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Abstract The nonlinear dynamic model of the NW

(planetary gear structure with internal and external

meshing and without planet carrier) planetary gear

bearing was established in this study, taking into

account factors such as random wind speed, time-

varying support stiffness, bearing clearance, transmis-

sion error, tooth backlash, flexible ring gear, time-

varying meshing stiffness, and tooth surface friction.

The system’s nonlinear behavior was described using

phase trajectory plane, time–frequency analysis, time

history, 3D frequency spectrum, FFT spectrum, phase

diagram, and Poincaré map, as well as bifurcation

diagram. Additionally, the superharmonic resonance

characteristics of the system were analyzed using a

multi-scale method, and the stability conditions for

superharmonic resonance were determined through

numerical analysis. Furthermore, the effects of mesh-

ing damping, displacement control parameters, and

speed control parameters on the amplitude–frequency

characteristics of the NW planetary gear-bearing

system were examined. The conclusions indicate that

the NW planetary gear-bearing system exhibits vari-

ous nonlinear characteristics, and the system’s stabil-

ity can be improved by increasing damping and

selecting appropriate time delay parameters.

Keywords Nonlinear dynamics � NW planetary

gear � Time-varying support stiffness � Ring gear

flexibility � Bifurcation and chaotic � Superharmonic

resonance

1 Introduction

The old energy structure is gradually evolving as

society and technology improve, and renewable green

energy will eventually overtake fossil fuels as the

primary energy source. The most popular renewable

energy is wind energy, which is also one of the trends

of new energy development in the future. [1, 2]. As an
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important component of wind turbines, gearboxes play

an important role in wind power generation, because

they can transmit power and change speed. Because of

its wide transmission ratio range, traits of compact

radial size, and high transmission efficiency, NW-type

(planetary gear structure with internal and external

meshing and without planet carrier) planetary trans-

mission structure is gradually reused and employed in

high-power wind turbine turbochargers. In order to

determine the working conditions of NW wind

turbines, the nonlinear dynamic analysis of the NW

planetary gear structure is very necessary.

The nonlinear behavior and superharmonic resonance

features of gear systems have been extensively studied by

many academics for a variety of reasons. Many

researchers have created nonlinear dynamic models and

taken into account the impacts of pitch deviation, tooth

backlash, and tooth center deviation. [3–6]. Wang and

Zhu [7–9] researched the effects of meshing stiffness,

tooth surface friction, tooth backlash, and bearing

clearance, and established a geared turbofan engine

gearbox’s fixed-axis straight-tooth planetary gear-rotor-

bearingsystem’snonlinear dynamicmodel.Manystudies

have considered the temperature rise caused by gear

friction and established dynamic models, including

nonlinear factors such as gear thermal deformation.

[10–13]. Mo et al. [14–16] studied the evolution of

nonlinear global behavior of non-orthogonal face gear-

bearing system, described the development of the overall

behavior of the system with excitation frequency, load

change, and meshing damping, and studied the asym-

metric meshing characteristics and load sharing charac-

teristics of gears. Shuai et al. [17, 18] studied the

nonlinear vibration characteristics of non-orthogonal face

gear-bearing system and the load sharing characteristics

of elastically supported herringbone planetary gear train

and floating sun gear. Zhao et al. [19] Li et al. [20] Wei

et al. [21] Xiang et al. [22] Qiu et al. [23] established a

nonlinear model of planetary gear transmission system

considering the factors such as segmented clearance,

gravity, pitch, and inclination of the table.

Wind power accelerator is an important part of

wind turbines, many scholars have undertaken exten-

sive research on it. Zhao et al. [24] conducted a study

on the impact of external excitation, mesh stiffness,

and static transmission error on the torsional vibration

of wind turbine transmission systems. Chen et al. [25]

investigated the effects of random wind speed and

random backlash on the vibration of wind turbine

transmission systems. Guo et al. [26] employed the

modified harmonic balance method with simultaneous

excitation to study the dynamics of wind turbine

planetary gear sets under the influence of gravity. Zhu

et al. [27] developed a coupled dynamic model for

wind turbine gearboxes with flexible pinions. Zhang

et al. [28] considered the different meshing of the

internal and external teeth of the planetary gear and the

mixed effect of elastic hydrodynamic lubrication and

boundary lubrication when analyzing the composite

gear transmission system of wind turbines.

The multi-scale method was proposed by Sturrock,

Cole, Nayfeh, et al. and then further developed later.

Moradi and Salarieh [29] used a multi-scale method to

study the forced vibration response of a single-degree-

of-freedom gear system, including nonlinear factors

such as gear clearances. Wang et al. [30] examined the

parametric resonance and stability of cracked gear

systems; he then used the multi-scale method to show

how important parameters like damping ratio affected

the stability of the system.

The current research on transmission systemsmainly

focuses on single-stage gear pairs with multi-factor

coupling and planetary gear systems with single or few-

factor couplings. However, there is a lack of studies on

the nonlinear dynamics modeling of the entire trans-

mission system under multi-factor coupling effects.

This paper establishes a nonlinear dynamics model of a

wind turbine transmission system considering multiple

factors such as random wind speed, time-varying mesh

stiffness, time-varying support stiffness, tooth backlash,

gear flexibility, and tooth surface friction. It also takes

into account the coupling effects of bearings in the

planetary gear system, aswell as the influence ofbearing

clearance. By incorporating multiple parameters into

the coupled transmission system model described

above, the resulting nonlinear dynamicsmodel becomes

more realistic and accurate, leading to higher precision.

The primary objective of this paper is to analyze the

nonlinear dynamic response and superharmonic reso-

nance properties of theNWplanetary gear-rotor bearing

system, considering factors such as random input load,

time-varying meshing stiffness, flexible ring gear, tooth

backlash, transmission error, bearing clearance, and

friction. The structure of this paper is as follows: In

Sect. 2, the dynamic model of the NW planetary gear-

bearing system is created, including the input model

considering random wind speed input, bearing force

analysis with bearing clearance, calculation model of
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helical gear friction, and force analysis of the inner ring

gear considering flexibility. Section 3 develops the

vibration differential equation of the NW planetary

gear-bearing system. Section 4 elaborates on the impact

of excitation frequency on the NW planetary gear-

bearing system, presenting time history, frequency

diagram, phase diagram, Poincaré map, time–fre-

quency, phase trajectory plane, and 3D frequency

spectrum. Section 5 derives the stability condition of

superharmonic resonance of the NW planetary gear-

bearing system using the multi-scale method, and

simulates the influence of meshing damping, displace-

ment control parameters, and speed control parameters

on superharmonic resonance using the numerical

method. Finally, Sect. 6 draws the conclusion.

Through the above 6 sections, we can get that the NW

planetary gear-bearing system exhibits various nonlinear

characteristics. Meshing damping, velocity delay param-

eters, and displacement delay parameters have obvious

influence on the amplitude of the system. The stability of

the system can be improved by increasing the damping

and selecting the appropriate time delay parameters.

2 NW planetary gear nonlinear model

2.1 NW wind power gear model

Figure 1 depicts the structure of the NW wind power

accelerator transmission, which consists of a first-

stage NW planetary gear and a first-stage parallel-axis

herringbone gear. The power generated by natural

wind driving the blade is input through the inner gear

ring, and after passing through the gear structure, it is

output by the herringbone gear. In this context, Tin and

Tout represent the input torque and output torque,

while r, p, s, and h denote the inner ring gear, planetary

gear, sun gear, and herringbone gear, respectively.

2.2 Random wind speed

The natural wind drives the wind blades, forming the

input torque of the NWwind power planetary gearbox,

hence the pattern of natural wind speed change has a

significant impact on the input torque. In this article, a

two-parameter Weibull distribution with a shape

parameter of 5.0 and a scale value of 11.5 is employed

to simulate the speed of natural wind. Figure 2 shows

the random wind speed within 400 s.

Weibull distribution model:

FðvÞ ¼ 1� e�
v
Cð Þ

k

ð1Þ

where K represents the shape parameter, which is used

to explain how observations of wind speed vary,

C represents the scale parameter which is connected to

the mean wind speed, and v is wind speed.

For NW wind turbine, the variation of the input

speed and input torque of the gearbox is depicted in

Fig. 3. When the natural wind speed is between the

cut-in wind speed and the rated wind speed, the

variation of the input torque and the input speed with

the wind speed is depicted in Eq. (2).

Tin ¼
Te
v2e

v2

vin ¼
vvate
ve

v

8
><

>:
ð2Þ

where Te is the rated torque, ve is the rated wind speed,

and vvate is the rated speed.

Depending on the characteristics of the NW wind

turbines shown in Table 1, the input speed and torque

versus time curves of the NW wind turbine gearbox

are depicted in Fig. 4.

2.3 Time-varying mesh stiffness

The meshing of helical gear and herringbone gear

begin at one end of the tooth and gradually spread to

the entire tooth surface, and the meshing stiffness

without mutation point. Figure 5 shows the meshing

stiffness of the three-stage gear pair. The numerical

calculation of the meshing stiffness of the three-stage

gear pair refers to ISO-6336-1:2019.

Because of the helical gear coincidence degree

e[ 1, in the meshing process, there will be multiple

pairs of gear teeth meshing alternately. Therefore, the

meshing stiffness of the gear pair changes periodically

with the number of meshing teeth. The meshing

stiffness of a gear can be approximated by Fourier

series. In this paper, the first-order Fourier series is

used to approximate the meshing stiffness of a gear

pair Kk(t)[31].

KkðtÞ ¼ Kk
m þ DKk

m cos xk
mt þ uk

m

� �
ð3Þ

where Kk m represents the meshing stiffness of the

three-stage gear pair, DKk m represents the variation

amplitude of the meshing stiffness of the three-stage
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Fig. 1 NW wind power accelerator transmission structure. a Mechanism kinematic diagram, b Three-dimensional structure

Fig. 2 Followed wind

speed graph in 400 s

(a) Input speed (b) Input torque

Fig. 3 Variation of input speed and torque. a Input speed, b Input torque
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gear pair, xk m is the meshing frequency of the three-

stage gear pair, and uk m is the phase angle of the

three-stage gear pair. (k = I, II, III).

2.4 Sliding friction of tooth surface

The driving gear’s meshing point goes from the tooth

root to the tooth tip throughout the gear meshing

operation, and its linear velocity steadily decreases.

