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Abstract Granular chain serves as a fundamental
component for controlling the nonlinear solitary wave
propagation in acoustic metamaterials. The under-
standing of the nonlinear scattering at the mismatched
interface plays a crucial role in designing novel acoustic
devices. In this study, numerical simulations are con-
ducted to investigate the asymmetric scattering effect
of solitary waves in a two-section composite granu-
lar chain. Building upon Nesterenko’s work on soli-
tary waves in monodisperse granular chains and using
continuous acoustic wave theory in linear medium,
we argue that the mismatches of acoustic velocity
and acoustic impedance, because of the differences
of mass density and elastic coefficient, dominate the
asymmetric scattering effect at the mismatched inter-
face. The simulation results confirm the occurrence of a
multipulse structure for the transmitted solitary waves
when the solitary wave passes through the mismatched
interface with a small–large wave velocity. The over-
shooting effect occurs for the reflected solitary waves
because of the mismatched interface with high–low
acoustic impedance. The phase diagram in the space
of the mass density and the elastic coefficient ratio of
the right-section granular chain to the left-section gran-
ular chain further validates the predictions.
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1 Introduction

Granular materials, consisting of discrete grains, are
commonly encountered in agricultural and industrial
activities. These materials exhibit various unique phe-
nomena such as dilute-dense granular flowand segrega-
tion of binary mixtures. [1–6] These phenomena have
been extensively observed in grain storage, pharma-
ceutical mixing, mineral exploitation, and mechanical
processing. The ordered granular chain (GC) is a funda-
mental component used to control and manipulate the
propagation of mechanical waves in numerous applica-
tions. [7–16] This includes energy management, signal
processing, shock mitigation, and even the design of
mechanical logic elements. Understanding the dynam-
ics of nonlinear wave propagation, especially nonlinear
scattering at mismatched interfaces, within an ordered
granular chain is crucial for theoretical investigations
and engineering applications in the field of acoustic
metamaterials.

One-dimensional GC with monodisperse elastic
spheres is a good candidate for investigatingwave prop-
agation dynamics. Hertzmodel without energy dissipa-
tion is a classical model describing the nonlinear inter-
action force between the touching spherical grains, i.e.,
F = knδ3/2, where kn is the elastic coefficient and δ is
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the overlap of contact.Nesterenko conducted a pioneer-
ing work on the propagation of an instantaneous pulse
in an ideal homogeneous GC. [17–19] In an extreme
case, theGC is strongly precompressed, and in the other
one, precompression is absent. For the former, a KdV
equation is derived. Thus, a solitary wave (SW) solu-
tion is obtained for the first time. For the latter, the
numerical simulation result proves the existence of SW
even though the equation cannot be analytically solved.
Thus, much work was performed on the propagation
dynamics of SW in GC. [20–24] The validated propa-
gation characteristics of SWinGCare the same as those
in continuous fluid. [25–27] For example, the incident
impulse is finally transformed into a stable SW, which
means that the SW can propagate without any scat-
tering in both unprecompressed and strongly precom-
pressed granular chains (GCs). The lager amplitude of
SW has a higher wave velocity. Moreover, many of the
atypical characteristics of SW in GC are sequentially
discovered. The unprecompressed GC cannot support
the acoustic wave, which is commonly called as the
sonic-vacuum one. When an external precompression
is loaded, the amplitude of SW can be tuned because of
the introduction of a nonlinear scattering effect. [28–
31] Hence, how the nonlinear scattering effect affects
the SW propagation characteristic has become a hot
topic in the past decades.

SW is a highly localized wave that leads to a unique
nonlinear scattering effect in continuous liquid, [32]
optical system, [33], Toda lattice [34], etc. Given the
intrinsic characteristic ofHertz interaction lawbetween
the touching spherical grains in GC, two kinds of
nonlinear scattering effects attracted much concern in
numerical simulations and experimental explorations.
Thefirst kindof effects is focusedon the influenceof the
collision of two identical solitary waves (SWs) on the
nonlinear scattering effect. For two head-on collision
SWs, a train of secondary solitary waves arise because
of the nonlinear scattering when the precompression
is absent. [35–39] Compared with the effect of freely
propagatingSW, the nonlinear scattering effect can lead
to an occurrence of leading phase shift for two head-
collision ideal SWs. [40–44] When the amplitudes of
twoSWsare unequal, the low-energySWgains a part of
the energy from the high-energy one for the two head-
on collision SWs; however, the scattering results are
completely reversed for the overtaking case. [45,46]

