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Abstract As the urbanization rate in China has
continued to increase, the highway congestion prob-
lem has become more severe, significantly reducing
the efficiency of traffic operations. To accurately
predict highway short-term traffic flow and effectively
solve congestion issues, in this paper, the basic
equations of fluid mechanics are described, variable
coefficient differential Euler equations are introduced
into a grey model and a high-order variable coefficient
grey prediction model is constructed based on the
principle of grey differential information. The model
is solved using mathematical methods such as recur-
sive sequences and mathematical transformations, and
the time response function of the model is obtained.
The order of derivatives can be used to effectively
simulate fluctuations in traffic flow data; therefore, to
improve the accuracy of the new model, the particle
swarm optimization algorithm is used to optimize the
order of the new model, leading to refined modelling
steps. Finally, the new model is applied to a case study
of traffic flow on highways in Canada, and its efficacy
is assessed from three distinct viewpoints. The
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findings demonstrate that the new model can stably
predict traffic flow under different prediction methods,
and the performance of the new model under different
traffic flow conditions is verified using four different
periods of traffic flow data. The findings indicate that
the simulation and prediction results of the new model
are superior to those of six other grey models. The new
model can be used to effectively determine the
fluctuation patterns of highway traffic flow data and
yields good stability and prediction accuracy.

Keywords Grey prediction model - Highway traffic
flow prediction - Short-term traffic flow - Euler
equation - Particle swarm algorithm

1 Introduction

As China’s economy has rapidly developed, urban
areas have continuously expanded, leading to increases
in the urban population and the number of motor
vehicles. Since the twenty-first century, with contin-
uous improvements in the living standards of urban
residents in China, private cars have become the
preferred choice of transportation. This choice has
resulted in increasingly severe congestion on high-
ways, leading to a decline in highway efficiency. In
addition, factors such as poor driving habits have
exacerbated the issue of highway congestion [1].
Traffic congestion, long durations of congestion, and
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complex traffic characteristics are often observed on
highways due to the intertwined movement of vehicles.

Highways play a crucial role in promoting efficient
interactions and facilitating resource sharing among
cities. These roadways serve as essential infrastruc-
tures for improving the transportation environment
and driving economic development and act as lifelines
for disaster relief and emergency response. Therefore,
in recent years, through the analysis of traffic flow
data, traffic flow instability and congestion have been
observed, significantly reducing the efficiency of
traffic operations. Consequently, one effective
approach to address these problems is the develop-
ment of intelligent transportation systems. Traffic flow
prediction is not only a primary function in achieving
intelligent transportation systems (ITS) [2] but also an
important means to realize the transformation of
highway construction from traditional road infrastruc-
ture to intelligent services. Short-term traffic flow
prediction aims to intelligently and systematically
forecast changes in traffic flow on highways by mining
the patterns of traffic flow variations and anticipating
the state changes of transportation systems. These
predictions enable a more accurate and timely predic-
tion of traffic flow changes on highways, facilitating
the advancement of intelligent and systematized
transportation information systems. Specifically,
short-term traffic flow prediction involves predicting
changes in traffic flow on a particular road within the
next few minutes or hours. Real-time accurate traffic
flow prediction can provide a decision-making basis
for traffic management departments to develop pro-
grams and transform passive processing to active
prevention, thereby supporting active traffic manage-
ment and control. Thus, scientific and reasonable
emergency programs and effective control measures
should be developed to ensure safe and rapid travel on
highways and reduce time and economic losses.

To promote the development of intelligent high-
ways, research on related traffic flow prediction is
constantly evolving, and experience is constantly
being gained in terms of problem-solving approaches
and methods. For example, statistical models, includ-
ing historical mean models [3], time series models [4],
and Kalman filter prediction models [5] have been
utilized. Among them, historical mean models and
time series models are also linear models. Historical
mean models make predictions based on average
historical data values before a set prediction point,
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while Kalman filter prediction models utilize the state
space value at the previous moment to make predic-
tions; both of these types of models are suitable for
stationary data with small fluctuations, and they have
the advantages of being noncomplex with an easy
programming implementation and simple calcula-
tions. However, these methods may not be able to
predict data changes characterized by the nonlinearity
and randomness of traffic flow well, and such models
satisfy real-time requirements. The autoregressive
integrated moving average (ARIMA) model [6] is a
commonly used time series forecasting method. This
type of model has the advantages of fast computation
speed and can be constructed using only the data of a
variable itself. However, this model has certain data
requirements. With the development of science and
technology, the advantages of the ARIMA method
have weakened.

In addition, artificial intelligence technology has
been introduced to address the shortcomings of
traditional statistical models. Currently, mainstream
models include machine learning models [7] and deep
learning models [8]. In commonly used machine
learning models [9, 10], such as the support vector
regression (SVR) and K-nearest neighbor (KNN)
models, the parameters are continuously adjusted to
capture complex nonlinear relationships through
adaptive learning. The support vector regression and
K-nearest neighbors models can be used for small-
scale datasets or time series. The K-nearest neighbor
algorithm is simple, easy to understand and imple-
ment, and can be used for nonlinear classification with
high accuracy. Support vector regression can solve
nonlinear problems and has strong generalizability
and robustness, but there is no universal method for
selecting kernel functions. In general, prediction
methods based on machine learning can solve the
poor performance problems of traditional methods and
can also address nonlinear problems; however, to
achieve high accuracy, a large amount of training data
is generally required.

Deep learning, which has been rapidly developing
inrecent years, is a major research direction in the field
of machine learning. There are a wide range of deep
learning models, such as recurrent neural networks
(RNN) [11], long short-term memory (LSTM) net-
works [12], and convolutional neural networks (CNN)
[13]. LSTM and Bi-LSTM are successful variants of
RNNs that have been extensively studied, and
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impressive progress has been made using these
variants [14, 15]. These methods have gained signif-
icant popularity among researchers and have yielded
remarkable results. Zhang et al. [16] proposed and
evaluated a new advanced model, the long short-term
memory (LSTM) model, based on transfer learning for
traffic flow prediction with incomplete traffic infor-
mation. To improve the accuracy of short-term traffic
flow prediction, Naheliya et al. [17] proposed a
bidirectional long short-term memory (Bi-LSTM)
model with a modified firefly optimization algorithm
(MFOA) named MFOA-Bi-LSTM. To predict short-
term traffic flow, Bharti et al. [ 18] developed a PSO-Bi-
LSTM model based on a combination of particle
swarm optimization (PSO) and bidirectional long
short-term memory (Bi-LSTM) neural networks. Typ-
ically, deep learning algorithms require more training
time because they have many parameters that must be
trained on a large amount of data. In addition, complex
predictive techniques are not necessarily superior to
simple predictive techniques because complex predic-
tive techniques may easily fall into local optima,
leading to overfitting problems, and require a large
amount of information to derive parameters, especially
when faced with limited and insufficient data.

The grey prediction model can partially compen-
sate for the shortcomings of the above models. The
grey system theory proposed by Deng (1982) is in line
with the characteristics of limited information and
significant uncertainty in traffic flow data [19].
Additionally, short-term traffic flow prediction
involves inferring future traffic conditions by obtain-
ing a certain amount of dynamic data on road traffic
flow. Therefore, the most prominent advantage of the
grey prediction model over traditional statistical
prediction methods and artificial intelligence learning
methods is that it can still achieve accurate predictions
when limited data are available and can better handle
sudden changes in real traffic flow [20].

