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Abstract Plastic gears have been widely used in fields
such as instruments, meters, and automotive electronics.
In particular, metal-plastic gear pairs are commonly
used in the low-speed stages of multi-stage gear
transmissions to enhance load capacity and achieve
lightweight design. However, due to the small elastic
modulus and significant temperature sensitivity of
plastic gears, off-line meshing phenomenon occurs in
metal—plastic gear pairs during operation, which affects
the overall system stiffness and dynamic behavior.
Therefore, this study takes 45# steel-POM gear pair as
the object of study, and considers the effect of
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temperature on the modulus of elasticity of the gear
and the effect of out-of-line meshing on the time-varying
stiffness of the gear pair , in which the 45# steel-POM
gear pair refers to the combination of the steel and plastic
gear pairs, with the pinion gear consisting of 45# steel
gears, and the large gear made of POM gears. A lumped
parameter method is used to establish a single-degree-of-
freedom model of the gear transmission system, and the
effect of load on the system’s dynamic behavior is
investigated. Experimental validation shows that the
stiffness varies linearly with the load, and the dynamic
performance of the system deteriorates with increasing
load. In the experimental study described in this article,
as the load increased from 5 to 10 N m, the maximum
dynamic transmission error increased by 62%. Under the
same load, the system with consideration of off-line
meshing exhibits better transmission accuracy compared
to the one without consideration. Disregarding the
dominant frequency of the system when there is no
external meshing, the dominant frequency of the system
increases by 1.4 times when considering external
meshing. This study provides a theoretical basis for the
design and transmission of plastic gears in the future.

Keywords Plastic gears - Temperature - Off-line
meshing - Mesh stiffness - Dynamics

Abbreviations
POM  Polyformaldehyde
TVMS Time-varying mesh stiffness
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FEM Finite element model
ETC Extended contact

PTC Premature contact

TIP Theoretical initial contact point
TFP Theoretical final contact point
RIP Real initial contact point

RFP Real final contact point

1 Introduction

The steel—plastic gear pair, with the small gear made of
45# steel and the large gear made of POM, allows for the
design of gears with equivalent lifetimes. However, the
introduction of plastic gears reduces the stiffness of the
gear system, thereby altering its dynamic performance.
In the past, standards related to plastic gears, such as
VDI2736, did not specifically mention ‘mesh stiffness.’
As the expanding range of applications for plastic gears,
the mesh stiffness and dynamic performance of plastic
gears have become increasingly important. Therefore, it
is necessary to conduct in-depth research on the time-
varying mesh stiffness (TVMS) and dynamic charac-
teristics of steel—plastic gear pairs.

Existing research on plastic gears has covered
various aspects, including temperature [1, 2], gear
transmission [3-6], tooth surface wear [7-9], tooth
surface damage [10, 11], load distribution [12-14],
fatigue life [15, 16], etc. The time-varying mesh
stiffness and nonlinear dynamics of gears have always
been hot topics in the field of gear transmission.
Currently, some researchers have studied the time-
varying mesh stiffness and nonlinear dynamics. Jiang
et al. [17] investigated the dynamic response of spur
gears by considering the interaction of friction and
vibration. The research results showed that the effects
of vibration and sliding friction on gear dynamic
response need to be considered. Meng et al. [18]
calculated the time-varying mesh stiffness of gear pairs
with different crack lengths and studied the influence
of spalling at different widths, lengths, and positions on
the time-varying mesh stiffness. Cao et al. [19]
established a dynamic model for spur gear pairs with
force-related mesh stiffness. Experimental results
showed that this model has a wider range of applica-
tions compared to traditional models. Luo et al. [20]
introduced the concept of thermal stiffness and inves-
tigated the modification of gear thermal tooth profiles.
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Ma et al. [21] considered the effects of delayed tooth
contact, nonlinear contact stiffness, and gear profile
modification and developed an improved analysis
method applicable to gear pairs for determining time-
varying mesh stiffness. Hasl et al. [22] employed the
finite element method to consider the deformation of
plastic gears and improved the calculation method of
gear stiffness in the VDI 2736 standard when calcu-
lating the bending stress of plastic gears. Atanasiu et al.
[23] obtained the time-varying mesh stiffness of a
steel-plastic gear pair based on the principle of
potential energy and established a dynamic model to
analyze the dynamic characteristics of the steel—plastic
helical gear pair. However, they did not consider the
influence of load on gear stiffness. Muellner [24] used a
quasi-static finite element method to determine the
time-varying mesh stiffness of a plastic gear pair and
analyzed the transmission error of the plastic gear pair.

In this study, we improve the stiffness calculation
process of the steel-plastic gear pair by considering
the meshing characteristics of plastic gears. Based on
this, the dynamic characteristics of plastic gears are
analyzed, providing a theoretical basis for the further
design and application of plastic gears.

The following will be presented in four sections: the
impact of temperature on the performance of plastic
gears, the influence of external meshing on the time-
varying meshing stiffness of steel—plastic gear pairs,
the dynamic behavior of steel-plastic gear pairs,
experimental validation, and conclusions.