The other concern on the nonlinear scattering effect
is concentrated on intrinsic material properties, i.e.,

mass density and elastic coefficient. [47–54] Vergara
numerically studied two sonic-vacuum composite GCs
with different masses. [47] The mass-mismatch inter-
face leads to the breakdown of the incident SW (ISW).
The transmitted SWs (TSWs) and the reflected SWs
(RSWs) are generated for the light–heavy chain. How-
ever, only the TSWs are observed for the heavy–light
chain, in which the fracture of the ISW occurs and a
multipulse-structure TSW arises. Similarly, the mis-
match of the elastic coefficient is also used to tune this
nonlinear asymmetric scattering effect. Nesterenko et
al. established an experiment setup and correspond-
ing simulation system, which is a vertical two-section
compositeGC comprising of a column of stainless steel
spheres at the top section and a columnof PTFE spheres
at the bottom section. [48] The mismatched interface
of acoustic impedance results in the formation of an
acoustic diode effect. No reflected wave is detected
when the stainless steel spheres are not magnetized.
However, when the external magnetic field is applied,
the compressive RSWs have a leading SW and a train
of tailed oscillatory waves. According to continuous
acoustic wave theory in a linear medium, it has been
well known that the scattering results are determined
by twocritical acoustic quantities, i.e., acoustic velocity
and acoustic impedance. The former leads to the expan-
sion or squeezing of ISW at the mismatched interface,
and the reflected energy coefficient can be analytically
derived from the latter [55,56]. As far as we know, no
systematic studies have been conducted to validate lin-
ear medium theory on the nonlinear asymmetric scat-
tering effect of SW in a two-section compositeGC. Fur-
ther study on the nonlinear scattering effect of SW due
to the mismatched interface is crucial to the improved
understanding of SW scattering properties.

The current study provides simulations on a two-
section composite GC with mismatched mass density
and elastic coefficient. A single SW occurs from the
left section of GC. Section2 describes the simulation
model and used parameters. Section3 briefly revisits
the Nesterenko work of monodisperse GC at the unpre-
compressed and precompressed conditions. Then, an
argument is proposed using linear medium theory. Sec-
tion4 shows the detailed nonlinear asymmetric scat-
tering effect in unprecompressed and precompressed
composite GCs. The phase diagram in the mass den-
sity and elastic coefficient is then plotted. Then, the
corresponding energy scattering is discussed for four
typical cases. Section5 summarizes the conclusions.
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Fig. 1 Sketch of a two-section composite granular chain

2 Simulation model

Figure1 shows the sketch of a one-dimensional com-
posite GC with two sections. A line of spherical grains
N = NL + NR with identical diameter d = 5 mm is
arranged between two fixed walls, i.e., WL and WR.
NL and NR denote the grain numbers of the left and
the right sections, respectively. In the simulation, the
precompression is achieved by adjusting the distance
between the left and the right walls. The interaction
force without dissipation between two adjacent grains
is only considered in the normal direction. Hertz model
is used to describe the nonlinear interaction [57–59],

FH
i = kn[δ0 + (ui−1 − ui )]3/2+ , (1)

where [+]=max[0, δ0 + (ui−1 − ui )]. i is the index of
the grain. δ0 is the precompression between the adja-
cent grains. ui denotes the displacement of i th grain
from equilibrium position. kn is the elastic coefficient
kn = 2E

3(1−ν2)
d1/2. E is the Young’s modulus and ν

is the Poisson ratio. The interaction force between
the grain and the wall is treated as the grain–grain
interaction except that the wall has an infinite mass.
m = 4

3π(d/2)3ρ is grain mass, and ρ is mass density.
The parameters of granular materials in the left-section
GC used in the simulations are listed in Table 1. Here,
αρ = ρR/ρL and αkn = kRn /kLn are defined as the ratios
of mass density and elastic coefficient in the right and
the left sections of GC. The composite GC is named
as the heavy–light GC for αρ < 1 and the light–heavy
GC for αρ > 1, respectively. Similarly, hard–soft GC
and soft–hard GC are defined for αkn < 1 and αkn > 1,
respectively. Obviously, GC is a monodisperse one for
αρ = 1 and αkn = 1.

In the simulation, the discrete element method is
adopted to describe the motion of each grain. The posi-
tion and velocity of each grain are updated by inte-
grating Newton’s second law of motion. The Verlet-
velocity algorithm is used in each time step. [3,6,9,64]

Fig. 2 Solitary wave and tailed waves in a monodisperse GC
with precompression of a δ0/d = 0 and b δ0/d = 10−3. Squares
are the maximum grain velocity when solitary wave passes by
and the dashed line is its average

According to Eq. (1), grain i moves under the fol-
lowing equation,

m
d2ui (t)

dt2
= kn[δ0 + (ui−1 − ui )]3/2+

− kn[δ0 + (ui − ui+1)]3/2+ . (2)

An instantaneous pulse is introduced by giving a
velocity of left-most grain (v0 = 1 m/s) to produce
an SW in monodisperse GC. Moreover, the others are
static. As shown in Fig. 2, the instantaneous pulse is
extended after a traveling distance and a leading front
SW is clearly observed followed by a series of tailed
waves (TWs). For δ0 = 0, the TWs are composed of
many discrete SWs, and they are a train of oscillatory
waves being diminishing for δ0/d = 10−3. The trav-
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Table 1 The parameters of the granular materials

Quantity Symbol Value

Diameter (mm) d 5

Density for grain (g/cm3) ρ 7.9

Young’s modulus (GPa) E 193

Poison’s ratio ν 0.25

Simulation time-step (s) dt 10−9

eling distance necessary to form a leading front SW in
the latter is larger than that in the former. Furthermore,
the farther the SW travels, the wider the distance (�x)
is between the SW and the first peak of TWs. In Fig. 2,
the amplitude of grain velocity is plotted as a func-
tion of grain number and it becomes a constant value
as the propagation progresses. vmax is the maximum
grain velocity of the SW and v̄max denotes its aver-
age. v̄max/v0 is 0.6816 and 0.0822 for δ0/d = 0 and
10−3, respectively. After the SW has passed through,
the grain reaches its maximum displacement. The aver-
age is recorded as ūmax. In the following simulations,
only the SW is translated to the left section of the com-
posite GC and the velocities of other grains are set to
zero at the beginning.