The grey prediction model has potential applica-
tions in various fields, such as natural gas [21, 22],
nuclear energy [23, 24], electricity [25, 26], solar
energy [27], and others [28]. These endeavors have to
some extent confirmed the modelling capacity of the
grey prediction model. For example, Chen et al. [29]
proposed a grey model with a fractional Hausdorff
derivative to improve the prediction accuracy of
traditional grey models and demonstrated the relation-
ship between error and order. The experimental results

showed that the proposed model can improve upon
traditional grey models. Chu et al. [30] introduced the
Jensen-Shannon divergence to measure the differences
between discrete Z numbers based on Z theory and grey
relationship theory, reducing the complexity of Z
number calculations. The authors established a quan-
titative model of the grey correlation degree based on
discrete Z numbers and proposed a multidimensional
fuzzy grey multicriteria optimization decision-making
method for evaluating the benefit of using Arctic
routes. To investigate the modelling performance of
fractional accumulated generation operations, He et al.
[31] proposed an enhanced fractional accumulation
grey model (AFAGM) by studying the relationship
between restoration error and order. Through case
analysis and comparative verification, the model
achieved excellent predictive performance and high
modelling efficiency.

Several scholars improved upon the method in the
data preprocessing stage and model construction stage
and achieved better prediction results. Duan et al. [32]
applied mechanical performance to traffic flow data,
proposed four new structural parameter models and
component parameters and analyzed the properties of
the models. To overcome the effect of instability on the
model, Duan et al. [33] preprocessed lost flow and
anomaly data to predict short-term traffic flow, which
improved the model’s ability to process complete
traffic flow data. Methods to improve the model
construction stage include cumulative generation
operator changes, parameter optimization and residual
correction. Liu et al. [34] proposed a damping cumu-
lative generation operator that is superior to the
traditional first-order cumulative generation operator
and constructed an improved grey prediction model
with a damping trend factor. Since traffic flow has
spatiotemporal characteristics and periodicity, Duan
et al. [35] employed partial differential equations to
effectively capture the spatiotemporal attributes of
traffic flow, replacing point sequences with matrix
sequences and average sequence partial derivatives to
establish a partial grey prediction model with a control
matrix, which provides a new idea for research on
traffic flow prediction. In the literature, related studies
also cover improved methods of different forms of
models. To improve the performance of the GM(1,1)
model in estimating various traffic parameters in a
short period, Comert et al. [36] combined the oscilla-
tory behavior characteristics of sine and cosine
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functions, extended trigonometric functions and ver-
ified that this type of grey model can better handle
sudden changes in traffic flow. To study the stop-and-
go phenomenon caused by car-following, Wen et al.
[37] first added Brownian noise to the velocity
difference of the car-following model and subse-
quently modified the car-following model by intro-
ducing a traffic flow model fused with the car-
following model.

Existing models have not yet demonstrated suffi-
cient ability to accurately capture the dynamic nature of
traffic flow systems. Typically, these models are usually
first-order constant coefficient differential models that
limit the range of values of order to a certain extent,
resulting in a decrease in the stability of the model’s
performance under different conditions. The Euler
equation is a higher-order differential equation of
variable coefficient equations that can capture the
characteristics of system changes over time and has
better flexibility and interpretability. Therefore, in this
study, the Euler equation of traffic flow is described,
and high-order differential equations with variable
coefficients are investigated, leading to the establish-
ment of a grey prediction model for high-order Euler
equations using grey differential information. The new
model is a parameter-adjustable and structurally vari-
able high-order grey model. Moreover, considering the
uncertainty of the order of the Euler equation, to
maintain the stability of the model, a linear correction
term is introduced into the constructed model to prevent
data overfitting from occurring, and parameter ranges
are set. The particle swarm optimization algorithm is
used to optimize the order of the new model, improving
the model’s accuracy. The primary contributions of this
paper can be summarized as follows:

(1) In terms of the model structure, to enhance the
accuracy of traffic flow prediction, this study
proposes a novel model with a structure derived
from Euler equations in fluid mechanics. This
model has variable order and structure, increas-
ing its flexibility. The introduction of Euler
equations with variable coefficient differentia-
tion enhances the ability of the model to adapt to
complex data. The coefficients are set as vari-
ables related to time, offering a more accurate
representation of the dynamics of traffic flow
over time and thus leading to better flexibility and
explanatory ability. The linear correction term is
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introduced into the grey role quantity term, which
enhances the model structure stability.

(2) In terms of the research methodology, a high-
order variable coefficient grey prediction model
is constructed based on the Euler equations by
using the principle of grey differential informa-
tion, and the new model is studied in terms of
parameter estimation using the least squares
method. Mathematical methods such as recur-
sive sequences and mathematical transforma-
tions are employed to solve the model, and the
time response function of the model is derived in
detail, culminating in the final expression. To
optimize and improve the accuracy of the new
model, the particle swarm optimization algo-
rithm is employed, which results in better
flexibility and interpretability.

(3) In terms of applications, the examples are
validated by the provided traffic flow data, the
cases are validated from three different angles,
and the results show that the new model achieves
good results in terms of stability performance
under different conditions. Two traffic flow
cases validate the performance of the new model
under different traffic flow conditions. The
results show that the simulation and prediction
results of the new model proposed in this paper
are better than those of other grey models. The
proposed method provides insight into the
fluctuation patterns of highway traffic flow data
and exhibits good stability and prediction accu-
racy in both fitting and forecasting.

The remainder of this paper is organized as follows.
In Sect. 2, anew Euler equation grey prediction model
is proposed, and the parameters of the new model are
estimated. The time response expression and the final
restoration expression of the new model are derived in
detail. In Sect. 3, the criteria for evaluating the
performance of the model are given. In Sect. 4, the
PSO algorithm with better performance is selected to
optimize the order of the new model, and the
modelling steps of the new model are given. In
Sect. 5, a comprehensive empirical analysis is con-
ducted from multiple perspectives to evaluate the
effectiveness of the new model. This analysis encom-
passes various aspects, including the fitting effect and
prediction accuracy. Conclusions are drawn in Sect. 6,
and future research directions are outlined.
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2 The establishment of the Euler equation grey
prediction model

The motion of vehicles on a continuous road resembles
the flow of fluid, thus forming a flowing traffic roadway.
The Euler equation is a fundamental equation in fluid
dynamics and is widely used. Equations of the following
form are often encountered in the study of physical
problems such as heat conduction, electromagnetic
wave propagation, and circular membrane vibration:

ax’D?*y + bxDy + cy = f(x) (1)

where a,b,c represents constant and Eq. (1) is a
second-order variable coefficient differential equa-
tion. The coefficients exhibit certain patterns: the
coefficient of the second derivative Dy is a quadratic
function ax?, the coefficient of the first derivative Dyis
a linear function bx, and the coefficient y is a constant.
These equations are referred to as Euler equations. In
this section, we study the general form derived from
the second-order Euler equation and introduce a new
grey prediction model based on the Euler equation.
First, the definition of the Euler equation is outlined,
followed by an introduction to the model’s represen-
tation, parameter estimation, and discrete solution
processes.

2.1 The Euler equation

Differential equations with variable coefficients have
wide applications in various fields, such as biology,
electricity, and dynamics. Among them, the Euler
equation is one of the most extensively used types of
equations in the realm of variable coefficient differ-
ential equations and has attracted significant amounts
of attention from numerous scholars. The following is
the definition of the Euler equation:

Definition 1. An equation of the form

a" dnfl
Yy { alx"*l Yy

n—2y

I I

n n—1" a2 n—2"
dx dx

d
x}172
dx

X!

dy
"‘+an7]x$+al1y:f(x)
is referred to as the Euler equation, where a;,as--,
an—1,a, are constants and a; #0. When f(x)=0,

dny a" m—2

—1,, d y
a1 g2
N F

d
"'+a1171xd%:_+any:0 (2)

¥

is an n—th-order linear homogeneous Euler equation.
When f(x)#£0,

4t B dnfl _ dn72
X dxz+a1X" ldxn_%razx” zdx" §+~--+an_1
dy
AN + any = f(x)

(3)

is an n — th-order linear nonhomogeneous Euler
equation.