The meshing point of the driven gear moves from the

tooth tip to the tooth root, and the linear velocity of the

meshing point increases gradually. The sliding friction

between the tooth surfaces is caused by the relative

velocity between the two gears.

As shown in Fig. 6, N1N01N2N02 is the theoretical

meshing plane of the two gears, B1B01B2B02 is the

actual meshing plane of the two gears, A1A01A2A02
represents the meshing area of the gear pair, where b
represents the helical angle of the helical gear,

B represents the width of the gear, and pb represents

Table 1 Basic parameters

of NW wind turbine
Parameters Value Parameters Value

Rated power (MW) 5 Cut-in wind speed (m/s) 3

Rated wind speed (m/s) 11.5 Cut-out wind speed (m/s) 25

Blade diameter (m) 171 Rated torque (N�m) 4.3 9 106

Blade number 3 Rated input speed (m/s) 17.3

Fig. 4 Torque and speed input in 400 s

(a) Low-speed gear pair      (b) Intermediate gear pair       (c) High-speed gear pair

Fig. 5 Time-varying mesh stiffness of three-stage gear pair. a Low-speed gear pair, b Intermediate gear pair, c High-speed gear pair
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the pitch, ea represents the end coincidence degree of

helical gear, eb represents the axial coincidence degree
of helical gear, and ec represents coincidence degree of
helical gear. The meshing procedure of helical gear

may be separated into five sections, as illustrated in

Fig. 6. (1) Gray part, the actual meshing line length of

the gear into a linear increase, that is, the sliding

friction between the gears gradually increased, and the

direction is positive. (2) Cyan part, the gear meshing

line’s length stays constant. (3) Orange part, the gear

meshing line across the pitch line, the direction of

tooth surface friction force across the pitch line

changes, and the total friction is equal to the two parts

minus. (4) Yellow part, the gear meshing line’s length

stays constant, and the direction of friction is negative.

(5) Blue part, the gear meshing line’s length gradually

decreases, and the friction direction is negative.

The formula of gear friction is derived by taking an

intermediate gear pair as an example. Figure 7 is the

end face projection of the theoretical meshing plane.

Equation (4) illustrates the equivalent front radius of

the engagement of the ith gear tooth between the

planetary gear and sun gear.

rIIqpi ¼ rIIbp tan a
II
t � 1

2
eIIa p

II
b � BII tan bIIb þ SIIi

rIIqsi ¼ rbs tan aIIt þ 1

2
eIIa p

II
b þ BII tan bIIb � SIIi

8
><

>:
ð4Þ

where rII bp, rbs represent the base circle radius of the

planetary gear and the sun gear, BII represents the

width of the intermediate gear pair, and SII i is the

distance from the contact line of tooth i to the front

end. Specific expression like Eq. (5). xII p represents

the rotation angular velocity of the planetary gear.

t0 ¼ modðTmÞ, Tm represents meshing period of a pair

of teeth.

SIIi ¼ mod xII
p t

0 þ 2ði� 1Þp=ZII
p ; 2ceilðeIIc Þp=ZII

p

h i
rIIbp

ð5Þ

Assuming that the gear’s contact line moves to the

LL0 position at a certain moment, the relative sliding

velocity between the intermediate gear pairs is

depicted in Eq. (6).

V II ¼ xsrKs � xpr
II
Kp ð6Þ

where rKs represents the radius of curvature of the end

face of the gear contact point to the sun gear, rII Kp

represents the radius of curvature of the end face of the

gear contact point to the planetary gear. Specific

expression like Eq. (7).

rIIkp ¼ rIIqp þ l sin bIIb
rIIks ¼ rIIqs � l sinbIIb

(

ð7Þ

where l represents the distance between the contact

point and the gear’s front face.

Since the relative sliding speed between gears is

also a periodic variation related to time, the relative

Fig. 6 Helical gear meshing area diagram. (Color

figure online)

Fig. 7 End face projection of theoretical meshing plane

123

4090 S. Mo et al.



sliding speed is related to the lubrication state between

gears. In this paper, Buckingham’s semiempirical

formula is used to calculate the friction coefficient

between gears.

lIIB ¼ 0:05e�0:125V II þ 0:002
ffiffiffiffiffiffi
V II

p
ð8Þ

Let the relative displacement between the ith

meshing tooth pair on the intermediate gear pair is

xII nji. The friction per unit length on the meshing line

is shown in Eq. (9).

f IIji ¼ lIIB � kIIji � f ðxIInji; bIIÞ ð9Þ

where kII ji is meshing stiffness per unit length on the

contact line, f ðxIInji; bIIÞ is tooth-backlash function.

Specific expression like Eq. (10).

f ðxIInji; bIIÞ ¼
xIInji � bII; xIInji [ bII

0; jxIInjij � bII

xIInji þ bII; xIInji\� bII

8
<

:
ð10Þ

According to the appeal analysis, the expression of

the friction force on a single tooth pair is as follows.

FII
ji ¼

R BII=cosbIIb
ðeIIbp

II
b
�SIIi Þ=sinb

II
b

f IIji dl SIIi 2 0;eIIbp
II
b

� �

R BII=cosbIIb
0

f IIji dl SIIi 2 eIIbp
II
b ;
1

2
eIIa p

II
b

� �

R 1
2
eIIaþeIIbð ÞpIIb�SIIi½ �=sinbIIb

0 �
R BII=cosbIIb

1
2
eIIaþeIIb

� �
pII
b
�SIIi

	 

=sinbIIb

f IIji dl

� �

SIIi 2
1

2
eIIa p

II
b ;

1

2
eIIa þeIIb

� �

pIIb

� �

�
R BII=cosbIIb
0

f IIji dl SIIi 2
1

2
eIIa þeIIb

� �

pIIb ;e
II
a p

II
b

� �

�
R ðSIIi �eIIc p

II
b Þ=sinb

II
b

0 f IIji dl SIIi 2 eIIa p
II
b ;e

II
c p

II
b

h �

0 SIIi 2 eIIc p
II
b ;þ1

h �

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

ð11Þ

The friction forces of planetary gear 2 and sun gear:

FII
fpi ¼

Xceilðe
II
c Þ

i¼1

FII
ji ; Ffs ¼

X3

j¼1

FII
fpi ð12Þ

The friction torques on a single tooth of planetary

gear 2 and sun gear:

MII
ji ¼

Z

fji � rIIKpdl; Msji ¼
Z

fji � rIIKsdl ð13Þ

The friction torques of planetary gear 2 and sun

gear:

MII
pj ¼

Xceilðe
II
c Þ

i¼1

MII
ji ; Ms ¼

Xceilðe
II
c Þ

i¼1

Msji ð14Þ

Similarly, the friction of inner ring gear and

planetary gear 1:

Ffr ¼
X3

j¼1

FI
fpi; FI

fpi ¼
Xceilðe

I
cÞ

i¼1

FI
ji ð15Þ

The friction torques:

Mr ¼
Xceilðe

I
cÞ

i¼1

Mrji; MI
pj ¼

Xceilðe
I
cÞ

i¼1

MI
ji ð16Þ

The friction force of herringbone gear 1 and

herringbone gear 2:

Ff1 ¼
Xceilðe

III
c Þ

i¼1

FI
fi; Ff2 ¼ Ff1 ð17Þ

The friction torque:

M1 ¼
Xceilðe

III
c Þ

i¼1

M1i; M2 ¼
Xceilðe

III
c Þ

i¼1

M2i ð18Þ

2.5 Time-varying support stiffness

Taking the cylindrical roller bearing as an example, the

bearing force is derived. Figure 8 is a cylindrical roller-

bearing model. The supporting bearing’s outer ring is

fastened to thebearing seat, and its inner ring is permanently

coupled to the rotating shaft. The inner ring of the bearing

and the center of the bearing coordinate system are aligned,

and the rotary shaft and its axis OZ are aligned as well.

The bearing coordinate system’s origin is at the

heart of its width. The inner and outer rings and the

bearing roller do not slide against one another,

supposing that the bearing rollers are evenly dis-

tributed on the cage. Equation (19) displays the linear

velocities vbi and vbo at the bearing roller’s contact

point with the inner and outer circular.

vbi ¼ xbirbi
vbo ¼ xborbo

�

ð19Þ

where xbi and xbo are the angular velocities of the

inner and outer rings. rbi and rbo are the radius of the

bearing’s inner and outer rings, respectively. xbo is

equal to 0 since rigid connection of the outer ring and

bearing seat.

The cage’s angular velocity is equal to the bearing

roller’s angular velocity of revolution, which is

denoted by Eq. (20)
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xbn ¼
vbi þ vbo
rbi þ rbo

¼ xbirbi
rbi þ rbo

ð20Þ

It is possible to represent the ith roller’s rotational

angle as a function of time t.

hiðtÞ ¼
2pði� 1Þ

Zb
þ xbnt i ¼ 1; 2; . . .; Zb ð21Þ

where Zb indicates the rollers’ number.

Figure 9a is the deformation diagram of the bearing

rolling element, when the bearing is not forced, the

inner and outer ring raceway curvature centers are Obi

and Obo, and the radius of curvature are rbi and rbo.

After the bearing is pressed, the center distance of the

inner and outer ring raceways’ curvature centers shifts

from l to l0. Ignoring centrifugal force and gyroscopic

moment of the rolling element, the contact angle of the

rolling element and inner and outer ring raceway is

equal, contact force is equal. When the bearing is not

stressed, the contact angle is c. After the bearing is

stressed, the contact angle is c0. The geometric

relationship is depicted in Fig. 9b. Because the outer

ring of the bearing is fixed to the cylindrical roller-

bearing seat,Obo andO
0
bo’s locations coincide, and the

inner ring’s center of curvature shifts from Obi to O0
bi

during load, the outer ring’s position is unaffected.

The rolling element’s axial, radial, and angular

deformations are denoted by the letters da, dr, and
dh. Equation (22) can be used to express the center

distance between the inner and outer ring curvature

centers after bearing deformation.

l0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðl sin ci þ zþ rbodh cos hiÞ2 þ ðl cos ci þ x cos hi þ y sin hiÞ2
q

ð22Þ

where x, y, and z represent vibration displacements

along the coordinate axis.

As a result, the rolling element’s deformation can

be expressed as:

d ¼ l0 � l� c ð23Þ

where c represents rolling bearing clearance.