3 Theoretical arguments

3.1 Nesterenko’s theory of the solitary wave

In the study ofGC, bothmass density and elastic coeffi-
cient have been found to play critical roles in the prop-
agation dynamics of the SW [17–19,28,47,53]. Here
we briefly highlight Nesterenko’s pioneered explo-
rations on the unique characteristic of SW in GC [17–
19]. A strongly precompressed GC is first considered,
| ui − ui+1 | /δ0 � 1. Taylor expansion is used and
Eq. (2) can be rewritten as:

d2ui (t)

dt2
= α(ui−1 − 2ui + ui+1)

+ β(ui−1 − 2ui + ui+1)(ui−1 − ui+1),

N − 1 > i ≥ 2, α = 3kn
2m

δ
1/2
0 , β = 3kn

8m
δ
−1/2
0 . (3)

Nesterenko employs a continuum approximation
with L > d, where L is the characteristic spatial size

of the perturbation to make Eq. (3) into a classical KdV
equation,

utt = c20(uxx + auxxx − buxuxx ),

c20 = 3kn
2m

d2δ0
1/2, a = d2

12
, b = d

δ0
, (4)

where the terms of O(( dL )4) and high–order terms are
ignored. Equation4. c0 is considered the characteristic
acoustic velocity for precompressed GC. The corre-
sponding SW velocity is analytically derived:

VS = c0

(
1 + dξmax

12δ0

)
, (5)

where ξmax is the maximum strain of moving grains in
SW.

The other analysis is conducted for the weakly pre-
compressed GC with | ui − ui+1 | /δ0 � 1. It begins
at δ0 ∼ ui − ui+1 as an initial condition. Thus, the
equation of motion for grain i is:

m
d2ui (t)

dt2
= kn

[
(ui−1 − ui )

3/2 − (ui − ui+1)
3/2

]
,

(6)

Hence, it is ready for a long wavelength approxima-
tion where ui−1 and ui+1 in Eq. (6) can be expanded
in a power series using a small parameter ε = d/L .
Nesterenko conducted a fourth-order expansion to
eventually obtain the formidable nonlinear equation

utt = c2
[
3

2
(−ux )

1/2uxx + d2

8
(−ux )

1/2uxxx

−d2

8

uxuxxx
(−ux )1/2

− d2

64

(uxx )3

(−ux )3/2

]
,

− ux > 0, c2mat = kn
m
d5/2. (7)
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where cmat is the acoustic wave velocity of bulk mate-
rials. Nesterenko simplified Eq. (7) and proposed an
SW solution, which appears to be consistent with the
experiments at as unprecompressed condition, δ0 = 0.
The width of SW was found to be about 10R, which
compares well with experiments. The SW velocity is
written as,

VS0 = 2√
5
cmatξ

1/4
max, (8)

The validity of Eqs.(5)(8) has been confirmed in
several studies [22,28,40,49]. The characteristic wave
velocities, c0 and cmat, and the maximum strain, ξmax,
are crucial factors for determining the SW dynamics in
the GC. Our previous studies showed that the former
is highly correlated with the intrinsic dynamics of SW,
whereas the latter controls the velocity magnitude of
SW [31,42]. Therefore, exploring the influence of the
characteristic wave velocities on the scattering effect at
the mismatched interface is noteworthy.

3.2 Acoustic wave theory in linear medium

When the ISW passes through a mismatched inter-
face, x = 0, the grains around the interface must be
involved simultaneously because the SW has a certain
width. In our simulation, the deformation induced by
ISW is rather smaller contrasted with the initial pre-
compression, δ0 for a small amplitude of ISW. Thus,
the ISW can be considered traveling across a precom-
pressed two-section compositeGCwith differentmate-
rial parameters.Mass density and elastic coefficient are
regarded to remain constant. In particular, Eqs.(5)(8)
indicate that mass density and elastic coefficient have
the same effects on the characteristic wave velocities
c0 and cmat. Thus, we can make the following argu-
ments on the asymmetric scattering effect taken from
the mismatched mass density and elastic coefficient by
using classical acoustic theory in a linear medium.

First, the characteristic wave velocity ratio of the cR0
of the right section to cL0 of the left section is introduced,

γc0 = cR0 /cL0 = α−1/2
ρ α

1/3
kn

, (9)

in which the initial force equilibrium condition is used,
kLn (δL0 )3/2 = kRn (δR0 )3/2.

Second, the continuity boundary condition validates
for the pressure and grain velocity at the mismatched
interface of two-section composite GC.

(PIn)x=0 + (PRe)x=0 = (PTr)x=0, (10a)

(vIn)x=0 + (vRe)x=0 = (vTr)x=0. (10b)

According to the relation between the acoustic pressure
and grain velocity, i.e., v = − 1

ρ0

∫
∂P
∂x dt , Eq. (10) can

be rewritten for the case of two-section composite GC:

PL
In + PL

Re = PR
Tr, (11a)

PL
In

RL
G

− PL
Re

RL
G

= PR
Tr

RR
G

. (11b)

where RG = ρ0c0 is another key physical quantity, the
acoustic impedance, on the scattering effect.

