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Abstract In this paper, the output feedback stabiliza-
tion problem is investigated for a class of low-order
stochastic nonlinear time-delay systems with the lower-
triangular form, where the powers of chained integra-
tors are arbitrary real numbers between 0 and 1, and
the multiple time-vary delays act on each system state.
Because of the existence of low-order nonlinear terms,
the system is not feedback linearizable and differen-
tiable. Based on an extended adding a power integrator
approach and a stability theory of stochastic continu-
ous systems, an output feedback controller is system-
atically designed to ensure the global strong asymp-
totic stability of the closed-loop system. In the con-
troller design, the negative effect of the multiple time-
varying delays is counteracted by skillfully construct-
ing a novel Lyapunov—Krasovskii functional, and the
observer gains are determined by developing a recur-
sive selection procedure. Finally, two numerical exam-
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ples are provided to verify the effectiveness of the pro-
posed method.
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Abbreviations

LKF Lyapunov—Krasovskii functional
SNTDS Stochastic nonlinear time-delay system
HOS High-order system

AAPI Adding a power integrator

LOS Low-order systems

GSS Global strong stability

NGC Nonlinear growth condition

SWP Standard Wiener process

GSSP Globally strongly stable in probability

GSASP Globally strongly asymptotically stable

in probability

1 Introduction

There are many kinds of reasons that can lead to time
lag in a practical system, such as delayed measure-
ments, signal transmissions and some intrinsic prop-
erties of the system. For the sake of reflecting the
real time lag and achieving some special objectives,
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time delays are often used in actual system model-
ing [1]. Therefore, the study of time-delay dynamic
systems is not just of great significance in engineer-
ing applications but also poses a fundamental chal-
lenge for mathematical theory. There are many impor-
tant results in this filed. For example, Lyapunov sta-
bility theory was extended to time-delay systems by
Krasovskii in 1959, which results in the well-known
Lyapunov—Krasovskii functional (LKF)-based method
[2]. Later, to avoid the manipulation of functionals,
another important stability analysis approach called
Razumikhin theorem-based method was proposed by
Razumikhin [3]. Noteworthily, the early study on
time-delay systems mainly focused on linear systems
(e.g., [4,5]). In the last two decades, nonlinear time-
delay systems have attracted more attention. Lots of
research results have emerged for solving the rele-
vant problems with the help of Krasovskii’s or Razu-
mikhin’s approach. Examples include [6—8] and refer-
ence therein. Furthermore, because stochastic phenom-
ena exist widely in the real world, stochastic nonlinear
time-delay systems (SNTDSs) have gradually become
a research hotspot in nonlinear control field in recent
years; see, for instance [9—14].

As we known, the systems with lower-triangular
structure are very important research objectives in non-
linear systems domain due to the fact that not only
they are able to model many practical systems but
also lots of general nonlinear systems can be trans-
formed into a system with lower-triangular form by
a differential homeomorphism transformation under
some conditions [15]. The backstepping method pro-
posed by Kokotovic et al. (see [16,17]), is one of
the most useful techniques for solving control prob-
lems of the lower-triangular nonlinear systems with the
strict-feedback structure in various scenarios includ-
ing stochastic and time-delay cases [18-23]. How-
ever, the systems processed by using this technique
must meet the requirement of fully or partially feed-
back linearization and have linear virtual control inputs.
The high-order systems (HOS) [24,25] that have been
focused on for many years are a typical class of lower-
triangular nonlinear systems not meeting the above
requirements. Fortunately, by using the homogeneous
domination approach [26] and the adding a power inte-
grator (AAPI) technique [27], many interesting results
on the feedback control problem of the HOS with
stochastic disturbance have been obtained. Particu-
larly, combining the LKF-based method, stabilization
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of high-order SNTDSs by state feedback control was
considered by authors in [28-31]. Meanwhile, by intro-
ducing state-observer approaches the stabilizing prob-
lem of high-order SNTDSs via output feedback control
was investigated in [32-35]. In the present paper, sta-
bilization of low-order SNTDSs will be further stud-
ied, which is generally considered to be the nonsmooth
counterpart of high-order SNTDSs.

It should be noted that several practical systems can
be modeled by using the low-order system (LOS) in
engineering practice, such as the liquid-level system
with interaction [36], the regenerative chatter system
[37] and the cascade chemical system [38]. Because
the LOS cannot be feedback linearized, stabilization
of such system cannot be handled by using the stan-
dard backstepping technique. In addition, due to the
powers of chained integrator being less than one, the
LOS is only continuous but completely nondifferen-
tiable even not satisfying the Lipschitz condition. From
a technique point of view, it is more difficult to stabilize
a LOS than stabilize a HOS. Nevertheless, there have
been lots of important results focusing on this prob-
lem. For example, in [39], Qian et al. described the
conditions of achieving global strong stability (GSS)
of continuous systems having multiple solutions, and
a planar low-order system was used as an illustrative
example. Later, for a class of low-order nonlinear sys-
tems, Ref. [40] investigated the finite-time stabilization
problem by developing an efficient recursive design
procedure, Ref. [41] addressed the GSS of a class of
low-order nonlinear systems by proposed multi-rate
sampling controller, and Ref. [42] dealt with the out-
put feedback control problem of the LOS described
with the p-normal form. In the stochastic setting, Ref.
[43] discussed the finite-time stabilization for the LOS
with stochastic disturbances by making use of the AAPI
technique and stochastic stability criterion. The same
problem was investigated in Ref. [44] where stochastic
inverse dynamics are considered in the system. How-
ever, there are no any results on low-order SNTDSs up
to now.

The literature review on the study of SNTDSs men-
tioned above is summarized in Table 1. Based on this
observation, we focus on an interesting problem in the
present work. That is, how to construct an output feed-
back control law to guarantee stability of low-order
SNTDSs where each system state is affected by multi-
ple time-varying delays? Clearly, because of the intrin-
sic characteristics of low-order nonlinear systems, itis a
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Table 1 A brief summarization of the literature review

Objects Refs. [9-14] Refs. [18-23]
SNTDSs Strict-feedback SNTDSs

Refs. [28-35]
High-order SNTDSs

Refs. [40-44]
Low-order systems

Methods Qualitative theory of
stochastic functional
differential equation;
Krasovskii’s or
Razumikhin’s approach.

Lyapunov—Krasovskii
functional approach;

method; stochastic stability
theory.

Results Some conditions on the Some sufficient conditions
existence of solutions and  guaranteeing the stability in
some criteria on the probability of the resulting
stability of systems are systems are provided.
proposed.

Stochastic

backstepping recursive design

State-feedback or

Global strong stability theory in
the sense of Kurzweil;
nonsmooth feedback control
approach;

Lyapunov—Krasovskii
stability theory; AAPI
technique; homogeneous
domination approach.