Following a force-induced deformation, the rolling

element’s contact angle, is expressed as:

tan c0i ¼
l sin ci þ zþ rbo cos hi

l cos ci þ x cos hi þ y sin hi
ð24Þ

Considering that the positive contact pressure is

generated only when d[ 0, the axial and radial

components of the contact force between the rolling

body and the inner and outer rings are shown in

Eq. (25).

Fab ¼ Kbd
n sin c0i � HðdÞ

Frb ¼ Kbd
n cos c0i � HðdÞ

�

ð25Þ

where the index n represents 3/2 for the roller bearings

and 10/9 for the roller bearings, Kb stands for the

support stiffness of the bearing, and H stands for the

Heaviside function.

HðdÞ ¼ 1; d[ 0

0; d\0

�

ð26Þ

Fig. 8 Cylindrical roller-

bearing model
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The bearing force in its coordinate system is

expressed as:

Fbx ¼
PZb

i¼1 Frb cos hi
Fby ¼

PZb
i¼1 Frb sin hi

Fbz ¼
PZb

i¼1 Fab

8
<

:
ð27Þ

2.6 Gear ring flexibility

The gear structure of the NW wind speed increaser is

huge and bears the load caused by randomwind speed.

In this case, the internal gear ring is equivalent to a thin

ring. Therefore, it is impossible to disregard the

internal gear ring’s flexibility. In this paper, the inner

gear ring is divided into M (M C 100) segments by

using the idea of discretization. The inner gear ring is

regarded as a combination of M rigid bodies and

M springs with a length of 0. The bending section

stiffness of the ring gear is taken as the connection

stiffness between the micro-segments of the ring gear

(Fig. 10).

The end face diagram of the planetary gear and the

micro-segment of gear ring at a certain time is shown

in Fig. 11.u ¼ p=M. uri represents the phase angle of

the gear micro-segment I, uri ¼ xrt þ 2pði� 1Þ=M.

UI
j represents the meshing phase angle of participating

meshing micro-segment of gear ring and planetary

gear j, UI
j ¼ uI

j þ aIt .

The equivalent springs between the ring gear’s

micro-segments are projected along the x and y

directions, as depicted in Fig. 11. Micro-segments

centroid position of adjacent ring gear changes from

Cr,i?1, Cr,i, Cr,i-1to C0
r,i?1, C

0
r,i, C

0
r,i-1. The relative

displacement of the equivalent springs between adja-

cent ring gear segments along their respective x and y

axes can be shown in Eq. (28).

Dxri ¼ xri � xri�1 � a cosðnþ uri þ uriÞ þ a cosðn� uri�1 � uriÞ
Dyri ¼ �yri þ yri�1 � a sinðnþ uri þ uriÞ � a sinðn� uri�1 � uriÞ

�

ð28Þ

where a is the distance between the connecting spring

and the centroid of the ring gear micro-segment Ci.

a ¼ 2rc sinðu=2Þ,n ¼ ðp� uÞ=2.

2.7 Gear meshing force

The vibration displacements of all gears are projected

along their respective meshing lines. Considering the

transmission error, the meshing displacements of the

three-stage gear pair can be obtained as shown in

Eq. (29), (32), and (33), respectively.

Relative meshing displacement of participating

ring micro-segment and jth planetary gear:

xn1¼ �uri�uIpi� xri�xIpi

� �
sinUI

j� yri�yIpj

� �
cosUI

j

h i
cosbIbþ zri�zIpj

� �
sinbIbþeIðtÞ

ð29Þ

Fig. 9 Rolling deformation. a Rolling element deformation diagram, b Geometric relationship diagram
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If the action point of meshing force is on CiBi,

Eq. (30) is satisfied.

p
M

� uri �
2pðj� 1Þ

N
þ arccos

rbr
rc

� �

� aIt

� 


� p
M

ð30Þ

So, in Eq. (29), ‘±’ takes ‘-,’ else ‘±’ takes ‘?.’

When the planet gear engages with the micro-segment

i, the meshing point is between AiBi, and Eq. (31) is

satisfied.

p
M

� uri �
2pðj� 1Þ

N
þ arccos

rbr
rc

� �

� aIt

� 


� 2p
M

ð31Þ

Relative meshing displacement between the sun

gear and the jth planetary gear:

xn2 ¼ us � uIIpj þ xs � xIIpi

� �
sinUII

j þ ys � yIIpj

� �
cosUII

j

h i

cos bIIb þ zs � zIIpj

� �
sin bIIb þ eIIðtÞ

ð32Þ

Relative meshing displacement of high-speed her-

ringbone gear pair:

xn3 ¼ u1 � u2 þ ðx1 � x2Þ sin aIIIt þ ðy1 � y2Þ cos aIIIt
	 


cos bIIIb þ ðz1 � z2Þ sin bIIIb þ eIIIðtÞ
ð33Þ

where ek(t) (k = I, II, III) is the static transmission

error of gear pair, it can be fitted by harmonic function:

ekðtÞ ¼ eka þ ekr sinðxmt þ u0Þ ð34Þ

Fig.10 Schematic diagram

of low-speed gear pair.

a End face diagram, b Axial

diagram

Fig.11 Geometric relation

diagram of gear ring

deformation.

a Instantaneous meshing

diagram, b Relative position

diagram
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where ek a represents the error constant, ek r

represents the error fluctuation amplitude, xm is the

meshing angle frequency of the gear pair, and uo is the

phase angle.

Relative meshing displacement according to the

above. The three-stage gear pair’s meshing force can

be written as:

FI
mj ¼ KI

mf ðxn1; bIÞ þ CI
m _xn1

FII
mj ¼ KII

mf ðxn2; bIIÞ þ CII
m _xn2

FIII
m ¼ KIII

m f ðxn3; bIIIÞ þ CIII
m _xn3

8
<

:
ð35Þ

2.8 Dynamic model of NW wind power planetary

gear system

As depicted in Fig. 12, a multi-degree-of-freedom

coupled dynamic model of an NW wind power

planetary gear-bearing system is created. The origin

of the coordinate system coincides with the center of

the internal gear ring. The x-axis in every coordinate

system is parallel to the paper’s surface from the inside

out. The origin of the bearing coordinate system is the

center of the support, and the z-axis and the axis of

rotation are parallel.

The system’s vibration model includes the fluctu-

ation of randomwind speed, the time-varying meshing

stiffness, friction, transmission error, tooth backlash,

and bearing clearance. In Fig. 12, Tin (t) is the input

torque considering fluctuations, and Tout is the output

torque. The support stiffness of the bearing is repre-

sented by Kpb1, Kpb2, Ksb, K1b, K21b, and K22b. The

damping is represented by Cpb1, Cpb2, Csb, C1b, C21b,

and C22b.

3 System vibration differential equation

In the vibration model, the gear and the bearing are

regarded as the concentrated mass and are located in

the middle of their respective supports. In the trans-

mission process of helical gear and herringbone gear

pair, the meshing force can be decomposed into three

directions of x, y, and z in the gear coordinate system.

The coordinate system of the micro-segment of the

inner ring gear is established in a dynamic coordinate

system that rotates synchronously with the inner ring

gear with its micro-segment centroid as the center. The

degree of freedom of the NW wind power planetary

gear-bearing system is depicted in Eq. (36).

uri; xri; yri; zri; xpb1;ypb1; zpb1; u
I
pj; x

I
pj; y

I
pj; z

I
pj; u

II
pj; xpb2;

�

ypb2; zpb2; x
II
pj; y

II
pj; z

II
pj; us; xs; ys; zs; xsb;ysb; zsb; u1; x1;

y1; z1; x1b;y1b; z1b; u2; x2; y2; x21b;y21b; x22b;y22bÞT

ð36Þ

where u, x, y and z are the degrees of freedom of

torsion, x-axis, y-axis, and z-axis, respectively. Sub-

scripts ri, pj, pb, s, sb, 1, 1b, 2, 2b represent the ith

micro-segment, the jth planetary gear, planetary gear

bearing, sun gear bearing, herringbone gear 1, her-

ringbone gear 1 bearing, herringbone gear 2, herring-

bone gear 2 bearing. Superscripts I II III represent

three-stage gear pair respectively. According to the

above model, NW wind power planetary gear-bearing

system’s nonlinear vibration differential equation can

be created.

Inner ring gear meshing micro-segment:

Iri
r2br

� �
d2uri
dt2

þKuriuriþCuri
duri
dt

þ FI
mjrbr�Mri

� �
cosbIþaKe sinkiDxrið

þsingiDxriþ1�coskiDyriþcosgiDyriþ1Þ¼
Tin
M

mri
d2xri
dt2

þKrixxriþCrix
dxri
dt

� FI
mjsinw

I
j�FI

fpjcosw
I
j

� �
þKeðDxri�Dxriþ1Þ¼0

mri
d2yri
dt2

þKriyyriþCriy
dyri
dt

þ FI
mjcosw

I
j�FI

fpjsinw
I
j

� �
cosbI�KeðDyri�Dyriþ1Þ¼0

mri
d2zri
dt2

þKrizzriþCriz
dzri
dt

þ FI
mjcosw

I
j�FI

fpjsinw
I
j

� �
sinbI¼0

:

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

ð37Þ

Non-meshing micro-segment of inner gear ring:

Iri
r2br

� �
d2uri
dt2

þ Kuriuri þ Curi
duri
dt

þ aKe sin kiDxri þ sin giDxriþ1ð

� cos kiDyri þ cos giDyriþ1Þ ¼
Tin
M

mri
d2xri
dt2

þ Krixxri þ Crix
dxri
dt

þ KeðDxri � Dxriþ1Þ ¼ 0

mri
d2yri
dt2

þ Kriyyri þ Criy
dyri
dt

� KeðDyri � Dyriþ1Þ ¼ 0

mri
d2zri
dt2

þ Krizzri þ Criz
dzri
dt

¼ 0

:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

ð38Þ

Planetary gear bearing 1:

mpb1
d2xpb1
dt2

þKpx xpb1�xIpj

� �
þCpx

d xpb1�xIpj

� �

dt
þCpb1

dxpb1
dt

¼�Fpb1x

mpb1
d2ypb1
dt2

þKpy ypb1�yIpj

� �
þCpy

d ypb1�yIpj

� �

dt
þCpb1

dypb1
dt

¼�Fpb1y�mpb1g

mpb1
d2zpb1
dt2

þKpz zpb1�zIpj

� �
þCpz

d zpb1�zIpj

� �

dt
þCpb1

dzpb1
dt

¼�Fpb1z

8
>>>>>>>>><

>>>>>>>>>:

ð39Þ
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Internal meshing planetary gear:

IIp

ðrIbpÞ
2

" #
d2uIpj
dt2

þKI
up uIpj�uIpj

rIbp
rIIbp

 !