Thus, the acoustic pressure ratios of the transmitted
and the incident waves can be defined as:

PR
Tr

PL
In

= 2

1 + γ −1
RG

. (12)

inwhich the ratio of acoustic impedance of right section
to that of left can be obtained using Eq. (9),

γRG = RR
G/RL

G = α1/2
ρ α

1/3
kn

. (13)

Introducing of the characteristic wave velocity ratio
and the acoustic impedance ratio is useful for dis-
cussing the asymmetric scattering effect in the two-
section composite GC with a mismatched interface.
First, the mismatch of wave velocity can lead to the
“fracture” and “squeeze” effects of the ISWat the inter-
face for γc0 > 1 and γc0 < 1, respectively. At the for-
mer condition, the single-peak ISW decomposes into
at least two parts because the leading front ISW first
passing across the interface has a larger propagation
velocity in the right-section GC than that the follow-
ing part lagging in the left-section GC. Under the latter
condition, the propagation velocity of the leading front
ISW in the right-section GC is smaller than that of the
following part in the left-section GC. The two parts
would be squeezed, and thus, compressive TSWs and
RSWs are generated on both sides of the interface of the
two-section GC. Second, the mismatch of the acoustic
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impedance can also result in ISW breakdown. Com-
pared with the “soft” right-section GC, the left-section
GC can be considered as a “hard” one when γRG < 1.
In this case, the acoustic pressure of the transmitted
wave PR

Tr is lower than the incident wave P
L
In. This indi-

cates the occurrence of the overshooting phenomenon
when the grains in the RSWs keep the same phase as
that in the ISW. The RSWs should be an expansive
wave. Under the condition of γRG > 1, PR

Tr/P
L
In > 1,

PL
Re is higher than zero. The left-section GC is “soft”,

making the RSWs and the TSWs being compressive
[55,56,60,61]. When γRG = 1, the reflection is com-
pletely suppressed and total transmission occurs.

4 Simulation results

First, the simulations were conducted to explore the
asymmetric scattering effect in a two-section compos-
ite GC with different mass densities. The precompres-
sion is set to δ0 = 0. In Fig. 3a, a heavy–light GC is
used. The ratio of mass density is αρ = ρR/ρL = 0.2,
i.e., γc0 > 1 and γRG < 1. The mismatched interface is
placed between grains 400 and 401. Grain velocity is
plotted as a function of grain number when the center
of the front wave of TSWs(FTSW) arrives at grain 550.
The mass–mismatch interface leads to occurrence of a
wave fracture in the right-section GC [47], in which a
series of multipulse-structure TSWs arises. These sep-
arated TSWs obviously have two distinct parts, 1st and
2nd, and they have a leading front wave with large
amplitude and a train of isolated TWs with gradually
decreasing amplitude, respectively. The definitions of
1st and 2nd are explained in the following. The other
notable result is that the nonlinear scattering effect only
occurs in the right-section GC. All grains in the left-
section GC remain static. However, those around the
interface have a very tiny forward motion, indicating
that no reflection appears.

The same simulations were performed on a light–
heavy GC with αρ = 5, i.e., γc0 < 1 and γRG > 1.
The results are plotted in Fig. 3b. Compared with the
heavy–light interface, the light–heavy one extends the
nonlinear scattering effect to both sides of the inter-
face. In the right–section GC, the TSWs still have two
parts, 1st and 2nd. The former is composed of a single
FTSW, which occupies most of the energy of TSWs.
The latter is too weak to be visible. A train of RSWs are
observed in the left-section GC. It also has two parts,

1st and 2nd. The former has only one single front wave
of RSWs(FRSW) and the later is an SW train. In addi-
tion, the amplitude of the FRSW is much larger than
that following the waves of the 2nd. Here, the grains in
the RSWs have negative velocities, indicating that the
RSWs are compressive waves.

Figure3c, d plots the temporal evolution of the
grain displacement around the interface at the same
simulations in Fig. 3a, b to understand the origin of
mass-mismatch-induced nonlinear asymmetric scat-
tering phenomena, respectively. The slope of the
displacement–time curve corresponds to grain velocity.
The velocity is zero when the displacement–time curve
is a horizontal straight line. This scenariomeans that the
grain is static. When the displacement–time curve is an
inclined straight line, the grain moves freely at a con-
stant velocity and loses contact with its adjacent neigh-
bors. A positive slope indicates that the grain keeps
moving forward, whereas a negative slope denotes that
the grain is reflected back.

