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Abstract This paper explores the nonlinear dynamic
responses and bifurcations of the truncated sandwich
simply supported porous conical shell with varying
thickness under 1:1 internal resonance. Two skins with
carbon fiber and a core with porous aluminum foam,
which has an exponentially variable thickness along
the generator and various porosity distribution types
along the core thickness, make up the sandwich shell
structure with varying stiffness. The porous shell
structure is affected by a combination of the in-plane
load, transverse excitation, thermal stress and aerody-
namic force, which is formulated by employing first-
order piston theory with a modified term for curvature.
By way of FSDT, von-Karman geometrical
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formulations, Hamilton’s principle and Galerkin pro-
cedure, the nonlinear dynamic formulations in ordi-
nary differential form for the variable stiffness porous
sandwich shell structure are identified. The averaged
equations in polar and Cartesian coordinate forms for
the sandwich structure under the combined circum-
stance of 1:1 internal resonance, first-order main
resonance and 1/2 subharmonic resonance are deter-
mined by multiple-scale technique. The frequency-
amplitude and force—amplitude characteristic curves,
phase portraits, time history and bifurcation diagrams
are exhibited by numerical simulation. The impacts of
the damping coefficient, detuning parameters, tem-
perature increment, transverse and in-plane

W. S. Ma

Department of Mechanics, Inner Mongolia University of
Technology, Hohhot 010051, People’s Republic of China
e-mail: wensaima@163.com

Y. Niu (B<)

School of Aeronautics and Astronautics, Tiangong
University, Tianjin 300387, People’s Republic of China
e-mail: niuyan_ny@163.com

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-024-09493-z&amp;domain=pdf
https://doi.org/10.1007/s11071-024-09493-z

8932

Research

excitations on the nonlinear dynamics and bifurcation
behaviors of variable thickness sandwich porous
conical shell are demonstrated.

Keywords Nonlinear dynamic response -
Bifurcation - Sandwich conical shell - Variable
thickness - Internal resonance - Porous aluminum foam

1 Introduction

As an important part of the carrier rocket, the fairing is
designed to protect the satellite and other payloads
from harmful environments such as aerodynamic
forces, aerodynamic heating and acoustic vibration,
so special materials that have excellent mechanical
properties are required. Porous metal foam materials
have a large pore size and specific surface area, which
give them lightweight, high temperature resistant and
energy absorption properties. Corresponding to spe-
cial locations and sizes of the pores, the porous metal
foam can produce continuously varying physical
properties along the thickness [1-3]. As observed in
Fig. 1, the rocket structure’s top fairing component
can be reduced to a combined model of a truncated
conical shell and a negligibly small top shell. The
sandwich structure, which is made of two high-
strength skins and a lightweight core, is particularly
suitable for the airfoils of high-speed vehicles and
segments subject to extreme aerodynamic forces and
heating, such as the fairing shells of carrier rockets
[4, 5]. The variable thickness fairing shells can
enhance structural stiffness, eliminate stress concen-
tration, and reduce centrifugal stress and structural
mass [6, 7]. The fairing shells are constantly exposed
to complicated forces, such as thermal stresses aero-
dynamic pressure, in-plane and transverse forces,
leading to complex nonlinear dynamic behaviors.
Specifically, the nonlinear internal resonance behav-
iors can lead to increased structural vibration,
increased noise, and even damage and breakage
[8-10]. Therefore, it is essential and remarkable to
explore the nonlinear dynamics of the variable thick-
ness truncated porous sandwich conical shell under
complicated forces and internal resonance.

Recently, sandwich structures with porous metal
foam material have gained considerable interest from
practical applications and theoretical research due to
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Fig. 1 The model of a
rocket structure with faring {

Faring
component =
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their superior mechanical performance. Zhu et al. [11]
examined the natural vibration behaviors of sandwich
skew plates composed of two pure metal skins and a
porous metal foam core. Using the isogeometric
method and modified Riks approach, the various
buckling characteristics of porous metal sandwich
skew plates exposed to compressive forces were found
by Sengar et al. [12]. Zhou et al. [13] discussed the
effects of the impact location, metal foam core’s
thickness and distribution on the impact characteristic
of sandwich square plates, and optimized the geomet-
ric pathways by analytical formulation. Xin et al. [14]
presented a Navier solution for obtaining natural
vibration frequencies and modes of porous metal foam
sandwich thick beam. Xiao et al. [15] proposed a novel
lightweight porous mental foam-filled corrugated
sandwich structure, which had outstanding load-bear-
ing and heat transfer properties. The impact charac-
teristics of sandwich beams made of aluminum foam
porous core and mild steel surface sheet with various
thickness distributions were tested by Guo et al. [16].
Keleshteri et al. [17] determined the fundamental
frequencies and the related buckling loads of the
functionally graded porous sandwich cylindrical pan-
els through the Navier approach. Grag et al. [18, 19]
researched the vibration and static properties of metal
foam sandwich beams and plates, and examined the
impact of boundary condition, geometry, and porosity
parameters on sandwich beam behavior. Zhang et al.
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[20] examined analytically and numerically the plastic
characteristic of a porous sandwich rectangular tube
under clamped support and transverse load.

It can be noted that numerous researchers have
explored the dynamic response characteristics of the
variable thickness structures. Tornabene et al. [21-23]
adopted the higher-order ESL method and GDQ
approach for determining modal and natural frequency
of doubly-cured anisotropic shell structures with
varying geometry, thickness and boundary. The
vibration behavior analysis of varying thickness
orthotropic plates with various boundaries, and geo-
metric and material parameters was performed by
Song et al. [24] providing a novel generalized
analytical approach. By utilizing the classical thin
shell framework and Rayleigh-Ritz technique, a
porous cantilever variable thickness plate was mod-
eled by Hao et al. [25] to discover the free vibration
behavior of the spinning twisted plate. Liu et al. [26]
provided a meshless generalized finite difference
technique to examine the bending characteristics of
thin plates with varying thickness and different
boundaries. A novel shear deformation plate theory
with trigonometric functions for obtaining natural
frequencies of FGM two-directional varying thickness
plates was established by Hoang et al. [27]. Kumar
et al. [28] explored the impact of porosity parameter,
foundation and varying thickness on the vibration
behaviors of an exponential FGM plate placed on an
orthotropic elastic foundation. Foroutan et al. [29]
employed the approach of fourth-order P-T and
multiple scales to determine the resonant characteris-
tic and nonlinear vibration behavior of varying
thickness toroidal FGM shell structures subject to
external loads. Cao et al. [30] examined the nonlinear
vibration of the arches with varying thickness and
cross-sectional shapes by utilizing the differential
quadrature procedure and direct iteration approach.
Sofiyev et al. [31-34] utilized the Galerkin technique
and Runge—Kutta procedure to analyze the dynamic
buckling characteristics of the conical shell with
varying thickness and FGM, and explored a novel
expression about modified Young’s moduli consider-
ing the vacancies and scale effects.