2 Impact of temperature on plastic gear
performance

The material properties of plastic gears are highly
sensitive to temperature variations. Therefore, the
Young’s modulus of the POM material used in this
study is selected based on the expected temperature,
which depends on the concentrated load conditions
[22]. The VDI 2736 guideline [25] provides a simple
model for calculating the tooth root temperature and
tooth flank temperature. According to Zorko et al.
[26], the tooth root temperature is used as a substitute
for gear temperature due to the very short flash
temperature time. The tooth root temperature is
defined by the following Eq. (1) [26]:
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Table 1 Parameters of steel-plastic gear pair

Material Number of teeth Module (mm) Tooth width (mm) Elastic modulus (GPa) Poisson’s ratio
Pinion Steel 21 3 20 206 0.3
Wheel POM 37 3 20 2.6 0.385

Fig. 1 Young’s modulus of Elastic Modulus E|GPa]

POM under different load
conditions
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where g, is root temperature, 1, is ambient temper-
ature, P is nominal output power, u is coefficient of
friction, Hy is wear rate, kg g, is polymer gear heat
transfer coefficient, b is tooth width, z is number of
teeth, v, is tangential velocity, m,, is normal module,
R, is heat transfer resistance of the mechanism’s
outer casing, As is heat dissipation area of the
mechanism’s outer casing, and Ep is gear contact
time relative to 10 min.

According to the VDI2736, some parameters have
the following values: ¥y =20 °C, u = 0.2 (for no
lubrication conditions), Hy = 0.1494 (Calculated
based on the geometric dimensions of the gear),

0.75
Kopup = 900 S CIOME 5 o,
my=3mm, R;6=0, and Ep =1. v, and P are
calculated depending on the load condition, and A is
the heat-dissipating surface of the mechanism hous-
ing. The selected gear parameters are listed in Table 1.

In the absence of experimental parameters, this
article establishes the relationship between the
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Young’s modulus (E) of POM material and temper-
ature using the empirical formula E; = Ey —

o(T, — Tp), as shown in Eq. (2). Here, o represents
the temperature coefficient of the POM material, with
avalue of 0.0246. Ty is the reference temperature set at
20 °C, and Ej represents the Young’s modulus of the
material at room temperature [27]

Er = —0.0246T, + 3.494 (2)

where T, represents the temperature of the material,
and Et represents the Young’s modulus of the material
at this temperature. Based on Egs. (1) and (2), the
Young’s modulus of POM under different load
conditions can be obtained, as shown in Fig. 1.

3 Influence of off-line meshing on the time-varying
meshing stiffness of steel-plastic gear pair

3.1 Contact ratio of steel—plastic gear pairs

Plastic gears exhibit unique phenomena of premature
and delayed contact during the meshing process,
which has been confirmed in previous studies [28].
Yelle et al. [29] proposed an iterative method to
calculate the actual contact ratio of plastic gears.
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o
The line of premature contact : /

o The line of extended contact
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Fig. 2 The actual line of action of a steel—plastic gear pair

Jabbour et al. [30] used the Yelle method to calculate
the actual contact ratio of steel-plastic helical gear
pairs. Considering the relative complexity of the
iterative method, Koffi et al. [31] proposed an
empirical formula based on the iterative method to
calculate the actual contact ratio of plastic gears.
Subsequent studies [32—35] have largely relied on this
empirical formula.

The simplified line of action for plastic gears is
depicted in Fig. 2. The node is denoted as O, and AB
represents the theoretical line of action. The theoretical
initial contact point (TIP) and theoretical final contact
point (TFP) of the steel—plastic gear pair are represented
by points A and B, respectively. Assuming that the actual
initial contact point (RIP) and actual final contact point
(RFP) of the steel-plastic gear pair are A’ and B,
respectively. According to the method proposed by
Koffi et al. [31], the actual meshing points are projected
along the direction of the line AB, resulting in two points
A* and B*. The actual contact ratio is defined as the ratio
of the length of A*B* to the circular pitch.

Establish a Cartesian coordinate system with the
origin at point O, the positive x-axis along AB, and the
y-axis passing through point O and perpendicular to
AB. In this coordinate system, we obtain the following

equation:
2 h; : 2
|0A| = 5 1+2-2) —cos?a — (cos’a) tan og
TLCOS & 2
(3)
21 I g 2
|OB| = 5 1+2-2) —cos?x — (cos’a) tanayg | .
7COS o 21

(4)

In Egs. (3) and (4), |IOAIl and |OBI represent the
distances between points A and O, and between points
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B and O, respectively. z; and z, represent the numbers
of teeth on the small gear and the large gear,
respectively. /) is the addendum coefficient, o and
oy represent the pressure angle and the working
pressure angle, respectively. Based on the research
conducted by Bravo et al. [36], the following results
can be obtained:

0.7 ~0.55
As = 0.131E; %3 (sz/wp cos oc) (Z—2> (5)

<1

It is pointed out in Mijiyawa that for steel-plastic
gear pair [34]
Ety

As; = As (—) P, (6)
Er;

where As is an intermediate variable in Egs. (5) and
(6). Et and ET, represent the Young’s modulus of the
small gear and the large gear, respectively, at different
temperature w is the unit load, P represents the pitch
diameter (P = 25.4/module), P, is the circular pitch, i
is a subscript, and 7 is an exponent. Specifically, when
i=2,t= — 0.11,andwheni = 1,7 = — 0.05.If the
Young’s modulus of the small gear Et; is larger than
that of the large gear Er,, i.e., E1; > Er, Eq. (6)
remains unchanged. Otherwise, if E1; and Et, need to
be modified in Eq. (6). The specific lengths of As1 and
As2 can be determined according to Eq. (5) and by
referring to Fig. 4, which can then be used to obtain
the actual contact ratio.