In Fig. 3c, no scattering effect occurs when the grain
is far from the mass–mismatch interface, such as grain
395. Moreover, the ISW passes across the interface
freely in the initial form. Two moving modes appear
in turn. The contact-move mode first occurs, in which
grain 395 keeps contact with its adjacent grains, i.e.,
grain 394 and 396, and it moves forward in the prop-
agation direction of the ISW. After the passage of the
ISW, grain 395 reaches its maximum displacement and
remains at static, namely as static mode [62]. When
the ISW arrives at the heavy–light interface, the col-
lision between grain 400 and grain 401 occurs for
the first time. Initially, the grains around the interface,
i.e., heavy grains 399 and 400 in the left section and
light grains 401 and 402 in the right section, move
forward together in the contact-move mode. Owing
to mass mismatch, grain 399 first reaches its larger
displacement and enters into the forward free-flight
move mode for the first time, marked as 1st free flight.
However, the overshooting effect occurs for grain 400
because of its heavy mass, and it continues to move
forward together with light grains 401 and 402. This
phenomenon increases the amplitude of leading front
waves of the TSWs for the first time. The displacement
of grain 399 is clearly less than that of grain 400. A sep-
aration gap between them first opens. After a while, the
separation gap is closed and an overlap region between
grains 399 and 400 occurs again, indicating that a sec-
ond collision occurs. Then, the separation gap between
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Fig. 3 (Color online) Asymmetric scattering effect in mass-
mismatch granular chain with precompression δ0/d = 0. a, b
Grain velocity as a function of grain number. c, d Temporal evo-
lution of grain displacement. The results of heavy–light GC with

αρ = 0.2 and light–heavy GC with αρ = 5 are plotted in (a–
d), respectively. The mass–mismatch interface is located at the
interface of grains 400 and 401

them appears again and grain 399 enters into the 2nd
free-flight mode. The two collisions between the grains
of 399 and 400 are responses for the generation of
two parts of TSWs, i.e., 1st and 2nd, shown in Fig. 3a.
Accompanyingwith the opening and closing of the sep-
aration gap between grains 399 and 400, 1st- and 2nd-
TSWs are produced at the same time and no RSWs are
generated because of the larger grain mass of grains
399 and 400 as observed in Refs. [22,63,64]. Thus, the
fracture only occurs in the right-section GC because
the TSWs have larger wave velocity in the front part
than that in the following part of ISW. The single-peak
ISW breaks down and a series of multipulse-structure
SWs arise in turn.

Figure3d plots the temporal evolution of the dis-
placement of grains around the interface for light–
heavy GC with αρ = 5. For grain 395, the for-
ward contact-move and static modes occur in sequence
at the beginning when the ISW passes by. A back-
ward contact-move mode appears, corresponding to
the backward propagating RSWs. Given the motion
of grains 399 and 400, we can see that the forward
and backward contact-movemodes appear in sequence.
Then, they enter into the free-flight mode. The grains
of 401 and 402 show similar motions, in which the
backward free-flight mode occurs just after the forward
contact-move mode. The occurrence of the free-flight
mode means that the separation gap appears between
the adjacent grains. The nonlinear scattering effect
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occurs and the ISW is decomposed. Compared with the
case of heavy–light GC shown in Fig. 3c, the two sides
of the light–heavy interface havemany separation gaps.
Furthermore, the grains such as 401 and 402 have a neg-
ative slope, indicating that they are rebounded back to
the left-section GC. These observations are consistent
with the appear of SW train in the multipulse structure
with tiny amplitudes shown in Fig. 3b. These results
are also consistent with our previous simulation results
in Y-shape GC [64]. When the ISW passes through the
heavy–light interface, the FTSW is an isolated SW, and
the RSWs are a SW train. Moreover, all displacements
of grains in the TSWs and RSWs are smaller than those
in the freely propagating SW, i.e., ui/ūmax < 1 for
light–heavy GC.

The same simulations are performed on two-section
composite GC with elastic-coefficient-mismatch inter-
face to understand the nonlinear asymmetric scatter-
ing effect due to mismatched interface. The interface
is placed between grains 200 and 201. The precom-
pression is set to δ0 = 0. The elastic coefficient ratios
are set to αkn = kRn /kLn = 0.2 and 5 for hard–soft GC
and soft–hard GC, respectively. The scattering effects
shown in Fig. 4a, c and b, d are similar to those in
heavy–light GC and light–heavy GC in Fig. 3a, c and
b, d, respectively. For the hard–soft GC, the mismatch
of acoustic velocity, γc0 < 1, leads to the squeeze of
the ISW at the interface. The TSWs and the RSWs
are clearly seen in Fig. 4a. Moreover, the mismatch of
γRG < 1 results in the occurrence of the overshoot-
ing effect. A train of RSWs with tiny amplitudes is
observed. In Fig. 4c, the overshooting effect leads to
large displacements of the grains around the interface,
such as ui/ūmax > 1, i = 199, 200, 201, 202. Sim-
ilarly, the opening and closing of the separation gap
appear several times, as shown by the straight lines in
Fig. 4c. According to the occurrence time of the open-
ing and closing of the separation gap between grains
199 and 200, the TSWs are marked by 1st and 2nd,
and the RSWs are marked by 2nd, as shown in Fig. 4a.
For the soft–hard GC, the fracture occurs for the TSWs
because of the mismatch of acoustic velocity γc0 > 1
and a multipulse structure appears as shown in Fig. 4b.
The 1st and 2nd RSWs are composed of a series of
SWs, which is similar to the results of light–heavy GC
shown in Fig. 3b. However, the mismatch of acoustic
impedance γRG > 1 makes the RSWs compressive.
The time evolution of grain displacement shown in

Fig. 4d is similar to that in Fig. 3d. All displacements
are less than 1 although the separation gaps also appear.

