancy
—ufAncy,
¢
§Q Lucy =ci*Agev — ' Lucy.
(22)
Kyia L .
where, B. W with, Ngcy =

Sucv + Iucv +Apncv.

By using the same method as done for the HIV-AIDS
sub-model (10), we obtained the disease-free equilib-
rium point of the HCV sub-model (22) as HI(L)ICV =
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0 0 0 _ (B% :
(SYevs AYcys LYyey) = (MC,O, 0) and the basic
BE kS y5 (uter)
Nycyp?® (Cf+cf+ll<)

reproduction number Rg =

Theorem 5 The disease-free equilibrium point Hg cv
of the HCV sub model (22) is locally asymptotically

. BEKE s
stable lnyz < cf + cf +2ué and Rg < L

Proof The Jocobian matrix of the HCV sub-model (22)
is obtained as follows

Hence by the Routh-Hurwitz criteria of stability, the

HCYV sub-model is locally asymptotically stable at the

disease-free equilibrium point chv if Rg < 1 and

BYkS ;/2{
I3

Theorem 6 The HCV sub-model (22) possesses a

unique endemic equilibrium point

Hfcy = Sheve Iy Afey) RG> 1

where

<+ cf + 2u’ otherwise unstable. O

K ys (Ancv+Lucy) K yy ¢ Kys
——{ Nicy —uf —Npey SHCV ¢ —Nev SHCV
Jucv = k>yy (Agcv+Lucv) ky» s ¢ ky>
Nucvy Nucvy SHev —er — ¢ = ut Nucy SHev
0 ci —ub
; - 0o B¢ (cg o+ M;)
The Jacobian matrix of HCV sub-model at Hp -, is ¢ _ 1 r
HCV = "y ¢ ¢ ¢ ¢ &y
Jucv (H;-)ICV) fﬂcv(c]"‘M )C‘f‘ﬂ (C1+Cr + ut)
B¢
Cps a8 Bk L * = HCY
e _Bky, ¢ _ %) HCV )
S R 7 Firev (€] + 1) + w8 + 6 + 1)
= BSkSy; ¢ _ ¢ ¢ Bky,
Nucvpt C; ‘O Npevt and
e ¢
0 G H * _ ‘ Bgf;;cv

The characteristic equation of the Jycy at HIOJCV is
det (JHCV (chv) — )J) = 0, where X is the root of
the equation.

The root A = —u? is the trivial eigenvalue and the
other two eigenvalues are obtained from the sub matrix

JuCV (HQ,CV)

By, & &0 By
= | Nmcvut r{ 1 Nucyué
] —uf

To get the local stability of HCV sub-model (22) at the
disease-free equilibrium ch v itis sufficient to prove
that

trace (JHCV (HI(‘)ICV)) < 0 and det ( Jucv (H?ICV))
> 0. .

BYkS
Now, trace ( Jucv (HYcy)) = TVZ — - cf _
2ué <0,

. .. BSKE ¢
with the condition, # <+ cf +2ub,
B8 (15 )

W
BEKS vy (uh +e))

2% (e ef )

and det(J, (Hycy)) > 0 = —
Mc(cf+c§+uf)>0,if <1=

Rg<1.

hev = * ¢ TS ’
We (chv(cl + b)) + ulle; tor +M§))

with
1
fhev = ——
HEV ™ N yey
Nucvi® (u8 +c§ +cf ) = Byf 6§ + )
(cf + )

Proof To find the endemic equilibrium point of the
HCYV sub-model (22), we have solved the following
system of equations

ng Sucv =0,
ngAHCV =0,
CQ Lycy =0.

Hence, we have the following algebraic equations
ke ys (Agcy + Lucv)
NucvSucv + ¢t Aucy — néSucy

K ys (Aucy + Lucy)
Nucvy S
—CfAHcv —ufApcy =0,

B¢ —

=0,

cv —ctAncy

@ Springer
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¢ ¢ —

¢jAucy — > Lucy =0. (23) Lucy
By solving, the above simultaneously equations with aev
consideration c

where v| = %,vz = #,Rg > l,and v3 = LC
Kys (A* + L% ) w cr e +ut m

« =~V \Agey HCV . . A

friey = , Now, by applying the Caputo fractional derivative to

*
NHCV

gives us the unique endemic equilibrium point

B¢ (cf +cf + ;ﬁ)

S;ICV = ’
Fhov (] + 1) + b (c] +cr + pd)
= B fhicy
HCV — s
Fhev(e] +u8) + ] + ¢ + pd)
¢
Loy = 1B fricy

After substituting above values in the expression of

" kys (A%ev + Liey)
fHCV = N* ’
HCV

and after simplification, we have

1
WENpev
( Nucvu* (Mz +C{ +C§) - Bysz(é -HL{))

(cg + MC)

Thus, the force of infection for HCV in terms of Rg is
expressed as
ut (u‘ + +cf)

* _
THev =

X = RE —1).
f HCV (Cf -HL() ( 0 )
Hence, the force of infection for HCV i.e., f chv is

positive if RS > 1. O

Theorem 7 The endemic equilibrium point Hy; -y, of
HCYV only sub-model (22) is globally asymptotically
stable ing > 1.