Furthermore, a large number of literature and
research focused on the internal resonance behaviors
of rings, tubes, beams, plates and shells under complex
loads. Casalotti et al. [35] conducted research on 1:2
and 1:3 internal resonance responses of a thin tube

subject to external force, and found potential energy
exchange from the local modes to the global modes.
Wu et al. [36] utilized the Galerkin procedure and
approximate multiple-scale technique to explore
numerically the nonlinear dynamics of a flexible
beam-ring configuration with 1:1 internal resonance.
The nonlinear internal resonant characteristics of a
cantilevered thin shell were analyzed by Qiu et al. [37]
utilizing the Galerkin technique and asymptotic per-
turbation method. Khaniki et al. [38] adopted a novel
strategy for nonlinear forced vibration investigation of
nanoplates with nonlocal strain gradients, whose
specifically combined parameters can cause different
internal resonant behaviors. Employing the modified
Lindstedt Poincare method, Ding et al. [39, 40]
explored the impacts of initial geometric defect, GPLs
and pore parameters on the nonlinear resonance
responses of grapheme platelets reinforced metal
foam (GPLRMF) cylindrical and doubly curved shells
with geometric defect. Additionally, Ding et al.
[41, 42] also used the methods of variable amplitudes
(MVA) and multiple scales to nonlinear forced
vibration and resonance responses of axially traveling
GPLRMF shell structures. The nonlinear vibration
responses of GPLRMF conical shells with 1:1 internal
resonance were investigated by Saboori et al. [43]
adopting the Galerkin procedure, perturbation and
multiple-scale analysis. Based on the HSDT, Galerkin
method and MVA, Zhang et al. [44] analyzed the
principal and internal coupled resonance characteris-
tics of rotating GPLRMEF cylindrical shells, and found
the multiple jumping behavior and bifurcation phe-
nomenon of the coupled resonance. Employing FSDT,
Galerkin procedure and multi-scale technique, Sofiyev
et al. [45-48] investigated the nonlinear forced
vibration behaviors including primary resonance of
carbon nanotubes reinforced double-curved shells and
laminated plates, and discussed the influences of CNT
distribution patterns, nonlinearity and external force
on the forced vibration frequencies, and also examined
the effects of transverse shear deformations, geometric
and material parameters on natural frequencies of
truncated FGM sandwich conical shell.

However, rare researchers have reported the mod-
eling and nonlinear internal resonance analysis of the
porous metal foam sandwich truncated variable
thickness conical shell subject to complicated loads.
In this work, the nonlinear internal resonant responses
of varying thickness porous truncated sandwich
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simply supported conical shell subject to the thermal
stress, supersonic aerodynamic force, transverse and
in-plane loads. The sandwich structure is made of
multi-layer carbon fiber skins and an aluminum foam
core with exponentially varying thickness. The porous
foam’s porosity distribution schemes have five various
patterns containing Pattern-V, Pattern-A, Pattern-U,
Pattern-X and Pattern-O. Utilizing the FSDT, von-
Karman geometrical formulations, Hamilton’s princi-
ple, Galerkin technique and introducing dimensionless
parameters, the dimensionless 2DOF nonlinear ordi-
nary differential dynamic formulations for the porous
sandwich shell structure with variable stiffness are
determined. The multiple-scale technique is employed
for the perturbation investigation to obtain the aver-
aged formulations under 1:1 internal resonance. The
characteristics of the frequency-amplitude responses,
force—amplitude curves, bifurcations, periodic and
chaotic behaviors are analyzed by numerical calcula-
tions. The impacts of the detuning parameters, damp-
ing coefficient, temperature increment, transverse and
in-plane loads on the nonlinear dynamic responses and
bifurcation performances of the variable stiffness
truncated porous shell structure with 1:1 internal
resonance, first-order main resonance and 1/2 subhar-
monic resonance are examined.

2 Nonlinear dynamic formulations

Figure 2 depicts the geometric model of a truncated
variable stiffness conical shell, which has varying total
thickness & along the length L, semi-vertical angle /5,
minimal mid-surface radius r; and maximal mid-plane
radius r,. Furthermore, the averaged radius at any
position along the generatrix is presented as
R=r; +xsinfi. Consider a coordinate system
(x, 0, z) that has an origin positioned at the top of the
middle plane of the variable thickness structure, and
assume that the sandwich conical shell has N layers
with a cross-ply lamination order of (0/90)..

Moreover, the sandwich structure is composed of
two skins with an identical number of carbon fiber
layers and thickness Ay, as well as a middle aluminum
foam core layer with a varying thickness /. along the
generatrix, which can take the following expression of
[49]
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he(x) = hy [1 - (Z—D (1 —%)]NX (1)

where N, implies the thickness function’s exponent,
whereas h; and h, independently symbolize the
maximal and minimal thickness of the middle porous
core along the x direction. The largest and smallest
thicknesses are positioned at the top and bottom of the
sandwich structure to minimize the centrifugal stress
during rapid rotation, separately.

As presented in Fig. 2, the sandwich varying
thickness structure is subjected to the supersonic flow
Uy, uniformly distributed transverse excitation
Fcos (Q;Ty) and in-plane excitation pjcos(Q,Tp).
By utilizing the first-order piston framework, the
aerodynamic load P, created by supersonic flow is
vertical to the longitudinal direction of the sandwich
structure and can be described as [50]

+<M§—2> 1 1

w w— w

t\M2 - 1) Myas 2R\/MZ =1
(2)

where M, 7,, Poo and a, signify the Mach number,
adiabatic index, free flow static pressure and sound
velocity, individually. The related transverse displace-
ment, aerodynamic damping, and modified term for
curvature are determined by the three terms of the
above formulation, independently.

Five distinct middle aluminum porous foam’s
porosity distribution patterns, including Pattern-V,
Pattern-A, Pattern-U, Pattern-X and Pattern-O, along
with the relative mass density, Young’s modulus and
sketch, are displayed in Table 1 [1-3, 51]. The pores in
Pattern-V and Pattern-A types have continuous and
monotonous variation through the exterior surface to
the interior surface, as opposed to the uniform pores in
Pattern-U distribution. Additionally, the pores in
Pattern-X and Pattern-O types are dispersed constantly
through the mid-surface to the interior and exterior
layers of the variable thickness sandwich conical shell.

As displayed in Table 1, the E,, and p,,,,
individually indicate the highest Young’s modulus
and mass density, while N, and p, symbolize the
coefficients of porosity and mass density for all porous
distribution. In particular, 2 and p] refer to the
parameters for the pores of Pattern-U distribution.
Their formulations are expressed as
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Fig. 2 Geometric description of truncated variable stiffness sandwich conical shell

Table 1 Porosity distribution types of aluminum foam

Porosity type Young’s modulus Mass density Sketch

PV b1 Ne(§ )] 0 - et e D)

Pattern-A En(2) = Epax |1 ~ Nesin(3 - 52)] PA(E) = P |1 = posin (3 = )]
Pattern-U Ey(2) = Enasll — N2 Pu(@) = Pax[1 = P2]

Pattern-X Bx(€) = B 1 ~ Necos(E)] px(@) = Py [1 = pecos(57) ]
Patiern-0 Eo@) = Ena[1 =N (1=eos())] pole) = s 1 — o1~ cos(32))]
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Within the framework of FSDT, the three displace-
ments of the variable thickness sandwich structure can
be expressed as

A

M(x> 07 Z) = uO(xv 6) + Z¢x(xa 9) (43)
v(x,0,2) = vo(x, 0) + zpy(x, 0) (4b)
w(x, 0,2) = wo(x, 6) (4c)

in which ug, vy and wy independently demonstrate the
mid-plane displacements of arbitrary position, while
¢, and ¢, symbolize the mid-surface normal rotations
around circumferential and longitudinal axis,
separately.