þCI
up

d uIpj�uIpjr
I
bp=r

II
bp

� �

dt
� FI

mjr
I
bp�MI

pj

� �
cosbI¼0

mI
p

d2xIpj
dt2

þKpx 2xIpj�xpb1�xpb2

� �
þCpx

d 2xIpj�xpb1�xpb2

� �

dt
þ FI

mjsinw
I
j�FI

fpjcosw
I
j

� �
¼0

mI
p

d2yIpj
dt2

þKpy 2yIpj�ypb1�ypb2

� �
þCpy

d 2yIpj�ypb1�ypb2

� �

dt
� FI

mjcosw
I
j�FI

fpjsinw
I
j

� �
cosbI¼�mI

pg

mI
p

d2zIpj
dt2

þKpz 2zIpj�zpb1�zpb2

� �
þCpz

d 2zIpj�zpb1�zpb2

� �

dt
� FI

mjcosw
I
j�FI

fpjsinw
I
j

� �
sinbI¼0

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð40Þ

Planetary gear bearing 2:

mpb2
d2xpb2
dt2

þKpx 2xpb2�xIpj�xIIpj

� �
þCpx

d 2xpb2�xIpj�xIIpj

� �

dt
þCpb2

dxpb2
dt

¼�Fpb2x

mpb2
d2ypb2
dt2

þKpy 2ypb2�yIpj�yIIpj

� �
þCpy

d 2ypb2�yIpj�yIIpj

� �

dt
þCpb2

dypb2
dt

¼�Fpb2y�mpb2g

mpb2
d2zpb2
dt2

þKpz 2zpb2�zIpj�zIIpj

� �
þCpz

d 2zpb2�zIpj�zIIpj

� �

dt
þCpb2

dzpb2
dt

¼�Fpb2z

8
>>>>>>>>><

>>>>>>>>>:

ð41Þ

External meshing planetary gear:

IIIp

ðrIIbpÞ
2

" #
d2uIIpj
dt2

þKII
up uIIpj�uIpj

rIIbp
rIbp

 !

þCII
up

d uIIpj�uIpjr
II
bp=r

I
bp

� �

dt
þ FII

mjr
II
bp�MII

pj

� �
cosbII¼0

mII
p

d2xIIpj
dt2

þKpx xIIpj�xpb2

� �
þCpx

d xIIpj�xpb2

� �

dt
� FII

mjsinw
II
j �FII

fpjcosw
II
j

� �
¼0

mII
p

d2yIIpj
dt2

þKpy yIIpj�ypb2

� �
þCpy

d yIIpj�ypb2

� �

dt
� FII

mjcosw
II
j �FII

fpjsinw
II
j

� �
cosbII¼0

mII
p

d2zIIpj
dt2

þKpz zIIpj�zpb2

� �
þCpz

d zIIpj�zpb2

� �

dt
þ FII

mjcosw
II
j �FII

fpjsinw
II
j

� �
sinbII¼0

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð42Þ

Sun gear bearing 1:

msb
d2xsb
dt2

þKsxðxsb�xsÞþCsx
dðxsb�xsÞ

dt
þCsb

dxsb
dt

¼�Fsbx

msb
d2ysb
dt2

þKsyðysb�ysÞþCsy
dðysb�ysÞ

dt
þCsb

dysb
dt

¼�Fsby�msbg

msb
d2zsb
dt2

þKszðzsb�zsÞþCsz
dðzsb�zsÞ

dt
þCsb

dzsb
dt

¼�Fsbz

8
>>>>><

>>>>>:

ð43Þ

Fig. 12 Dynamic model of NW wind power planetary gear system
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Sun gear:

Is
r2bs

� �
d2us
dt2

þKus us�u1
rbs
r1

� �

þCus
dðus�u1rbs=r1Þ

dt
�
X3

j¼1

FII
mjrbs�Ms

� �
cosbII¼0

ms
d2xs
dt2

þKsxð2xs�x1�xsbÞþCsx
dð2xs�x1�xsbÞ

dt
þ
X3

j¼1

FII
mjsinw

II
j �FII

fsjcosw
II
j

� �
¼0

ms
d2ys
dt2

þKsyð2ys�y1�ysbÞþCsy
dð2ys�y1�ysbÞ

dt
þ
X3

j¼1

FII
mjcosw

II
j �FII

fsjsinw
II
j

� �
cosbII¼�msg

ms
d2zs
dt2

þKszð2zs�z1�zsbÞþCsz
dð2zs�z1�zsbÞ

dt
�
X3

j¼1

FII
mjcosw

II
j �FII

fsjsinw
II
j

� �
sinbII¼0

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð44Þ

Herringbone Gear 1:

I1
r2b1

� �
d2u1
dt2

þKu1 u1�us
rb1
rbs

� �

þCu1
dðu1�usrbs=r1Þ

dt
þ FIII

m rb1�M1

� �
cosbIII

m1

d2x1
dt2

þKsxð2x1�xs�x1bÞþCsx
dð2x1�xs�x1bÞ

dt
� FIII

m sinaIIIn �FIII
f cosaIIIn

� �
¼0

m1

d2y1
dt2

þKsyð2y1�ys�y1bÞþCsy
dð2y1�ys�y1bÞ

dt
þ FIII

m cosaIIIn �FIII
f sinaIIIn

� �
cosbIII¼�m1g

m1

d2z1
dt2

þKszð2z1�zs�z1bÞþCsz
dð2z1�zs�z1bÞ

dt
¼0

8
>>>>>>>>>><

>>>>>>>>>>:

ð45Þ

Herringbone gear bearing 1:

m1b
d2x1b
dt2

þKsxðx1b�x1ÞþCsx
dðx1b�x1Þ

dt
þC1b

dx1b
dt

¼�F1bx

m1b
d2y1b
dt2

þKsyðy1b�y1ÞþCsy
dðy1b�y1Þ

dt
þC1b

dy1b
dt

¼�F1by�m1bg

m1b
d2z1b
dt2

þKszðz1b�z1ÞþCsz
dðz1b�z1Þ

dt
þC1b

dz1b
dt

¼�F1bz

8
>>>>><

>>>>>:

ð46Þ

Herringbone Gear 2:

I2
r2b2

� �
d2u2
dt2

þKu2u2þCu2
du2
dt

� FIII
m rb2�M2

� �
cosbIII¼Tout

m2

d2x2
dt2

þK2xð2x2�x21b�x22bÞþC2x
dð2x2�x21b�x22bÞ

dt
þ FIII

m sinaIIIn �FIII
f cosaIIIn

� �
¼0

m2

d2y2
dt2

þK2yð2y2�y21b�y22bÞþC2y
dð2y2�y21b�y22bÞ

dt
� FIII

m cosaIIIn �FIII
f sinaIIIn

� �
cosbIII¼0

8
>>>>>><

>>>>>>:

ð47Þ

Herringbone gear bearing 21:

m21b
d2x21b
dt2

þK2xðx21b�x2ÞþC2x
dðx21b�x2Þ

dt
þC21b

dx21b
dt

¼�F21bx

m21b
d2y21b
dt2

þK2yðy21b�y2ÞþC2y
dðy21b�y2Þ

dt
þC21b

dy21b
dt

¼�F21by�m21bg

8
>><

>>:

ð48Þ

Herringbone gear bearing 22:

m22b
d2x22b
dt2

þK2xðx22b�x2ÞþC2x
dðx22b�x2Þ

dt
þC22b

dx22b
dt

¼�F22bx

m22b
d2y22b
dt2

þK2yðy22b�y2ÞþC2y
dðy22b�y2Þ

dt
þC22b

dy22b
dt

¼�F22by�m22bg

8
>><

>>:

ð49Þ

3.1 Nondimensionalization

The vibration differential equation of the NW gear

speed-up box contains a variety of physical

parameters, and the order of magnitude of the physical

parameters varies greatly. In order to avoid the

calculation time being too long, the calculation failure,

and so on, the system differential equations are

dimensionless. The natural frequency xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Km2=Me2

p
of the intermediate gear pair for the NW

wind turbine gearbox is time scale. Displacement scale

with half-backlash of intermediate gear pair.

Inner ring gear meshing micro-segment:

d2u
ri

ds2
þkuriuri

þ2furi
du

ri

ds
þðf Imjrrbr�MriÞcosbIþakeðsinkiDxriþsingiDxriþ1

�coskiDyriþcosgiDyriþ1Þ¼
tin
M

d2xri
ds2

þkrixxriþ2frix
dxri
ds

� f Imjrsinw
I
j�f Ifpjrcosw

I
j

� �
þkeðDxri�Dxriþ1Þ¼0

d2yri
ds2

þkriyyriþ2friy
dyri
ds

þ f Imjrcosw
I
j�f Ifpjrsinw

I
j

� �
cosbI�keðDyri�Dyriþ1Þ¼�fg

d2zri
ds2

þkrizzriþ2friz
dzri
ds

þ f Imjrcosw
I
j�f Ifpjrsinw

I
j

� �
sinbI¼0

:

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð50Þ

Non-meshing micro-segment of inner gear ring:

d2u
ri

ds2
þ kuriuri

þ 2furi
du

ri

ds
þ akeðsin kiDxri þ sin giDxriþ1

� cos kiDyri þ cos giDyriþ1Þ ¼
tin
M

d2x
ri

ds2
þ krixxri þ 2frix

dx
ri

ds
þ KeðDxri � Dxriþ1Þ ¼ 0

d2y
ri

ds2
þ kriyyri þ 2friy

dy
ri

ds
� keðDyri � Dyriþ1Þ ¼ �fg

d2z
ri

ds2
þ krizzri þ 2friz

dz
ri

ds
¼ 0

:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

ð51Þ

Planetary gear bearing 1:

d2xpb1
ds2

þ kppb1xðxpb1 � xIpjÞ þ 2fppb1x
dðxpb1 � xIpjÞ

ds
þ 2fpb1

dxpb1
ds

¼ �fpb1x

d2ypb1
ds2

þ kppb1yðypb1 � yIpjÞ þ 2fpp1by
dðypb1 � yIpjÞ

ds
þ 2fpb1

dypb1
ds

¼ �fpb1y � fg

d2zpb1
ds2

þ kppb1zðzpb1 � zIpjÞ þ 2fppb1z
dðzpb1 � zIpjÞ

ds
þ 2fpb1

dzpb1
ds

¼ �fpb1z

8
>>>>>><

>>>>>>:

ð52Þ

Internal meshing planetary gear:

d2uIpj
ds2

þ kIup uIpj � uIpj
rIbp
rIIbp

 !