Proof Consider the positive definite Lyapunov func-
tion Ly (SHcv Arcv, Lucv) Qucy — RT
defined as

Sucv
Ly (t) = (SHCV — S;ICV — S;({CV In (S*
HCV

. " Agcv

tv\Ancy —Aycy — AneyIn| 5

HCV

+v3 (Lucv = Lycy — Lcy

@ Springer

18 (Frev (S + 1) + 18 (e + cf + )

the above Lyapunov function

Cof 1 Shev \ ¢ of
Q (L) <= — (1 ~ Q Sycv
0 e Sucv )0

RS A% ¢
+ 0 (1— HCV)SQIAHCV

cf—l—c{-l—pbf AHcy

1 ( LZCV)C ¢
+—\(l——"—— oD, Lycv. (25)
7 Lycy )%t

From equation (24), we have,
¢
§Q; (L2 (1)
ué SHcv

ke ys (Aucv + Lucv)
(B{ - 2 SHcv

Nucvy
+crApcv — uSHcv)
c
Ry <1 B AZCV)

cf + c% + ut Apgcy
<k)/2 (Agcv + LHCV)S
Nycv

—crAgcv — ctAacv — HAHCY)

1 L%
+F <1 — Liit) (ctAgcv — uLycv) . (26)

At the HCV endemic equilibrium from equation (23),
we have,

_ kgyzg (AZCV + L?ICV)
Nycv
+cf Aey — 1 Sheys
K ys (A*gev + L*ucv) Shev
Nucvy A*mcy
A*pev = p* L uev. 27)

B¢

*
SHCV

=cf+ci+u§,

Substituting the values of equation (27) in equation
(26), we get,

€Qf (Ly (1))

2
[ (Suev — She)
- SHcv
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(Tncv — I;ICV)z c and,
ey ~lie)” (e )
Tacy ;
N 2 VHC
+(LHCV — Liicv) 28) 0+ 16 0 0 0 —efel 0
Lycy —hi$ wt 0 0 0 0
_ 0 0 ¢ +cf +ub 0 0
It shows that if RS > 1, $Q° (L» (1)) < 0. More- 0 0-cif . ut 0 0
Cel 0 0 0 et +nf+us 0
over, ;Q; (L2 (1)) =0at S = Sy oy, lucv = Igeys 0o o0 0 B —nf b

Lucv = Liycy-

Hence by LaSalle’s invariant extension to Lya-
punov’s principles, the endemic equilibrium point
Hp; oy of the HCV sub-model is globally asymptoti-
cally stable if Rg > 1, otherwise unstable. O

4.6 Equilibrium points for HIV-HCV co-infection
model

The disease-free equilibrium of the HIV-HCV co-
infection modelis givenby HY, » = (SO, 19,0, A%

0 0 0 0 _ (B¢
Aycv Lycyv: Igas IHCL) = (E’O’ 0,0,0,0, 0>~

Theorem 8 The basic reproduction number for HIV-
HCYV co-infection model R{)'I € = max { Réq , Rg }

Proof Using the next-generation matrix method, the
Jacobian infection matrix of the co-infection model
and the matrix from transfer from one compartment to
another compartment in the co-infection model at the

disease-free equilibrium H?,C = (fi—g 0,0,0,0,0, 0)
are as follows:

k%‘/j{B( 0 0 0 kaiLyf B¢ ka,;y{f B¢
0 0 0 0 0
Jrme = 0 0 kr);zigf ki}l,:_igz kzk%ty; B¢ kzkay; B¢
0 0 0 0 0 0
0 0 ©0 0 0 0
0 0 O 0 0 0

The basic reproduction number, Rgl € for the co-
infection model HIV-HCV is the maximum of eigen-
values of the next generation matrix Jrgc (Jy Hc)’l,
that is

REC
Bly ke (/ﬁ + cf)
u (c{ +ct +,u5)’
By kS
)

= max {R(I)i,Rg},

= max

,0,0,0,0

where, Rgl and Rg are the basic reproduction number
of sub-models HIV-AIDS only and HCV only respec-
tively. O

Theorem 9 The co-infection (HIV and HCV)-free
equilibrium, HEIC, of the model is locally asymptoti-
cally stable if R(I){ € < 1 and unstable otherwise.