Through the combination of the von-Karman
geometric nonlinear formulations with displacements
in Eq. (4a—c), the nonlinear strains are defined as

& &0 el
2X X X
g p =14 &) b4z s(()l) ,{2)91}
Vx0 'yig) yi}q) Vxz
1 /0w
¢0+E <690—vocosﬁ>
- owo (5)
¢x + a
where
f 1 (0’
e ox 2\ ox i
( 1 v\ 11 /8
5()01 & (“"“"f”w‘)c"sﬁ*%) ey <a%>
0 dvy 1 (Oug . Owo Owg
a E @-V()Slnﬂ-‘raw
(6a)
0.
g 0=9 R (a—(f + ¢, sin ﬁ) (6b)
(1)
Vxo a¢ 1 aqu .
6—x€+E ( 20 ¢y sin p
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By utilizing generalized Hooke’s law and account-
ing for the heating stress impact, every layer’s
constitutive relationships of the porous sandwich
structure with varying thickness are prescribed as [52]

(k) (k)

Ox 0y 0p 0 0 0
09 On 0n O 0 0
Ox0 =10 0 Qs O O
00, 0 0 0 Qu O
Ox; 0 0 0 0 Oss
& o (®)
&p 7]
Yo ¢ — § 20m0 pAT(2)
Vor 0
Vxz 0

(7)

where k represents every layer’s number, AT stands
for the linear temperature increment as opposed to a
specified temperature, and QJ (i,j=1,2,4,5,6)
imply the converted stiffness factors. Moreover, o,,
op and o,y denote the converted heating expansion
factors.

Due to the properties of isotropic material, the
middle porous aluminum foam layer has identical
thermal expansion factors o along x and 6 directions,
while the shear component o, is zero. Additionally,
the converted thermal expansion factors of two carbon
fiber skins can be identified through

o, = oy cos® y 4 o sin® y (8a)
g = o sin® y + oy cos® y (8b)
o = (00p — o) siny cos y (8¢c)

where «; and o, denote the factors of heating
expansion along the x; and x; directions of the skins,
separately.

The aluminum foam core layer’s stiffness coeffi-
cients QJ concerning various porosity distribution
schemes are formulated as the Eq. (9). While for the
two orthotropic skins made of carbon fiber, the
converted stiffness factors Qﬁi are determined by the
Eq. (10a, b).
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(10a)
[9) c? s
o)~ {s e Haup emeons
=sinYy
(10b)

in which subscript 7, v and y sequentially demonstrate
the type of porosity pattern, Poisson’s ratio and
stacking angle between adjacent layers of the varying
thickness sandwich structure. Whereas the stiffness
factors Q;; of the middle porous layers are calculated
according to the engineering constants, as below

E, ViE|
On=——""—",0n=7—", On
I —viava I — v
E,
=———, O¢s = G12, Qa4 = Go3, Oss
I —vipvy
=Gi3

(11)

By replacing the above strain—displacement and
constitutive relations to energy terms of the shell and
then applying Hamilton’s principle, the nonlinear
dynamic formulations in following partial differential
form for the porous sandwich truncated conical shell
are eventually determined as [8-10, 53]

1 1 1 .
Nicx + RN“ sinff + — Nxe 0 — RNgg sin f§
= Iyt +11(]5 (123)

2 1 1
Nyox + I_QNXO sin § 4 ENO().() + R Qpcos i

= Iopvo + 11§y (12b)

0 +1Q '/3+1Q VAL
4+ — sin — — _
X, X R x SL 0,0 XX,X ox xx ax2

1 Owg . Owo
+RNJ\J(6751 ﬁ+ NXUX 20

1 ow, 2 62w
+— N — 4 *Nxo 0

1
R o —Nggcos 8

w00 R

+F| cos(Qt) — p; cos(Qt) W+Pa

o ) - KWO = IQWO

(12¢)

1 1
Mxxx +— Mxx sin ﬁ + 5 Mx@ 0
= 11”0 + L,

1
— EMHG sin f — Oy
(12d)

2 . 1 .. -
Mg, + ﬁMxH sin f§ + ﬁMee,e — Qo =1y + Ly
(12e)

in which one dot and two dot superscript sequentially
demonstrate the first-order and second-order deriva-
tive of the relative time, and x signifies the damping
factor of the sandwich structure. All the inertia
components for the variable stiffness sandwich shell
structure can be extracted by Eq. (13), while the in-
plane and shear components of moment resultants and
stress resultants, which consider the impact of the
thermal stress, are prescribed as Eq. (14).

N k1
=3 [T et =012) (13)

Nux [Ain Az 0 By Bz 07
Nog Ap An 0 B Bn O
No | |0 0 Ae 0 0 Bes
Mo |Bu Bao O Dy D O
My By, Bn 0 D Dy O
My L O 0 Be O 0 Degs

el0) NT

0 iy

0 Npyg

V.(x((? . Ny

el M,

o ||,

0 M3,
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where K expresses the shear correction component
and is approximately defined as 5/6. All the stiffness
components in the above formulations can be achieved
by Eqgs. (15a,b), and the in-plane thermal moment
resultants and stress resultants for the porous structure
are identified as Eq. (16).

N Zkt1 )
(Aj, By, Dyj) = Z/ [ (1,2,2%)dz, (i,j=1,2,6)

(15a)

N Ziy
=Y [0 s = 45)  (1s)

k=1 k

NT e

Nig ~{M§e

Ny ) M,

— — (k (k)

N o |Qu @2 O o
:Z/ On On O ) (AT, ATz)dz
e 0 0 QG() 2000

(16)

Introducing the abovementioned Egs. (13)-(16)
into Egs. (12a—e), the simplified nonlinear dynamic
equations in the form of five generalized displace-
ments for the sandwich structure with variable thick-
ness can be formulated as

Lyjug + Liavo + Liswo + Lis¢p, + Lis¢pg + Lis + N
= Iptip + I ¢,
(17a)

Layug + Laavo + Lazwo + Losgp, + Lospg + Log + N>
= Ipvo + 11 by
(17b)

Lsiuo+Lszovo + (Lsz + Lyzpi)wo + Lza, + Las g
+Lsg + N3 + Fy cos(Qqt) + P, — kwo = IgWy
(17¢)
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Larug + Lagvo + Lazwo + Lasp, + Lyspg + Lag + Ny
= Liiig + ¢,
(17d)

Lsyug + Lsyvo 4 Lsswy + Lsa ¢, + Lsspg + Lsg 4 Ns
= L1y +12¢9
(17e)

where L; and N; imply the linear and nonlinear
symbols in partial differential form, and their explicit
formulations are mentioned in the earlier research
[54, 55]. Moreover,

L3y = —COS(QQI)CZ“ (18)

The boundary condition is assumed as simply
supported at two ends of the porous varying thickness
structure and illustrated as [56, 57]

=¢p=0atx=0and x=1L
(19)

The displacements and transverse excitation func-
tions of the varying thickness structure are developed
by utilizing the double trigonometric series to meet the
aforementioned boundary condition, as below [58]

uy = Z Z”’"” cos( x) cos(nb) (20a)

m=1 n=

Ny =M, = vg =wy

vy = Z Z Vo (2 sm( ) sin(n0) (20b)

m=1 n=1

wo = Z Zwmn sm( ) cos(n0) (20c)

m=1 n=1

M X mmnx
o, = Z Z ¢, (t)cos (T) cos(n0) (20d)

m=1 n=1

>y, (1) sin (?) sin(n0) (20e)

n=1

F= XM: XN: Fon sm( ) cos(n0) (20f)

m=1 n=1

by =

M=

in which m and n refer to the full-wave number in
generatrix direction and the half-wave number in
circumferential direction, separately. Furthermore,

an’ an(t), an(t), Wmn(t)a ¢xm,,(t) and ¢9mn()
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individually stand for the amplitudes of transverse
excitation and time-related displacement for different
modes.