3.2 Characteristics of off-line meshing

The key to calculating the time-varying mesh stiffness
of steel-plastic gear pairs is to determine the mesh
stiffness during the phases of premature contact and
delayed contact Therefore, it is important to accurately
determine the actual meshing positions of RIP and
RFP, which depend on the real contact ratio. As shown
in Fig. 3, it is reasonable to assume that during the
phase of premature contact, the tooth tip of the large
gear always contacts the tooth root of the small gear.

In Fig. 3, rp; and ry; represent the radius of the base
circle of the pinion and wheel, T and T, represent the
input and output torques acting on the pinion and
wheel, w; and w, are the angular velocities of the
pinion and wheel, and r,; and r,, represent the radius
of the addendum circle of the pinion and wheel,
respectively. In the PTC phase, the TIP is point A,
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Fig. 3 Premature contact diagram of steel—plastic gear pair

assuming that the RIP is point A’. The wheel maintains
contact with the pinion at the top of the tooth during
the whole PTC phase. The rotation angle of the wheel
is y, the rotation angle of the pinion is 0, and point N is
the reverse point of point A. Point A* is the projection
point of point A’ along the direction of the line of
action. The whole PTC phase can be approximately
regarded as the tooth tip of the wheel sliding in the A’N
section of the profile of the pinion. According to the
geometric relationship shown in Fig. 3, Eq. (7) can be
obtained as

sin (E + oco)
f = arcsin S227
Ta2
Y- ra = As2/ cos(LA*AA") (7)

/A*AA' = — ZOAH — /A'AH
T
ZOAH =71 — f§ — (ao+§)
m—7

/A'AH =

where s, = |OA|, which can be obtained from
Eq. (3),As2 can be obtained from Eq. (6), r,; is the
radius of the addendum circle of the gear, and o is the
working pressure angle, the other parameters are
shown in Fig. 6. According to Eq. (7), the rotation
angle of the wheel y can be obtained. According to the
relationship of the transmission ratio i, the rotation
angle of the pinion 6 can be obtained from Eq. (8).

O~yxi (8)

Pinion

Fig. 4 Extended contact diagram of steel—plastic gear pair

The position of RIP on the smaller gear can be
determined based on the value of 0 and the location of
point A.

In Fig. 4, we assume that during the period of
delayed contact, the tooth tip of the smaller gear
always contacts the tooth root of the larger gear. As
shown in Fig. 6, during the delayed contact phase,
TFP represents point B, and we assume RFP represents
point B’. Throughout the delayed contact phase, the
tooth tip of the smaller gear remains in contact with the
tooth root of the larger gear. The rotation angle of the
larger gear is denoted as y;, and the rotation angle of
the smaller gear is denoted as 0. Point K represents
the reverse point of B. B* is the projection of B’ along
the action line. The entire delayed contact phase can be
approximately seen as sliding of the tooth tip of the
smaller gear on the profile B’K of the larger gear.
Based on the geometric relationships shown in Fig. 4,
Eq. (9) can be obtained.

sin (n + )
p %0

f, = arcsin | s
Fal

01 - ra1 = Asl/cos(£B*BB’)

/B'BB =1~ LOBP — /BBP ®)
/OBP =1 — f — (oco+§)

—0
/BBP="""1

where s; = |OB|,which can be obtained from Eq. (4),
As1 can be obtained from Eq. (6), r, is the radius of
the addendum circle of the pinion, and «p is the

@ Springer
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working pressure angle, the other parameters are
shown in Fig. 4. According to Eq. (9), the rotation
angle of the pinion 0; can be obtained. According to
the relationship of the transmission ratio 7, the rotation
angle of the wheel y, can be obtained from Eq. (10).

7~ 01/ (10)

The position of RFP on the larger gear can be
determined based on the value of y, and the location of
point B.

3.3 Calculating of the TVMS

In the realm of gear transmission, time-varying mesh
stiffness refers to the phenomenon where the stiffness
at the point of gear meshing undergoes changes over
time. TVMS is an abbreviation for time-varying
meshing stiffness. When the potential energy method
is used to solve the TVMS, the gear tooth is regarded
as a cantilever beam, as shown in Fig. 5. The potential
energy U in the meshing gear includes the bending
potential energy Uy, shear potential energy U,
compression potential energy U,, Hertz potential
energy Uy, and gear body potential energy Uy. The
stiffness corresponding to the potential energy of each
part is the Hertzian contact stiffness Kj, bending
stiffness Ky, shear stiffness K, compression stiffness
K,, and gear body stiffness, respectively. K;. Accord-
ing to the knowledge of material mechanics [37]:

U=Ub+US+Ua+Uh+Uf

_F_Z(ll‘l‘l‘l‘l‘l‘l‘l) (11)

"2 \Kv Ko Ko Ka Ko Kg Ko Ky Kp

where F is the force at the meshing point. Subscripts 1
and 2 represent the pinion and wheel, respectively.
The total meshing stiffness of a pair of gears is
obtained as follows:
1
I R T R e R R R TR
(12)