Nonsmooth feedback
stabilizers are constructed;
there are very few results on
lower-order SNTDSs.

output-feedback control
schemes are designed to
ensure the stability of the
closed-loop systems.

difficult task to address the problem. To be specific, the
following three difficulties will be encountered when
designing an output feedback controller. First, the low-
order nonlinear terms lead to that the considered sys-
tem in our paper is merely continuous but nonsmooth.
Thus, the existing methods developed in Refs. [32-35]
cannot be directly used to address the problem because
some smoothness of systems is required in these meth-
ods. Second, compared with delay-free nonlinear sys-
tems, there are more difficulties to stabilize a nonlin-
ear system with time delays. Although the some sta-
bilization results with regard to the LOS have been
obtained in Refs. [40—44], it is clearly that they cannot
be suitable for the LOS with time delays. Third, there
is no doubt that the simultaneous appearance of mul-
tiple time-varying delays, unmeasured state variables,
stochastic disturbances and low-order nonlinear terms
will greatly increase the difficulties of solving the prob-
lem. In this technique note, we prepare for developing
a new design technique to achieve the stabilization of
low-order SNTDSs by overcoming the difficulties men-
tioned above.
The main contributions of our paper include:

e The output feedback stabilization of low-order
SNTDSs is first considered in the present paper.
Based on the AAPI technique of lower-triangular
systems and the stability theory of stochastic con-
tinuous systems, an output feedback stabilizer is
constructed via developing an efficient recursive
design method for low-order SNTDSs.

e For the purpose of counteracting the negative effect
of multiple time-varying delays, we skillfully con-
struct an appropriate LKF in the design process
which plays a crucial role in system analysis. Note

that it is different from the results developed for
high-order SNTDSs in [28-35].

e The powers of chained integrators for the low-order
systems studied in the published papers, such as
[40,41,43,44], are restricted to the positive odd
rational numbers. The present paper removes this
restriction. That is, the powers of integrators can be
any real numbers between 0 and 1.

e Motivated by the work of [40,42], a new reduced-
order observer is proposed to produce the estimated
values of unmeasured system states. In addition,
a recursive selection procedure is developed, and
the desired observer gains can be determined by
following the procedure.

The present work is organized as follows. The low-
order SNTDS considered in our paper, the concepts
related to GSASP and some useful lemmas are intro-
duced in Sect. 2. The detailed design process of our out-
put feedback stabilizer and the stability analysis of the
closed-loop system are provided in Sect. 3. An example
of numerical simulation and an example of application
to a practical system are given for the proposed meth-
ods in Sect.4. Some conclusions and future works are
stated in Sect. 5.

Throughout the paper, the symbols R, R” and R™
are used to represent the real number set, the m-
dimensional Euclidian space and the positive real num-
ber set, respectively. For a matrix A, the symbol A
represents the transpose of A. Furthermore, Tr(A) is
used for denoting the trance of A if A is square. The
symbol || - || denotes the Frobenius norm of matrixes
or vectors, and especially we use the symbol | - | to
denote the absolute value. [-]" is defined as sgn(+)|-|" for
relR. C;-O([—h, 0]; R™) denotes the family of all Fy-

@ Springer



7096

J. Jiaet al.

measurable and continuous R”-value random variables
X = {X(w) : —h < w < 0}. The symbols Z; and N
denote the index sets {2,3,...,k} and {1, 2, ..., k},
respectively. To be simple, the argument of a function
is sometime omitted. For example, we sometimes use
d(-) or d to denote d(s).

2 Problem statement and preliminaries

The SNTDS with the following It6 formalism is con-
sidered in this paper

dxy = ([el” + fiE, F10)dt + g (1, Fra)dw,

dxy = (631" + fo(F2, F2))d1 + g5 (X2, Foa)dw,

: ()
dxy = ([u) + fu@n, Fn))dt + g1 (Fn, Tna)dw,

y = X1,
where the power of the chained integrators r (0 < r <
1) is an arbitrary real number, w € R™ represents a
standard Wiener process (SWP), and u is control input.
x = (x1,x2,..., xn)T, which is unmeasurable except
for x1, represents the system state. For every i € N,
o= (a2, x)! X = (Kiasx2ds - xia) T
where the symbol x;; represents the delayed state
xi(t — d;(1)). The functions d; (r) : Rt — [0, h;], sat-
isfying the conditions d; (t) < v; < 1 with the positive
constant numbers v;, i € N, denote the time-varying
state delays. The initial data of the system are taken as
x(0) ={p®) : —h =0 <0} € C?.-O([—h, 0]; R"),
where h = max{hy, ha, ..., h,}. At the end, for every
i €N, fi : R x RN — Rsatisfying £;(0,0) = 0 is
continuous and called the driftterm,and g; : RixRi —
R™ satisfying g; (0, 0) = 01is continuous and called the
diffusion term.

Ifgi(-) = 0andd;(t) = 0, system (1) will be a deter-
ministic LOS, whose chained integrators have powers
greater than O but less than 1. Notably, it is a nonsmooth
counterpart of a deterministic HOS. Since the powers
of chained integrator are between 0 and 1, the system is
not feedback linearizable and differentiable. This char-
acteristic coupling with the effects of stochastic distur-
bances, unmeasured states and time delays will make
the controller design more difficult. In this paper, a new
design technique is developed to overcome the difficul-
ties and achieve the output feedback control of system
(1). For achieving this aim, we have Assumption 1 for
system (1).

@ Springer

Assumption 1 There are constants a; > 0 and b; > 0,
i € N, such that

i
fi G Tl < @iy (i) + |xjal”).

J=1

i
- = r+l r+l
1gi (Xi, Xia)|| < bi E (xj1 2+ |xjal 7).
j=1

Remark 1 In Liu [43] and Huang [45], the drift
terms fi(X;i, Xig) = fi(x;) and the diffusion terms
gi(xi, Xig) = gi(x;), which are independent of time
delays. That is, Assumption 3.1 in [43] and Assump-
tion 2 in [45], which is called the nonlinear growth
condition (NGC), are special cases of Assumption 1
of the present paper when x;; = 0,i € N,. Clearly,
our assumption is capable of being used for more gen-
eral stochastic systems and it is a more general NGC.
It should be noted that NGC are commonly used in
the study of nonlinear systems. Many papers have dis-
cussed the significance and rationality of the NGC, to
name just a few, see [43,45,46] etc.
Consider the general SNTDS

dx(t) = p(x (@), x(t — T(1)), t)dt
+ ol (x(), x(t — T(®)), t)dw(t), t >0,
)

with 7(¢) satisfying 0 < ©(¢) < 7). w(t) is an m-
dimensional SWP. u© : R” x R" — R"” and o :
R" x R" — R™*" are continuous functions and sat-
isfy ©(0,0,7) = 0, 6(0,0,¢) = 0. The initial con-
dition is taken as {x(0) : —tyy < 6 <0} = ¢ €
C?:O([—IM, 0]; R™). System (2) always has a solution
in the weak sense, but it may not be unique [47] because
the (local) Lipschitz condition cannot be satisfied by
the coefficients. This implies that the stability prob-
lem of system (2) cannot be solved by using the clas-
sical stochastic system theory (see [48,49]), since the
uniqueness of solution is always needed in the applica-
tion of this theory. Inspired by the deterministic analogs
in [50,51] and the delay-free analog in [52,53], the
classical stochastic stability concept has been slightly
extended in [54] so that it can be applied to more general
SNTDSs. In what follows, GSSP and GSASP represent
the abbreviation of “globally strongly stable in proba-
bility” and “globally strongly asymptotically stable in
probability,” respectively.
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Definition 1 ([54]). The trivial solution x = 0 of sys-
tem (2) is GSSP, if there is a class-/C function yy(-)
such that P {|x(¢)] < yx(lel])} = 1 — € holds for
any € > 0 and weak solution x(¢), where t > 0, ¢ €
Co, (=, OF;