þ 2fIup
d uIpj � uIpjr

I
bp=r

II
bp

� �

ds
� f Imjpjr

I
bp �M

I

pj

� �
cos bI ¼ 0

d2xIpj
ds2

þ kIppjx 2xIpj � xpb1 � xpb2

� �
þ 2fIppjx

d 2xIpj � xpb1 � xpb2

� �

ds
þ f Imjpj sinw

I
j � f Ifpj cosw

I
j

� �
¼ 0

d2yIpj
ds2

þ kIppjy 2yIpj � ypb1 � ypb2

� �
þ 2fIppjy

d 2yIpj � ypb1 � ypb2

� �

ds
� f Imjpj cosw

I
j � f Ifpj sinw

I
j

� �
cos bI ¼ 0

d2zIpj
ds2

þ kIppjz 2zIpj � zpb1 � zpb2

� �
þ 2fIppjz

d 2zIpj � zpb1 � zpb2

� �

ds
� f Imjpj cosw

I
j � f Ifpj sinw

I
j

� �
sinbI ¼ 0

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð53Þ
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Planetary gear bearing 2:

d2xpb2
ds2

þ kppb2x 2xpb2 � xIpj � xIIpj

� �
þ 2fppb2x

d 2xpb2 � xIpj � xIIpj

� �

ds
þ 2fpb2

dxpb2
ds

¼ �fpb2x

d2ypb2
ds2

þ kppb2y 2ypb2 � yIpj � yIIpj

� �
þ 2fppb2y

d 2ypb2 � yIpj � yIIpj

� �

ds
þ 2fpb2

dypb2
ds

¼ �fpb2y � fg

d2zpb2
ds2

þ kppb2z 2zpb2 � zIpj � zIIpj

� �
þ 2fppb2z

d 2zpb2 � zIpj � zIIpj

� �

ds
þ 2fpb2

dzpb2
ds

¼ �fpb2z

8
>>>>>>>>><

>>>>>>>>>:

ð54Þ

External meshing planetary gear:

d2uIIpj
ds2

þ kIIup uIIpj � uIpj
rIIbp
rIbp

 !

þ 2fIIup
d uIIpj � uIpjr

II
bp=r

I
bp

� �

ds
þ f~

II

mjpjr~
II
bp �M

II

pj

� �
cos bII ¼ 0

d2xIIpj
ds2

þ kIIppjx xIIpj � xpb2

� �
þ 2fIIppjx

d xIIpj � xpb2

� �

ds
� f IImjpj sinw

II
j � f IIfpj cosw

II
j

� �
¼ 0

d2yIIpj
ds2

þ kIIppjy yIIpj � ypb2

� �
þ 2fIIppjy

d yIIpj � ypb2

� �

ds
� f IImjpj cosw

II
j � f IIfpj sinw

II
j

� �
cos bII ¼ 0

d2zIIpj
ds2

þ kIIppjz zIIpj � zpb2

� �
þ 2fIIppjz

d zIpj � zpb2

� �

ds
þ f IImjpj cosw

II
j � f IIfpj sinw

II
j

� �
sin bII ¼ 0

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð55Þ

Sun gear bearing 1:

d2xsb
ds2

þ kssbxðxsb � xsÞ þ 2fssbx
dðxsb � xsÞ

ds
þ 2fsb

dxsb
ds

¼ �fsbx

d2ysb
ds2

þ kssbyðysb � ysÞ þ 2fssby
dðysb � ysÞ

ds
þ 2fsb

dysb
ds

¼ �fsby � fg

d2zsb
ds2

þ kssbzðzsb � zsÞ þ 2fssbz
dðzsb � zsÞ

ds
þ 2fsb

dzsb
ds

¼ �fsbz

8
>>>>><

>>>>>:

ð56Þ

Sun gear:

d2us
ds2

þ kus us � u1
rbs
r1

� �

þ 2fus
dðus � u1rbs=r1Þ

ds
�
X3

j¼1

f~
II

mjsr~bs �Ms

� �
cos bII ¼ 0

d2xs
ds2

þ kssxð2xs � x1 � xsbÞ þ 2fssx
dð2xs � x1 � xsbÞ

ds
þ
X3

j¼1

f IImjs sinw
II
j � f IIfs cosw

II
j

� �
¼ 0

d2ys
ds2

þ kssyð2ys � y1 � ysbÞ þ 2fssy
dð2ys � y1 � ysbÞ

ds
þ
X3

j¼1

f IImjs cosw
II
j � f IIfs sinw

II
j

� �
cos bII ¼ �fg

d2zs
ds2

þ ksszð2zs � z1 � zsbÞ þ 2fssz
dð2zs � z1 � zsbÞ

ds
�
X3

j¼1

f IImjs cosw
II
j � f IIfs sinw

II
j

� �
sinbII ¼ 0

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð57Þ

Herringbone Gear 1:

d2u1
ds2

þ ku1 u1 � us
rb1
rbs

� �

þ 2fu1

d u1 � us
rb1
rbs

� �

ds
þ f IIIm1rb1 �M1

� �
cos bIII ¼ 0

d2x1
ds2

þ ks1xð2x1 � xs � x1bÞ þ 2fs1x
dð2x1 � xs � x1bÞ

ds
� f IIIm1 sin a

III
n � f IIIf1 cos aIIIn

� �
¼ 0

d2y1
ds2

þ ks1yð2y1 � ys � y1bÞ þ 2fs1y
dð2y1 � ys � y1bÞ

ds
þ f IIIm1 cos a

III
n � f IIIf1 sin aIIIn

� �
cos bIII ¼ �fg

d2z1
ds2

þ ks1zð2z1 � zs � z1bÞ þ 2fs1z
dð2z1 � zs � z1bÞ

ds
¼ 0

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð58Þ

Herringbone gear bearing 1:

d2x1b
ds2

þ ks1bxðx1b � x1Þ þ 2fs1bx
dðx1b � x1Þ

ds
þ 2f1b

dx1b
ds

¼ �f1bx

d2y1b
ds2

þ ks1byðy1b � y1Þ þ 2fs1by
dðy1b � y1Þ

ds
þ 2f1b

dy1b
ds

¼ �f1by � fg

d2z1b
ds2

þ ks1bzðz1b � z1Þ þ 2fs1bz
dðz1b � z1Þ

ds
þ 2f1b

dz1b
ds

¼ �f1bz

8
>>>>><

>>>>>:

ð59Þ

Herringbone Gear 2:

d2u2
ds2

þ ku2u2 þ 2fu2
du2
ds

� f IIIm2rb2 �M2

� �
cos bIII ¼ tout

d2x2
ds2

þ k22xð2x2 � x21b � x22bÞ þ 2f22x
dð2x2 � x21b � x22bÞ

ds
þ f IIIm2 sin a

III
n � f IIIf2 cos aIIIn

� �
¼ �fg

d2y2
ds2

þ k22yð2y2 � y21b � y22bÞ þ 2f22y
dð2y2 � y21b � y22bÞ

ds
� f IIIm2 cos a

III
n � f IIIf2 sin aIIIn

� �
cos bIII ¼ 0

8
>>>>><

>>>>>:

ð60Þ

Herringbone gear bearing 21:

d2x21b
ds2

þ k221xðx21b � x2Þ þ 2f221x
dð2x21b � x2Þ

ds
þ 2f21b

dx21b
ds

¼ �f21bx

d2y21b
ds2

þ k221yð2y21b � y2Þ þ 2f221y
dð2y21b � y2Þ

ds
þ 2f21b

dy21b
ds

¼ �f21by � fg

8
>><

>>:

ð61Þ

Herringbone gear bearing 22:

d2x22b
ds2

þ k222bxðx22b � x21Þ þ 2f222bx
dðx22b � x21Þ

ds
þ 2f22b

dx22b
ds

¼ �f22bx

d2y22b
ds2

þ k222byðy22b � y21Þ þ 2f222by
dðy22b � y21Þ

ds
þ 2f22b

dy22b
ds

¼ �f22by � fg

8
>><

>>:

ð62Þ

where: uq ¼
uq
bII

; xq ¼
xq
bII

; yi ¼
yq
bII

; zi ¼ zq
bII ; s ¼ xn

t; fpqh ¼ Cpqh

2mqxn
; fsqh ¼ Csqh

2mqxn
; f2qh ¼ C2qh

2mqxn
; kkpqh ¼

Kpqh

mk
qx

2
n
; ksqj ¼ Ksqh

mqx2
n
; k2qh ¼ K2qh

mqx2
n
; ke ¼ Ke

ðIri=r2brÞx2
n
; fg ¼

g
bIIx2

n
; f kmq ¼

Fk
mq

mk
qb

IIx2
n
; f kfq ¼

Fk
fq

mk
qb

IIx2
n
; wk

j ¼ akn þ uk
j ; tu ¼

Tu
ðIri=r2brÞx2

nðbIIÞ
2 ; f

I

mjr ¼
FI
mjr

ðIri=r2brÞbIIx2
n
; Mri ¼ Mri

ðIri=r2brÞx2
nðbIIÞ

2 ;

M
k
q ¼

Mk
q

mk
q

x2
nðbIIÞ

2ki ¼ nþ uri þ uri; gi ¼ n� uri�1

�uri ðq ¼ r; pj; s; 1; 2; pb1; pb2; sb; 1b; 21b; 22b; h ¼
x; y; z; k ¼ I; II; III; u ¼ in; outÞ.

Tables 2 and 3 display the gear and bearing

specifications used in this article.