Proof The Jacobian matrix of the HIV-HCV co-
infection model at the disease-free equilibrium ch
is

@ Springer
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[ ¢ nyfkl ¢ _BC},Z(]J —B[yfk( Bgyfkg Btyfkc
-1 cr — —1 —1l
. G 3 s 3 ;s o
¢y, 8ke ¢, 8xe
BZ;" —uf =ik 0 0 0 cre§+3“’lk4°uf cfet 4 BN
¢ ¢, 608 ¢ ¢85kt
0 ¢ BSy{ Kk ¢ BEy{ kkS Vs kEKS BSyy kks
Jie = 0 0 0 cref cr et + llt{ lﬂ —ar
0 0 0 ¢ —uf 0 0
g
0 0 0 0 Byikiky yik LR 0
L 0 0 0 0 nt —uf i
Rewriting the J?IC as
S =l Therefore, if inequality in (29) and (30) is satisfied
HC = | 10 Jo | erefore, if inequality in (29) and (30) is satisfied,
Where 21722 then R(I){C < 1. O
- _M{ BEyikt o _ By kK
I v T
0 BE ok Ko ('; 5 Numerical scheme for the solution
Ji = B ;
0 h‘ ut 0 .
0 0 0 EAK e o & Numerous compelling arguments support the use of
- ue oA numerical techniques for the solution of systems of
[ B{ﬁ K B:/ﬁk{ B:Zf“ fractional-order differential equations (FODEs) [63—
0 Biy kS BSy[KSk| 66]. Closed-form solutions are either not available or
= 3 3 . . . . .
e 0 0 0 ' highly difficult to develop in many situations. When
Bk BKK Bk approximating the solutions of fractional-order differ-
L ¢ ¢ 3 . . . .
- g " ential equation (FODE) systems, numerical techniques
Iy = 8 8 8 CO' offer an alternate method. Complex FODE systems can
1000 0 be modeled with greater ease using numerical tech-
r—ub 0 0 niques. They allow for the precise study of a wide vari-
Jn=| 0 —pf—ut—clet 0 } . ety of physical processes and systems by accommo-
L 0 n° —uf dating a wide variety of boundary conditions, initial

The co-infection (HIV and HCV)-free equilibrium
is locally asymptotically stable if and only if the roots
of Ji1 and Jy; have all negative eigenvalues. The
eigenvalues of Jop are —ué,—ué,—(n + ut + cfef)
which are negative. The eigenvalues of Ji; are —u¢,
. 1208 8 — BEy S ke 1% — Bt 5k5+c1;ﬁ+cr ;ﬁ

s

However, all the;elgenvalues of J; are negatlve when
u + hfui _ B;ylsz nyfkf

né 18 (Mc +ht )

= RE <1, (29)

and
W = By K nd +ent
s
= ; fgyzikf <1l= e
(c1 +c + /Lf)

<1

@ Springer

conditions, and nonlinearities.

When analytical methods fail to yield useful results,
this adaptability becomes very valuable [67]. Solu-
tions to FODE problems can be efficiently and accu-
rately provided by numerical techniques. The devel-
opment of increasingly sophisticated computer tools
and algorithms has made it possible to obtain accu-
rate and trustworthy solutions. Researchers can get
insight into the behavior and dynamics of FODE sys-
tems by simulating and analyzing these systems with
these methods [68]. Due to the occurrence of non-local
and non-integer-order derivatives, numerical instability
is a common feature of FODE systems. Stability and
the prevention of error Propagation can be designed
into numerical methods. When simulating FODE sys-
tems, it is possible to preserve stability and accuracy
by employing a variety of numerical techniques, such
as implicit schemes and stabilizing algorithms. Results
from FODE systems can be verified using experimen-
tal data using numerical techniques, which allow for
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experimental validation. The complexity of the sys-
tem often makes it so that direct experimental mea-
surements are either unavailable or impractical.

Researchers can validate their numerical predic-
tions with relevant tests by simulating the system using
numerical techniques. Because of this, the numerical
models may be checked and double-checked for accu-
racy. Optimization using numerical methods FODE
systems can be optimized using numerical methods.
Scientists can get the system to behave how they want
it to be defining an optimization problem and then using
numerical optimization techniques to find the optimal
solution. This allows for the optimization and explo-
ration of parameter spaces for systems that would be
difficult to analyze analytically. In conclusion, when
analytical solutions are scarce or nonexistent, numer-
ical schemes provide a practical and effective method
for solving FODE systems [69]. In researching and
analyzing complex FODE systems, their malleability,
efficiency, precision, stability, and ability to validate
against experimental data make them valuable tools.

In the light of the above discussion, we have
attempted to solve the Caputo system in (9) with the
help of a most commonly used numerical method
known as the fractional Adams method (FAM) that
uses predictor-corrector type structure as explained
in [70-72]. It is worthwhile to be noted that the
Adams-Bashforth-Moulton (ABM) fractional numer-
ical method combines explicit and implicit proce-
dures to efficiently solve FODE. Numerical simula-
tions incorporating fractional derivatives can benefit
from their increased accuracy, stability, and ability to
handle stiff equations. To approximate the solution of
Caputo model (9) by ABM, we take the system of non-
linear fractional-order differential equation (FODE) as
given in [70-72]:

CQEy(t) = F(t, (1), 0 <t < T,y (0)
zl/f({,j=0,1,2,...,m—l, 31)

where, ¢ > 0 and m = [{] is the integer greater than
or equal to ¢. The ¢ order fractional derivative of ¥ (¢)
in Caputo sense denoted by g Qf ¥ (t) is defined by

Colyin— |
0V = R
t
/ (t — r)"_C_lw(")(r)dr, n—1
0

<t<nneZ .