R™"\{0} with ||g|| = sup{lx(®)| : —t» < 6 < O}.
Furthermore, if P, {lim;— 1~ [|x(¢)|| = 0} = 1 holds
for any weak solution x (%), it is said to be GSASP.

Lemma 1 ([54]). Suppose that there exist a positive
definite function V(x) € c? satisfying V (x) — oo as
llx|| = oo, and a nonnegative function W(x) € C°,
such that

LV(x) & 9

\%4
(v, 2t~ va)

3?V(x)
dx2

1
+ ETr{o(x(t),x(t —1(1))
ol (x(t), x(t — r(r)))} <-W(x®). 3

then system (2) is GSSP at x = 0. Furthermore, it is
GSASP at x = 0 in the case of W(x) being positive
definite.

Remark 2 In classical stochastic system theory, there
are two types of available approaches to deal with
the problem of stability and stabilization for SNTDSs,
namely the LKF approach [48] and the Lyapunov—
Razumikhin function approach [49]. When one uses
these two methods, the existence and uniqueness of
strong solutions for SNTDSs are always required, that
is, the considered systems must satisfy the (locally)
Lipschitz condition. Clearly, they cannot be applied to
system (2), because the drift and diffusion terms of
system (2) are only continuous but non-Lipschitz. Def-
inition 1 and Lemma I can be viewed as an extension of
stability theory for SNTDSs developed in [48], which
are applicable to more general SNTDSs.

Remark 3 Definition 1 provides two stability notions
for nonsmooth stochastic system (2), namely the global
strong stability in probability and the global strong
asymptotic stability in probability. Both types of sta-
bility describe the asymptotic behavior of the trajecto-
ries of the system or the stability behavior of the trivial
solution x = 0 of the system as time goes to infinity.
The difference between them is that the latter not only
requires each weak solution to satisfy the former, but
also requires them to eventually converge to zero.

The following lemmas provide several useful inequal-
ities which are necessary in what follows.

Lemma 2 ([55]). Let a,b > 1 with 1 + { = 1. For

any v, w € R, we have

1 1
lvw| < —[v]* + —|w|’. 4)
a b

Lemma 3 ([55]). Let0 < o < 1. Foranyv > —1, we
have

A+v)*<1+av. 5)

Lemma 4 ([51]). Foranyv,w € Randa, b, c € RT,
we have

a a
lv[*|lw]? < bc|v|“”’+ T wl*T(6)

a—+b

Lemma 5 ([56]). For any v, w € R and y > 1, the
following inequalities hold

v+ wl” <277 +w?), (@)
1 1 1 1
wl7 — (w7 <277 jv—w|7. )
Lemma 6 ([57]). Forany vy, va, ..., vy, ¢ € RT, itis
true that

(v1+v2+- - 4v,)¢ <max{n®™, Lv§ +v5+- - -+v5).
)

In particular, when ¢ = 2, we have (vi + vy + --- +
vn)? < n(} 43+ -+ v2).

Lemma?7 Let ¢ € (0,1) and v € R. For any real
number s € (0, 1), we have

W +11—v] > =" + @2 — D' 5. (10)

Proof First, consider the case when |v| < 1. Letting
F(v) = [v]* +[1 — v]*, we have F'(v) = s|v|*~! —
s(1 —v)*~!. Clearly, when —1 < v < %, F'(v) >0
and when % < v < I,F'(v) < 0, that is to say,
F(v) is strictly monotonically increasing on [—1, %)
and strictly monotonically decreasing on [%, 1). Thus,
it follows from F(0) = F(1) that F(v) have a min-
imum at v = —1 on the set {v : |v| < 1}. Since
0 < ¢! < 1, a direct calculation yields
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F)+ &' > Fv) > F(~=1) =2° — 1
> el — ).

Namely, inequality (10) holds when |v] < 1.
Next, we consider the case when |v]| > 1. According
to Lemma 2, we have

] +[1 — v]® + &2|v*t!

= (@ + 11 =01 F) T (@l )7

1 1— 1=
> 2 (AorHT o) B) B (Pl ) )

2

> (] +[1— o) T (2]t T

= (W + 11— o)) T e, (11)

LetG(v) = ([v]*+[1—v]*)|v] 1= Then, the derivative
of G(v) is capable of being calculated as

G'(v) = (sgn()|v] + sgn(l — v)[1 = vf*[v]'"*)’

=1 —s|% —1'—q —s)|% 1. (12

Since % — 1 < 0, Eq. (12) can be further calculated as
G'(v) = 1+|1 — 171} — £ —1). From Lemma 3, it
iseasy tosee (1 — %)"S <1-— % + % Thus, we can get
that G'(v) < O on the set {v : |v| > 1}. This implies
that G(v) > min{G(—1), G(4+00)} = min{2® — 1, s}.
Clearly, Lemma 3 yields 2° — 1 < s. So, we have
G(v) > 2° — 1. Applying this result to inequality (11),
we can get that inequality (10) holds when |v| > 1. O

Remark 4 1t should be pointed that an inequality sim-
ilar to inequality (10) has been introduced in Ref. [58]
where the power s must be expressed as the fraction
form with positive odd numerators and denominators.
In Lemma 7, we provide a new version without this
requirement on the power s and give the corresponding
proof. Inequality (10) is crucial in the observer design
for system (1).

3 Dynamic output feedback stabilizer design

Because only output signal y = x1 is measured, we will
construct an observer-based stabilizer to deal with the
stabilization of low-order SNTDS (1) in this section.
Under Assumption 1, the construction process of the
controller is divided into three parts.

@ Springer

3.1 State feedback design

In the first part, a state feedback control law is designed
by extending the AAPI technique. Notably, to solve the
obstacles arisen from the multiple delays, a novel LKF

will be introduced in the controller design.