Following the above simulations, we explore the
nonlinear asymmetric scattering effect in a highly pre-
compressed GC with mismatched interface in mass
density and elastic coefficients. The precompression of
the left-section GC is fixed at δL0 /d = 10−3. Given the
slow separation between the leading FTSWand the fol-
lowing tail of the TSWs, a long GC with 50000 grains
is used and the mismatched interface is placed at the
position between grains 35000 and 35001. In Fig. 5,
grain velocity is plotted as a function of grain number
when the FTSW arrives at grain 49900.

When the GC is a heavy–light one shown in Fig. 5a,
αρ = 0.2, the fracture of the ISW occurs and the
TSWs are a multipulse structure as expected because
of γc0 > 1. Similar to the case of δ0 = 0 in Fig. 3a, both
the FTSW and the following tailed SW-like trains can
propagate stably along theGC. Themismatch of acous-
tic impedance, i.e., γRG < 1, results in the occurrence
of the overshooting effect. Unlike the appear of sep-
aration gap shown in Fig. 3c, the overlap between the
adjacent grains taken by the RSWs is less than the ini-
tial precompression. Thus, a portion of initial potential
energy in the left-section GC is released and enters into
the right-section GC. The overshooting effect makes
the amplitude of FTSW larger than that of ISW. A
train of expansive oscillatory RSWs arises, as shown
in Fig. 5a. No single-peak SW is observed even if the
simulation time is extended. These oscillatory RSWs
cannot exist for a long time. The occupied region of the
RSWs is extended, and the amplitudes decrease con-
tinuously with an increase in propagation distance.

When the interface becomes a light–heavy one,
αρ = 5, the squeeze effect of the ISW occurs at the
interface because of γc0 < 1. Thus, the TSWs and
the RSWs are compressive waves, as shown in Fig. 5b.
Both of them are composed of a single leading SW and
a train of continuous oscillatorywave trains. No disper-
sion occurs for the TSWs, which maintain their ampli-
tude and velocity stably. However, the occupied region
of the TSWs extends and the grain velocity decrease
gradually. Thus, the separation distance between the
frontier wave and the following tail waves increases
continuously.

In Fig. 5c, the GC has a hard–soft interface with
αkn = 0.2, which corresponds to γc0 < 1 and γRG < 1.
The squeeze and the overshooting effects occur at
the mismatched interface. The TSWs are compressive
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Fig. 4 (Color online) Asymmetric scattering effect in elastic-
coefficient-mismatch granular chain with precompression
δ0/d = 0. a, b Grain velocity as a function of grain number.
c, d Temporal evolution of grain displacement. The results of

hard–soft GCwith αkn = 0.2 and soft–hard GCwith αkn = 5 are
plotted in (a, c) and (b, d), respectively. The elastic-coefficient-
mismatch interface is located between grains 200 and 201

waves, which have a single leading FTSW and a train
of continuous oscillatory waves. The RSWs are expan-
sive waves, which are spreading through the GC and
are dying away progressively.

In Fig. 5d, the GC is a soft–hard one with αkn =
5, which corresponds to γc0 > 1 and γRG > 1. As
expected, the ISW is decomposed into an FTSW and a
multipulse structure SWs, which can exist stably. For
the RSWs, the soft characteristic of the left-section GC
produces a compressive RSWs, composed of a stable
FRSW and a train of oscillatory waves dying away.

The above simulation results show that the nonlinear
asymmetric scattering effect can be modulated by the
material parameters of two-section composite GC, i.e.,
mass density and elastic coefficient. The ratio of the
wave velocity of FTSW to cL0 is plotted as a function

of αρ and αkn in semilogarithm form to validate the
dominated action of c0 in Eq. (5), as shown in Fig. 6.
The simulation results coincide well with the theoreti-
cal predictions. A monodisperse decrease (increase) in
the velocity of FTSW is expected with an increase in
logαρ (logαkn ). The good agreement observed between
the simulation and theoretical results provides a solid
basis for the subsequent discussions on the nonlin-
ear scattering effect at the mismatched interface. In
Fig. 7, a complete quantitative description of the non-
linear asymmetric scattering effect for the two-section
composite GC is plotted in αρ and αkn phase space.
The upward and downward triangles denote the ratios
of acoustic velocity γc0 = 1 and acoustic impedance
γRG = 1, respectively. The simulation results support
the theoretical predictions. The mismatch of the intrin-
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Fig. 5 (Color online) Grain velocity as a function of grain num-
ber for a precompressed GC, δL0 /d = 10−3. a, b are for heavy–
light GC with αρ = 0.2 and light–heavy GC with αρ = 5,

respectively. c, d are for hard–soft GC with αkn = 0.2 and soft–
hard GC with αkn = 5, respectively

sic wave dynamics leads to the occurrence of nonlin-
ear asymmetric scattering effect. The wave character-
istics of TSWs and RSWs are divided into two species,
respectively. For γc0 > 1, i.e., (I) and (II) regions, the
fracture effect occurs, therebymaking the TSWs amul-
tipulse structure. The FTSW is followed by a train of
isolated SWs. Points (a) and (d) correspond to two typ-
ical results shown in Fig. 6a, d, respectively. In (III)
and (IV) regions, i.e., γc0 < 1, the squeeze effect hap-
pens, and the TSWs are composed of a stable FTSW
and a train of oscillatory waves that diminish. Two typ-
ical results are the points (b) and (c) corresponding to
Fig. 6b, c, respectively. As for the RSWs, the points of

(a)(c) and (b)(d) denote the typical results of Fig. 6a, c
and b, d, respectively. When γRG < 1, i.e., (I) and (IV)
regions, the interface is a hard–soft one and the over-
shoot effect occurs. The expansive RSWs arise, which
die away gradually. However, the interface is a soft–
hard one when γRG > 1, i.e., (II) and (III) regions. The
RSWS are expansive waves in the interface. A stable
FTSW forms. Then, oscillatory waves die away.