Note that the notation w(") (r) denotes the n’ k integer
order derivative of 1 (r). It is worth mentioning that the
theorems of existence and uniqueness for the fractional
IVPin (31) can be found in [70-72]. The fractional dif-
ferential equation (31) is also equivalent to the Volterra
integral equation given by

Y(r) = ZW”. F({)/(z PR Y () dr

+§ Q  F@, (@), (32)

Z w(])
The predictor-corrector type method (FAM) is used in
several existing research works such as [73-77] for
integrating equations of the type (32). Each equation

in the Caputo fractional-order model (9) can be dis-
cretized in the following way:

wn—q—l WO_"ZbJ n+1F(t/ W ),

j=0

Ynr1 = Yo + Zaj,nﬂF(lj, V)

j=0
+ nt 1 F (a1, U5, (33)
where,
At
aj = —
T T+ 2)

nttl— (- o)+ 1%, if, j =0,
(n=j+2F =20 — j+ DI
+n =
1, if,j=n+1.

34
if, 1 <j <n, 34)

The above-discussed fractional Adams method is employed

to simulate the Caputo model givenin (9). We have used
MATLAB software to run the required simulations.

5.1 Convergence analysis
In this part, we derive criteria for boundedness and con-
vergence on system signals, and we study the case of

systems defined by fractional-order nonlinear differen-
tial equations [78]

{§50°0 = s0t.0). (35)

@ Springer
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where, ¢ (¢) and g(t, ¢ (¢)) € N" with initial condition
¢(0) € N". Here we assumed that g(t,0) = 0 for all ¢
positive.

Theorem 10 For the system (35), If there exists a
scalar function I = JI(¢p), a scalar class-K function
Z1 and, for any ¢ (or at origin ¢ = 0) and a bounded
continuous differentiable function h(-, ¢ ) such that [78]
(i) I = Z1(¢) (ii) SQES‘ < —h(p. D> Z1(p) (iii)
T¢I (o, t)||2] — oo forany fixed ¢ ast — oo. Then,
lo@®)| = 0ast— oo.

Theorem 11 Forthe system (35), there exists a positive-
definite function 3 = J(¢) € N, such that gﬂgi‘s =

h(33) locally (globally) holds with the concave function

h(-) such that h(¢) =0 = ¢ = 0and h'(0) < 0. Then

the trajectories of (35) are locally (globally) asymp-

totically stable and converges to zero.

Remark For ¢ = 1, the above theorem can be sim-
plified by stating that since § Q°Y < 0in o (with
in a compact neighborhood around the origin ¢ = 0)
which is not necessarily true for any kind of fractional
derivative and ¥ cannot increase and therefore ¢ (¢) is
finite.

6 Exploration of memory effect

This section is devoted to exploring the impact of mem-
ory traces on the transmission dynamics of the HIV-
HCYV co-infection epidemic model under the Caputo-
type fractional-order derivative. To study the effect of
memory trace on the fractional-order HIV-HCV co-
infection epidemic model described in (9), the Caputo
operator is used as discussed in definition 2. Now for the
fractional-order ¢, 0 < ¢ < 1, the fractional derivation
of function 7 (¢) is given as
cqt _
S n@ =G, 1. (36)
The Caputo operator for the function n(¢) as dis-
cussed in definition 2 is given by

R UEY) .
ra-¢Jo ¢t—x)f

CQin) = 37)

Now, we define the numerical L1 scheme that
involves memory traces under the properties of fractional-
order derivative by applying the Caputo fractional

@ Springer

derivative to the method. The fractional derivative of
n(t) using L1 scheme is numerically approximated
as [79,80]

SQina)
(di)¢ r‘l -
N [7(tmt1) — () I(H —m)' ¢
rao | =
—(H—1- m)H]] . (38)

By combining Eq.(36) and Eq.(38), we get the numer-
ical solution for the Eq.(36) as given by

nr) ~ §QETQ@ = 0GM®), )+ nltr—1)

H-2
= Y [1tms) = ) H —m)' =%

m=0

—(H -1 —m)l_;]]. (39)

Therefore, using the L1 numerical scheme for the solu-
tion of the model (9), we define the Markov term
weighted by the Gamma function and the n-memory
trace respectively as

Markov term = § QT2 — £)G(1(1), 1) + n(tp—1).