For the x-subsystem of (1), choose a Lyapunov—

Krasovskii functional Vj(x;) = %x% + = 1 fltf d

lx1(s)|"Tlds, k; > 0, and two coordinate transforma-
tions &1 = x1, £&1¢ = x14. According to Lemmas 2 and
6, we have

ZLVi(x1)
1
=ki& ([xz]r+f1)+5k1 llg1l?
+1“—1(|51 101 (1))
-~

<ki& (] =[x31) + k&[]
+ kiail& (161" +1&1al")

1 1 12 dp
+ Skib7 (] + &1l )+1_—m|sllf“—al|sld|f“

< k1 (Dol —3T )+ & 631 +(k1a1+k1b%+1f—1}1>|51 I

+hiail&ll§al” — PolEal ™!
< k& (o] = 31) +kh&a ST +hnlal (13)

where P = k]b%—d] and/||] = k]al+k1b]2+ a4

1—v;
kiay (@ —kib)(A+r) . .
T (—— g5 —) " Designx; = — 1§ with p; =

1
(%)7 > 0 and the arbitrary constant c;; >
0. Since ki&1[x3]" = kisgn(&p)l&rIsgn(x))|x5]" =
—(c11 4+ L) |x1 |7, it follows from (13) that

ZLVix) < —enl&™ + ki (Il - [617). (14

Generally, for the (xy, x2, ..., x;_1)-subsystem of
system (1), assume thatwe can find V;_ (x1, x2, ..., x;)
and two sets of coordinate transformations

§j=xj—xj, &a=xja—xjy jeN, (5

where x;‘ = —ﬂjflsjq,x;fd = —ﬂj,]éjflyd with
Bo=0and Bj,ci—1,j >0, j € Ni_1, such that

LVi_(x1, x2, ..
i—1
< - Zcifl,j|§j|r+1 + k&[] — [x10).

j=1

S Xio1)

(16)
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Next, we will prove that formula (16) still holds
, xj)-subsystem. In fact, choose a

for the (x1, xo, ...
Lyapunov—Krasovskii functional for the subsystem

Vilx1, x2, ..., X))
= Vit e+KZ[ |s " @)ds
=t

- / & " @) ds

1—v;J;

with arbitrary positive constants k; and K. Based on
coordinate transformation (15), a simple calculation
obtains that

LVi(x1,x2, ..., Xi)
i1
= ZLVio + k& (il + fi+ ) Bl + )

j=1
—Hg,{j&jg]n +KZ I&;1 ’“—KDs,dV“(l—d )
Jj=1 JH
A g (1 d)
1-— (% 1—- v;

i1
<= ciot & M i S (e = )i & (i x4 1)

P=

k&I k& (fi+ ) Byl + f))

j=1
ki i—1 5 i—1 -
+ S llgi+ D Bijgi I+ K Y 1g;|
j=1 j=1
i—1
—K Y (—vp)lal™ +1 - I —ail&a ™, (17)
Jj=1

where Bjj = Bi—1Bi—2---Bj, j € Ni—1.

We will investigate the terms on the right of inequal-
ity (17). According to coordinate transformation (15),
Assumption 1, Lemmas 5 and 6, it follows that

i—1
—||gl+ZBl,g,||
j=l
i—1
< killgill> + ki — 1) Y BijligjII?
j=1

i
< 2ikib? > (I el
j=I

i—1

J
+200 = Dk Y jbi B Y (o™ + [xmal ™)
j=1 m=1
i—1 ~ _
<2k ) (bij + B B j D UE T + 1Eja
j=1
+ 2 kibii (1617 + 1Eal ™). (18)

where b;; = 2ikia? +2G — 1) Y01 jmB2b2. €
N;. Substituting (18) into (17) ylelds

LVi(x1,x2, ..., %)

i—1
< =Y &I F kg (] = )
j=1
+ki& (i) — [0 + ki&ilx[ 1

+hi&i(fi + Y Bij(lxjil + f)

j=1

+lejlsr+l+hll'i:r+l Z Pljsr+1 Piisl'jlv
j=1 Jj=1
(19)

where [;jj1 = K + 2"k; Z(l;,'j + ,3;+ll;i,j+1), hip =
’ P = K0 —v) — 2ki(bij +
,B;Jrll;i,jJrl)vj € Ni_1, and P; = a; — 2"k;b;;. For
the second term, by using (6) and (8), we can get

kici&i—1(xi]” — [x71)

<2k lga &1 < Lioial&al T i g,
(20)

where ; ;_1,2, hi2 > 0 are two constants. Similarly, it
follows from Assumption 1 and Lemma 4 that

i
kigi (fi + Y Bij(xjal” + £7))

j=1

i i—1
< kilgil(a 30 byl + Lxjal) + 3 By (1l
=1 i=1

J
+a; Yl + [xnal))

m=1
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I
<kilgil > (B (Ig 48118511
J=1

b (&l 871 |&-1.41")

i—1 i—1
Szlij3|$j|r+l+hi3l$i|r+1+ Pijl&jal T 4-Pii|Eial

= j=

1)

where for any j € N;_q, l;ij = a; + Zin_:lj am Bim,
bii = ai, bjj = a; + Bi j—1 + Zlm_zlj am Bim, bii =
a; + Bji—1, and [;j3, h;j3 > 0 are constants. Then,
substituting (20) and (21) into (19) results in

LVi(x1,x2, ..., Xi)
i—1
< =Y il kgl = Iy
j=1
+ (hiy +hio + hi)l& ™ + k&L T, (22)

where ¢;; = c¢i—1; — Liji — Lijz > 0, j €
Nicg,and ¢iio1 = cicriot — lii—1n — lii—12 —
l,',,'_l,3 > 0. By designing x;:_l = —Bi& with g; =
(Wgw)% > 0 and the arbitrary positive con-
stant c;; ,l it follows that

LVi(x1,x2, ..., %)

< =Y cilg It kg (i — ). (23)

j=1

The induction proof above shows that (16) holds for
every i € N,. Thus, for system (1), we can choose

Vn(x17x2, e 7xﬂ)

k n—1 .
Vit g4k Y [ IO s
j=17174

An ! r+1
1 1€n ()" ds
t—dy

— Un

with k, > 0, and design x; | = —B,&, with g, =

1 . ..
(ij) 7 > 0 and the arbitrary positive con-
n

stant ¢y, such that
Zvn(xh X2, ..., Xy)

@ Springer

< =Y anjl&l M F kgl — [y 1. (24)
j=1

Remark 5 1t is noted that the multiple time-varying
delays d;(t) need to satisfy d(r) < v; < 1 with the
positive constant numbers v;,i € N,. This constraint
condition on time delays is necessary in our controller
design, which has wide applications in the study of
time-delay systems, such as [21,30]. It means that the
change of the time delays is relatively slow. From the
design process above, we cansee thatv;, i € N, greatly
effect the performance of the controller and cannot be
too close to one in practice.