2.2 Generating sequences and mean generating
sequences

Definition 2. Let X = (x(0(1),x(2),-.-,
x©(m)) be the original nonnegative sequence, and
XU be the first-order cumulative sequence (1-AGO)

of the original sequence X(?; that is,where

XM = (1), x1(2), -, xD(m))

xW (k) :Zx@(i),k: 1,2,--,m (4)

3. Let  XO = (xO(1),x9(2),---,
x(m)) be an original non-negative sequence, and
X be given in Definition 2 above; then, aWxM g
said to be a first-order cumulative sequence of the non-

Definition

negative sequences X M,
Let

where o(VxM (k) = xD (k) —x(D(k — 1). The i —th
cumulative generated sequence of X(!) is denoted as
aDXM i =1,2,---n, and the value of the specific
aDx) (k) is represented by the following equation:

aDxM (k) =xD (k) — 2V (k = 1) = 2O (k)
Q(Z)X(U(k) :a(”x(])(k) _ 1(')x<1)(k —1) :xm)(k) —x<0)(k —1)
™ (k) =o=DxD (k) — =D xD (k — 1) = 5230 (k) — oD xO (g — 1)

Definition 4. Let X = (x(V(1),x(2),---
(m)) be the same as in Definition 2; then, Z(!) is the

mean generating sequence of xM),

zZW = (z1(2),z1(3),---, 2V (m)), where
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2.3 Euler equation grey prediction model

Let the function f(x) in Eq. (3) be represented by the
variable ax + b;then, the Euler equation can be
transformed into

ar dn—l dn—Z
- T+ ; n7?+a2xn_2 7y
X’ X

xn

d
x—y—l—any:ax—i—b
dx

Let y = x(!)(r),x = . For convenience, we can
simplify x(!)(z) as x(!)

" d"x) - dar'x 2 a2
t ar + at g + ast 2
+ an,ltd);—(tl) +auxV =ar+b
(7)
Due to

dxD xW (k) —xW(k — 1)
dt k—(k—1)
:x(])(k) —x“)(k -1) = a(])x(])(k) :x(O)(k)
&V xO (k) —xO(k — 1)
dr? k—(k—1)
= x(o)(k) —x(o)(k -1)= a(z)x(l)(k)
=) (1) a(n*ifl)x(l)(k) _ a(n*ifl)x(l)(k —1)
dr(n=i) k—(k—1)
= o (k) — oD (k — 1) = 2D (k)
d"x(D oc(”’”x(l)(k) — O((nfl)x(l)(k —1)
dr" k—(k—1)

The following definition can be derived from the
above equations.

Definition 5. Assuming that X(©, X(!) and Z(!) are
defined as above, the equation

KoM (k) 4 ay k"o Dx 0 (k)
+ azknfzoc(”’z)x“)(k) 4+ 4 an—]ka(l)x“)(k)
+ a,zM (k)
=ak+Db
(8)

is the Euler equation grey model, referred to as the
EEGM(n,1) model.

where k =1,2,---,m; then, Eq. (7) is called the
whitening equation of the EEGM(n,1) model.

2.4 Parameter estimation

The parameter estimates of the EEGM(n,1) model are
given by Theorem 1.

Theorem 1. The least squares estimation of the

parameter vector p = |ai,ay,---,an,a,b|’ in the
EEGM(n,1) model is determined by the following
equation:

(1) When m=n+3 and |B|#0, that gives
p=B"'Y;

(2) When m<n+3 and |B|#0, that gives
p=(B"B)"'B"y;

(3) When m<n+3 and |B|#0, that gives
p=BT(BBT) 'y,

— DX () — D0 (& — 1) = @D (k) where
=2l (2)  —2n=24n=2x(1(2) -220x0(2)  —W@2) 2 1 2" (2)
o =3 lgr=Dx((3)  —3n=24(1=2)x(1)(3) —3aMxM3)  —z13) 3 1 o 3150 (3)
_mn—la(n—l)x(l)(m) _mn—2a(n—2)x(1)(m) _mu(l)x(l)(m) _Z(I)(m) m 1 mna(n)xgw(m)
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Proof: According to the definition provided by the
EEGM(n,1) model:

Bt = cT(ccTy ' (ATA) AT (12)

270 xW(2) + @, 2" oD (2) + 42" 20 DXV (2) + - + a, 1205V (2) + a,z2V(2) =2a + b
370 xV(3) + a;3" oD (3) 4 ;3" 20" DD (3) + -+ a, 1365V (3) + 4,2V (3) =3a+ b

m" o™ x D (m) + aym" 7" x (m) + aym 20D (m) + -+ - + @y ymoVx (m) + a2V (m) = ma + b

©)

Thus, it can be inferred that

Since B is a column full rank matrix, let C = I,
and obtain:

20 Wx(2) = —a; 2" T Vx W (2) — 02" 22X (2) — - — g, 126XV (2) — 4,2V (2) + 2a + b
3 WxN(3) = —a;3" 1o Va1 (3) — 43" 22X (3) — . — g, 130XV (3) — 4,2V (3) +3a + b
(10)
"o x W (m) = —a;m" o VxD (m) — aym" 20" 2DxD (m) — - - — @, me VXV (m) — a2V (mym +a + b
Equation (10) can be rewritten in matrix form as
follows: B=AC=AlL =A (13)

Y = Bp (11)

By utilizing the properties of matrices, the follow-
ing can be inferred:

(1) Whenm —1=n+2,i.e.m = n+ 3, the matrix
B at this point is invertible, i.e.|B| #0, p =
B~'Y can be obtained;

2) When m—1>n+2, iem>n—+3, B is a
column-full rank matrix and |B?B| # 0; then,
there exist matrices for which A is a matrix of
(m—1)x (n+2) and C is a matrix of (n+
2) x (n+2) with B=AC. Then the general-

ized inverse matrix BY of B is denoted by:

Therefore:
p=Cl(ccy 1 (aTa)'ATy
=10 (Lal},,) " (B'B)'B"Y = (B"B)'B'Y
(14)

(3) Whenm—1<n+2,iem<n+ 3,Bis a row-
full rank matrix and |BBT| # 0; then, A is a
matrix of (m — 1) x (m — 1) and C is a matrix
of (m—1)x(n+2) with B=AC. Let
A = 1I,_;; then, we have:

B=AC=1,,C=C (15)

Therefore:
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p=Cl(ccy 1 (AaTa)'ATy
=B'BB")'(IL_ 1) 'I'_ Yy =B"(BB") 'Y
(16)
Proof of the end.

2.5 Time response functions of the EEGM(n, 1)
model

The time response function of the EEGM(n,1) model
is discussed below and is given by Theorem 2.

Theorem 2. The time response sequence of the
EEGM(n,1) model is

flk) + 2 )

£V (k) = 0 (k—1)
-
+;’EI/§) > (g (g — 1)
+A}zlg) llj_lzoc’)fl(k )+ 17D
+%a<1><)(k n ]%k
]% k=1,2

The restored sequence of the EEGM(n,1) model is
k)42
_flk) + PO

#0 (k) = o f =)

+;(]]; _11 a7 (k — 1) +

;’Z"]j 050k — 1)
_f(’;(k i>$ 2 0k - 2)
_ A;Ellz: 3 Z_:i 2050 (k — 2)
N ’125]’;: :))2 2050 (k — 2)
S RAs =
—]%,k —1.2,--m

(18)
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£ (k) and £(°) (k) respectively denote the predicted
sequence and its restored values corresponding to the
original sequence x("(k) and x( (k). Additionally,
Sk) = Jnk" + 2y K" P 4 4 Dk — 1

Proof: By utilizing the EEGM(n,1) model and the
definition of the mean sequence, we can substitute
Eq. (5) into Eq. (8) to obtain

k"(l(").x(l)(k) + alkn—]a(n—])x(l)
1>x<1>(k)+%[x«1>

(k) + azk" 202X (k) 4 - .-

+ a kot (k) + iV (k= 1)] = ak + b

(19)

From this it follows

%W(k) = — K™D (k) — ag k"D (k)

_ azk”_2oc<”_2)x(l>(k) .