(40)
and
H-2
Memory trace = ) [n(tm+1) = n(ta)[(H —m)'~*
m=0
—(H —1-m)"]. 41)

6.1 Memory trace using L1 scheme for the proposed
model

Now following the similar procedure discussed in
Sect. 6, the numerical approximation for each class in
system (9) along with Markov term and memory trace
is obtained. Therefore, the numerical approximation
for susceptible class S(¢) is given by

¢ @n—t | &
5250 ~ s D [Stngn) = SENH —m)'—¢
m=0
—(H -1 —m)‘*f]] (42)

By combining (42) and first equation of model (9), the
numerical solution of susceptible class S(¢) is finally
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given by

S(ty) ~ [Markov term S(r) — Memory trace S(1)],
(43)

with

Markov term = CQEF(Z —0)GS@), 1)+ Stg—1),

(44)
and
H-2
Memory trace = Y _ [S(twr1) — S(n)[(H —m)'~*
m=0
—(H—1-m)'"*]. (45)

By a similar process, the numerical approximation for
the HIV infected class Iy vy (¢) is given by

Fo s | X v

m=0
— Iy (ta)I(H —m)' ¢
—(H -1 —m)l—f]]. (46)

ngIHIV(t) ~

By combining (46) and second equation of model (9),
the numerical solution of HIV infected class /gy (1)
is finally given by

Iy v (ty) ~ [Markov term Iy (1)
— Memory trace I v (1)], 47)

with

Markov term = CQfF(2 = 0GUgv@0), )+ 1g1v(tg-1),

(43)
and
H-2
Memory trace = Z [Lr1v (tms1)
m=0
— Iy t)(H — m)' ¢
—(H—1-m)'"*]. (49)

Similarly, we can obtain the numerical solutions for
acute HIV-AIDS class Agyy(t), acute HCV class
Agcy(t),latent HCV class L gy (t), acute HIV-HCV
co-infection class I'y 4 (1), infected HIV and latent HCV
co-infection class Iy (t), respectively.

7 Results and discussion

Numerical results have been computed using the data of
parameters given in Table 1. The co-infection model of
HIV and HCV (8) is a deterministic, classical epidemic
model in which a population is partitioned into seven
subsets. The classical form of the HIV-HCV model
describes the movement of individuals between these
regions using ordinary differential equations (ODEs).
However, the model transforms into a FODE system
when the Caputo operator is used with varying values
of the fractional-order ¢ as shown in (9). The Caputo
operator, which extends the idea of differentiation to
orders other than 1, is a fractional derivative opera-
tor. Systems with memory or long-range dependencies
are often described using fractional calculus. The HIV-
HCV epidemic dynamics can be extended to include
fractional-order effects by using the Caputo operator.
Changing the HIV-HCV model’s fractional-order ¢ has
several effects on the epidemic’s dynamics as depicted
in Fig.2 and stated below:

e [nhibiting or promoting the spread of the pandemic
The system’s memory and long-range reliance are
both controlled by the fractional-order ¢. For ¢ val-
ues below 1, the epidemic spreads more quickly
than the standard integer-order HIV-HCV model
predicted. For ¢ levels above 1, however, the epi-
demic progresses at a slower rate.

e The decline of infected people is not exponen-
tial In the classical HIV-HCV model, the num-
ber of infected people decreases exponentially as
they get immune and enter the recovered com-
partment. However, the decay of infected people
becomes non-exponential when the Caputo oper-
ator is utilized with fractional orders. The decay
rate is proportional to the fractional-order ¢, with
slower decay rates corresponding to lower values
of ¢.

e Erratic dispersion The fractional-order ¢ modifies
the epidemic’s spreading dynamics. The classical
HIV-HCV model predicts that the virus will spread
through the population as though by normal diffu-
sion. However, when fractional orders are included,
the spreading behavior no longer follows the rules
of classical diffusion, and the process is deemed
abnormal. The velocity and shape of the spread are
both determined by the value of ¢.
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e Implications for Long-Term Memory Because of
the long-term memory effects seen in fractional-
order systems, the course of the pandemic will be
affected by its prior behavior. The depth and breadth
of the system’s memory are set by the fractional-
order ¢ . As ¢ decreases, the memory effects become
more significant, and the past states have a greater
impact on the epidemic’s future development.

It is worth noting that the HIV-HCV model with
the Caputo operator and fractional orders can exhibit
highly nuanced and value-dependent behavior. Since
closed-form solutions are rarely, if ever, attainable, ana-
lyzing the dynamics of such systems typically entails
the use of numerical methods and simulations. Numer-
ical methods like fractional integration and fractional
differential equations are used to investigate the dynam-
ics of fractional-order epidemic models.