3.2 Reduced-order observer design

In this part, a reduced-order state observer will be
introduced to estimate the unmeasurable system states
xi,i € I,. Let ; = X; — si_1Xi—1,i € I, where
X1 = x1 and spi>1,j¢€ N, —1 are dynamic gains to
be determined later. Construct the following dynamic
observer equation to generate z;, i € Z,

{%i =K1l —sical%]1", i€ Ly,
Zn = U] —sp—1lx,]".

Foranyi € 7, the estimator X; of x; can be obtained by
Xi = Zi +58;_1X;—1. Meanwhile, let z; = x; —s;_1xi_1,
and define an error variable ¢; = z; — Z;. According to
dynamic systems (1) and (25), we can get that

(25)

de; = (([xi411" Rt 1 1D+ (fi =si—1 fim) =i (6]
—[%17))dt+(gi — si—lgi—l)wav i€y, (26)
den = ((fn—sn—1 fn—1) =Sn—1(xn]" — [£a]"))d1
+(8n_5n—lgn—l)wa~
For error system (26), construct a Lyapunov—Krasovskii
functional

n t
Wi X r+1d
+; Fp— f JE@rTids

with arbitrary positive constants m; and w;. A simple
calculation yields

n
U(EZ, €3, ..., el’l)zz
i=2

D%U(eZa 635 MR en)

n—1
=Y miei([(xip1 I —[%]")
i=2
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" P Substituting (30) and (31) into (29) gives rise to
—Zmieisi—l([xi] —[&71)
i=2 n
n r ~qr
=y miepsi—i([xi]" — [%17)
+Zmiei(fz —sic1fi-1) ;
i=2
I ¢ <3 s ! miH (si—1)le;| !
+3 gmi”gi —sic1gi1ll? Z 122:
(& +2!- ers leil |xim1 — %i1l”, (32)
1

+Zl_

Eal T 1 —dp). @27

Consider the first term of (27). According to inequality
(8) we obtain that

n—1

Yo miei([xinl = [l

i=2
n—1

<27 “mileil Ixig1 — Rl (28)
i=2

For the second term of (27), we rewrite it as the
following form

- Zmieisi—l([xi]r —[%17)

i=2

=— Zmieisifl (Ixil" =[x — &)
i=2

- Zmieisi—l([xi — el = [%]). (29)
i

For any i € 7,, assuming that ¢; # 0, let v = x—f, &=

1
s; r]“ and s = r. Then, according to Lemma 7, it fol-

lows that

—mjeisi—1 (] — [xi — e]")
2r

— (2" — Dmys e I"t. (30)

'_} 1
= m;s r+ plx 1|rJr

Clearly, inequality (30) holds when ¢; = 0. In addition,
with the help of X; = x; — e¢; — si—1(x;—1 — X;j—1) and
Lemma 5, we can get that

—mieisi—1([xi — el — [%]")

- 1 .
<2"7miseil Ixicy — %Kizl (€29

2

where H(s;_1) = 2" — l)sl.’jl1 . For the forth term of
(27), by using Assumption 1, Lemma 6 and coordinate
transformation (15), we have the following estimation

1 n
3 > millgi —sicgioall
i=2

n
<Y mi(lgill? + st l1gi-1l)

i=2

n i

r+l

< m,-(zib? IR
i=2 j=1

o
[xjal 2)

+2(i — )b? s> 1Z(pc,l Tt vl T ))
j=1
n i—1
< Z (ZRij(Si—l)|5j|r+l + Rijl&!
i=2  j=I
i—1
+ ) RiGim0lgal ™ + Rulgal ™). G3)

j=1

where R;j(si—1) = 2" m; (ib? + (i — Ds?_,p? ) (1+

ﬁj)“rl,j € Niza, Rii—i(si—1) =2""'m i(lbiz + (i -

Ds? b2, + ib?B/ 1) and Ry = 27+'m;ib?. Let

Ai1(si,

Sitls---s8n—1) = Rij + Riy1,i(si) + Rit2,i(si41) +
-+ Rpi(sp—1),i € Ny_1 with Ry = 0 and A, =

Ry, Then, formula (33) can be further expressed as

I ¢ 2
Ezmz'llgi —si-18i-1ll
i=2
n
<Y hin(siySigts -
i=1

su—D (& + 1&al"T),

(34)
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where A;1(si,si—1, ...
tions of s;, $;—1, ...

,Sp—1) are nonnegative func-
,Sn—1,1 € Ny—1 and A1 is a posi-
tive constant. For the last term of (27), it follows from
di(t) <v; < 1,i € N,, that

n

> i

i=1

n
<Y rnl&l !

i=1

(&1

1

— |&al ™ (1 = dp)

n
= wil&al™, (35)
i=1

where Ajp = lfivi > 0,i € NV,. Substituting (28), (32),
(34) and (35) into (27), we have

ZLU(er,e3,...,e,)

—1
< Zm s Zm H(si—1)lei|™!

i=2
n—l1 n
1
+2 *(Zmzlel xip—Xipa "+ _misy leillxion xl—1|>
=2 =

Sn—1) +M2)|§i|r+1

n
+ Z (A1 (sivsigts -
i=1
ln n
=D 0il&al™ + ) miei(f;
i=1 i=2

—si—1fi-1), (36)

where Q; = w; — Aj1(Si, Si+1y..-,81—1),1 € N,..
For the first term of (36), according to (7) and (15)
it follows that

n r=1 T
T r

E mis,"_l |xi |

<2 Zm s/t

= ZAB(sH,si)w“, (37)

i=1

|sl T g g

1 —1
where A;3(si—1, 5;) = 2" (m ls1_1+m,+ s’Jrl ﬂr+1) ie
N, with so = s, = 0. By usmg the varlable transfor-
mations x; = z; + Sj_1Xi—1, X
e =7z

i = Zi + Si—1Xi—1 and
— Zi, forany i € Z,, we have

Xj—X; =e;j+si1ei1+Si-15i0¢i2+Si 18512 - -$2€2.