— ap ke (k) — L0 (ke — 1) + ak + b
(20)
That is
SO (k) = — 2 ) ) (k) — 29 =1 4001 40) (1)
a) n
_ 20 2 02) () gy o 2l (), ()
ok (k) otk k)
— ik - 1)+2—ak+3b
a, a,
(21)
Let i ——a,ln,1: 24y "',;\.1 =

a, )

— 201 Jo = —1,7; = 24,9, =2, then Eq. (21) can

be converted into

A(U(k) = ko™ (1>(k)+,1” Ky (rH)x(l)(k)
+ Aok 20D (k) + - 4 Ako MW (k)
+ 202D (k = 1) + 9,k + 7,

Because

oMW (k) =x (k) — xV (k — 1)

Therefore
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JxD (k) =V (k) — 2= DxD (k — 1)
=" 2x (k) — 2%V (k — 1)
— oWk —1)
=D (k) — o IxD (k — 1)
— o2k — 1) — o DxW(k — 1)

:u(l)x(l)(k) _ amxm(k -1)
— o@Dk —1) = — oDV = 1)

= (k) —xD(k = 1) -

n 1) (l)(k) :OC(VL 2
:OC(n 3 (k (n 3) (l)
— o2k —1)
:oc("*“)x(l)(k) _ oc(”*“)x(l)(k —-1)
— o3k = 1) — o025 (k — 1)

:M(l)x(l)(k) _ a(l)xm(k —-1)
— o@Dk —1) = — a2V (k= 1)

)= S

=xM (k) — xV (k
Expanding in turn leads to

O(("*Z)X(l)(k) :x(l)(k) _ (U(k —1)— fxmx(l)(k 1)

By substituting o@x(V(k),i=1,2,- -
Eq. (22), we obtain

A (k) =2,k eV (k) — 2V (k — 1)
n—1
= o DE 0 (k= 1)) + Ay k" [ () — £ (k- 1)
i=1
n—2

oDV (k= 1)] 4 2,2k 2[5V (k) — 5V (k- 1)

)

= a8k — 1)) + - 4 4V (k)

1

3
G =

— 20k = D] + AWk — 1) + pk + 7,

(23)
By simplifying Eq. (23), we obtain

(Ak™ 4 21 k"1 4
= k"[)fm(k —-1)

e Ak = 1) (k)

# S RO )
i=1
n—2 )
i=1
n—3 .
£ (= D] 4 ke k1)
i=1
— 20 (k= 1)
— k=7
Therefore
) Ank" ko)
X (k)_)mkn“!‘in—lknil—i_ +}1k—1[ (=1
n—1
+ 3ok~ 1))
i=1
;Lnilknfl
+ = -
Ak - R k=

KOk —1)+ nia%e(”(k —1)]

i=1

+ 2 (k- 1)

Ik 4 Dy kN Lk — 1

n—3
+ > i (k- 1))

i=1

Ak = o 0

.. k—1
R Ty T prpeery g R U
_ 71 k

Ik 4 Dk Ak — 1
_ 72

Ik A+ ik 2k — 1

(25)

When all the parameters of the model are deter-
mined, for the variable time point k of Eq. (25), there
are

k!
Ik + A1k 4

--+21k—1’l:O’1’m’n

The equation is varied with time k. At this point,
since the order of the equation is set to n, for each
a =¥ (k= 1),i=1,2,--
tion, it is an n — i cumulative reduction of )€<1>(k - 1),
so that the Eq. (25) is an overall circulation, thus

-n — 1 in the above equa-
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giving the corresponding expression for the loop and
letting the initial value condition be

For k = 2, we have

M2) = 2" nxM(1)
2M )y + 20 e+ 20— 1
2"71/1 1
2 -1
N 2 e -+ 20 — (= ()
2/L1 7;() )

.. 1
MR Ty B Ty ey Ry G
_ 2y,

2M )y + 20 -+ 20 — 1
-~ 72

zn)m —|—2"_]An7| + - +2/1I - 1

2”/1,1 (0)
= 1
2M )y + 20 e+ 20 — [ (1)
2 (n— 15(1)
Yo 2, 1+ St
2/L1 — ).0 (0)

1
M7y e ey Sy R R U
-~ 2y,

zn)m +2n_]j~n71 + - +2/11 - 1
. 72

20 20 24— 1

After determining the values of the parameters, the
value of x()(2) can be calculated. Subsequently, by
substituting £!) (2) into Eq. (25) and iteratively setting
k=3, --,m, the value of £!) (k) can also be obtained.
When the function f(s) = A,s" + A,_18" '+ -+ +
Ms—1,5s € NT is combined with iy = —1, the fol-
lowing can be obtained:

e
In kTR
fzk) ;amx()(kq)*‘.
)27/‘ (1) ik — 1) — g — V2
=D~k

Consequently, it can be inferred that
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f(J’izl:)rz (k1)
+;(Z) _11 a5 (k- 1)
z,,fzgl _12 o5 (k — 1) +
+%a“> Dk — 1) —J%k
Ay
_ z;gz: 3 2 2050 (k — 2)
_ A}gz - 31 zj 200 (= 2)
e Afzg: i)fa(l) {0 (k- 2)
i D
Organized as follows
copy LI 20 )
+J%_ll a5 (k= 1)
+;§_I’; g (g — 1)
f(J]i (k i) lj)L Sk-2) (28)
_ A}YZ— 3 : 2050 (5 — 2)
o ;E’;_ 32 D50k — 2)
¢ D
it

End of proof.
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3 Model performance evaluation criteria

To validate the accuracy and reliability of the
proposed predictive model, it is crucial to select
effective criteria for evaluating the prediction accu-
racy. The original sequence is divided into two parts:
the simulated sequence and the predicted sequence.
Three commonly used statistical metrics, namely, the
absolute percentage error (APE), mean absolute
percentage error (MAPE), and comprehensive mean
relative percentage error (CMRPE), are employed to
assess the accuracy of both the simulated and
predicted stages. The performance evaluation criteria
are presented below.
Given the original sequence

XO = x©1),x92),-- -, xO(m), xO (m
+ 1)7 o 7x<0)(m +P))
A grey prediction model is created using the first m
elements of the sequence, with the following p datas as
the prediction sequence to test the accuracy of the

model. The corresponding simulated sequence and
predicted sequence are given as:

X0 (m))
O m+1),20m +2) -, XV (m + p))

>(0 A N

X =0 (1,502,
#(0)
P

The corresponding error sequences for simulation
and prediction are

5S :(5(1)3 5(2)’ ) 5(’”))
op =(8(m+1),0(m+2)---,8(m+p))

where 6(i) = x0 (i) — ¥ (i),i = 1,2,--- ,m +p.
The corresponding absolute percentage error (APE)
is defined as

APE — L’). x 100%,i=1,2,---,m+p  (29)
x(0) (i)

The mean absolute simulated percentage error
(MAPES) is defined as

1| 96) .
MAPEs — E{_I:E’x@)(i)’ x 100%,i=1,2,---,m
(30)

The mean absolute predicted percentage error
(MAPEYp) is defined as

MAPE mi_f l‘ o(0) x 100%, i
p = - . 0,1
St P X0
=m+1m+2,---, m+p (31)

The comprehensive mean relative percentage error
(CMRPE) is defined as

MAPEs + MAPEp

CMRPE = >

(32)

4 Particle swarm optimization for EEGM(n,1)
model

In this section, the working principle of the particle
swarm optimization algorithm and the search process
for the order of the EEGM(n,1) model based on
particle swarm optimization are introduced.