The single-tooth stiffness in Eq. (12) can be
translated and superposed according to the contact
ratio. For gears with a coincidence ratio not exceeding
2, the stiffness of the double-tooth meshing region can
be determined by Eq. (13).The meshing stiffness of
the double-tooth area can be obtained as follows:
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Fig. 5 Force on a single tooth of the gear
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Kdouble g
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where j = 1 denotes the first pair of gears that was
meshed, and j = 2 denotes the second pair of gears that
was meshed. According to Yang, the contact stiffness
of two types of gears with different materials can be
obtained as

nB
Ky = 3F (14)
where

1—v2 12
E = El”l EZ”Z (15)

In Egs. (14) and (15), B is the tooth width, E’ is the
comprehensive elastic modulus,E; and E, represent
the elastic modulus of the pinion and wheel, and v; and
v, represent the Poisson’s ratio of the pinion and
wheel, respectively. The gear body stiffness Ky can be
obtained according to Sainsot [38]:

1
i () o (2) 410 )
(16)

Ky=

where g, uy, and sy are the geometric parameters of
the tooth, as shown in Fig. 5. L*, M*, P*, and Q" are
calculated by Eq. (13)

A,~/0ﬁ + Bi/hﬁ- + Cihy/ O + D;/ by
+ Eihp + F;
(17)

where
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Table 2 Coefficient values in Eq. (16)

A,‘ Bi C,‘ D,‘ E,‘ Fi
r —5.574 x 107° —1.9986 x 1073 —2.3015 x 107* 4.7702 x 1073 0.0271 6.8045
M 60.111 x 1073 28.100 x 1073 —83.431 x 107* —9.9256 x 1073 0.1624 0.9086
P —50.952 x 1073 185.50 x 1073 0.0538 x 107* 53.3x 1073 0.2895 0.9236
o —6.2042 x 107 9.0889 x 1073 —4.0964 x 10~ 7.8297 x 1073 —0.1472 0.6904
hi = rs/Fint (18) along the tooth centerline from the gear rotation center

In Egs. (13) and (14), r; is the radius of the root
circle, rin is the radius of the shaft, and 0y is the angle
between the x-axis and the connection between the
gear center and points D. A;, B;, C;, D, E;, F;, which
can be obtained as listed in Table 2.

The compressive potential energy, shear potential
energy and bending potential energy of the gear are
obtained by formulas (19)-(21), respectively (Fig. 6).

XB

F2
U, = X dx 19
/ 2FA, (19)
Xp
U 1'2F§dx 20
S / 2GA, (20)
Xp M2
U, = dx 21
b 2EI, (21)

XD

Fy,=F,-cosop
v = F, -sinog
I=2y% (22)
A, =2yb
M =Fy(xg—x)—F.-yp

In Egs. (19)-(22), F,, is the normal load between
meshing teeth, F, is the component of the load F), in
the y-direction, F, is the component of the load F,, in
the x-direction, E is the elasticity modulus of the
material, G is the sheer modulus of the material, A, is
the cross-sectional area, I, is the second moment of
area, M is the input torque, op is the pressure angle at
the meshing point, b is the tooth width, y is the distance
between the points on the tooth profile and x-axis, yg is
the distance between meshing point B and x-axis, x is
the coordinate along the tooth center line from the gear
rotation center, and xp and xp are the coordinates

corresponding to the root circle point D and meshing
point B, respectively.

3.4 TVMS of steel-plastic gear pair considering
the off-line meshing

The positions of the RIP and RFP were determined by
the method mentioned above. According to the
principle of the potential energy method, if the
extension of the contact path effect caused by tooth
deformation is not considered, then the meshing
stiffness will change suddenly when single and double
teeth alternate. In fact, considering the ETC and PTC
effects, the meshing stiffness is no longer abrupt, but
gradual during the period of alternating single and
double teeth. Therefore, it is assumed that the meshing
stiffness decreased and increased linearly during the
period of PTC and ETC, respectively. Figure 8 shows
that if the coordinates of M, N, V, and U are
determined, then the meshing stiffness curve during
the period of PTC and ETC can be determined. Points
M and V represent the highest and lowest points of
double-tooth contact, respectively, which means that
the values of t1, 4, k1, and k4 can be determined by
the potential energy method. The values of 6 and 7y,
were obtained in the previous section. Then, the values
of 12 and #3 can be obtained from Eq. (23). t1 refers to
the angle through which the gear rotates to reach the
highest point during double-tooth delayed contact, t2
denotes the angle through which the gear rotates to
reach the lowest point during double-tooth delayed
contact, t3 indicates the angle through which the gear
rotates to reach the highest point during double-tooth
advance contact, and t4 represents the angle through
which the gear rotates to reach the lowest point during
double-tooth advance contact; Al signifies the rate of
change of stiffness with respect to the angle during the
gear’s movement from the highest to the lowest point

@ Springer
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Fig. 6 The schematic T T
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in advance contact, and A2 represents the rate of
change of stiffness with respect to the angle during the
gear’s movement from the highest to the lowest point
in delayed contact. According to the principle of the
potential energy method, the values of k2 and k3 can
be determined by 72 and #3. Then, the slope of the
stiffness curve during the period of PTC and ETC can
be obtained by Eq. (24). According to the slope of 4
and the coordinates of point M, the analytical formula
for the stiffness curve of the ETC can be determined.
Similarly, the analytical formula for the stiffness curve
of PTC can be obtained by Al and point V.

2 =1t1+4+1y1
{t3 =t4—-0 (23)
k2 -kl
s (24)
;Ll =
-1

3.5 Verification of TVMS by finite element
method

The multitooth contact model was established using
HyperMesh software [39].