(38)

@ Springer

This means that forany i € Z,,, x; — X; can be expressed
as the linear combination of e, e3, ..., ¢;. Based on
(6), (9) and (38), for the third term of (36), we have

n—1
1
2 —r<Zm leillxip — xl+1| +Zmzyl ]Ielel =%l )
=2 =2
n—1
1- 1-
=2"""maleslles + s2eal” + 2177 " mjlej(leiy1 + sieq
i=3
r r+1
+sisi—rei—1 -+ sisi—1-s2e2] +5;  leig
+Si—2€j—2 + 825363+

1— 1
+2 rmns,rlJ_rl lenllen—1 + Sp—2en—2 + Sp—28n—3€p—3

+5i_28i-3---s2e2|")

o sp2sp—3 - sea|”

—1
> ot siSigto -
i=2
n
D ot (sisSig1s s
i=2

IA

1 1
sn—Dlei™ 4+ oy1len

sn—Dlei 1, (39)

where o;1(s;, Si+1,...,Sp—1) are nonnegative func-
tions of the gains s;, s; 1, ...,5,-1,i € N,_1 and 0,
is a positive constant. Next, we concentrate on the last
term of (36). In fact, by using Assumption 1, coordinate
transform (15) and Lemma 5, it follows that

> miei(fi = si-1fic1)

i=2

n i i—1
<Y mileilfy (i Hojal Vsicrairy (o +Hajal')
i=2 j=1 j=1

n i—1
<> mile; |<ZAij (i—D(&1" +18ja1"+Aii (5 |r+|§id|r))a

i=2 j=1

(40)

where A;j(si—1) = (ai +si—1ai-)(1+B7), j € Nia,

Aji-1(si-1) = si—1a; +a; (1 + ﬁr 1) and Aii = a;.
According to Lemma 4, inequality (40) can be further
calculated as

D miei(fi = si-1 fi-1)

i=2
n i—1
<> (Z(Aij(sifl)@j|r+11&ij(5i71)|§jd|r+l)
i=2 =1

i
+ Al + Aulgial ™ + Y Aylel™!), @)
j=1
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where Aij (si—1), Aij (si—1), j € N;_1 are appropriate
nonnegative functions of s;_1, and Aii, Aii, A,-j,j €
N; are appropriate positive constants. Forany i € /\_/n,
let ?»i4_(Si, Sig1se-esSn—1) = Z;L,-H Aji(sj—1)+ A
with Aj; = 0 and 1,4 = A, and choose appropriate
Iéij (Sifl)flnd Aji such that Qi~= Z'}:Hl Aji(sj—1)+
A;; with Aj1 = 0and Q, = A,;. Then, it follows that

D miei(fi = si-1 fi-1)
i=2

n
< Z)\M(Si»si-i-l» ..
i=1

n
+ Y onlel™!, (42)
=2

n
s D&Y Oilgial !

i=1

where 0y = Y, Ajj. i € T,,. Substituting (37), (39)
and (42) into (36) yields

fU(ez,e3, S en)

n
< Z (M1 (Siy Sig1s -+ vy Sn—1) + Aiz + Aiz(si—1, 8i)
i=1

n
o+ hia(Siy it Si—D)ET 4 Z (—miH (si-1)
i=2

+ 011(Sis Sit1s -y Sn—1) + 072) eI (43)

3.3 Main results

Based on the design obtained in Sects. 3.1 and 3.2
above, we give the main stabilization results for system
(1) in the third part. Output feedback stabilizer, stability
analysis and the procedure of selecting dynamic gains
si, i € Ny—1 will be provided here.

Theorem 1 Consider system (1) under Assumption
1. There exists an output feedback control law u =
u(y, X2, ..., Xp) with dynamic observer (25), such that
the closed-loop system is GSASP at x = 0.

Proof By using the system output y and the state esti-
mations X;, i € Z, generated by (25), we construct the
following controller for system (1)

u=—PB&(y, X2, ooy Xp)
= _(,Bn£n + ,Bn,Bn—l),en—l + -+ ,Bnlgn—l T ,32)22

+ BnBn—1---B1y) (44)

To investigate the stochastic stability of (1)—(44), the
Lyapunov—Krasovskii functional V = V,,(x1, x2, - - -,
xn) + U(er,ez,...,e,) is chosen for the system.
According to (24) and (43), the differential of V is
given as

LV =LV, (x1,x2,...,xp) + ZLU(er,er,...,e,)

n
=< Z(_Cni + Ai1(Sis Sitts oo Sp—1) + A2

i=1

+ A3 (Si— 1y SO (Si, Sitts -y Sp—)) &L
n
+ Y (= miH(sio1) + 0i1(si, Sig1s o Su1)
i=2
+on)leil ™ + k& (W] =[x 1), (49)

From the state feedback controller design, we can see
that X::Jr] = —Buén = —(Buxn + BuBn—1Xn—1+---+
BnBn—1---B2x2+ BnBn—1---P1y. Thus, according to
Lemma 5, (44) and (38), we have

kn&n ([u]" =[xy 417

< 2"k || lu — x|

= 2" kalGal 1 (6n = £0) + Bufn1 Cn1 = 1)
+ ot BuBui - Palxa — )|

n—1
r

ZLi (sia Sitly - Snfl)gi“l‘Lngn )
i=2

= 21_rkn|€n|

(46)

where L;(s;, Si+1, - -
:Bn,Bn—l
Sp—2--8i + -+ BuBn-1Bun—2---Bii € L, and
L, = B,.Itfollows from Lemmas 4 and 6 that inequal-
ity (46) is further rewritten as

s Sp1) = BuSn—1Sp—2 -8 +

kn&n ([u]” = [x,4417)

n
! !
< sl + E 0i3(siy Sit1s ooy Sn—)lei] T,
i—
(47)

where A,5, 0,3 are two appropriate positive constants
and o0i3(si, Si+1,---,8.—1),1 € I,_1 are nonnegative
functions of s, §i+1, ..., 8y,—1.LetAjs =0,i € NV,,_1.
Then, substituting (47) into (45) yields

@ Springer



7104

J. Jiaet al.

n
LV < Z(_Cni + Ait(sis Sit1s -5 Sn—1) + A2

i=1

+ A3 (sicty s0) A (siy Sigt, o Snet) s 16 7
n
+ Z (—miH(si—1) + 0i1(Si. Sit1s - Sn—1)
i=2

+ 012 4+ 013 (5, Sit1s -0 Sn—1)) e (48)

Now, by using inequality (48), we recursively select
the dynamic gains s;,i € AN,_ such that ZW < 0
holds. First, for numbers u,, > 0 and p,, > 0 we select
appropriate s,_1 such that the following condition is to
be satisfied

{ —Cun + Anl + A2 + Au3(Sp—1) + Ang + Aus < —pp,
—muH (sp—1) + 0on1 +0p2 + 043 < —pn.

Based on 5,1 fixed above, taking two real numbers
Mn—1 > 0and p,—1; > 0 we select appropriate s,_»
such that

+)\n—],4(sn—|) < —Un-1,

{ —Cp,n—1 + )\n—l,l(Sn—l)+)\n—l,2+}\n—l,3(sn—27 Sp—1)
—mu 1 H(sp2)+ Op—1,1 Sn—1) +on2t+ 0’,1713(?,,,1) <—Pn-1-

Following this process until step n — 2, we have fixed
n — 2 dynamic gains s,_1, S,—2, - . . , 52. Now, we take
three real numbers 11 > 0, up > 0 and o > 0, and
select appropriate s; such that the following three con-
ditions hold

—cn2 + A21(52, 83 ..., Sp—1) + Ao + A23(s1, 52)
+A24(52,53 ..., Sp—1) < — M2,

—myH(s1) +021(52, 83, ..., 8y—1) + 022
+023(52, 83, ..., Sp—1) < —p2,

—Cn1 + A11(51, 82 ..., Sp—1) + A12 + A13(s1)
+A14(s1,82 ..., Sp—1) < —H1.