The nonlinear vibrations of the first two modes for
the porous sandwich conical shell are much larger than
those of other modes, and the weakly nonlinear
internal resonance behaviors are taken into consider-
ation. Consequently, we can utilize the first two linear
modes to approximately solve the nonlinear dynamic
equations of the conical shell with variable thickness
[10]. The in-plane and rotational inertia components in
Eq. (17a—e) can be overlooked since their effects on
the system’s nonlinear vibrations are considerably
lower than those of the radial inertia component [59].
It’s feasible to focus on the first two modes of the
radial displacement wy.

Introducing the abovementioned double series into
the simplified nonlinear dynamic Egs. (17a—e) and
utilizing the Galerkin technique, the in-plane and
rotational displacements ug, vo, ¢, and ¢, are stated as
the functions of radial displacement wy. The 2DOF
nonlinear dynamic formulations in following ordinary
differential form for the varying thickness porous
sandwich shell structure are ultimately constructed by
introducing the in-plane and rotational displacement
functions into Eq. (17c), as below

Wi+ Wy + oWy + (W3 4 (oW W3
+ {13Wipi cos(Qot)
= {14F cos(Q1) (21a)

Wa + 1, Wa + anWa + (i W5 + Ly Wi,
+ {53 Wop cos(Qy1)
= (o4 F; cos(Qy1) (21b)

where w} = {i5 + {16Pocs @3 = (o5 + (6P Wi and
W, represent the amplitudes of radial displacement for
the first two modes, while F|, and F, denote the
amplitudes of transverse excitation for the first two
modes. To establish the dimensionless dynamic for-
mulations for the porous shell structure with variable
stiffness, the above variables and coefficients are
converted as

- Q) - Q

T = W11, le%hhWZZQZthl:_l’QZ:_Za
w1 (0]

S TR S

1 wl’ 2 6027 CU]’ 17 1 h%7

N T A ¢ .
Fl:_7F2:_7 i — 7(121727./:1727374)
R R

1

(22)

By applying Eq. (22) into Egs. (21a, b), the
dimensionless nonlinear dynamic formulations for
variable thickness porous conical shell structure are
ultimately obtained, as follows

41 + g, +5%611_+ tng +Cnaias
+ {i3q1p COS_(Qzl)
= {14F cos(Q1) (23a)

G+ gy + 5§Q2_+ nqs + {ndian
+ {3q2p) COS_(Qzl)
= (p4F; cos (Qit) (23b)

3 Perturbation analysis

In this part, the multiple-scale technique is utilized for
the perturbation analysis of sandwich porous structure
with varying thickness to overcome the problem of
internal resonance [60]. By inputting a small pertur-
bation factor ¢, all the transverse displacement-related
terms, damping and excitation terms are assumed to be
tiny quantities as the following converted form.

1. _ ~ _ ~ 3~ .
qi = &Wi, [l = &ll;, py = &py, Fi=eF;, (i=1,2)
(24)

The horizontal and curved bars on the dimension-
less parameters are neglected for simplicity, and the
dimensionless nonlinear dynamic formulations are
rewritten by introducing Eq. (24) into Egs. (23a,b), as
follows

Wi 4 ey + wjwy + el wy 4 eliawiws
+ &13wip1 cos(Qp1)
= g{14F cos(Qy1) (25a)

Wa + efoWa + wiwa + elayws + elowiws
+ elp3wap1 cos(Qp1)
= &(p4F> cos(Qy1) (25b)
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Based on the multiple-scale technique, it is sup-
posed that Egs. (25a, b) has an approximate solution
of the following form

w1 :Xlo(To,Tl)+8X11(T0,T1)+"' (26&)

wy = x20(To, T1) + ex21(To, T1) + - - - (26b)

where Tp =1, T; = et.
Afterwards, the related differential operators are
identified as

d 00T

dv T, ot

Lo, Do + ¢Dy +
- e e — &
a1, ot o ’

(27a)

2
T3 = (Do+ 2Dy + )= D} +2eDoD + - - -,

(27b)
where Dy = -, (k=0,1).

By applying Egs. (26a, b)—-(27a, b) to Egs. (25a, b)
and making the factors of the identical power about
small value ¢ in two sides of the equations equal, the
formulations are derived as follows.

Order ¢
Dgxlo + w%xlo =0 (288.)
D(z))Czo + w%XQo =0 (28b)
Order ¢':
Dixii + wixiy = —2DoDix19 — p;Doxio — {11x5,
— Liax10%39 — Ci3p1 cos(QTo)x10
+ (14F) cos(QTp)
(29a)
D{xo1 + w3x21 = —2DoD1x29 — f1Doxa0 — {2135

— Lonxioxa0 — (azp1 cos(QTo)xa0
+ C24F2 COS(Q] To)

(29b)

Solving Egs. (28a, b), the solution in following
complex form is prescribed as

X10 = Al(Tl)eiw]To —|—Zl(T1)€7iwlT0 (308.)

x20 = Ap(T)e" "0 4 Ay (T )e >0 (30b)

in which A; and A, denotes the complex conjugate
components of A and A,.
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Introducing Egs. (30a, b) into Egs. (29a, b) can
obtain
D:')x“ + wfx“
_ _ 1 J .
= (—Ziw]DlAl — i oAy — 301ATAT — 20 1A AxA, — EClsAlme'ﬂﬂ")e””‘T“
= é‘”A?ethﬂl _ C|2A1A§e’(“" +200)To _ é“le’]Agez(ng )Ty

1, - 1
— S b pie @ 20 T 4 CC

(31a)

Dﬁle + w%xn
— [ _nj i _ 24 oy A _ l STy | LionTy
= | —2imyDiAy — if,2A — 3051 A5A; — 2(nA1A 1A, 2{z3A2P1L e
_ C2|A§e3i“’37" _ gzzA%Aze‘QwH»(')z)To _ szAfﬂze[(z‘“"‘°3)T"
1 _ y -1 o
_ E/;23Azpl6,1(92*"’2)70 + 55241’26"9'7" +cC

(31b)

in which CC indicates the complex conjugate compo-
nents corresponding to previous components.

Considering the circumstance of 1:1 internal reso-
nance, first-order main resonance and 1/2 subhar-
monic resonance, the transverse force’s frequency is
approximately identical to first-order natural fre-
quency for the porous sandwich conical shell with
varying thickness, while the in-plane force’s fre-
quency is almost identical to twice first-order natural
frequency. As a result, the resonance relationships of
the system are stated by adding the detuning param-
eters o; and g,, as shown below.