The HIV-HCV model with the Caputo operator (9)
and various biological parameters can display nonlin-
ear behavior, which should be taken into account. The
dynamics of the model as a whole may be affected by
a change in a single parameter. Therefore, it is nec-
essary to conduct an in-depth analysis to comprehend
the impacts of varying parameter values; this is typi-
cally done by numerical simulations or mathematical
approaches specifically designed for fractional differ-
ential equations, such as numerical integration meth-
ods or stability analysis. It is also possible to calibrate
the model’s parameters and evaluate their impact on
epidemic behavior using real-world data and empirical
observations. To better understand the impact of these
changes, we have attempted to mimic the Caputo model
by holding the fractional parameter { constant while
changing other key biological factors. For instance, in
Fig.3, the dynamics of the state variable shift when
the value of parameter 4 is reduced. Notably, and
in fair agreement with real-world facts, the vulnera-
ble population falls as the progression rate from HIV
to AIDS drops. Similarly, in Fig.4, the number of
infected HIV and acute HCV co-infected individuals
starts dwindling as the propagation factor for the indi-
viduals £, isreduced. Effects in other compartments are
also depicted in the same Figure. The influence of 8,
and B, in the class Iy v () is shown in Fig.5 wherein
the number of HIV-infected people reduces when a
force of infection associated with HIV (8;,) is halved
every time while the number of HIV-infected people
starts increasing when a force of infection associated

@ Springer

with HCV is reduced. The pace of infection-induced
deterioration of healthy T-cells slows down as infec-
tion intensity drops. Because of this, the curve showing
infected T-cells would increase more slowly. This sce-
nario is also in good alignment with reality. The number
of infected HIV and acute HCV co-infected individuals
starts declining when both g, and B, are reduced since
the people have co-infection, as shown in Fig. 6. Finally,
when both of these biological parameters (8, and S.)
are reduced, the number of infected HIV and latent
HCV co-infected individuals start decreasing speedily
as evident in Fig. 7. The modulation of these behaviors
by Caputo fractional derivative, which result in mem-
ory effects and non-local dynamics, produces complex
and frequently counterintuitive system responses. This
complexity, which is a defining feature of such sys-
tems, emphasizes the rich dynamics that can emerge
from fractional-order models.

In epidemiology, the measure of a disease’s spread-
ability is the Basic Reproductive Number, abbreviated
as Ry. It is the number of further cases that can be
expected from a single initial case in a population where
everyone is at risk of contracting the disease. To bet-
ter grasp how R responds to changes in two exter-
nal variables, we will use a three-dimensional graph
(with the two external variables along the x and y axes
and Ry along the z-axis) to visualize the relationship
between the three values. Additionally, a contour plot is
also shown side by side. Statistics and mathematics use
contour plots to visualize three-dimensional data in two
dimensions. Contours cut across the three-dimensional
graph as level curves or isolines. The contour’s level
indicates the function’s “height” or “depth” at each
point in the graph. Closely spaced contour lines indi-
cate a steep graph, while farther apart lines indicate
a gentler slope. Contour plots depict gradients, peaks,
valleys, and complex variable interactions in complex
data.

Figure 8 shows the dynamical behavior of Rg based
on variations carried out in p (natural mortality rate)
and y; (HIV transmission rate per sexual contact). It
shows that with increasing values of yy, the rate of R(I)J
starts increasing while p does not cause many effects.
This analysis is in agreement with the theoretical obser-
vations wherein disease can spread if the HI'V transmis-
sion rate increases. The results of changing /11 (progres-
sion rate from HIV to AIDS) and y; (HIV transmission
rate per sexual contact) on R(I){ are shownin Fig. 9. Con-
sistent with the theoretical results, it has been found that
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Fig. 2 Behavior of each state variable in the Caputo model (9) for different values of ¢ while using the parameters’ values from Table 1

when h; and y; are both active, Rg increases. Com-
pared to Fig. 8, the basic reproduction number for Fig. 9
is higher. Parameters 41 and y; are responsible. The
value of Rg’ is profoundly impacted by these param-
eters. The results in Rg , when k and & (progression
rate from HIV to AIDS) are changed, are shown in
Fig. 10. R(’;{ is seen to increase as k grows, corrobo-
rated by theoretical predictions given that the likeli-
hood of simultaneous infection grows with the number

of sexual partners. The value of Rg is sensitive to the
k parameter.

It may be noted that the major goal of these plots
is to visually depict the dynamic behavior of R about
variations in particular model parameters. Understand-
ing the sensitivity of the epidemic model and identify-
ing important elements that can influence the propaga-
tion of the disease is of utmost importance. Although
the changes in /Rp may seem minor, these variances
are crucial in epidemiological modeling. They assist
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Fig. 3 Behavior of each state variable in the Caputo model (9) for { = 0.95 while using the parameters’ values from Table 1 with

decreasing i1 values

in forecasting the critical values for disease manage-
ment and in comprehending how minor modifications
in parameters can profoundly impact disease dynamics.