Based on the selection of the gains above, (48)
becomes

n n
LV <= wl&l™ =Y pjlel™ <0 (49)
=2

i=1

Let W = Y0 wil& | + Y7, pjlei ™. Clearly,
W is nonnegative, continuous and positive definite.
So, from formula (49) and Lemma 1 we can see that
closed-loop system (1)—(44) is GSASP by selecting the
dynamic gains appropriately.

Remark 6 Forsystem (1), Sect. 3 provides a systemical
design method of the output feedback controller and a

@ Springer

recursive selection procedure of the dynamic observer
gains. According to the proof of Theorem 1, the n — 1
pending gains s;, i € N, can be effectively selected,
under which the stability of the resulting system will be
achieved. It should be noted that the 4n — 2 adjustable
parameters m;, w;, i; and o; can make the selection
of the gains more flexible. Furthermore, for the sake of
increasing the flexibility and convenience of the con-
troller, the 2n + 1 adjustable parameters K, k; and c;;
are introduced in the construction of LKF candidates
Vi,i € Nn. From the construct process, we can see
that a better performance of the proposed control strat-
egy may be obtained by properly selecting them. The
system variables and these parameters are described
in Table 2. In addition, it follows from Sect. 3 that the
information of the bounds @; and b; in Assumption
1 is only required rather than the functions f;(-) and
gi(+),i € NV, in the design of our controller (44). This
indicates that even if the functions f;(-) and g;(-) have
some uncertainty, it will not affect the design process
of the controller. That is to say, the proposed control
scheme in our paper has a certain degree of robustness
to uncertainties of the system.

Remark 7 When the system parameters are deter-
mined, the proposed control algorithm can be divided
into three main steps. First, the estimators x; (k) of
unmeasurable system states are computed by the equa-
tion X;(k) = Z;(k) + si_1X;_1(k),i € I,. Second,
by using the measured values y(k) of the system out-
put and the estimators X; (k), i € Z,, the control input
u(k) can be computed from (44). Third, according to
Eq. (25), the values of the state observer z; (k + 1),i €
T, attime k + 1 are calculated in regard to u(k), y(k)
and x; (k), i € Z,,. Meanwhile, the states of the original
system at time k + 1 are updated by using the control
input u (k). From the calculation process above, it can
be seen that the computational cost of the proposed
method in our paper is low. To illustrate this point, the
function tic-toc in MATLAB is used to measure the
computation time in simulation examples of Sect.4.

Remark 8 In Sect. 3, we developed a recursive design
method that yields an output feedback stabilizer for
low-order SNTDSs. This stabilizer is comprised of a
state feedback controller and a reduced-order observer.
It should be noted that the present paper is first to pro-
vide a solution to the stabilization problem of low-order
SNTDSs. Compared with the recent works in [43,44],
where low-order stochastic nonlinear systems are con-
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Table 2 List of system

variables and adjustable System variables

Adjustable parameters

parameters X System states K Affect the value of B;
Xid Delayed states ki Affect the value of B;
Xi Estimated states Cii Affect the value of B;
xt Virtual controllers Si Affect the value of u
Zi Observer states m; Affect selection of s
e; Error variables w; Affect selection of s
System output i Affect selection of s
u Control input o; Affect selection of s;

sidered and the corresponding stabilization problems
in different scenarios have been solved, time-varying
delays of the system states are taken into account in
our work. This is one of main reasons for the diffi-
culty in solving the problem. Although there are lots of
research results on some special stochastic time-delay
systems, such as [21-23] for strict-feedback SNTDSs,
and [32-35] for high-order SNTDSs, it is still a diffi-
cult task to address the problem for low-order SNTDSs
due to the intrinsic characteristics of such systems. For
example, the backstepping-based design method com-
monly used in Refs. [21,22] cannot be applied to our
work because low-order SNTDSs are not feedback lin-
earizable. Meanwhile, the AAPI-based design method
used in Refs. [33,35] also cannot be directly applied to
our work because low-order SNTDS (1) is continuous
but nondifferentiable. An appropriate LKF and a new
reduced-order observer are developed to successfully
overcome the obstacles in the present paper. In a sense,
compared with the existing achievements mentioned
above, the advantage of our work is to be able to solve
the output feedback stabilization problem of low-order
SNTDSs under some conditions.

4 Simulation example

In order to verify the effectiveness of the feedback con-
trol method developed in Sect.3, we provide an illus-
trative example in this section.

Example 1 Consider a planar low-order SNTDS

dx) = [xa]idt + & cos(xix1a)dt + tlxi]8dw,
dxy = [u]%dt + % sin(xp) cos(xpq)dt
+ 15 sin(xy + x2q)dw,
y =X,
(50)

where x; = x;(t) are system states, Xjg = X; (t — di)
are delayed states, and d; = d;(t) are time-varying
delays of the system, i = 1, 2. Take d;(¢) = 0.1(1 +
sin(¢)) and d>(t) = 0.2(1 — cos(?)). Clearly, system
(50) satlsﬁes Assumptlon 1 withr = 2, a) = 16, b =
8’ a = 9, by = 10, and the condltlons d ) <v <
1,i =1,2withv; = 110, vy = 5 Assuming that only
the output signal y can be measurable, we now apply
the proposed control method to construct a stabilizer
for system (50).

For the xj-subsystem of (50), choose Vi(x})
M2 4 3 (17 ¢y (s)]7ds with ky > 0. It follows
that x} = —Bix; with B = (M)% where
5k1 (

ci1 > Oand lj;; = 75 + 3w 12)
For whole system (50), let 52 = xz — x2, & =
X24 — X34, and choose Vz(xl,xg) = Vi(x1) + %522 +
—d —d 7 .
K [T g (s)5ds + 2 [T Ea(s)]Fds with k>
0, K > 0. We construct a state feedback controller
u = u(xy,x2) = —Brxz — Bafix1 with B =
(W)i where ¢p; is an arbitrary positive
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3 9
constant, hy; = 35_6+%2Zk2’h22 = $2ﬁk1 and o3 =

3 3
(ZA+BH+5+Bi+3p1(1+B) )kz+63(1+ﬁ1)
kZ(%(%K_(zs L+ 5521y )k2)> : +

2ka(1+B4)

4 21,3\=3 | 1 56 (9 1
6_k2(%k2 5524) ¢ + ﬁklﬂ1<3k251 (0K — (35 +

7 _
81+ 55218k) )
Next, we construct an observer for unmeasurable
state xp. The symbol X, denotes the estimated value of
x2.LetZp = xp—s1y, wheres; > 1isthe dynamic gain
needing to be selected. Consider the following observer
system

A 3 ~ 3
22 =[ul* + s1[z2 + s1x1]2. (51)

By using the variable substitution X, = Zo + s1x,
dynamic equation (51) generates the estimated state X».
Furthermore, substituted x> for x inu = u(x1, x2), we
get the desired controller
u=u(y,X) = —paxr — By (52)
The numerical simulation results were obtained accord-
ing to the Euler-Maruyama technique [59] in the MAT-
LAB environment (MATLAB R2020b). The initial val-
ues of the original system and the observer system are
setto be (x1(0), x2(0)) = (—0.6,0.7) and 2, (0) = 0.8,
respectively. In order to illustrate the influence of the
adjustable parameters K, k1, k2, ¢11 and ¢22 on con-
troller (52), the detailed experimental data with the dif-
ferent parameter values are described in Table 3. It can
be seen from the table that the values of 81, 8> and s
can be changed by adjusting these parameters, which
means that better performance of the system may be
achieved by selecting proper parameter values.