Q) = w +¢01, wy = w1 + &0a, Q =20 (32)

Introducing Eq. (32) into the right end of Eq. (31a,
b) yields the following conditions for eliminating the
secular term

2icy DAy + i Ay + 3(11ATA + 20,A 1424,
1 _ ; _ . 1 .
+ §C13A1P1€2’J'T' + (A1 AZeH T — §C14F1 el
=0
(33a)
iy Dy1As + ilymrAs + 3051 A4, + 200A A4,
1 A i(01—02 A, —2i0
+§§23A2P1€2'(g' DT ) ATA e 2T
1 .
_ F i(o1—02)T)
2C24 2€
=0
(33b)

The two amplitudes A; and A, can be stated as the
functions of following polar coordinate form.
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Table 2 Comparison of n B =30° B =45° B = 60°

dimensionless natural

frequencies Q for truncated Present Lam Li Present  Lam Li Present Lam Li

simply supported conical

shell (m = 1) 2 0.8497 0.8420 0.8431 0.7694  0.7655 0.7642  0.6387  0.6348  0.6342
3 07502 0.7376  0.7416  0.7293  0.7212 0.7211 0.6318  0.6238  0.6236
4  0.6546 0.6362 0.6419 0.6878  0.6739 0.6747 0.6283  0.6145 0.6146
5 05796 05528 0.5590 0.6539  0.6323  0.6336  0.6321 0.6111 0.6113

1 iy (Th) 1 i, (Ty) 1 . il 1 . i
Al(Tl) :Eal(Tl)e N4 ,AZ(TI) :Eaz(Tl)e A A1 :E()q "f‘lXQ)E 1,A2 :E(X3+Z)C4)e 2 (36)
(34)

By removing Eq. (34) in Egs. (33a, b) and dividing
the real and imaginary components, the averaged
formulations in polar coordinate form for the variable
thickness porous sandwich shell structure can be found
as follows

_Hmar {paaz sin(2y,)

day =

2 ) 8(1)1 .
Cisprag sin(2y; 4 2y,) | (iaFysin(yy + ;)
- +
4, 2w,
(35a)
3@ | (ndiarcos(2y) | {nadla

al' =a,01 — ax(o; — 03) +
& ( ) 8w, 8wy 4w,

Caprazcos(2y,) — {uFacos(yy)  30ua)  parazcos(2y))

4w, pIO% 8w 8w
lpads  Gapiaicos(2y +27,) | GaFicos(yy + 7,)
4, 4w, 2m;
(35b)
2 . .
iy — thay | {najaysin(2y;)  (apiazsin(2y,)
= — —
2 8602 4&)2
{24F> sin(y,)
4=z 2 e
2(02

(35¢)

30ua;  (pajascos(2y;)

ary, :az(Ul - 02) -

8(1)2 8(02
{pnalar  (oaprazcos(2y,)  {paFacos(p,)
- - +
40)2 4602 20)2
(35d)

where y; = 62T1 — @ + @3, 7, = (61 — 02)T1 — 5.

The two amplitudes A; and A, can be also rewritten
and defined as the functions of the Cartesian coordi-
nate form, as below

By applying Eq. (36) in Egs. (33a, b) and dividing
the real and imaginary components, the averaged
formulations in Cartesian coordinate form are
achieved as

3
— (v + 1)

X-| =01X) fi,ulxl 8w1

1 1
- 8—@C|2(2x1X3X4 + 33023 + 550037 + 4—w1513171Xz
(37a)
~ 1 3 2,3
Xp == 01X~ S % +8—a)1C” (123 +x7)
1
+—0 (2xpc3x4 + 3x1xi + lexg) (37b)

8w

+ ! ¢ ! C1uF
- X — ——
4o, 13P1X1 20, 14141

. 1 3
X3 =(01 — 02)x4 — 5:“2)63 - 8—wzCz1 (x§x4 eri)

1 1
- STUZCZZ (s + 2x1x0x3 + 333x4) + d0n {o3pixa
(37¢)

. 1 3
X4 =(02 — 01)x3 — §ﬂ2x4 +8—w2C21 (x3xi —&—xi)

1
+—n (ngs + 2x1x0x4 + 3)(%)63)
8602

+ ! 4 ! CouF
_ X2 — ——
40, 23P1X3 2 24172
(37d)

where l[ = O']T], /12 = ((71 — (72)T1.
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<«Fig. 3 Influence of the length-to-thickness ratio of core on first
two order frequency parameters for the shell structure with
various porosity distribution schemes

4 Frequency responses and force responses
4.1 Comparative investigation

Before conducting the numerical calculations, it is
significant and necessary to confirm the reliability of
the strategy applied in this investigation. To accom-
plish the intended result, the dimensionless natural
frequencies of the truncated conical shell under simply
supported conditions are identified and formulated as

Fig. 4 The frequency-

amplitude curves of * stable
sandwich structure under stable
various damping 10~ - stable

coefficients u,, a the first-
order resonance, b the
second-order resonance

a, 5\

0
0.08

Q = wry\/(1 —v2)p/E. Next, as Table 2 demon-
strates, the frequency results are evaluated with those
of Lam et al. [61] and Li et al. [62].

The Aluminum without pores is employed as a
comparable material of the structure, which is inde-
pendent of temperature increase and has material
attributes of E = 70 GPa, p = 2707 kg/m®, v = 0.3,
o=24x10"m/K. And the specified physical
dimensions are considered to be h.=0.01,
h./r» =0.01, Lsinfi/r, =0.25. Additionally, the
generatrix wave number m is specified as 1. Table 2
indicates that the current results exhibit a high degree
of consistency with those identified throughout the
previous research.

unstable #=0.01
unstable #=0.04
unstable #=0.07

0 -1
(a)

stable - unstable #4=0.01 .
stable unstable #=0.04 :

14 - stable

unstable #4=0.07 .
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Fig. 5 The frequency-
amplitude curves of
sandwich structure with
variable thickness under
various transverse
excitations F, a the first-
order resonant response
curves, b the second-order
resonant response curves

*  stable
stable
stable

155

stable
stable
stable

4.2 Frequency characteristics

In this part, the natural frequency parameters are
presented to explore the nonlinear vibration charac-
teristics and determine the nonlinear internal reso-
nance conditions of the truncated porous sandwich
structure with varying thickness.

The parameters related to material characteristics,
geometric shapes and airflow properties are presented
in the following investigations. Specifically, the
carbon fiber skins’ property parameters are considered
to be E; = 140 GPa, E>, =10 GPa,
G12 = G13 = G23 =7 GPa, V= 0.3,
a = —0.3 x 107° m/K, o, =28 x 107® m/K, while
the physical characteristics of aluminum foam core
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unstable F=100
unstable F=400
unstable F=700

unstable F=100
unstable F=400
unstable F=700

with five diverse schemes of porosity distribution

pattern are stated as E,... =70 GPa,
Pmax = 2707 kg/m®, v=0.3, a=24x10"%m/K.
The dimensionless natural frequencies are defined as
Q = wry\/(1 = V) prrax/Emax- The sandwich porous
shell structure with varying stiffness is simply sup-
ported and at AT = 100°C, and the structural param-
eters are N=9, N.=05, N, =1, h =0.01,
hy/hy = 0.5, hy/hy = 0.8, ri/h; = 400, f = 30° and
Kk = 0.005. The airflow properties are expected to be
M, =3, a, =21336 m/s, y, = 1.4, poxc = 10 MPa.
Figure 3 portrays the variation of first two order
natural frequencies versus the porous core’s length-to-
thickness ratio L/h; for the varying thickness porous
conical shell with five distribution schemes of pores. It
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Fig. 6 The frequency-
amplitude curves of
sandwich shell structure
under various in-plane
excitations P, a the first-
order resonant responses,

b the second-order resonant
responses

* stable unstable P=10
stable unstable =20
10~ - stable unstable B=30

stable * unstable P=10
15 stable unstable A=20
Y - stable « unstable P=30

is obvious that the larger L/h; of the core, the lower
the frequency parameters of the various porosity
distribution schemes. The largest fundamental fre-
quency parameters of the first two vibration modes
belong to the Pattern-A distribution due to its higher
stiffness, whereas the other four distribution schemes
have considerably similar values of natural frequen-
cies. From Fig. 3, it can be also found that the first two
fundamental frequencies are quite close to each other
for the five styles of pore distribution schemes. It’s
worth noting that when the middle layer’s length-to-
thickness ratio L/h; = 100, the ratio of natural
frequencies for first two modes can be considered as
1:1, and the modes of the first two order frequency

parameters are (1,3) and (1,4) at this time [46]. As a
result, the Pattern- A distributed sandwich conical shell
structure with varying thickness and L/h; = 100 is
used for the next numerical simulation.