4 System dynamic response

In this part, the impact of external load excitation

frequency on the system’s dynamic properties is

examined. The fourth-order Runge–Kutta method is

used to solve Eqs. (36)–(62), and the initial displace-

ment and initial velocity of the system are set 0, a

minute later, the vibration displacement response of

NW wind power transmission system is obtained. The

Poincaré section method is used to solve the system

bifurcation diagram, and the excitation is traversed.

The excitation frequency or meshing stiffness is used

to record the vibration of the system in a stable state. In

terms of dynamic displacement, the relationship
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between vibration displacement and parameters is

drawn. The corresponding bifurcation diagram is

obtained.

Figures 13, 14, and 15 examine how the equivalent

displacement xn1; xn2; xn3 has changed along the sys-

tem’s three meshing lines when the excitation fre-

quency xe is 0.170, 0.205, and 0.245. When

xe = 0.170, The time history of the equivalent

displacement xn1 shows oscillatory motion with a

periodicity of 2 T, and in the FFT spectrum, the

dominant frequency component is the meshing fre-

quency fm, followed by the secondary presence of the

double meshing frequency 2 fm; the phase diagram

displays a closed annulus with two windings. There

are just two dots on the Poincaré map, showing that the

low-speed gear pair is roughly conforming to the

period-doubling motion. The time history of the

equivalent displacement xn2 exhibits periodic oscilla-

tory motion, and in the FFT spectrum, the dominant

frequency component is the meshing frequency fm,

followed by the secondary presence of the double

meshing frequency as well as the triple meshing

frequency. The phase diagram displays a closed circle,

with just one dot on the Poincaré map, indicating that

the intermediate gear pair is in periodic motion. The

time history of the equivalent displacement xn3
displays chaotic oscillatory motion, and in the FFT

spectrum, the dominant frequency component is the

meshing frequency fm, accompanied by a broad-

spectrum presence; the phase diagram forms a closed

annulus with many windings, and the Poincaré map

displays chaotic disordered dots, indicating that the

high-speed gear is in chaotic motion.

When xe = 0.205, the time history of the equiva-

lent displacement xn1 displays chaotic oscillatory

motion, and in the FFT spectrum, the dominant

frequency component is the meshing frequency fm,

accompanied by a broad-spectrum presence. The

phase diagram forms a closed annulus with many

windings, and the Poincaré map displays chaotic

disordered dots, showing that the low-speed gear pair

is in chaotic motion. The time history of the equivalent

displacement xn2 displays chaotic oscillatory motion,

and in the FFT spectrum, the dominant frequency

component is the meshing frequency fm, accompanied

by a broad-spectrum presence. The phase diagram of

the equivalent displacement xn2 of the intermediate

gear pair is a closed annulus with many windings, and

the Poincaré map displays chaotic disordered dots,

showing that the intermediate gear pair is in chaotic

motion. The time history of the equivalent displace-

ment xn3 shows periodic oscillatory motion, and in the

FFT spectrum, the dominant frequency component is

one-third of the meshing frequency 1/3 fm, accompa-

nied by a broad-spectrum presence. The phase

diagram displays a closed annulus with one winding,

and there are three dots on the Poincaré map, showing

that the high-speed gear pair is roughly conforming to

the period-doubling motion.

When xe = 0.245, the time history of the equiva-

lent displacement xn1 shows oscillatory motion with a

periodicity of 2 T, and in the FFT spectrum, the

dominant frequency component is the meshing fre-

quency fm; the phase diagram of the equivalent

Table 3 Basic parameters

of the bearing
Parameters pb1 pb2 sb 1b 21b 22b

Number of rollers Zb 16 11 12 13 12 12

Inner diameter rbi (mm) 160 300 100 350 40 40

Outer diameter rbo (mm) 240 365 180 465 70 70

Mass Mb (kg) 47 121 50 295 2.2 2.2

Bearing clearance cb (lm) 180 160 55 305 50 50

Support stiffness Kb (N/m) 5 9 109 8 9 109 8 9 109 5 9 109 8 9 109 2 9 109

Table 2 Gear parameters of NW wind power speed increaser

Parameters r p1j p2j s h1 h2

Tooth numbers Z 91 22 83 40 131 20

Modules mn (mm) 28 16 10

Pressure angle a (�) 20 20 15

Helix angle b (�) 4.0 7.2 32.0

Gear width B (mm) 560 410 365

Gear backlash b

(mm)

45 55 50

Gear quality M (kg) 5690 950 2320 440 5369 125

Backlash 2bm (lm) 110 100 90 90 100 100

123

Nonlinear vibration and superharmonic resonance analysis of wind power planetary gear… 4099



displacement xn1 of the low-speed gear pair forms a

closed annulus with two windings, and there are just

two dots on the Poincaré map, showing that the low-

speed gear pair is roughly conforming to the period-

doubling motion. The time history of the equivalent

displacement xn2 shows oscillatory motion with a

periodicity of 2 T, and in the FFT spectrum, the

dominant frequency component is the meshing fre-

quency fm; the phase diagram of the equivalent

displacement xn2 of the intermediate gear pair is a

closed annulus with two windings, and there are just

two dots on the Poincaré map, showing that the

intermediate gear pair is roughly conforming to the

period-doubling motion. The time history of the

equivalent displacement xn3 exhibits chaotic

oscillatory motion, and in the FFT spectrum, there is

only one meshing frequency fm present; the phase

diagram displays a closed annulus with many wind-

ings, and the Poincaré map displays chaotic disordered

dots, showing that the high-speed gear pair is in

chaotic motion.

The phase trajectory plane and 3D frequency

spectrum of the gear pair are depicted in Figs. 16

and 17. It can be inferred from the phase trajectory

plane and the 3D frequency spectrum that the three-

stage gear pair will transition between periodic motion

state, double-periodic motion state, and chaotic

motion state with a change in excitation frequency.

Wavelet analysis is established to determine time–

frequency characteristics of the three-stage gear pair,

(a1) Time history       (b1) FFT spectrum    (c1) Phase diagram (d1) Poincaré map

(a2) Time history       (b2) FFT spectrum      (c2) Phase diagram      (d2) Poincaré map

(a3) Time history       (b3) FFT spectrum      (c3) Phase diagram      (d3) Poincaré map

(1) Low-speed gear pair (2) Intermediate gear pair (3) High-speed gear

Fig. 13 Meshing displacement vibration response when xe-

= 0.170. (a1) Time history, (b1) FFT spectrum, (c1) Phase

diagram, (d1) Poincaré map. (a2) Time history, (b2) FFT

spectrum, (c2) Phase diagram, (d2) Poincaré map. (a3) Time

history, (b3) FFT spectrum, (c3) Phase diagram, (d3) Poincaré

map. (1) Low-speed gear pair (2) Intermediate gear pair (3)

High-speed gear
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which are displayed in Fig. 18. When the system

transitions into a state of a periodic or double-periodic

motion, only one or more frequencies will appear in

the time–frequency diagram. When the gear pair

transitions into a state of chaotic motion, a certain

width of the discrete frequency spectrum will appear

in the time–frequency diagram.

The bifurcation diagram with xe as the bifurcation

parameter is drawn using the fourth-order Runge–

Kutta integration with varying steps to better highlight

the impact of excitation frequency on the dynamic

properties of the system. Figures 19, 20, and 21 depict

diagrams of the three-stage gear pairs. When xe is

smaller than 0.204, Fig. 19 demonstrates that the

equivalent displacement xn1 executes periodic motion.

The equivalent displacement performs chaotic motion

when xe 2 ð0:204; 0:212Þ. When xe 2
ð0:212; 0:220Þ, the equivalent displacement from the

chaotic condition to perform period-doubling motion.

The equivalent displacement returns to a chaotic state

when xe[ 0.220. When xe 2 ð0:245; 0:260Þ, the

equivalent displacement eliminates the chaotic condi-

tion, performs period-doubling motion, and then

executes periodic motion when xe[ 0.260.

Figure 20 demonstrates that the equivalent dis-

placement xn2 executes periodic motion when

xe 2 ð0:160; 0:187Þ. When xe 2 ð0:187; 0:218Þ, the
equivalent displacement exhibits chaotic motion. The

equivalent displacement eliminates the chaotic condi-

tion and exhibits period-doubling motion when

(a1) Time history       (b1) FFT spectrum     (c1) Phase diagram (d1) Poincaré map

(a2) Time history        (b2) FFT spectrum       (c2) Phase diagram (d2) Poincaré map

(a3) Time history        (b3) FFT spectrum     (c3) Phase diagram (d3) Poincaré map

(1) Low-speed gear pair (2) Intermediate gear pair (3) High-speed gear

Fig. 14 Meshing displacement vibration response when xe-

= 0.205. (a1) Time history, (b1) FFT spectrum, (c1) Phase

diagram, (d1) Poincaré map. (a2) Time history, (b2) FFT

spectrum, (c2) Phase diagram, (d2) Poincaré map. (a3) Time

history, (b3) FFT spectrum, (c3) Phase diagram, (d3) Poincaré

map. (1) Low-speed gear pair (2) Intermediate gear pair (3)

High-speed gear
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(a1) Time history       (b1) FFT spectrum      (c1) Phase diagram (d1) Poincaré map

(a2) Time history       (b2) FFT spectrum       (c2) Phase diagram (d2) Poincaré map

(a3) Time history         (b3) FFT spectrum        (c3) Phase diagram (d3) Poincaré map

(1) Low-speed gear pair (2) Intermediate gear pair (3) High-speed gear

Fig. 15 Meshing displacement vibration response when xe-

= 0.245. (a1) Time history, (b1) FFT spectrum, (c1) Phase

diagram, (d1) Poincaré map. (a2) Time history, (b2) FFT

spectrum, (c2) Phase diagram, (d2) Poincaré map. (a3) Time

history, (b3) FFT spectrum, (c3) Phase diagram, (d3) Poincaré

map. (1) Low-speed gear pair (2) Intermediate gear pair (3)

High-speed gear

Fig. 16 Phase trajectory plane. a Low-speed gear pair, b Intermediate gear pair, c High-speed gear pair
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xe[ 0.218. When xe[ 0.223, the equivalent dis-

placement returns to a chaotic state. Furthermore,

whenxe is[ 0.236, the equivalent displacement from

the chaotic condition to period-doubling motion and

then executes periodic motion when xe[ 0.246.