4.1 Particle swarm optimization for finding
the optimal order

In this section, the particle swarm algorithm [38]
(PSO) is employed to determine the optimal solution
for the parameters to improve the prediction accuracy.
The principle of PSO is to randomly initialize particles
and then iteratively update their velocities and posi-
tions to search for the optimal solution. Each particle
moves in the direction of its individual best and global
best, and in the multidimensional search process, the
update equations for the velocity and position of each
particle are as follows:

vﬁ‘} = wvfér1 + cirand, (p}; — xfd"*l) + cyrand (g
ko—1
—Xig )
(33)
Xig =g~ Vg (34)

Here, id denotes particle i in the d — th dimension;
ko 1s the number of iterations, the maximum of which
can range between 100 and 1000 and is set to 100 in
this paper; and w is the inertia weight, whose value is
between 0 and 1 and is set to 0.8 in this paper; c¢; and c;
are the two acceleration constants, which are also
referred to as learning factors; the former is the
individual learning factor of each particle, and the
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Fig. 1 Step-by-step flowchart of the EEGM(n,1) model

latter is the social learning factor of each particle.
Generally, ¢; = ¢; € [0,4] and is set to 0.5 in this
paper; rand, and rand, are two random numbers
uniformly distributed in (0,1). p* and g* denote the
individual optimal position and the global optimal
position, respectively.

Therefore, an optimization problem is constructed
to find the optimal value of n by using the minimum
CMREPE as the objective function, and the expression
of the optimization problem is as follows:

1 (&1 6%) X 1] 8()
CMRPEmin:_ - s - s
g 2\ o] T 2 o

x 100%
(35)

Therefore, the EEGM(n,1) model can be better
applied in real cases. As overfitting may occur if the
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order of the EEGM(n,1) model is too high, it is worth
advocating providing the range of the order of the
EEGM(n,1) model during the modelling process;
therefore, the range of the model’s order is set to
n <50 in this paper.

4.2 Modeling steps for the EEGM(n,1) model

The modeling steps of the EEGM(n,1) model are as
follows:

Step 1 Input initial sequence: The original data
sequence X is input;

Step 2 Preprocess the data: For the original
sequence X, the corresponding first-order cumula-
tive sequence X!, the i — order cumulative sequence
aDX™") and the mean generating sequence Z'!) are
calculated according to Definitions 2, 3, and 4,
respectively;
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Step 3 Build the proposed model and estimate its
parameters: The matrices B and Y of the model are
constructed based on the defined sequences o)X
and Z("), and the estimated values of the parameters
ai,ap,---,a,,a,b are obtained;

Step 4 Optimize the model order: The particle
swarm algorithm is used to optimize the order n, and
the model is constructed based on the found optimal
order and the parameter values calculated by the least
squares method;

Step 5 Generate the time response function to
obtain the simulated and predicted values: the simu-
lated and predicted values are calculated using the
formula in Theorem 2;

Step 6 Test the model error: The simulation and
prediction errors are calculated according to the
performance index evaluation criteria of the
EEGM(n,1) model, and the simulation and prediction
performance of the model is analyzed;

Step 7 Verify the validity of the EEGM(n,1) model:
The model is applied to an actual case to verify its
excellent prediction performance.

Based on the above main steps, Fig. 1 presents a
sequential flowchart of the EEGM(n,1) model.

5 Application of the EEGM(n,1) model to short-
term traffic flow prediction

5.1 Data analysis

The data for the study was obtained from the urban
highway data of Whitemud Drive in Canada, provided
by the Intelligent Transportation Research Center of
the University of Alberta [39].

In this section, three cases were used to verify the
validity and accuracy of the EEGM(n,1) model, and
data from Friday, August 14, which is a nonholiday
day, were selected to perform a valid analysis of the
application of this model. For Case 1, two sets of data,
one from 16:40 to17:30 and the other from 18:20 to
19:25, were selected. The sequence length in the first
set of data was 9, and that in the second set was 14. For
these two sets of data, we used a model with different
structures to predict the same number of steps with
different sequence lengths. For Case 2, the traffic flow
data from 18:00 to 19:25 on Friday, August 14th, were
selected, and a total of 18 data were obtained. In

addition, data from 18:00 to 19:05 and 18:00 to 19:10
were selected as the initial sequences to verify the
performance of the model in terms of processing the
data after rolling three times. For Case 3, the period
from 16:40 to 17:50 was selected. The first 12 data
were used to build the prediction model, and the last
three data were used to test the prediction error and to
compare the results with those of the NGM(1,1) model
[40], Verhulst model [41], GM(2,1) model [41],
WGM(1,1) model [42], CCRGM(1,1) model [43],
and NGBM(1,1,k,c) model [22].

5.2 Numerical simulations and case studies

5.2.1 Case 1: Predictions with the same step size
for two different periods on the same day

Traffic flow data with 5-min intervals for the periods
16:45-17:30 and 18:20-19:25 on August 14 are
selected. The total length of the original data for the
first period is 10, and the first 8 data are used to
construct the model. Predictions are made for the last
two data. The optimal order of this set of data is found
to be 6 by the optimization algorithm, and the MAPE
is computed for both the simulation and prediction
scenarios. The outcomes of this analysis are presented
in Table 1 and Table 3. The total length of the data for
the second period is 14, and the first 12 data are
selected as the simulated data. The prediction is
performed for the last two data. The optimal order of
this set of data is found to be 10 by the PSO algorithm,
and the MAPE is computed for both the simulation and
prediction scenarios. The outcomes of this analysis are
presented in Tables 2 and 3.

Table 3 shows that the new model yields simulation
errors of 9.4211% and 9.0122% during the periods of
16:45-17:30 and 18:20-19:25, respectively. The pre-
diction errors are 4.2829% and 3.1790% for the same
periods, respectively. Furthermore, the CMRPE of the
new model is approximately 6% for both the simula-
tion and prediction, indicating that the model has a
higher prediction performance. In terms of the struc-
ture of the model, the different optimal orders obtained
by the algorithm and the different model structures
prove that the results obtained by predicting two
different sets of data with the same step length under
different model structures are satisfactory; in terms of
the modelling object, it is verified that the model stably
and accurately predicts the two sets of data with

@ Springer



10204 H. Duan, Y. Song

Table 1 Simulation and Time 16:45 16:50 16:55 17:00 17:05

prediction effects of the

traffic flow model for Raw data 119.75 102.50 99.25 104.00 100.25

16:45-17:30 Simulation/prediction 119.75 141.40 97.25 100.79 91.24
APE (%) 0.00 37.95 2.01 3.08 8.98
Time 17:10 17:15 17:20 17:25 17:30
Raw data 94.50 97.00 104.50 95.75 90.50
Simulation/prediction 82.33 96.23 104.24 97.51 96.59
APE (%) 12.88 0.79 0.25 1.84 6.73

Table 2. Simulation and Time 18:20  18:25 1830 1835  18:40 1845  18:50

prediction effects of the

traffic flow model for Raw data 7000 5875 5600 5325 5175 5225 5325

18:20-19:25 Simulation/prediction ~ 70.00  70.62 5117 5125 4950  46.65 5141
APE (%) 0.00 2020  8.62 3.76 435 1071 3.45
Time 18:55  19:00  19:05  19:10  19:15 19220  19:25
Raw data 4825 4525 4525 4400 4225 4050 4175
Simulation/prediction 5249 42.10  40.54  53.05 4170 3951  40.12
APE (%) 8.79 6.96 1042 2058 131 245 3.91

Table 3 Three evaluation indicators for 16:45-17:30 and
18:20-19:25

Evaluation indicators 16:45-17:30 18:20-19:25
MAPEs (%) 9.4211 9.0122
MAPEp (%) 4.2829 3.1790
CMRPE (%) 6.8520 6.0956

different lengths. To conduct a more comprehensive
examination of the effectiveness of the model in
simulating and predicting outcomes, Fig. 2 is plotted.