4.3 Frequency-amplitude responses

This section revolves around the frequency-amplitude
responses of varying thickness sandwich structure
under 1:1 internal resonance, first-order main reso-
nance and 1/2 subharmonic resonance. The frequency-
amplitude characteristic curves of the varying stiffness
sandwich porous shell can be developed by using the
MATLAB software to solve the averaged Eq. (35) in

@ Springer



8946

Research

Fig. 7 The frequency-

amplitude curves of varying *  stable
thickness porous shell stable
structure under various «  stable

detuning parameters a5,

a the first-order resonant
curves, b the second-order
resonant curves

stable

stable
25 _
stable

polar coordinate form. The impacts of damping
coefficient, detuning parameter, temperature incre-
ment, transverse and in-plane forces on the resonant
frequency-amplitude responses of the sandwich struc-
ture with variable stiffness are explored.

Figure 4 depicts the effects of damping coefficient
u; on the resonant frequency-amplitude response
characteristics of first two modes for the Pattern-A
distributed sandwich shell structure with varying
thickness, whose parameters are chosen as u, = 0.3,
oy =2, F =100, P; = 0. Figure 4a and b represent
the first-order and second-order modal frequency-
amplitude curves, respectively. Because of the hard-
ening impact of the cubic nonlinear components in the
dynamical formulation, a resonant peak appears on the
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unstable 0,=-2
unstable 7,=0
unstable 7,=2

(a)

unstable 0,=-2
unstable 7,=0
unstable 0,=2

-5
(b)

right side of ¢; = 0, which indicates that the structure
has a hardening-spring property. The amplitudes of
second-order mode are remarkably smaller than those
of first-order mode, revealing that the energy is mainly
concentrated in first-order mode. From the results, it is
evident that the damping coefficient y; has a consid-
erable impact on amplitude reduction. The first-order
modal response amplitudes near the resonant region
become smaller with increasing the damping coeffi-
cient, while the response amplitudes away from
resonant region are insensitive to the change of y;.
The stable response amplitudes of the second-order
mode are slightly affected by the damping coefficient,
while the unstable region decreases as the damping
coefficient increases.
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Fig. 8 The frequency-
amplitude curves of porous
sandwich structure under
various temperature 10~ stable
increments AT, a the first-
order resonant curves, b the
second-order resonant
curves

stable
stable

unstable A7 =100
unstable A7 =300
unstable A7 =500

stable *  unstable 47=100

stable unstable 47 =300 ,

stable * unstable 47 =500 "
14 —

The frequency-amplitude response characteristics
of Pattern-A distributed porous conical shell with the
main resonance of first-order mode and 1:1 internal
resonance under three various transverse excitations
F, which are selected as 0, 4000 and 8000, are
presented in Fig. 5. Figure 5Sa and b individually
demonstrate the nonlinear frequency responses of
first-order and second-order resonances, where the
parameters are u; = 0.04, u, =0.3, 6, =2, P, =0.
A resonant peak towards the right occurs in both
modes, which reflects that the responses of the
structure are characterized as stiffness-hardening
behavior. With increasing transverse excitation F in
two modal resonances, the resonant peak and size of
resonant domain rise. Furthermore, when the system is
subjected to larger transverse excitation, the

nonlinearity and instability of the frequency-ampli-
tude response become stronger owing to the softening
effect of transverse force on sandwich shell structure.

The frequency-amplitude response characteristics
of 1:1 internal resonance and 1/2 subharmonic reso-
nance for a truncated porous sandwich conical shell
with Pattern-A porosity distribution and variable
stiffness under three different in-plane excitations P
are illustrated in Fig. 6, where the parameters are
selected as yt; = 0.04, u, = 0.3, 6, =2 and F = 100.
The first-order modal resonant responses have clear
stiffness hardening effects and concentrate the main
energy, as presented in Fig. 6, where the responses of
the first-order mode have pronounced peaks towards
the right and their amplitude is significantly bigger
than those of the second-order mode. The resonant
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Fig. 9 The force— 4 r r Y r

amplitude responses of

sandwich shell structure *  stable unstable #,=0.3

under various damping stable unstable #,-0.6

parameters /i, a the first- 3 unstable  #,=0.9

order resonant responses,
b the second-order resonant

responses & 2
1
0
0 200 400 600 800 1000
F
(a)
0.8 I 1 T T
stable unstable =0.3
stable unstable #,=0.6
06 stable unstable #,=0.9 ]
%041 s :
0.2r 1
0 A 1 i L
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F
(b)

peaks of two modes rise with increasing in-plane
force, while the response amplitudes further from the
resonant area barely change. As the in-plane excitation
rises, the unstable region widens because of the
softening effect on the sandwich shell structure.
Figure 7 displays the impacts of detuning param-
eter g, on 1:1 internal resonant frequency-amplitude
response characteristics for the porous sandwich shell
structure with varying thickness and Pattern-A poros-
ity distribution, where parameters are provided as
wy; =0.04, u, =0.3, F =100, P; = 0. For the first-
order mode, the resonant regions and peak values at
0, = —2 and o0, =2 are approximately the same,
while the smallest region and peak value of resonance
belong to o, = 0. For the second-order mode, the
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stable resonant peak value and resonant region are the
smallest when ¢, is equal to 0, and the stable resonant
peak values are nearly identical when o, is chosen as
— 2 and 2, with the stable peak of resonance at 0, =
—2 developing the softening-spring characteristic and
the stable peak of resonance at g, = 2 suffering the
hardening-spring property. The appearance of unsta-
ble areas is more complicated for the second-order
mode, specifically, the unstable resonant peak at g, =
—2 presents the stiffness hardening characteristic and
is the largest value of the peaks, the unstable resonant
peak at g, = 0 gives itself a larger resonant peak,
while the unstable resonant peak at g, = 2 provides
the smallest peak value.
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Fig. 10 The force— 4 r ” . .
amplitude curves of porous .
shell structure under various ‘“::‘ “"f‘f‘::‘: R :Sm —
in-plane excitations Py, a the fl" © Skie B N ) e
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Under the circumstance of the main resonance of
first-order mode and 1:1 internal resonance, the
influences of the temperature increment AT on the
frequency-amplitude response characteristics of Pat-
tern-A distributed porous conical shell with variable
stiffness are examined in Fig. 8. The temperature
increments are chosen as 100, 300 and 500, while the
other parameters are u; =0.04, p, =0.3, 0, =2,
F =100 and P, = 0. Compared with the second-order
mode, the first-order mode has larger amplitudes and
more obvious resonant peaks towards the right, which
shows that the first-order mode concentrates the main
energy and has stronger nonlinearity. It can be found
from Fig. 8 that the effects of temperature increment
on the resonant amplitude are evident. As the

temperature increment AT increases, the resonant
peaks and unstable regions of the two modes increase,
which indicates that a larger temperature increment
will increase the instability of the nonlinear system.