Figure 21 demonstrates that the equivalent dis-

placement xn3 executes chaos motion when

xe 2 ð0:160; 0:175Þ. The equivalent displacement

transitions from the chaotic condition to period-

doubling motion when xe 2 ð0:175; 0:180Þ. Subse-

quently, when xe 2 ð0:180; 0:196Þ, the equivalent

displacement exits the period-doubling motion state

and enters the periodic motion state. When xe-

[ 0.196, the high-speed gear pair’s equivalent dis-

placement xn3 executes period-doubling motion until

xe[ 0.210, at which point it transitions to periodic

motion.

5 Super harmonic resonance characteristics

analysis of NW planetary gear system

5.1 Multiple-scales analysis of the NW planetary

gear system

If just torsional vibration is taken into account, the

relative equivalent displacement vibration equation of

the three-stage gear pair can be simplified as follows.

(1) Low-speed gear pair with time delay:

d2xIn
ds2

þ 3 2fm1
dxIn
ds

þ ðkm1 þ km1k cosðxm1sÞÞf ðxInÞ
� 


cos aIn cos b
I ¼ f I0 þ f1 cosðv1sÞ þ gd1x

I
nðs� sdÞ

þ gv1
dxIn
ds

ðs� sdÞ

ð63Þ

(2) Intermediate gear pair with time delay:

d2xIIn
ds2

þ 3 2fm2
dxIIn
ds

þ ð1þ k cosðxm1sÞÞf ðxIIn Þ
� 


cos aIIn cos b
II ¼ f II0 þ f2 cosðv2sÞ þ gd1x

II
n ðs� sdÞ

þ gv2
dxIIn
ds

ðs� sdÞ

ð64Þ

(3) High-speed gear pair with time delay:

d2xIIIn
ds2

þ 2fm3
dxIIIn
ds

þ km3ð1þ k cosðxm3sÞÞf ðxIIIn Þ
� 


cos aIIIn cos bIII ¼ f III0 þ f3 cosðv3sÞ

þ gd3x
III
n þ gv3

dxIIIn
ds

� �

ðs� sdÞ

ð65Þ

where f k0 is the dimensionless external excitation force

equivalent static load,f k is the dimensionless external

excitation force fluctuation amplitude, kmi is dimen-

sionless meshing stiffness, fmi is dimensionless mesh-

ing damping, the displacement delay xIIIn ðs� sdÞ
represents the time difference of the equivalent

(a) Low-speed gear pair            (b) Intermediate gear pair          (c) High-speed gear pair

Fig. 17 3D frequency spectrum. a Low-speed gear pair, b Intermediate gear pair, c High-speed gear pair
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displacement xn before and after the active control is

applied, and the corresponding displacement control

parameters is gdi; the velocity delay dxIIIn /dsðs� sdÞ
represents the time difference of the relative velocity

_xn on the meshing line before and after the active

control is applied, and the corresponding speed control

parameters is gvi. (k = I, II, III; i = 1, 2, 3).

The third-order polynomial, which is fitted to the

tooth-backlash function f ðxnÞ, may properly depict the

meshing of the system.

f ðxnÞ ¼ d1xn þ d2x
3
n ¼ d1ðxn þ d0x

3
nÞ ð66Þ

Introduce a high-level minim e, |e|\\ 1, and

specify time variables for various scales.

Ti ¼ ei ði ¼ 0; 1; 2. . .Þ ð67Þ

The vibration displacement is described as a

function of time variables with various scales on the

meshing line.

(a1) e=0.170                   (b1) =0.205                 (c1) =0.245

(a2) =0.170                   (b2) =0.205                 (c2) =0.245

(a3) =0.170                   (b3) =0.205                 (c3) =0.245

(1) Low-speed gear pair (2) Intermediate gear pair (3) High-speed gear

� e� e�

e�e�e�

e� e� e�

Fig. 18 Time–frequency. (a1) xe = 0.170, (b1) xe = 0.205, (c1) xe = 0.245. (a2) xe = 0.170, (b2) xe = 0.205, (c2) xe = 0.245. (a3)

xe = 0.170, (b3) xe = 0.205, (c3) xe = 0.245. (1) Low-speed gear pair (2) Intermediate gear pair (3) High-speed gear
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Fig. 21 Bifurcation

diagram of the high-speed

gear pair

Fig. 19 Bifurcation

diagram of the low-speed

gear pair

Fig. 20 Bifurcation

diagram of the intermediate

gear pair
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xnðs; eÞ ¼
Xm

i¼1

eixiðT0; T1; T2; . . .; TmÞ ð68Þ

where m is the highest degree of higher order small

quantity, and the value of m is determined by the

calculation’s need for precision. Time variables on

various scales. It is possible to think of Tn as a function

of m time variables and consider their independent

variables.

Define the partial derivative operator Dn ¼ o=oTn
as shown in Eq. (69).

d

ds
¼
Xm

n¼1

en
o

oTn
¼D0þeD1þe2D2þ���þemDmþ���

d2

ds2
¼ d

ds

Xm

n¼1

en
o

oTn

 !

¼D2
0þ2eD0D1þe2ðD2

1þ2D0D1Þþ���

8
>>>><

>>>>:

ð69Þ

Define the meshing frequency of gear teeth as

x ¼ x0 þ ex1 þ e2x2 þ :::, where x0 denotes the

natural frequency of the intermediate gear pair. The

meshing damping, meshing stiffness fluctuation term,

and nonlinear term are defined as the same order

quantities in order to produce an efficient approxima-

tion. fmi ¼ efmi; k ¼ ek; gd ¼ egd;gv ¼ egv; d0 ¼ ed0.
Substituting the approximate solution xnðs; eÞ and

partial derivative operator into Eqs. (70)–(72), only

taking the first power of e after expansion, and we may

get the approximation differential equations for each

order by equating the coefficients of the same power

term of e.
Take the differential equation of the intermediate

gear pair as an example:

e0 : D2
0x0 þ x2

0x0 ¼ f0 þ f cosðv2sÞ
e1 : D2

1x1 þ x2
1x1 ¼ �2D0D1x0

�ð2fm2D0D1x0 � d2x
3
0Þ cos aIIn cos b

II

�x2
0k cosðxmsÞx0 þ gdx0d þ gvD0x0v

8
>>>><

>>>>:

ð70Þ

Suppose the solution of Eq. (71) is:

x0 ¼ Aeix0T0 þ f0=2x
2
0 þ Keiv2T0 þ cc ð71Þ

where A represents the amplitude, K ¼ f=½2
ðx2

0 � v22Þ�, cc represents the conjugate complex

number of the previous term, and v2 is excitation the

frequency of the external load.

Substituting Eq. (71) into Eq. (70), we obtain:

D2
1x1þx2

0x1¼� 2ix0ðD1Aþfm2AÞþ6d2cosa
II
n cosb

IIAK2
	

þ3d2cosa
II
n cosb

IIA2K


eix0T0�d2cosa

II
n cosb

II A3e3ix0T0þK3e3iv2T0
	

þ3A2Ke2ix0T0eiv2T0þ3A
2
Ke�2ix0T0eiv2T0þ3AK2eix0T0e2iv2T0

þ3AK2eix0T0e�2iv2T0þ1

2

f0
2x2

0

� �3

þ3
f0
x4

0

2

Aeix0T0þ3
f0
x4

0

2

Keiv2T0

þ3
f0
x2

0

A2e2iw0T0þ3
f0
x2

0

K2e2iv2T0þ3AA
f0
x2

0

þ3K2 f0
x2

0

þ3
f0
x2

0

AKeix0T0e�iv2T0þ3
f0
x2

0

AKeix0T0eiv2T0



�K 2ifm2v2þ3d2cosa
II
n cosb

IIK2þ6cosaIIn cosb
IIAA

� �
eiv2T0

�1

2
kx2

0 Aeix0T0þ f0
x2

0

þKeiv2T0þAe�ix0T0þKe�iv2T0

� �

cosxscosaIIn cosb
II

þgd Aeix0ðs�sdÞþ f0
x2

0

þKeiv2ðs�sdÞþAe�ix0ðs�sdÞþKe�iv2ðs�sdÞ
� 


þgv ix0Ae
ix0ðs�sdÞ

h
þiv2Ke

iv2ðs�sdÞ�ix0Ae
�ix0ðs�sdÞ

�iv2Ke
�iv2ðs�sdÞ

i
þcc

ð72Þ

Because the superharmonic resonance of the sys-

tem is examined in this part, the offset parameter of

excitation frequency r is added, making

3v2 ¼ x0 þ er. Equation (71) cosine function with

excitation frequency is recast as follows in light of

Eq. (67) and Euler equation:

cos v2s ¼ cos
x0 þ er

3
s

� �
¼ cos

x0T0 þ rT1
3

� �

¼ 1

2
e
irT1
3 e

ix0T0
3 þ cc

ð73Þ

Incorporate Eq. (73) into Eq. (72), and the follow-

ing equation must be guaranteed in order to avoid the

secular term.

2ix0D1Aþ d2 cos a
II
n cos b

II

2ix0fm2Aþ 6AK2 þ 3A2Aþ 3K3eirT1 þ 3
f 20
x4

0

A

� �

þ A gde
�x0sd � iw0gve

�ix0sv
� �

¼ 0

ð74Þ

Rewrite A in Eq. (71) as: AðT1Þ ¼ 0:5aðT1ÞeibðT1Þ,
where A(T1) and b(T1) stand for the slow variations in

frequency and amplitude. By dividing the real and

imaginary parts, the following equations can be

produced.

D1a¼�fmacosancosb
IIþgvax0cosx0sv

2x0

�gdasinx0sd
2x0

�d2cosancosb
II

x0

K3sinu

aD1u¼arþgdacosx0sd�gvax0sinx0sd
2x0

�d2cosancosb
II

x0

K3cosu

�
24aK2d2cosancosb

IIþ3a3d2cosancosb
IIþ12

f 2
0

x4
0

ad2cosancosb
II

8x0

8
>>>>>>>>><

>>>>>>>>>:

ð75Þ
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where u ¼ rT1 � b II describes the real-time phase of

the intermediate gear pair.