Figure 2a shows the simulated and predicted fitting
curves for the first set of data. Compared with the
original data, except for a slight deviation from the
actual trend at 16:50, the new model not only fits the
original data better in the simulation phase but also
obtains the same reflection in the prediction phase.
Figure 2b shows the fitting curves of the simulated and
predicted data for the second group, from which it can
be intuitively observed that the simulated trend of the
model is almost the same as the actual trend. In
summary, the model effectively conforms to the
distinct features of traffic flow data. This finding
indicates that the model achieves a good prediction
effect, which fully demonstrates that the model is
suitable for trend simulation and prediction of traffic
flow systems.
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5.3 Case 2: Prediction of the same day and same
period with different lengths of data
for the same step length with rolling
mechanism

The same time period (18:00-19:25) of the same day
(August 14) is selected for the 5-min traffic flow data,
in which 18:00-19:05 and 18:00-19:10 are selected as
the initial periods, with total lengths of 14 and 15,
respectively. According to the modelling mechanism
of the new model, the first 13 data and the first 14 data
were selected, respectively, and the latter data are
predicted. Based on the new information priority
principle, this section describes the use of the rolling
mechanism for modelling. After rolling three times to
obtain two groups of data, each group undergoes
optimization using PSO, and both groups produce
results with a value of 2. The simulation and prediction
errors for the two groups of data are calculated, and the
results are shown in Tables 4, 5 and 6.

Table 4 shows that the EEGM(n,1) model exhibits
simulated MAPEs values of 9.4016%, 9.0939%,
8.8258%, and 6.8010% for the four time periods,
18:00-19:05,  18:05-19:10, 18:10-19:15, and
18:15-19:20, respectively, MAPEp values of
6.7093%, 2.5550%, 0.5969% and 0.4882%, and a
MAPEp value after rolling three times of only
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Fig. 2 Simulation and prediction of traffic flow data for two different periods for Case 1

Table 4 Comparative analysis of simulation results and prediction effect of traffic flow model with rolling mechanism for initial

period 18:00-19:05

18:00-19:05 18:05-19:10 18:10-19:15 18:15-19:20
Raw data Simulation APE Raw Simulation APE Raw Simulation APE Raw Simulation APE
(%) data (%) data (%) data (%)
70.75 70.75 0.00 61.50 61.50 0.00 73.00 73.00 0.00 68.00 68.00 0.00
61.50 57.79 6.03 73.00 61.81 15.33 68.00 83.18 22.32  70.00 73.56 5.09
73.00 61.50 15.76  68.00 81.98 20.55  70.00 63.35 9.49 58.75 72.22 22.93
68.00 84.27 2393  70.00 66.05 5.65 58.75 69.47 1824  56.00 48.52 13.36
70.00 65.67 6.19 58.75 72.29 23.04  56.00 47.55 15.09 5325 52.28 1.81
58.75 72.71 23.76  56.00 48.86 1274 53.25 51.91 2.52 51.75 49.64 4.07
56.00 48.78 1290  53.25 53.22 0.06 51.75 49.46 4.43 52.25 49.52 5.22
53.25 53.50 0.46 51.75 50.38 2.65 52.25 49.38 5.49 53.25 52.17 2.02
51.75 50.61 2.20 52.25 50.06 4.20 53.25 52.02 2.30 48.25 53.81 11.53
52.25 50.26 3.82 53.25 52.53 1.36 48.25 53.69 11.27 4525 42.86 5.29
53.25 52.70 1.04 48.25 54.06 12.04 4525 42.89 5.22 45.25 41.92 7.36
48.25 54.19 1232 45.25 43.17 4.61 45.25 4191 7.38 44.00 45.00 2.28
45.25 43.25 4.42 45.25 42.13 6.89 44.00 44.95 2.15 42.25 42.53 0.66
MAPEs 9.4016 9.0939 8.8258 6.8010
(%)
Prediction APE Prediction APE Prediction APE Prediction APE
(%) (%) (%) (%)

45.25 42.21 6.7093  44.00 45.12 2.5550 42.25 42.50 0.5969 40.50 40.30 0.4882

0.4882%. Table 6 shows that the CMRPE of the model
has an error of only 3.6446% after rolling three times,
which indicates high accuracy. Considering both the
simulation error and prediction error, the model’s error
is smaller than that of the previous one every time it is
rolled, which indicates that the model achieves high
accuracy.

In addition to the comparison of the MAPE,
comparing the trends of the prediction curves can also
effectively reveal that the model exhibits high stability
and prediction ability. Therefore, Fig. 3 depicts the

simulated and predicted fitting curves for each of the
four time periods. From the individual trend plots, the
EEGM(n,1) model not only fits the original data better
in the simulation stage but also exhibits the same
performance as that in the prediction phase. Overall,
the trend of the new model simulated from the first
period to the fourth period increasingly approaches
that of the original curve. In conclusion, the model
adapts to the rolling prediction of traffic flow data
better than the other models, which indicates that the
EEGM(n,1) model has notable predictive efficacy.
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Table 5 Comparative analysis of simulation results and prediction effect of traffic flow model with rolling mechanism for the initial

period 18:00-19:10

18:00-19:10 18:05-19:15 18:10-19:20 18:15-19:25
Raw data Simulation APE Raw Simulation APE Raw Simulation APE Raw Simulation APE
(%) data (%) data (%) data (%)
70.75 70.75 0.00 61.50  61.50 0.00 73.00  73.00 0.00 68.00 68.00 0.00
61.50 57.75 6.10 73.00  61.89 1523  68.00 80.10 17.79  70.00 57.90 17.28
73.00 61.51 15.74  68.00 81.97 20.55  70.00 64.29 8.16 58.75 81.24 38.29
68.00 84.27 2393  70.00  66.02 5.68 58.75 69.98 19.11 56.00  49.77 11.12
70.00 65.68 6.18 58.75 72.28 23.03 56.00 48.20 13.93 5325 53.91 1.25
58.75 72.71 23.76  56.00  48.85 12.77  53.25 52.17 2.02 51.75 50.59 2.24
56.00 48.78 12.89  53.25 53.21 0.07 51.75 49.64 4.09 52.25 50.20 3.92
53.25 53.50 0.47 51.75 50.37 2.66 52.25 49.49 5.28 53.25 52.72 1.00
51.75 50.61 2.20 52.25 50.05 4.20 53.25 52.08 2.20 48.25 54.21 12.34
52.25 50.26 3.81 53.25 52.52 1.36 48.25 53.73 1135 4525 42.95 5.09
53.25 52.70 1.04 48.25 54.06 12.04 4525 42.97 5.03 45.25 42.05 7.07
48.25 54.19 12.32 4525 43.16 4.61 45.25 41.96 7.27 44.00  45.17 2.67
45.25 43.25 441 45.25 42.13 6.89 44.00 4497 2.20 42.25 42.63 0.91
45.25 4221 6.71 44,00 45.12 2.55 42.25 42.53 0.65 40.50  40.38 0.30
MAPEs 9.1974 8.5884 7.6210 7.9597
(%)
Prediction APE Prediction APE Prediction APE Prediction APE
(%) (%) (%) (%)
44.00 45.20 27190 4225 42.65 0.9354 4050  40.31 0.4665 41.75 38.64 7.4507
Table 6 Comparison of Evaluation indicators 18:00-19:05 18:05-19:10 18:10-19:15 18:15-19:20
different performance
metrics in Case 2 MAPEs (%) 9.4016 9.0939 8.8258 6.8010
MAPEpD (%) 6.7093 2.5550 0.5969 0.4882
CMRPE (%) 8.05545 5.82445 4.71135 3.6446
Evaluation indicators 18:00-19:10 18:05-19:15 18:10-19:20 18:15-19:25
MAPEs (%) 9.1974 8.5884 7.6210 7.9597
MAPEpD (%) 2.7190 0.9354 0.4665 7.4507
CMRPE (%) 5.9582 4.7619 4.04375 7.7052