4.4 Force—amplitude responses

The force—amplitude responses of the porous sand-
wich structure with variable stiffness under 1:1
internal resonance and first-order main resonance are
primarily investigated in this part. Defining the left
components of averaged formulations in the form of
polar coordinate to zero and utilizing the MATLAB
program, the resonant force—amplitude curves of the
sandwich shell structure are portrayed to examine the
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Fig. 11 The force— 6 . r '
amplitude curves of
sandwich shell structure
under various detuning i
parameters o1, a the first- - -
order resonant response 4+t — g i
curves, b the second-order =
resonant response curves
a
2 L stable unstable 0;=-0.1 4
stable unstable 0,=0
stable unstable 0,=0.1
O A L A
0 1000 2000 3000 4000
F
(a)
3 1 T 1
I
21 ]
a,
1 N stable unstable 9;=-0.1 .
stable unstable 0,=0
stable unstable 0,=0.1
O A A A
0 1000 2000 3000 4000
F
(b)

impacts of damping coefficient, temperature incre-
ment, in-plane excitation and two detuning
parameters.

The force—amplitude curves of Pattern-A dis-
tributed porous sandwich shell structure with 1:1
internal resonance under various damping coefficients
1y, which are provided as 0.3, 0.6 and 0.9, are
exhibited in Fig. 9. From Fig. 9a and b, the nonlinear
force characteristic curves of the resonant responses
for first-order and second-order modes are separately
displayed, in which the parameters are u, = 0.3,
o1 =0, 6 =2, P = 0. The first-order modal reso-
nant amplitudes are substantially bigger than those of
the second-order mode, implying that the energy is
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essentially captured by the first-order mode. As
discovered in Fig. 9, when the damping coefficient
rises, the first-order modal response amplitude
decreases, while the second-order modal response
amplitude increases. The result demonstrates that
there is a considerable energy transfer between the first
two modes. Furthermore, as transverse excitation
increases under the same damping coefficient, the
unstable response amplitudes of the second-order and
first-order modes appear simultaneously, and the
smaller p;, the earlier the unstable response ampli-
tudes appear in the system.

Figure 10 exhibits the 1:1 internal resonant force—
amplitude response characteristics of variable
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Fig. 12 The force— 5 . . T r T
amplitude curves of varying
thickness shell structure
under various detuning 4+
parameters o, a the first-
order resonant response
curves, b the second-order 3 i
resonant response curves
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thickness truncated sandwich shell structure with
Pattern-A pore distribution under various in-plane
excitation P;, where parameters are given by
W =u, =03, 0, =0, 0, =2. Figure 10a and b are
the first-order and second-order order modal force—
amplitude response curves, individually. The response
amplitudes of the second-order mode are shown to be
considerably lower than those of the first-order mode,
suggesting that although the second-order modal
response is more visibly impacted by internal reso-
nance, it contains less energy. For the first-order mode,
the structure has a larger resonant response amplitude
and faster appearance of the unstable response ampli-
tude as the in-plane excitation P increases. While for
the second-order mode, there are several

unstable response amplitude groups and a decrease
in resonant amplitude of the structure as the in-plane
excitation P; rises. The results illustrate that when the
transverse and in-plane forces occur simultaneously,
the resonant response of the porous sandwich structure
is complicated and unstable.

Figure 11 pronounces impacts of detuning param-
eter o; on the first two modal force—amplitude
response characteristics for Pattern-A distributed
sandwich conical shell under 1:1 internal resonance
and main resonance of first-order mode, where
parameters are i, = i, = 0.3, 6, =0, P; = 0. When
the transverse excitation F' is extremely small, the
system at g; = 0 has a greater stable response ampli-
tude for the two modes. For the first-order mode, the
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Fig. 13 The force— 3 . . : .

amplitude response curves stable  * unstable 47=100

of porous sandwich conical _ ’ .

shell with varying stiffness stable unstable 47°=300

under various temperature +  stable unstable 47°=500

increments AT, a the first- 2 L
order resonant response

curves, b the second-order

resonant response curves al
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structure has a higher response amplitude and the
unstable resonant response amplitude occurs faster at
o1 = 0.1 as the transverse excitation rises, while the
smallest response amplitude belongs to the system
with ¢; = —0.1. While for the second-order mode, as
the transverse force F continues to increase, the
response amplitude of the system with ¢; = 0.1
becomes the largest, and after the transverse excitation
is greater than 2500, the largest response amplitude
belongs to the system with o; = —0.1.

Figure 12 shows the force—amplitude response
characteristics for the Pattern-A distributed sandwich
shell structure under 1:1 internal resonance for first
two modes and different detuning parameters ¢,, and
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other parameters are provided as p; = u, = 0.3,
o1 = 0, Py = 0. For the first-order mode, the system
with 0, = —0.1 has a larger stabilized response
amplitude when the transverse excitation F is
extremely small, while the system has a larger
response amplitude and a wider unstable response
amplitude region when detuning parameter g, and
transverse force F increases. For the second-order
mode, when F is relatively small, the largest stable res-
onant response amplitude belongs to the structure with
0, = 0. Because of the energy exchange between two
modes, the second-order modal response amplitude
becomes smaller with increasing g, and F, but the area
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Fig. 14 The bifurcation

diagrams of the Pattern-A
distributed sandwich shell
structure versus the
transverse excitation F, a
the variations of w; with F,
b the variations of w, with F
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of unstable response amplitude occurs at the same time
for the two modes.

Figure 13 shows the effects of temperature incre-
ment AT on the force—amplitude response character-
istics of the variable stiffness sandwich conical shell
with Type-A porosity distribution in the case of 1:1
internal resonance and main resonance of first-order
mode, where the parameters are p; = u, = 0.3,
01=0, 00 =2, Py =0. It can be observed from
Fig. 13 that as the temperature increment AT
increases, the two modes have larger force-response
amplitudes and wider unstable regions, which indi-
cates that the instability of the nonlinear system
becomes larger. When the transverse excitation F
becomes bigger, unstable response amplitudes appear

3000

4000 5000 6000

(b)

in both modes at the same time, the difference in
response amplitudes of the first-order mode between
different temperature increments decreases, while the
difference in response amplitudes of the second-order
mode between different temperature increments
increases. This is due to the energy transfer between
the two modes. Since the main energy is concentrated
in the first-order mode, it can be seen that the response
amplitudes of the first-order mode is considerably
larger than those of the second-order mode.
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Fig. 15 The chaotic motion of porous truncated sandwich shell structure when F = 2000

5 Bifurcation and chaotic dynamics

The bifurcation and chaotic dynamics of Pattern-A
distributed sandwich truncated shell structure with
varying stiffness under 1:1 internal resonance are
explored in the present part. The numerical simulation
is conducted by adopting the Runge—Kutta algorithm
to solve the averaged Eq. (37) in Cartesian coordinate
form. The impacts of transverse force, in-plane
excitation, and damping parameter on the nonlinear
dynamics of the porous sandwich shell structure with
variable thickness are analyzed by applying
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bifurcation diagrams, time history diagrams, two-
dimensional and three-dimensional phase portraits.
Unless otherwise specified, the default initial position
is (—0.1,-0.01,—0.025,—-0.01), and the detuning
parameters are g; = 1.5, 0, = 0.6.