The process of creating grid is as shown in Fig. 7.

The mesh was refined in the contact area and fixed
constraints were added to the ring gear of the wheel. A
rigid coupling was established between the ring gear
of the pinion and the rotating center, and torque was
added. The finite element mesh model created through
HyperMesh 14.0.is shown in Fig. 8.
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Fig. 7 The process of cre-

ating grid Importing
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Figure 9 shows the simulation results of the
proposed method and the finite element method. The
meshing stiffness values with different methods under
different loads were compared, and the results are
shown in Table 3. It can be seen from Table 3 that
compared with the finite element method, the error is
larger at a rolling angle of 7.8° (the position of the
highest point of double-tooth contact). In Fig. 9, the
finite element method results show that the ETC
period is longer, and starts before the theoretical
double-tooth end-point, which is the main reason for
the error. The average error of the simulation is 6%.
Considering the influence of meshing accuracy and
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Fig. 8 The finite element model of the steel—plastic gear pair

contact parameter settings on the finite element
method results, it can be considered that the method
proposed in this paper is credible.

3.6 Influence of load on TVMS of steel—plastic
gear pair

The meshing stiffness values obtained with different
methods under different loads were compared. It can
be seen from Fig. 10 that the change in stiffness is
basically linear with the load, i.e., as the load
increased, the meshing stiffness decreased. This can
be attributed to the reduction in the Young’s modulus,
which also indirectly shows that temperature is the
main factor affecting the meshing stiffness of the
plastic gear. Compared with the potential energy
method, the average stiffness considering PTC and
ETC effects is larger. In addition, under a certain load,
the mesh stiffness at the lowest point of single-tooth
contact calculated with the proposed method is higher
than that of the potential energy method. The mesh
stiffness at the highest point of single-tooth contact
calculated with the proposed method is lower than that
of the potential energy method. The main reason for
this is the increase in the double-tooth meshing area
and the decrease in the single-tooth meshing area
caused by the large deformation of the plastic gear
under load.

The influence of the load on the meshing stiffness is
studied, and the TVMS under different loads is
obtained, as shown in Fig. 11. Because the stiffness
of the steel gear is two orders of magnitude different
from that of the plastic gear, the TVMS of the steel—
plastic gear pair is mainly affected by the stiffness of
the plastic gear. It can be seen that with increased load,
the single-tooth meshing area is shortened and the

double-tooth meshing area is extended. In the PTC and
ETC phases, the change in gear stiffness is relatively
steep. The meshing stiffness of the whole gear pair
decreased with the increase in load. The increase in
transmission load leads to an increase in temperature,
which reduces the elastic modulus of the plastic
material. HPSTC refers to the calculated stiffness at
the highest point of double-tooth contact, while
LPSTC represents the calculated stiffness at the
lowest point of double-tooth contact.

4 Dynamic characteristics of steel-plastic gear
pair

4.1 Dynamic characteristics of gear pair

The stiffness of the gear shaft and bearing is much
larger than that of the plastic gear body. Therefore, this
study assumes that the shaft is rigid and the effect of
friction is ignored. The change in gear backlash caused
by the rise of tooth surface temperature was also
considered in the dynamic model. The single-degree-
of-freedom dynamic model of the steel-plastic gear
pair was established by the lumped parameter method,
as shown in Fig. 12.

In the establishment of gear models, employing the
lumped parameter method offers several potential
advantages:

1. precision, 2. flexibility, 3. model interpretability,
4. data fitting and prediction, and 5. parameter
optimization.

According to Newton’s second law, Eq. (25) can be
obtained as

Ly +rp0m (rbl 0y =120 —e(vf)> + k(D) (rp101 — 1202 — (7)) =Ty
L —ryacn (rblol —rpals *e(f)> — 1k (0)f (rp101 — 1202 — e(7)) = —T2
(25)

where I} and I, represent the moment of inertia of the
pinion and wheel, r; and rp, represent the radius of
the base circle of the pinion and wheel, and 0, and 0,
represent the rotation angles of the pinion and the
wheel, respectively. e(t) represents the static trans-
mission error of the gear pair, k(t) represents the
TVMS of gear pair, ¢, is the meshing damping of the
gear pair, and 7} and T, represent the input and output
torque acting on the pinion and the wheel, respec-
tively. f is the nonlinear function of the gear backlash.

@ Springer



6024

Y. Xiong et al.

Fig. 9 Comparison of
TVMS obtained by different
methods

Table 3 The relative error
of different methods

Fig. 10 Comparison of
meshing stiffness values
with different methods
under different loads
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Fig. 11 TVMS of steel- 20
plastic gear pair under
different loads 18

N NN N
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Mesh stiffness[10°N/m]
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S
N
LN

pinion (steel)

Fig. 12 Single-degree-of-freedom dynamic model of steel—
plastic gear pair

Considering the influence of temperature on the
backlash, the actual meshing backlash b, of the gear
pair is the sum of the designed backlash b of the gear
pair and the backlash increment 0b caused by the
temperature rise.0b can be calculated using Eq. (26)
according to Chen et al. [39]

ob Z%(ATM (Sp1 +risinoy) +AT Ay (Spy + rasinoy))
(26)

where AT represents the temperature rise of the tooth
surface, which can be obtained by Eq. (1). ; and r,
represent the pitch radius of the pinion and wheel, 4,
and 1, are the thermal expansion coefficients of steel
and plastic, and S,; and Sj; represent the thickness at
the pitch circle of the pinion and wheel after thermal
deformation, respectively. o, is the working pressure
angle of the gear pair after thermal deformation. The
detailed calculation method of o, Sp;, and S, was
provided by Chen et al. By introducing the dynamic
transmission error (1) =110y — 1202 —e(1), Eq. (27)
can be transformed into