Table 5 shows that the new model yields simulated
MAPE:s values of 9.1974%, 8.5884%, 7.6210%, and
7.9597% in the four time periods, respectively, and the
predicted MAPEp value has the smallest error of only
0.4665% after two rolling time periods. The simulated
MAPE:s value gradually decreases after three rolling
cycles, although the simulation error after the third
cycle is 0.3387% greater than that after the second
cycle. However, overall, the results indicate that the
model effectively predicts data under the rolling
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mechanism. Table 6 shows that the CMRPE values
of the model are all less than 10%, with the best
performance having an error of only 4.04375%. This
result indicates the effective predictability of the new
model on the data, and Fig. 4 is plotted to visualize the
prediction performance of the rolling prediction
mechanism.

Figure 4 shows the simulated and predicted fitting
curves for four time intervals: 18:00-19:10,
18:05-19:15, 18:10-19:20, and 18:20-19:25. It is
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Fig. 3 Simulation and prediction of traffic flow data after rolling three times for the initial period 18:00-19:05

intuitively shown from the figure that the EEGM(n,1)
model captures the trend direction of the traffic flow
dynamics, in which the best fitting effect is observed in
third period, and in the fourth period from 18:30
onwards, the new model can fit the trend of the actual
data of the traffic flow well. This trend is very close to
that of the original data. These findings fully demon-
strate that the model is suitable for trend simulation
and prediction of the traffic flow system.

In comparing the two sets of data in Tables 4 and 5,
two different sets of data from the same period are
used to demonstrate that it is feasible to use the
prediction with the rolling mechanism for the traffic
flow data when the structure of the model is
unchanged, and good results are obtained. In terms
of the structure of the model, the optimal order
corresponding to the two sets of data are 2 — order,
which indicates that the model can stably predict the
two sets of data with a rolling mechanism when the
structure is unchanged. In terms of the modelling
object, by keeping the initial time constant and
changing the length of the modelling sequence, the
model can also consistently and accurately predict two
sets of data with the same step length. The new model
can make stable predictions for different lengths of
modelled sequences with the rolling mechanism.

5.4 Case 3: performance comparison of different
models on the same day and period

The traffic flow data for the period 16:40-17:50 on
August 14 are selected, and the total length of the data
is 15. According to the modelling mechanism of the
new model, the first 12 data are selected as the
modelling data. The performance of the model was
then evaluated using the next 3 data, which represent
the following 15 min. The algorithm obtains the
optimal order of 3 for this set of data, and the results
are compared with those of the NGM(1,1), Verhulst,
GM(2,1), WGM(1,1), CCRGM(1,1), and
NGBM(1,1,k,c) models; additionally, a comparison
of the prediction results of the seven models with the
actual results is shown in Fig. 5. Three commonly
used indicators, CMRPE, APE, and MAPE, are
calculated to measure the prediction performance of
the models. The results are presented in Tables 7, 8§,
and 9.

For the case study of this section, the EEGM(n,1)
model exhibits an error of 7.3959% in the modelling
part, and its prediction accuracy is higher in the
12-time nodes of modelling; moreover, its accuracy is
second only to that of the NGM(1,1) model and
CCRGM(1,1) models, but it has the highest accuracy
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Table 7 Comparison of Time Raw data EEGM(n,1) NGM(1,1) Verhulst
Traffic Flow Model
Predictions from Simulation APE(%) Simulation APE(%) Simulation APE(%)
16:40-17:50
16:40 99.25 99.25 0.00 99.25 0.00 99.25 0.00
16:45 119.75 111.17 7.16 100.81 15.82 98.19 18.01
16:50 102.50 114.33 11.54 98.73 3.68 96.99 5.38
16:55 99.25 97.03 2.24 97.24 2.02 95.65 3.63
17:00 104.00 98.50 5.29 96.18 7.51 94.16 9.46
17:05 100.25 103.99 3.74 95.43 4.81 92.50 7.73
17:10 94.50 93.19 1.38 94.89 0.41 90.66 4.06
17:15 97.00 89.80 7.43 94.51 2.57 88.64 8.62
17:20 104.50 104.33 0.17 94.23 9.83 86.42 17.30
17:25 95.75 113.14 18.16 94.04 1.79 84.01 12.27
17:30 90.50 70.78 21.79 93.90 3.75 81.39 10.07
17:35 90.00 92.21 2.46 93.80 4.22 78.58 12.69
MAPEs(%) 7.3959 5.1288 9.9280
Prediction APE(%) Prediction APE(%) Prediction APE(%)
17:40 102.00 96.30 5.59 93.72 8.11 75.58 25.90
17:45 85.75 80.36 6.29 93.67 9.24 72.40 15.57
17:50 69.00 70.74 2.52 93.64 35.71 69.06 0.09
MAPEp(%) 4.7982 17.6868 13.8541
Table 8 Comparison of Traffic Flow Model Predictions for 16:40-17:50
Time Raw data GM(2,1) WGM(1,1) CCRGM(1,1) NGBM(1,1,k,c)
Simulation APE(%) Simulation APE(%) Simulation APE(%) Simulation APE(%)
16:40 99.25 99.25 0 99.25 0 99.25 0.00 99.25 0.00
16:45 119.75 3106.55 2494.19 119.75 0 98.73 17.55 154.34 28.89
16:50 102.5 — 9141.04 9018.09 93.06 9.21 98.04 4.35 134.35 31.07
16:55 99.25 12,640.38 12,635.9 116.5 17.38 97.37 1.89 120.44 21.35
17:00 104 — 11,504.64 11,162.15 89.84 13.61 96.71 7.01 110.90 6.64
17:05 100.25 10,128.34 10,003.08  113.32 13.04 96.06 4.18 104.40 4.14
17:10 94.5 — 9815.74 10,487.02  86.7 8.25 95.43 0.98 99.99 5.81
17:15 97 11,300.57 11,550.07 110.22 13.63 94.81 2.26 97.00 0.00
17:20 104.5 — 11,183.18 10,801.61  83.64 19.96 94.20 9.86 94.99 9.10
17:25 95.75 8758.73 9047.5 107.19 11.95 93.60 2.24 93.64 2.21
17:30 90.5 — 7303.7 8170.38 80.65 10.89 93.01 2.78 92.74 2.47
17:35 90 8412.17 9246.86 104.24 15.82 92.44 2.71 92.15 2.39
MAPEs (%) 9510.6239 13.3974 5.0738 10.3695
Prediction APE (%) Prediction  APE (%) Prediction APE (%) Prediction APE (%)
17:40 102 — 7236.16 7194.27 77.67 23.8 91.87 9.93 91.77 10.03
17:45 85.75 3157.12 3581.77 101.33 18.17 91.32 6.49 91.53 6.74
17:50 69 — 1076.87 1660.68 74.79 8.39 90.77 31.56 91.38 3243
MAPEp (%) 4145.575 16.8015 15.9930 16.4004

The significance of bold: emphasizing the difference in errors between EEGM (n,1) and five other grey prediction models,
highlighting the minimum MAPEs, MAPEp, and CMRPE
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Table 9 Comparison of performance metrics of different models in Case 3