The above explorations of the ratios of acoustic
velocity γc0 and acoustic impedance γRG on the non-
linear asymmetric scattering effect indicate that the
phase diagram in the space of γc0 − γRG can be further
divided into four subregions because of the coupling
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Fig. 6 (Color online) Reduced FTSW velocity by cL0 as a func-
tion of αρ and αkn in semilogarithm form. The precompression
is set to δL0 /d = 10−3. Upward and downward triangles are for
the results of αρ and αkn , respectively. The open and solid sym-
bols denote the simulation results and theoretical predictions of
Eq. (5), respectively. The dashed lines are guided for eyes

Fig. 7 (Color online) Phase diagram in αρ and αkn space for
the nonlinear asymmetric scattering effect of SW in two-section
composite GC with mismatched interface. The precompression
is set to δL0 /d = 10−3. Solid circle denotes monodisperse GC.
Open upward and downward triangles denote the ratios of wave
velocity γc0 = 1 and acoustic impedance γRG = 1, respec-
tively. Solid circle denotesmonodisperseGC. Points (a–d) corre-
spond to Fig. 5a–d, respectively. Points M, N , P, Q correspond
to Fig. 8a–d, respectively

effect shown in Fig. 7. Points (a)(b)(c)(d) correspond
to the typical results shown in Fig. 5a–d, respectively.
The fracture and the overshooting effects occur simul-
taneously by taking point (a) as an example, where
γc0 > 1 and γRG < 1 are located in region (I). The
former makes the TSWs a multiple structure of SWs,
and the latter makes the RSWs an expansive wave as
shown in Fig. 5a. In Fig. 7, the GC is monodisperse
when γc0 = 1 and γRG = 1. Moreover, the ISW
propagates freely along the whole chain without any
scattering. Observing the scattering effect when the
ratios of mass density and elastic coefficient just fall
on the boundary lines is noteworthy, i.e., γc0 = 1 and
γRG = 1. The precompression is set to δL0 /d = 10−3.
For the convenience of comparison, the mismatched
interface is placed at the position between grains 200
and 201. The spatiotemporal evolutions of grain energy
are plotted in Fig. 8, in which Fig. 8a–d corresponds
to the points of M, N , P, Q in Fig. 7, respectively.
The subscripts 1,2,3 denote the ratios of reduced grain
kinetic energy (ek/ek0), potential energy (ep/ep0) and
total energy(et/et0), respectively. ek0 , ep0 , et0 are the
single grain kinetic energy, potential energy, and total
energy at the peak of the ISW. The corresponding data
are listed in Table 2.

When γc0 = 1, the wave velocity of TSWs is
expected to be equal to that of the ISW.Themismatch of
acoustic impedance leads to the breakdown of the ISW.
The TSWs and the RSWs are observed in Fig. 8a1–a3
and b1–b3. The quantitative energy transmission and
reflection ratios are listed in Table 2 at points M and N.
For a hard–soft interface, i.e., γRG = 0.5, the overshoot
effect occurs when the ISW passes through the inter-
face. The grains around the left interface such as grains
of 199 and 200 can gain considerable grain kinetic
energy, as shown by a bright spot in Fig. 8a1. The TSWs
inherit the majority of the ISW’s kinetic energy, result-
ing in only a small amount of kinetic energy remaining
in the RSWs. However, a dark spot appears for the
potential energy shown in Fig. 8a2. Then, the TSWs
become brighter than the ISW. Its potential energy even
exceeds that of the latter, indicating that a larger com-
pression occurs in the right-section GC. The RSWs
comprise a dark line, indicating that an expansive wave
arises in the left-section GC, its potential energy is
less than the initial precompressed potential energy.
The spatiotemporal evolution of the ratio of total grain
energy is also plotted in Fig. 8a3. The change in the
potential energy owing to the overshooting effect dom-
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inates the energy scattering process, where a brighter
line and a darker line arise for the TSWs and the
RSWs, respectively. The energy transmission rate of
the total energy E t

Tr/E
t
In > 1, whereas the reflection

rate E t
Re/E

t
In < 0. This finding indicates that a por-

tion of initial potential energy in the left-section GC
is released and transmitted into the right-section GC.
When the interface is a soft–hard one, i.e., γRG = 2,
a dark spot and a bright spot appear at the left side
of the interface, respectively, as shown in Fig. 8b1, b2.
This observation implies that the interface is compres-
sive when the ISW is passing through the interface.
Thus, the TSWs and the RSWs are compressive waves
shown by bright lines. Figure8b3 shows that the spa-
tiotemporal evolution of total energy has more simi-
larity with potential energy compared with that of the
kinetic energy. This finding indicates that the change
in potential energy also has considerable influence on
the energy scattering process for the soft–hard case.
This characteristic is further supported by the detailed
quantitative results obtained in Table 2.