6 8 10 12 14 16 18
Angle[°]

m, q(t) +cmq(t) +k(0)f (q(7)) = Fn + Fow (27)

Ll

where Me = i, Fory = —mge(t),
281 T . .

cm = 2EN ke, ky is the average meshing stiffness

of the steel-plastic gear pair under different loads

shown in Fig. 12, ¢ is the damping ratio, and ¢(t) and

q(7) are the first derivative and second derivative of ¢
to 1, respectively. ¢ of the steel-plastic gear pair is
taken as 0.3, and F,, is the static meshing force of the

_nh_I

gear F,, = rbll = rbzz.
According to Yang et al.,, given the nominal
dimension b, order x=gq/b,, = w,t,
C = Cm/(zmewn)’ Q= W/Wn’ Wp = v/ km/m&

P, = Fm/(bcmgwi), P, = (EQ2 cos(Qt))/bC, and
Po =P, + P,, where E is the error amplitude,
according to Yang et al. The meshing stiffness is
expanded by Fourier series to obtain Eq. (28).
k(r) = (koj-1 cos(jQ) + kyj sin(jQr)) (28)
=1

Let ¢(t) = k(t)/ (bem,w?), and the nonlinear func-
tion of the gear backlash f can be transformed into
Eq. (29).

it (1428 (142
b, b,

flx)=40 —(1+(Zb> §x§1+(z—b

c c

1+5b >1+5b
X — — X —
b, b

c

(29)
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In this case, Eq. (27) can be simplified as

X208+ o(1)f (x) = Po (30)
where ¢ is the nondimensional time, x is the nondi-

mensional relative displacement, and X and X are the
first derivative and second derivative of x to f,
respectively.

4.2 Influence of load on dynamic characteristics
of steel—plastic gear pair

For metal gears, it is generally considered that the
change in load will not affect the meshing stiffness of
the gear pair; therefore, loads generally affect the
dynamic characteristics of the system as external
inputs. However, the stiffness of the plastic gear varies
under different loads; hence, the internal excitation of
the gear system also changes, which affects the
dynamic performance of the system. According to
the dynamic model established above, the steel—plastic
gear pair was selected as shown in Table 1, and the
fourth-order Runge—Kutta method was used to solve
the system dynamic equations.

Utilizing the fourth-order Runge—Kutta Method for
solving dynamic equations offers the following
advantages:

1. higher accuracy, 2. versatility, 3. programmabil-
ity, and 4. numerical stability.

The pinion speed used in the simulation is 800 r/
min. Opting for a rotational speed of 800 revolutions
per minute (rpm) ensures a smoother meshing inter-
action between the small and large gears, thereby
enhancing the precision and stability of the results.
The theoretical contact ratio of steel-plastic gear pair
is 1.6535. According to the relationship between the
load and contact ratio, if the load is too large, then the
real contact ratio of the steel—plastic gear pair will be
larger than 2, which will significantly affect the mesh
stiffness and dynamic performance of the gear pair.
Therefore, this study only considered the case in which
the real contact ratio is less than 2. The case of a torque
T of 20 N m was selected to compare the dynamic
response when considering and ignoring the ETC and
PTC. The numerical analysis results are shown in
Fig. 13.

Figure 13i, ii show that under the same condition,
both the relative displacement and acceleration using
the potential energy method are larger than those of
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the proposed method. To further analyze the vibration
response of the system after considering the PTC and
ETC, we performed a Fourier transform on the time
domain signal. Figure 13iii, iv shows the Fourier
transform results of the displacement signal in (iii). It
can be seen that regardless of the method used, the
meshing frequency (f;,) is the dominant frequency.
However, considering the effects of PTC and ETC, the
amplitudes at 2 f;,,, 2 fi,, and 6 f;, are larger than those
of the potential energy method, while the amplitudes
at other frequencies are relatively small.

The fast Fourier transform spectrum of acceleration
is shown in Fig. 13iv. Considering the effects of PTC
and ETC, the dominant frequency of acceleration
changed from 8 f;,, to 6 f;,, and the maximum ampli-
tude is much smaller than that of the potential energy
method, similar to the displacement. The acceleration
amplitudes at 2 f;,,, 2 fi,, and 6 f;, are larger than those
of the potential energy method.

Considering the ETC and PTC, the influence of the
load on the dynamic performance of the system was
studied. As shown in Figs. 14 and 15, the dynamic
performance of the system deteriorated with the
increase in torque, and both displacement and accel-
eration increased with the increase in load. To further
explore the effect of load on the vibration character-
istics of the system, we calculated the root-mean-
square (RMS) of different signals under different
loads. Figure 16 shows that regardless of the load
applied, when considering the influence of PTC and
ETC, the RMS of both the displacement and acceler-
ation are smaller than that of the potential energy
method; this phenomenon became more evident with
the increase in load. To observe the change of each
index relative to the potential energy method, this
study used the percentage form to observe the change
of the statistical index with load, which is defined as
Eq. 3D).