We choose the first set of parameter values for simu-
lation display. Namely, take K = 0.05, k1 = 0.1,k =
0.01, c¢y1 = 0.2 and ¢p» = 0.1. Based on the selection

Table 3 Experimental data with the different parameter values

procedure provided in Sect. 3.3, the dynamic gain is
selected as s1 = 20. 81 and B, can be calculated as 3.9
and 182.01, respectively. Figures 1, 2 and 3 demonstrate
the simulation results. From the numerical results, it
follows that system (50) is GSASP at (x1, x2) = (0, 0)
under proposed control scheme (51)—(52). By using the
function tic-tok in MATLAB, the computation time is
measured as 0.024s.

Example 2 Consider the liquid-level system with inter-
action (see [36]) shown in Fig. 4. Suppose that tank 1
and tank 2 have the same capacitances of c. The liquid
levels of two tanks are H; and H», respectively, and
their steady-state liquid levels are all H. Note that the
difference of H; and H, at a certain moment will lead
to the change of the flow rates Q1 and Q», which can
be described as

P1|H2—H1|2 H, < H,

01 = (53)
Pl|HZ—Hl|2 H>, > H;

and
1

0> = prHy, (54)

where pj and p; are resistance coefficients of the cor-
responding valves. Assume that Q is inflow rate of the
system. The goal is to adjust Q such that both H; and
H, asymptotically converge to the steady state H. Let
= H\—H,x; = H,—H, and[u]z = —Q——p2H2
When considering random disturbances and multiple
time-varying delays, the dynamic of the liquid levels
of the tanks 1 and 2 can be described as

1 3
dxi=1pi[x212dt + Sxial3dw, .
1 3
dxy=[u]2dt + ¢(3a, ¥20)dt + |x24|3dw, (55
y = X1,

K ki ko i1 €2 B B2 51

0.05 0.1 0.01 0.2 0.1 3.9 182.01 20
0.01 0.2 0.05 0.4 0.5 3.2 84.3 55
0.08 0.4 0.08 0.6 0.2 2.13 41.06 30
0.3 0.08 0.03 0.01 1 1.1 155.56 80
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(a) System state x1 (b) System state z2
Fig. 1 The state trajectories of the closed-loop system
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(a) Observer state o (b) Control input u
Fig. 2 The state trajectory of the observer system and the controller evolutions
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(a) Wiener process

Fig. 3 The Wiener process and the associated white Gaussian noise

(b) White Gaussian noise
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where ¢ (X2, X24) = —%Pl[mﬁ — 1pa(xia + x2a +
H)% + %le‘_ﬁ andx1g = x1(t —di (1)), x20 = x2(t —
d> (1)), di(t) = 0.1cos?(t), da(t) = 0.1sin*(t) + 0.2.
It is clear that system (55) satisfies Assumption 1 with
r = %, and the condition di(t) <v <1,i =12
with v| = %, v, = 1. When only the output signal y
is measurable, the proposed approach in the previous
sections can be used to solve the stabilization problem
of the system.

A state feedback controller is designed firstly for
system (55) by using the proposed approach, i.e.,

u=u(xy, x2) = —Prxz — P1B2x1, (56)

kyay
+kiar + 75

1
where B = (ﬁ)F(Cll +k1b% + lflvl
14r) (a1 —kib?) _py L G
(%) ")rand By = ky (e + hoi +

- L. k +1

2L 4 127 with hoy = (e + 28T +

ka(ay + ZB1) + Ayka(l + BT
K(1—v)=2"kaB ' ~kaB} 1 | koas (@a—2"ko)(r 1) —r

( T (1+B)) ) (e, ) For

the unmeasurable state x;, the estimated value can be

taken as Xy = Z + s1x1,, where Z is generated by the

dynamic

R 11 N 1
22 = [u]? +ZP1/<181[22+S1X1]2- (57)

Using %, in place of x in (56), we get an output
feedback stabilizer u = u(y, x3) = —B2x2 — B1B2y.
In the simulation, the initial conditions are given as
x1(0) = 0.3, x2(0)—0.4 and z(0) = 0.6. The dynamic
gain is given as s;1 = 28. The other simulation parame-
ters are given as K = 0.5, k1 = 0.6, k» = 0.08, c11 =
1.2, ¢pp = 1.7. The simulation results are shown in
Figs. 5, 6 and 7. It can be seen that system (53) is stabi-
lized by the proposed output feedback control scheme.

5 Conclusions

In this technical paper, we dealt with the stabilization
problem by using an output feedback approach for a
class of low-order SNTDSs where the powers of inte-
grators can be arbitrarily taken on the interval (0, 1). In
order to overcome the difficulties arisen from the low-
order nonlinearities, stochastic disturbers and multiple
time-varying delays, we generalize the classical AAPI

@ Springer

Tank 1 ] Tank 2
L N S
=

1
T I T
— —
Ql Q2

Fig. 4 The liquid-level system with interaction
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time (s)

Fig. 5 The trajectory of system output y

6 8 10

time (s)

Fig. 6 The trajectories of x, and 2,

approach [27] and the observer design method intro-
duced in [40] to construct an output feedback stabi-
lizer. A novel LKF was skillfully chosen in the con-
troller design, and the observer gains can be recursively
selected to guarantee the GSASP of the resulting sys-
tem at the trivial solution.
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5000

-5000

-10000

time (s)

Fig. 7 The trajectory of control input u

A meaningful work for further study is to extend
the results obtained in this paper to a more general
class of low-order SNTDSs with the different powers of
chained integrator. In fact, the authors have attempted
to solve the problem. But there are still some technical
difficulties that cannot be tackled. Moreover, another
work that deserves attention in the future is how to deal
with the sampled-data stabilization problem of low-
order SNTDSs. Clearly, it is a more difficult problem
because some information and properties of the system
will be lost due to sampling. A new design scheme
based on the method proposed in our paper needs to be
developed to solve the problem.
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