Changing the values of k (average number of sex-
ual partners required per year) and p (natural mortality
rate) is depicted in Fig. 11 to show how Rg behaves
dynamically. It has been noted that as k increases and
1 decreases, Rg also rises. This is because an increase

@ Springer

in the average number of sexual partners exposes more
people to the disease when the natural mortality rate is
low. The dynamical behavior of R is seen in Fig. 12
as k and ¢ (progression rate from acute to latent HCV)
are varied. Increases in Rg are seen to occur as k grows
and decreases in c1. The reason is that if people increase
their average number of sexual partners while the pro-
gression rate from acute to latent HCV is low, then there
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Fig. 4 Behavior of each state variable in the Caputo model (9) for { = 0.95 while using the parameters’ values from Table 1 with

decreasing iy values

will inevitably be more people infected. The dynami-
cal behavior of Rg is seen in Fig. 13 as k and ¢, ( Rate
of spontaneous removal of acute HCV) are varied. The
observed relationship between ¢, and Rg is a decrease
in Rg with increasing c,. This is because an increase in
the average number of sexual partners is not adequate
to counteract the large drop in Rg that occurs when the
rate of spontaneous removal of acute HCV rises.

Changing the values of k and p (natural mortality
rate) is depicted in Fig. 14 to show how Rg € behaves
dynamically. It has been noted that as k increases and
u is small, R(If € rises drastically. This is because
an increase in the average number of sexual partners
exposes more people to the disease when the natural
mortality rate is a bit low. However, when p is high
then for sure there are not many people to have sex
with, and Réi € shows a small value thereby showing
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compatibility with real-world scenarios. Similarly, the
values of k and 1 (progression rate from HIV to AIDS)
play a vital role in the dynamics of R(’)" € as depicted in
Fig.15. A little larger k brings Réi € to a peak level no
matter if /27 is small. 7'\’,51 € can be reduced by control-
ling k parameter. Finally, when the HIV transmission
rate per sexual contact (y1) moves to a smaller value
then it gets credit to reduce Réq € as shown in Fig. 16.

Exploring fractional-order epidemic models in the
context of HIV/HCV co-infection has diverse appli-
cations for public health departments, which are cru-
cial in managing and reducing the impact of both dis-
eases [81,82]. These models offer a detailed com-
prehension of the intricacies of co-infection dynam-
ics, improving the capacity to forecast outbreaks and
transmission, hence enabling more prompt and focused
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Fig. 10 Behavior of ’Rg under (k, k1) via a surface and b contour plots

responses. They play a crucial role in devising opti-
mum treatment methods, taking into account the dis-
tinctive interactions between HIV and HCV, result-
ing in enhanced patient care outcomes. Moreover,
these models facilitate the effective distribution of
healthcare resources, especially in regions with ele-
vated co-infection risks. The knowledge acquired from
these studies is essential for developing efficient public
health strategies, customizing educational and aware-
ness initiatives for vulnerable populations, and promot-
ing a cooperative, interdisciplinary approach to disease
control. Furthermore, they play a crucial role in deter-
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mining immunization tactics and have far-reaching
implications for global health, given that both HIV and
HCV are significant public health issues on a global
scale. In conclusion, the use of these models guarantees
amore customized and efficient public health interven-
tion, leading to a notable enhancement in disease man-
agement and improved health results for those impacted
by both HIV and HCV.

In Figs.17, 18, we have shown how the memory
trace (MT) changes for various ¢ values. The absence
of MT in the system is shown graphically when ¢ = 1
denotes the integer-order situation. Nevertheless, the
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MT is considered as the fractional-order ¢ begins to
move from O to 1. Consistently, the measured MT dis-
plays an upward trend as ¢ declines from 1 to 0.75.
Incorporating this behavior is crucial for building a
highly accurate mathematical model, given the inher-
ent MT in the structure of the co-infection system. As
shown in Figs. 17, 18, the intrinsic MT in each system
population is revealed by our mathematical model’s
use of fractional derivatives. In the initial interaction
with the disease, susceptible individuals’ immune sys-
tems swiftly activate the memory effect in their immune
cells, attempting to eradicate any foreign cells that they

perceive as a danger. Some memory immune cells,
however, gradually die off as they battle abnormal
cells from the acute to chronic phase, which happens
as a consequence of co-infection. As the communica-
tion network of dying immune cells fades away, the
memory impact of immune cells diminishes, and for-
eign cells entering the body now act similarly to bod-
ily cells [83—85]. The memory trace graphs (Figs. 17,
18) that accompany our suggested model corroborate
this biological phenomenon. In particular, beginning at
around 0 days and continuing onwards, a declining ten-
dency in the memory trace may be observed in Figs. 17,
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18. Figures 17, 18 show that although some subpopula-
tions see a positive shift in the memory trace, others see
anegative change. By combining the data from Figs. 2,
3 with Figs. 17, 18, we can observe that the memory
trace is positive during intervals when populations are
on the rise and negative during intervals when popu-
lations are on the decline. Put simply, memory trace
graphs allow us to foretell whether population densi-
ties will rise or fall. The numerical simulation findings
confirm without a doubt that fractional-order differen-
tial equations have been quite successful in capturing
the system’s memory trace.
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8 Conclusion

The main task of the current study was to model
and analyze a fractional-order co-infection model of
HIV and HCV epidemics. The nonlinear form of the
co-infection epidemic model was divided into seven
dynamic classes namely susceptible, HIV-infected
individuals, acute HIV-AIDs individuals, acute HCV
individuals, latent HCV individuals, infected HIV and
acute HCV co-infected individuals, and infected HIV
and latent HCV co-infected individuals. The basic
reproduction number was determined using the Next-
generation matrix method. The model was analyzed
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through the determination of the model’s steady states.
The stabilities of steady states were analyzed based
on reproduction number using: signs of the Jacobi
matrix evaluated at steady states, Lyapunov functional
approach, and Routh-Hurwitz criteria.