Evaluation indicators EEGM(n,1) NGM(1,1) Verhulst GM(2,1) WGM(1,1) CCRGM(1,1) NGBM(1,1,k,c)
MAPEs(%) 7.3959 5.1288 9.9280 9510.6239 13.3974 5.0738 10.3695
MAPEp(%) 4.7982 17.6868 13.8541 4145.5750 16.8015 15.9930 16.4004
CMRPE(%) 6.0970 11.4078 11.8911 6828.0995 15.0995 10.5334 13.3850

The significance of bold: emphasizing the difference in errors between EEGM (n,1) and five other grey prediction models,

highlighting the minimum MAPEs, MAPEp, and CMRPE

in the prediction part, with a value of only 4.7982%.
As shown in Table 9, the CMRPE of the EEGM(n,1)
model is 6.0970%, which is significantly lower than
that of the other six models. The GM(2,1) model yields
the lowest prediction accuracies in both the simulation
and prediction parts. Although the NGM(1,1) model
and the CCRGM(1,1) model yield high prediction
accuracies when the data are simulated, the MAPEp
values in the forecast part are significantly greater than
those of the proposed model, with errors as high as
17.6868% and 15.9930%, respectively. The errors of
the WGM(1,1) model and the NGBM(1,1,k,c) model
are both more than 10% in both the simulation and
prediction parts, which are much larger than those of
the new model. In summary, the proposed EEGM(n, 1)
model achieves high prediction accuracy and exhibits
good adaptability and applicability.

Since the error of the GM(2,1) model is too large
and plotting affects the observation and comparison,
only the curves of the remaining four models fit to the
original data are plotted here, as shown in Fig. 5. The
NGM(1,1) model shows almost no fluctuation, and the
data show a gradual downwards trend that slowly
deviates from that of the original data. The predicted
curves of the Verhulst model are consistently below
the original data curve, underestimating the values of
the original data series and not matching the actual
data trend fluctuations. Although the predicted curve
of the WGM(1,1) model shows some fluctuations, it
deviates far from the actual curve and does not comply
with the fluctuation patterns of the original data. The
prediction results of the CCRGM(1,1) model do not
fluctuate much, exhibiting a relatively smooth trend.
However, this smoothing trend can lead to the model
failing to capture subtle changes and dynamics in the
data. The NGBM(1,1,k,c) model has certain limita-
tions when processing traffic flow data. The trend of
the model is inconsistent with the fluctuation law of
the actual traffic flow data, which shows that the
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prediction accuracy of the model in this time period is
lacking. Considering the ability of the model to
simulate the original data, the EEGM(n,1) model can
effectively fit the actual traffic flow trend, reflecting
the overall variation trend of traffic volume. This
finding indicates that the model is adaptable to time
series with fluctuations. Thus, the EEGM(n,1) model
has the best goodness of fit of all the models.

5.5 Analysis of case results

In this section, the corresponding MAPEs, MAPEp,
and CMRPE values for the three cases are given in
Tables 3, 6, and 9, respectively, and the corresponding
bar charts are plotted. As shown in Fig. 6, the
corresponding errors of the EEGM(n,1) model in the
three cases are less than 10%, which indicates that the
model exhibits an accurate prediction effect. In
Fig. 6a, the MAPEs, MAPEp, and CMRPE values of
the two time periods do not differ much, and the
CMREPE is less than 7%. In Fig. 6b, the MAPEs,
MAPEp, and CMRPE values tend to decrease with
increasing number of rolling times. Figure 6¢ shows a
decreasing trend in the errors for the first three time
periods, while the error slightly increases for the fourth
period but remains stable at approximately 8%.
Figure 6d, shows that the MAPEs, MAPEp, and
CMRPE of the EEGM(n,1) model are the minimum
of all seven models, and the errors are not as high as
8%.

Due to the variable structure of the EEGM(n,1)
model, we set up three cases from different perspec-
tives. In Case 1, it is verified that under different model
structures, two sets of data are predicted with the same
step length, and the performance of the results
indicates that the model exhibits a stable prediction
effect. In Case 2, under the same model structure, three
rolling predictions are made for data of different
lengths at the same initial moment in the same period,
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Fig. 6 Comparison of different evaluation indicators in the three cases

which verifies that the model can accurately capture
the characteristics of the traffic flow data and also
provides stable predictions for simulated sequences of
different lengths. Additionally, the use of a different
rolling prediction method in Case 2 compared to Case
1 further highlights the ability of the EEGM(n,1)
model to stably predict traffic flow data under different
forecasting approaches. Case 3 verifies that the
combined performance of the EEGM(n,1) model in
the simulation and prediction phases is better than that
of the other six models by comparing the EEGM(n,1)
model with the NGM(1,1), Verhulst, GM(2,1),
WGM(1,1), CCRGM(1,1), and NGBM(1,1,k,c) mod-
els. The results demonstrate the capability of the
proposed model to capture future trends and develop
data more effectively, making it more applicable.
Based on the three empirical case studies presented
above, it can be inferred that models exhibit a
generally high level of accuracy in simulating and
predicting outcomes under various complex condi-
tions, such as different model structures, data lengths,
and forecasting methods. The new model achieves the
best fitting performance and is a validated method for

accurately predicting traffic flow trends with high
fitting and prediction accuracy. The results show that
the EEGM(n,1) model can simulate the fluctuating
trend of traffic flow well and that the model has good
adaptability to time series with fluctuations, conforms
to the characteristics of trend changes in traffic flow
data, and achieves good predictions of the direction
and development trends of traffic flow in the future.
Overall, the model is effective and reliable in predict-
ing the accuracy of traffic flow data and can be used for
practical applications.

6 Summary and outlook

In this paper, a high-order variable coefficient grey
prediction model based on the Euler equation is
established, beginning from the basic Euler equation
in fluid mechanics. First, the introduction of the
variable coefficient differential Euler equation makes
the model more adaptable to the stochastic and
nonlinear characteristics of traffic flow data and
allows us to better explore the characteristics of traffic
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flow data over time. In addition, to improve the
stability of the model structure, a linear correction
term is included in the grey prediction model.
Furthermore, a suitable time response function is
constructed using the principle of grey differential
information to eliminate errors between the differen-
tial function and the difference function. Finally, the
particle swarm optimization algorithm is employed to
optimize the new model, aiming to improve its
accuracy.

Furthermore, in the first two cases of traffic flow on
Canadian highways, the validation of the research
results shows that the new model exhibits good
adaptability and stability under complex situations
involving different model structures, different data
lengths, and different prediction methods and is
suitable for predicting highway short-term traffic flow.
The effectiveness of the EEGM(n,1) model is verified
in the third case, which is based on data from traffic
flow on Canadian highways. The results show that the
simulation and prediction results of the new model are
better than those of other grey models, including the
NGM(l,1),  Verhulst, GM(2,1), WGM(,1),
CCRGM(1,1), and NGBM(1,1 k,c) models. The new
model can effectively capture the fluctuation patterns
in highway traffic flow data, exhibiting good stability
and prediction accuracy in both fitting and prediction.
The proposed prediction model in this study can assist
decision-makers in obtaining a better understanding of
short-term traffic variations on highways, providing
theoretical support for short-term highway prediction
and offering scientific evidence for alleviating high-
way traffic congestion.

Although the proposed grey prediction model based
on the Euler equations has obvious advantages, there is
still room for improvement. To apply this model to
more complex traffic flow systems, considering that a
variety of external factors, such as speed limits,
accidents, weather, and special dates, can affect the
prediction of traffic flow, we will further investigate
the addition of these external factors to the model to
increase the complexity of the current traffic flow
prediction model and construct an accurate short-term
traffic flow prediction model.
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