When γRG = 1, no reflection is observed and total
transmission occurs as shown in the panels of Fig. 8c,
d. The energy of the ISW passes through the interface
completely without encountering any significant obsta-
cles. The ratio of energy in the TSWs and RSWs to the
ISW can also be found in Table 2 at points P and Q.
The expected lower and higher wave velocities of the
TSWs are obtained for γc0 = 0.5 and γc0 = 2, respec-
tively. In Fig. 8c1 − c3, we can see that the TSWs have
brighter lines than the ISW, indicating that the grains
in the TSWs have large grain kinetic energy, potential
energy, and total energy. The TSWs are more compact
than the ISW, according to energy conversation. When
γc0 = 2, the scattering effect is reversed, as shown
in Fig. 8d1 − d3. The occupied region of the TSWs
is extended compared with that of the ISW. Thus, the
TSWs are darker than the ISW.

5 Conclusions

In this study, the asymmetric scattering effect of SW in
a two-section composite GC is studied via numerical
simulations. Building upon Nesterenko’s work on soli-
tary waves in monodisperse granular chains and using
continuous acoustic wave theory in linear medium,
we argue the intrinsic materials properties, i.e., mass
density and elastic coefficient, dominate the asymmet-

ric scattering effect of the mismatched interface. The
numerical simulations are then conducted on granular
chain. The major findings are summarized as follows.

• The Nesterenko work on the characteristics of SW
in monodisperse GC is briefly revisit at the unpre-
compressed and compressed conditions. Accord-
ing to continuous acoustic wave theory in a lin-
ear medium, the mismatched acoustic velocity and
the impedance at the interface are used to explain
the asymmetric scattering effect of the two-section
GC. When the SW is incident from the section
with a small acoustic velocity, the fracture effect
occurs, and the TSWs are generated in a multi-
pulse structure. On the contrary, the squeeze effect
occurs at the mismatched interface with large–
small acoustic velocity, in which the transmitted
and reflected waves being compressive can be gen-
erated. However, the mismatched interface with
high–low acoustic impedance leads to the occur-
rence of the overshooting effect, inwhich theRSWs
appear as an expansive wave.

• The simulation results confirm that themismatched
acoustic velocity and the impedance at the inter-
face,which are intrinsically determined by themass
density and elastic coefficient, dominate the non-
linear asymmetric scattering effect. When γc0 > 1,
i.e., αρ < 1 and αkn > 1, the fracture effect occurs
for the TSWs in which an SW train is observed.
The squeeze effect occurs at the mismatched inter-
face with γc0 < 1, i.e., αρ > 1 and αkn < 1. The
overshooting effect is validated for γRG < 1. The
mismatched interface, which is a hard–soft one,
leads to the generation of the expansive wave in
the RSWs. For the unprecompressed GC, the sep-
aration gaps arise, and the amplitude of the RSWS
are very tiny. The expansive waves, which cannot
live long, when the precompression is loaded. For
the soft–hard interface, i.e., γc0 > 1, the RSWs
propagate in the compressive form.

• The dominant effect of mass density and elastic
coefficient on the characteristic wave velocities, c0
and cmat, obtains successful validationwith the sim-
ulation results. An increase in the mass density and
elastic coefficient can monotonically decrease and
increase the velocity of theFTSW, respectively. The
phase diagram in the space of αρ − αkn is plotted
to quantify the influence of the mismatched acous-
tic velocity and impedance on the nonlinear asym-
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Fig. 8 (Color online)
Spatiotemporal evolution of
the ratios of grain kinetic
energy (a1, b1, c1, d1),
potential energy
(a2, b2, c2, d2), and total
energy (a3, b3, c3, d3) to
corresponding maximum
ones in the ISW. The
precompression is set to
δL0 /d = 10−3. The
mismatched interface is
placed at the position
between grain 200 and 201.
(a–d) correspond to the
points M(γc0 = 1, γRG =
0.5), N (γc0 = 1, γRG =
2), P(γc0 = 0.5, γRG =
1), Q(γc0 = 2, γRG = 1)
shown in Fig. 7, respectively

Table 2 The ratios of kinetic energy, potential energy, and total energy of the TSWs and RSWs to the ISW

Point Ek
Tr/E

k
In Ek

Re/E
k
In Ep

Tr/E
p
In Ep

Re/E
p
In E t

Tr/E
t
In E t

Re/E
t
In

M 0.88806 0.11067 1.31701 −0.31695 1.29891 −0.29891

N 0.88971 0.11089 0.67482 0.32516 0.68388 0.31612

P 0.99975 0.00023 0.99996 0.00004 0.99996 0.00004

Q 0.99997 0.00001 0.99997 0.00003 0.99997 0.00003

metric scattering effect, such as the fracture effect
and the overshooting effect. Four typical contour
plots clearly display the process of the nonlinear
asymmetric scattering effect when γc0 = 1 and
γRG = 1, respectively. All simulation results are
in good agreement with the theoretical predictions.
The findings of this study pave the way to construct
a novel acoustic device and a reliable nondestruc-
tive detecting method on the composite structures.
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