The bifurcation diagrams of the Pattern-A dis-
tributed variable thickness porous sandwich conical
shell under 1:1 internal resonance for transverse force
F are demonstrated in Fig. 14, where Fig. 14a and b
individually represent the bifurcation diagrams for the
variations of the first-order and second-order modal
amplitudes with the transverse excitation F. The in-
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Fig. 16 The quasi-period motion of varying thickness sandwich structure when F = 5000

plane force P; is chosen as 0, and the damping
coefficients p; and y, are equal to u, which takes the
value of 0.01. The transverse excitation F is selected
within the range of 1000-8000. It can be mentioned
from Fig. 14 that with increasing transverse force F,
the nonlinear dynamic responses of the structure
successively go through chaotic motion, quasi-peri-
odic motion, and finally into periodic motion.
Figures 15, 16 and 17 display the response curves
of the Pattern-A distributed truncated varying thick-
ness sandwich conical shells at different motion states
when the transverse force F' is considered to be 2000,
5000 and 8000, respectively. Specifically, (a) and (c)
depict the phase portraits on planes (xi,x;) and

(x3,x4), (b) and (d) portray the first and second order
modal time history diagrams on planes (7,x;) and
(t,x3), and (e) plots the three-dimensional phase
portraits in space (x1,x2,x3). As observed in Figs. 15,
16 and 17, the structure experiences chaotic motion as
the transverse force is F = 2000, quasi-period motion
as the transverse force is F = 5000, and finally
stabilizes at periodic motion as the transverse force
is F = 8000.

Figure 18 depicts the variation of motion state of
the Pattern-A distributed variable thickness porous
sandwich shell structure with in-plane excitation P
under 1: 1 internal resonance. The first-order and
second-order modal bifurcation diagrams as the in-
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Fig. 17 The period motion of Pattern-A distributed sandwich shell structure when F = 8000

plane force P; varies from 2200 to 2900 are portrayed
in Fig. 18a and b, in which the damping coefficient u is
0.01 and the transverse excitation F is 8000. It can be
marked that when the in-plane force rises, the motion
state of two amplitudes w; and w, exhibits the
phenomenon of alternating periodic motion and
quasi-periodic motion. The nonlinear motion
responses of the shell structure with Pattern-A distri-
bution and variable stiffness are specifically presented
as: quasi-period motion — period motion — period-
doubling bifurcation — quasi-period motion — pe-
riod motion — period-doubling bifurcation — quasi-

@ Springer

period motion. After the in-plane force exceeds 2800,
the amplitude of quasi-periodic motion becomes
larger, indicating that the motion of the system is
beginning to be chaotic.

Matching to the nonlinear vibration responses
presented in Figs. 18, 19 and 20 provide the various
motion response curves when the in-plane force P; is
taken as various values for Pattern-A distributed
sandwich shell structure with varying thickness.
Figure 19 exhibits the periodic motions of the varying
thickness sandwich porous structure as the in-plane
force is provided as Py = 2600, and Fig. 20 indicates
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Fig. 18 The bifurcation

diagrams of varying
thickness shell structure
versus the in-plane
excitation Py, a the
bifurcation diagram for w;
with Py, b the bifurcation
diagram for w, with P,
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the quasi-period motion of the sandwich structure with
varying stiffness as the in-plane force is P; = 2800.
The bifurcation diagrams for the variation of the
amplitudes w; and w, with damping parameter y of
Pattern-A distributed varying thickness conical shell
are confirmed in Fig. 21. The damping parameter is
selected from 0.06 to 0.14, and the load parameters are
F =8000, Py =0. It is noted that with increasing
damping parameter u, the motion state of the two
amplitudes w; and w, of the structure is: periodic
motion — period-doubling bifurcation — quasi-pe-
riod motion — periodic motion — period-doubling
bifurcation — quasi-period motion, showing the

2400 2500 2600 2700 2800 2900

R
(b)

alternating occurrence of periodic motion and quasi-
period motion. Figures 22 and 23 describe the periodic
motion and quasi-period motion of Pattern-A dis-
tributed variable thickness porous sandwich shell
structure as the damping coefficients are selected as
1 =0.065 and p = 0.09, individually.

6 Conclusion
The nonlinear resonant dynamics and bifurcation

behaviors of the sandwich porous truncated conical
shell with varying stiffness under simply supported

@ Springer
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Fig. 19 The period motion of the varying thickness porous sandwich structure when P; = 2600

boundary and 1:1 internal resonance are examined in
this work. The sandwich porous sandwich with
varying thickness is made of two skins with carbon
fiber and a porous middle core with aluminum foam,
which has five various porosity distribution schemes
along thickness direction and an exponentially vari-
able thickness along the meridional direction. A
complex combination of the in-plane excitation,
transverse load, supersonic aerodynamic pressure

@ Springer

and thermal stress impacts the sandwich shell structure
with varying thickness. By means of FSDT, von-
Karman geometrical nonlinear relations and Hamil-
ton’s principle, the nonlinear partial differential
dynamic formulations are identified for the porous
sandwich shell structure. Utilizing Galerkin technique,
the 2DOF second-order ordinary differential nonlinear
dynamic formulations are ultimately established. The
multiple-scale technique is adopted for yielding the
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Fig. 20 The quasi-period motion of the varying stiffness sandwich structure when P; = 2900

1:1 internal resonant averaged equations in polar and
Cartesian coordinate forms for the sandwich porous
shell structure. The comparative investigation is
adopted to validate the accuracy of current approach.
The variation of the first two order natural frequency
parameters with length-to-thickness ratio of the core
with five porosity distribution schemes are provided to
explore the nonlinear vibration behaviors internal

resonance conditions for the sandwich porous struc-
ture with varying thickness.

The frequency-amplitude and force—amplitude
characteristic curves of the porous sandwich shell
structure with varying thickness and Pattern-A poros-
ity distribution scheme under 1:1 internal resonance
and external combined resonance are exhibited by
solving the polar coordinate averaged formulations.
It’s marked that the energy is mainly concentrated in
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Fig. 21 The bifurcation -6.62
diagrams of the varying
stiffness sandwich structure -6.64
versus the damping
parameter (i, a the first-order -6.66
bifurcation diagram, b the
second-order bifurcation -6.68
diagram
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the first-order mode, whose amplitudes are higher than
those the second-order mode. With decreasing damp-
ing coefficient and increasing temperature increment,
transverse and in-plane excitations, the system has a
larger frequency-response resonant peak and per-
forms hardening-spring characteristic. The detuning
parameter has complex impact on the first two order
frequency-amplitude response characteristics. More-
over, as the damping coefficient increases, and the in-
plane excitation and two detuning parameters
decrease, the first-order force-response resonant

@ Springer
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amplitude eventually becomes lower, while the sec-
ond-order force-response resonant amplitude ulti-
mately rises. As the result indicates, a significant
amount of energy is transferred between the first two
modes. However, as the temperature increment
increases, the force-response resonant amplitudes of
the two modes become larger.

The nonlinear dynamic responses and bifurcations
of the sandwich Pattern-A distributed conical shell
with varying stiffness under 1:1 internal resonance are
presented. The numerical calculations are performed
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Fig. 22 The period motion of porous sandwich structure with variable thickness when u = 0.065

by applying the Runge—Kutta procedure to solve the
Cartesian coordinate averaged formulations and
obtain the phase portraits, bifurcation and time history
diagrams. With increasing transverse load, the non-
linear resonant motions of the porous sandwich shell
structure sequentially experience chaotic motion,

quasi-periodic motion, and eventually periodic
motion. As the in-plane excitation and damping
parameter increases, the motion of the two order
modal amplitudes w; and w, indicates the occurrence
of alternating periodic motion and quasi-period
motion. Additionally, the nonlinear system moves

@ Springer
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Fig. 23 The quasi-period motion of porous varying stiffness shell structure when yu = 0.09

from period motion to quasi-periodic motion through
the period-doubling bifurcation.
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