RMS, — RMS,

1 1
s, | 00% (31)

rRMS:‘

where RMS, represents the RMS of the signal
considering the effects of ETC and PTC, RMS,
represents the RMS of the signal obtained by the
potential energy method, and rrys is the relative
change ratio of the RMS. The calculation results are
shown in Fig. 17. It can be seen that with increased
load, the relative change rate of the RMS of
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acceleration and displacement increased, with a more
obvious increase in the relative change rate of the
RMS of acceleration. This shows that with the increase
in load, the fluctuations of acceleration and displace-
ment are relatively small compared with the potential
energy method. Compared with the potential energy
method, the dynamic model considering PTC and ETC

248 25 2.52 2.54 2.56 2.58
Non-dimensional time ¢ 10

effects has more obvious advantages in terms of
dynamic performance under higher loads.

In general, it can be seen that compared with the
potential energy method, the stiffness calculation
method proposed in this study can improve the
dynamic performance of the steel-plastic gear pair.
Moreover, with the increase in the transmission load,
the dynamic performance considering the effects of
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ETC and PTC is superior, and the advantages are more
evident under higher loads.

5 Experimental verification
To further investigate the dynamic characteristics of
steel—plastic gear pairs, this study conducted dynamic

experiments on the gear pairs. Acceleration signals of
the gear system were measured under different torque
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20 25
Torque |N]

conditions. Additionally, the angular displacement of
the master and slave gears was extracted for subse-
quent analysis of dynamic transmission errors.

5.1 Test bench equipment and composition

The geometric parameters of the gear used in the
dynamic experiments were based on the aforemen-
tioned Table 1. The physical representation of the
steel—plastic gear pair used in the experiments can be
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referred to in Fig. 18. Specifically, the small gear was
made of steel with a blackened surface treatment,
while the large gear was made of POM (Poly-
oxymethylene), a type of plastic material commonly
used for gears.

The main equipment used in the experiment
includes: the test steel-plastic gear pair, AC servo
motor and servo drive, servo reducer, incremental
encoder, torque-speed meter, acceleration sensor,
magnetic powder brake and tension controller, inte-
grated data acquisition system, and coupling, among
others. The key parameters of the main equipment can
be referenced in Table 4.

The composition of the gear dynamic test rig in this
study is shown in Fig. 19. To achieve precise speed
control and improve the accuracy of the experiment, a
precision AC servo motor is employed. The motor is
controlled by a servo drive through a PLC system. To
increase the input torque, a servo reducer is added at the
input end. The magnetic powder brake is controlled by
a tension controller to provide load. Each input and
output shaft is connected to a torque-speed meter for
real-time measurement of the input and output torques
of the gear pair. Two encoders are connected to the gear
shafts to measure the angular displacement of the
master and slave gears for calculating the dynamic
transmission error. The gear pair is fixed on bearing
supports using bearings. Acceleration sensors are
arranged in predetermined directions to measure the
system’s acceleration signals. To ensure uniformity in
the time domain for all measured physical quantities,

20 25 30 3s 40

Torque [N] .

POM 45#Steel

Fig. 18 Steel-plastic gear pair for testing

all sensor data are collected by the same integrated data
acquisition system.

The adjustment of the input speed during the
experiment can be controlled by a PLC (Pro-
grammable Logic Controller), while the load torque
can be changed by varying the current of the magnetic
powder brake through a tension controller. The
sampling frequency of the integrated data acquisition
system is set to 50,000 Hz.

5.2 Experimental results and data analysis
Consider the actual loading capacity of the test rig, the
experimental conditions were set with an input shaft

speed of 600 rpm and input shaft loads of 5 N m. and
10 N m. The angular displacement values of the
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Table 4 Main equipment
parameters

Equipment

Type Parameter

Servo motor

Servo drive

Angle encoder
Acceleration sensor

Magnetic powder brake

Servo reducer

ECMA-C20807S Rated power 750 (W)

ASD-B2 Rated power 750 (W)
E6C3-CWZ3EH 3600 (P/R)

ZHY-6001 Sensitivity 100 (mV/g)
FZ-B-200 Rated torque 200 (N m)

Permissible speed 800 (r/min)
Speed ratio 5

Fig. 19 Gear testing experimental setup. 1. Magnetic powder brake, 2. coupling 3. torque tachometer, 4. angle encoder, 5. bearing

bracket, 6. acceleration sensor, 7. servo reducer, and 8. servo motor

master and slave gears were obtained through the
encoders, while the dynamic transmission error was
calculated using Eq. (32)

DTE=0,-i— 0. (32)

In the above Eq. (32), 0, represents the measured
angular displacement of the slave gear, 0; represents
the measured angular displacement of the master
gear,i represents the gear ratio, and DTE represents the
measured dynamic transmission error in terms of
angular displacement. In this study, the measured
dynamic transmission error in terms of angular
displacement was converted to displacement along
the line of action.

The encoders capture pulse signals, which can be
processed and converted into gear rotation angle
values using subsequent analysis software. Fig-
ure 20a, b displays the collected raw pulse signals
from the encoders and the corresponding angle curves.
Based on these curves and Eq. (32), the measured
dynamic transmission errors along the line of action
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were calculated for load conditions of 5 N m and
10 Nm as shown in Fig. 21a, b. Figure 21c, d
displays the theoretical dynamic transmission errors
along the line of action for load conditions of 5 N m
and 10 N m, respectively.