The local and global stability analyses were ana-
lyzed for disease-free and endemic equilibrium. The
numerical results of the nonlinear HIV-HCV co-
infection epidemic system applying the fractional ordi-
nary differential equations were presented. Those mod-
els which involve nonlinearity are always difficult to
solve analytically. Therefore, numerical methods are
alternate authentic methods to solve such stiff models.
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under (y1, 1) via a surface and b contour plots

For the proposed fractional-order system the Adams-
Bashforth-Moulton fractional numerical method was
employed to obtain the numerical results as it combines
explicit and implicit procedures to efficiently solve
fractional ordinary differential equations. At the end of
the article, we demonstrated the numerical simulations
for the state variables and different parameters includ-
ing reproduction numbers of the fractional-order HIV-
HCV co-infection model. We concluded that the elim-
ination or prevalence of the co-infection of HIV and
HCV is closely related to the basic reproduction num-
ber Rg € of the co-infection model and the parameters
involved in the model. Furthermore, it is concluded
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based on the obtained results that both diseases have a
significant effect on the transmission dynamics of each
other during epidemics.

Graphical representations identified the impact of
memory effect in the fractional-order co-infection
model (9) that is not visible in the classical model
to observe the dynamical process of the disease and
also the impact of vector compartments. We discov-
ered that the fractional-order proposed HIV-HCV co-
infection model has greater stages of freedom in com-
parison to ordinary derivatives. The components of the
proposed model display first-rate feedback whilst non-
integer values ¢ of the fractional parameter were used,
and in small fractional orders, the growth or lower
interest actions were quicker than in large fractional

@ Springer

orders. Fractional-order derivations, which might be
the most outstanding and dependable compared to clas-
sical order, were more efficient in explaining bodily
approaches. In addition, numerical simulations have
been conducted to provide a clearer illustration of MT
utilizing the L1 scheme. This scheme incorporates an
MT mechanism that effectively captures and integrates
the historical dynamics of the system. The study’s find-
ings show that the L1 scheme used is powerful and use-
ful in studying fractional-order differential equations
that arise in the context of disease dynamics. The find-
ings reveal that the fractional derivative’s order exerts
a considerable impact on the dynamics of the model.
Based on these results, it is clear that the MT becomes
zero when ¢ is equal to 1. When the fractional-order
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¢ is reduced from 1, the MT undergoes a nonlinear
increase, starting at zero. This observed mathematical
theory highlights the contrast between fractional and
integer-order derivatives. Our findings indicate that as
the damping ratio (¢) falls from 1, the cells take longer
to reach equilibrium positions.

The outcome of the current approach enables a sub-
stantially better understanding of the mechanism of
HCV transmission in a population, which leads to
important insights into its spread and control for exam-
ple, better treatment dosage for different age groups,
identifying the best control measure, improves health,
prolongs life, reduces the risk of HCV transmission,
effectively increases the quality of life of HCV patients

and reduces the number of HCV patients during the
whole epidemic.

Our research emphasizes the importance of consid-
ering the fractional nature of infectious disease dynam-
ics and suggests a promising direction for future stud-
ies to refine and optimize treatment approaches based
on these insights. This research not only advances our
understanding of infection dynamics but also highlights
the imperative to consider fractional calculus principles
in infectious disease modeling.

@ Springer
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9 Future directions

This work opens up a lot of possibilities for future
investigation. Improving the model to account for other
variables, such as patient age, gender, and concomitant
diseases, that impact the dynamics of HIV and HCV
co-infection is one possible avenue to explore. Alter-
natively, one might model the effect of various treat-
ment approaches on the dynamics of co-infection using
the Caputo fractional-order derivative. Among these
options are antiviral medications for hepatitis C and
HIV. To see how well, accurately, and steadily different
numerical approaches work compared to the fractional
Adams method (FAM), researchers may also try using
these approaches on the model. To better understand the
best numerical methods for these complicated biologi-
cal models, this comparative study could be very help-
ful. Additionally, to have a better grasp of fractional
calculus in biological systems, it could be instructive
to investigate how changing the derivative’s fractional
order affects the model’s dynamics. Lastly, to gain a
more complete picture of the worldwide effects of HIV
and HCV co-infections, it would be helpful to broaden
the model to include dynamics in other demographics
or geographic areas.
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