Considering the errors introduced by the central-
ized parameter model employed in this study, as well
as potential influences from instrument precision, test
rig accuracy, and external disturbances, there may be
some discrepancies between the measured experimen-
tal results and the simulated theoretical values of the
dynamic transmission error in the time domain.
Therefore, particular emphasis is placed on comparing
and analyzing the maximum values of the dynamic
transmission error for the two different load condi-
tions. The maximum values of the dynamic transmis-
sion error obtained from theoretical simulations and
experimental tests are presented in Table 5.

By considering the maximum dynamic transmis-
sion error obtained from the experiments as the
reference, it can be observed that the simulated results
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Fig. 20 The raw signals collected from the encoders and
rotation angle curves

are relatively close to the experimental results, with an
overall error within a range of about 20%. This level of
overall error is within an acceptable range. Particu-
larly for higher loads, the theoretical model in this
study, considering the external meshing, demonstrates
a reasonable agreement with the experimental results.
In addition to the dynamic transmission error, the
experiments also measured the acceleration signals of
the system. As an example, Figs. 22 and 23 present the
acceleration test curves in the line of action and the x-
direction of the output shaft under different load
conditions.

From the graph, it can be observed that regardless
of the load condition, the acceleration test curves
exhibit a significant amount of background noise. The

input shaft speed of the master gear is 600 rpm,
corresponding to a rotational frequency of f, = 10 Hz,
while the output shaft frequency is f/ = 5.68 Hz. The
meshing frequency is f;, = 210 Hz. In the time domain
curves, periodic fluctuations can be roughly observed
with a period of 1/f; or 1/f.

Figure 24 depicts the theoretical simulation spec-
trum of the acceleration along the x-direction, with the
horizontal axis given in terms of multiples of the
meshing frequency.

In the theoretical simulation curve shown in
Fig. 24, no sideband components are observed. How-
ever, when considering the external meshing effect as
shown in Fig. 24a, the dominant frequency in the
system is found to be 5 times the meshing frequency,
which is consistent with the experimental results. On
the other hand, when not considering the external
meshing effect, the simulated acceleration signal
along the x-direction, as shown in Fig. 24b, exhibits
a dominant frequency of 12 times the meshing
frequency. The experimental results indicate the
occurrence of external meshing phenomenon in the
steel-plastic gear pair under the given load condition
and provide some confirmation of the accuracy of the
theoretical model proposed in this study.

It is worth noting that the experimental observa-
tions reveal the presence of some sideband noise in the
signal. Additionally, apart from the dominant fre-
quency, other frequency components are observed in
the experimental results that were not present in the
simulation. These additional frequency components
can be a subject of further investigation in future
studies. It is important to consider that the acquisition
of the acceleration data in this study involved attach-
ing the accelerometer to the gear support using
adhesive at a specific angle. As a result, the signal
pathway is relatively long, passing through the gear,
shaft, bearings, and bearing seats, introducing various
sources of error. Furthermore, manufacturing and
assembly errors, as well as the instrument’s resolution,
also contribute to the overall measurement error.
Overall, the test results of the acceleration signal and
dynamic transmission error provide some validation of
the accuracy of the proposed model in this study and
exhibit a certain degree of reliability.
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Fig. 21 Simulation of dynamic transmission error and comparison of test results

Table 5 The comparison of the maximum dynamic trans-
mission error

Load 5Nm 10 N m
Simulation 3.6715e—5 6.5268e—5
Experiment 3.2875e—5 5.3205e—5
Error 11.7% 22.7%

6 Conclusion

This study proposed an approximate method to
calculate the time-varying mesh stiffness of steel—
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plastic gear pairs, considering the effects of backlash,
flank contact ratio, and the material properties of
plastic material at different temperatures. A dynamic
model was established to analyze the dynamic char-
acteristics of steel-plastic gear pairs under various
loads. The influence of load on the time-varying mesh
stiffness and dynamic behavior was also considered.
Based on the analysis, the following conclusions were
drawn:

(1) An approximate method was proposed to deter-
mine the time-varying mesh stiffness, consider
the external meshing effect and the material
property variations of plastic gears at different
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temperatures. The reliability of the method was
validated through finite element analysis, pro-
viding a new approach to obtain the time-
varying mesh stiffness of plastic gears.

(2) The influence of load on the time-varying mesh
stiffness of steel—plastic gear pairs was investi-
gated. The results showed that the stiffness
variation exhibited a nearly linear relationship
with the load. With increasing load, the tem-
perature of the gear pair increased, leading to
material softening and a decrease in stiffness.

(3) The dynamic performance of steel-plastic gear
pairs under different loads was compared. The
results demonstrated that considering the effects
of backlash and flank contact ratio resulted in
superior dynamic response compared to
neglecting these effects. This advantage became
more pronounced with increasing load. Load
variation significantly affected the vibration
characteristics, and the dynamic performance
of steel-plastic gear pairs decreased with
increasing load.

In summary, this study provided insights into the
time-varying mesh stiffness and dynamic behavior of
steel-plastic gear pairs. The proposed method and
findings contribute to the understanding and design of
steel-plastic gear systems, considering the effects of
load and temperature on their dynamic performance.

In future research, it is advisable to explore
alternative materials and delve into the dynamic
characteristics of the system when considering exter-
nal meshing. Additionally, investigating the impact of
temperature and load variations on the system’s
dynamics would be a valuable avenue of study.
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