The specific solution of Eq. (75) that matches the

nonzero requirement corresponds to the system’s

steady periodic motion. If the algebraic equation that

amplitude a and phase r satisfy may be written as:

ðafm2 cos an cos bII �W1Þ2 þ ðar�W2Þ2 ¼ W2
3

ð76Þ

where W1, W2, W3 can be expressed as:

W1¼
gvax0cosx0sv�gdasinx0sd

2x0

W2¼
gdacosx0sd�gvax0sinx0sv

2x0

�24aK2d2þ3a3d2þ12ad2f 20 =x
4
0

8x0

cosancosb
II

W3¼
d2cosancosb

II

x0

K3

8
>>>>>>><

>>>>>>>:

ð77Þ

The stability of superharmonic resonance of the

intermediate gear pair is analyzed. The characteristic

equation of the equilibrium point of the system is:

det

V1 � k �aV2

1

a
V2 �

3d2a cos b cos an
4x0

� �

V1 � k

2

4

3

5 ¼ 0

ð78Þ

In Eq. (78),

V1 ¼
gvx0 cosx0sv � gd sinx0sd

2x0

� fm2 cos an cosb
II

V2 ¼ r� 3a2d2 þ 24K2d2 þ 12f 20 d2
8x0

cos an cosb
II

8
>><

>>:

ð79Þ

It can be determined that the need for the system to

stay stable when fm2[ 0 is.

V2
1 þ V2 V2 �

3d2a2 cos an cos b
II

4x0

� �

[ 0 ð80Þ

5.2 Numerical analysis of superharmonic

resonance

This part explores the impacts of meshing damping

and time delay parameters in order to research the NW

planetary gear system’s dynamic characteristics.

Define the initial parameters of Eq. (63), k = 0.3,

fm1 = 0.06, f1 = 1.0, f I 0 = 0.2, gd1 = 0.1, gv1-
= 0.1,sd = T/9, sv = T/9. Define the initial parameters

of Eq. (64), k = 0.4, fm2 = 0.05, f2 = 4.0, f II 0 = 0.5,

gd2 = - 0.1, gv2 = -0.05,sd = T/9, sv = T/9. Define

the initial parameters of Eq. (65), k = 0.4, fm3 = 0.05,

f3 = 4.0, f III 0 = 0.5, gd3 = 0.2, gv3 = 0.1,sd = T/9,

sv = T/9.

5.2.1 Low-speed gear pair

The initial parameters are taken into account by

Eq. (63). The family of amplitude–frequency charac-

teristic curves with fm1 as the parameter, which depicts

the connection between the system’s amplitude a1 and
excitation frequency x1, is depicted in Fig. 22a. The

shaded circle in Fig. 22a depicts the system’s unsta-

ble branches when fm1 ranges from 0.02 to 0.08. The

amplitude a1 of the low-speed gear pair’s superhar-

monic resonance lowers with an increase in fm1, and
the unstable branch gradually contracts. The unsta-

ble branch vanishes when fm1 is set to 0.1, demon-

strating that meshing damping can be appropriately

increased to improve the low-speed gear pair stability.

The family of amplitude–frequency characteristic

curves with fm1 as the parameter, illustrating the

connection between the amplitude and the meshing

damping, is depicted in Fig. 22b. The amplitude a1 of
the low-speed gear pair’s superharmonic resonance

decreases with an increase in fm1 when x1 takes a

value between 0.1590 and 0.1594. The amplitude a1 of
the low-speed gear pair’s superharmonic resonance

progressively develops unstable multi-branches when

x1 exhibits a discontinuity 0.1596 and 0.1598, indi-

cating that the curve will appear to contain multiple

values. The region where the amplitude a1 exhibits a
discontinuity when x1 = 0.1598 is indicated by the

shaded area in Fig. 22b. As fm1 increases, the ampli-

tude a1 is slowly lower, moving from point A4 to point

A3. With further increases in fm1, the amplitude a1
jumps from point A3 to point A1. After point A1, a

steady decline in a1 is observed along the curve. When

the process is reversed, the amplitude a1 jumps from

point A2 to point A4.

The family of amplitude–frequency characteristic

curves with gd1 as the parameter, depicting the

relationship between the amplitude a1 and excitation

frequency x1, is depicted in Fig. 23a. The shaded

circle in Fig. 23a depicts the unstable branches of the

low-speed gear pair when gd1 ranges from -0.4 to 0.

The unstable branch vanishes when gd1 is set to 0.2 and

0.4, demonstrating that appropriate displacement
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control parameters can improve the low-speed gear

pair stability.

The family of amplitude–frequency characteristic

curves with gd1 as the parameter, illustrating the

connection between the amplitude and the displace-

ment control parameters, is depicted in Fig. 23b. The

amplitude a1 of the low-speed gear pair’s superhar-

monic resonance drops with an increase in gd1 when

x1 assumes 0.1590. The amplitude a1 of the low-speed
gear pair’s superharmonic resonance progressively

develops unstable multi-branch when gd1 takes 0.1592

to 0.1598, indicating that the curve will appear to

contain multiple values. The region where the ampli-

tude a1 skips when x1 = 0.1598 is indicated by the

shaded area in Fig. 23b. As gd1 increases, the ampli-

tude a1 is slowly lower, moving from point A4 to point

A3, and as gd1 increases more, the amplitude a1 skips
from point A3 to point A1, after point A1, a steady

decline in a1 is seen along the curve. When the process

is reversed, the amplitude a1 skips from point A2 to

point A4.

The family of amplitude–frequency characteristic

curves with gv1 as the parameter, illustrating the

connection between the amplitude a1 and excitation

frequency x1, is depicted in Fig. 24a. The shaded

circle in Fig. 24a depicts the unstable branches when

gv1 ranges from 0 to 0.4. The unstable branch vanishes

when gv1 is set to- 0.2 and- 0.4, demonstrating that

appropriate speed control parameters can improve the

low-speed gear pair stability.

The family of amplitude–frequency characteristic

curves with gv1 as the parameter, illustrating the

connection between the amplitude and the speed control

parameters, is depicted in Fig. 24b. The amplitude a1 of
the low-speed gear pair’s superharmonic resonance

increases rapidly with an increase in gv1 when x1

assumes 0.1590 and 0.1592. The amplitude a1 of the

low-speed gear pair’s superharmonic resonance pro-

gressively develops unstable multi-branch when gv1
takes 0.1594 to 0.1598, indicating that the curve will

appear to contain multiple values. The region where the

amplitude a1 skipswhenx1 = 0.1598 is indicated by the

shaded area in Fig. 24b. As gv1 increases, the amplitude

a1 increases rapidly, moving from point A1to point A2,

and as gv1 increases more, the amplitude a1 skips from
point A2 to point A4, after point A4, a steady decline in

a1 is seen along the curve.When the process is reversed,

the amplitude a1 skips from point A3 to point A1.

5.2.2 Intermediate gear pair

The initial parameters are taken into account by

Eq. (64). The family of amplitude–frequency charac-

teristic curves with fm2 as the parameter, which depicts

the connection between the amplitude a2 and excita-

tion frequency x2, is depicted in Fig. 25a. The

amplitude a2 of the superharmonic resonance lowers

with an increase in fm2, and the unstable branch

gradually contracts. The unstable branch vanishes

when fm2 is set to 0.06, 0.08, and 0.10, demonstrating

Fig. 22 Influence of meshing damping on the low-speed gear pair. a Family of curves x1-a1, b Family of curves fm1–a1
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that meshing damping can be appropriately increased

to improve the intermediate gear pair stability.

The family of amplitude–frequency characteristic

curves with fm2 as the parameter, illustrating the

connection between the amplitude and the meshing

damping, is depicted in Fig. 25b. The amplitude a2 of
the superharmonic resonance drops with an increase in

fm2 when x2 assumes a value between 0.3290 and

0.3296. The amplitude a2 of the superharmonic

resonance progressively develops unstable multi-

branch when x2 takes 0.3298, indicating that the

curve will appear to contain multiple values.

The family of amplitude–frequency characteristic

curves with gd2 as the parameter, illustrating the

connection between the amplitude a2 and excitation

frequency x2, is depicted in Fig. 26a. The unsta-

ble branch vanishes when gd2 is set to 0, 0.2, and 0.4,

demonstrating that appropriate displacement control

parameters can improve the stability.

The family of amplitude–frequency characteristic

curves with gd2 as the parameter, which illustrates the

connection between the amplitude and the displace-

ment control parameters, is depicted in Fig. 26b. The

amplitude a2 of the superharmonic resonance drops

Fig. 23 Influence of displacement control parameters on the low-speed gear pair. a Family of curvesx1–a1, b Family of curves gd1–a1

Fig. 24 Influence of speed control parameters on the low-speed gear pair. a Family of curves x1–a1, b Family of curves gv1–a1
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with an increase in gd2 when x2 assumes 0.3294 to

0.3298. The amplitude a2 of the superharmonic

resonance progressively develops unstable multi-

branch when gd2 takes 0.3300 to 0.3302, indicating

that the curve will appear to contain multiple values.

The family of amplitude–frequency characteristic

curves with gv2 as the parameter, illustrating the

connection between the amplitude a2 and excitation

frequency x2, is depicted in Fig. 27a. The unsta-

ble branch vanishes when gv2 is set to 0, - 0.2, and

- 0.4, demonstrating that appropriate speed control

parameters can improve the stability.

The family of amplitude–frequency characteristic

curves with gv2 as the parameter, which illustrates the

connection between the amplitude and the speed

control parameters, is depicted in Fig. 27b. The

amplitude a2 of the superharmonic resonance

increases rapidly with an increase in gv2 when x2

assumes 0.3290 to 0.3294. The amplitude a2 of the

intermediate gear pair’s superharmonic resonance

progressively develops unstable multi-branch when

gv2 takes 0.3296 and 0.3298, indicating that the curve

will appear to contain multiple values.

5.2.3 High-speed gear pair

The initial parameters are taken into account by

Eq. (65). The family of amplitude–frequency charac-

teristic curves with fm3 as the parameter, which depicts

the connection between the amplitude a3 and excitation

frequencyx3, is depicted in Fig. 28a. The shaded circle

in Fig. 28a depicts the high-speed gear pair’s unsta-

ble branches when fm3 ranges from 0.02 to 0.04. The

amplitude a3 of the high-speed gear pair’s superhar-

monic resonance lowers with an increase in fm3, and the
unstable branch gradually contracts. The unsta-

ble branch vanishes when fm3 is set to 0.06, 0.08, and

0.10, demonstrating that meshing damping can be

appropriately increased to improve the high-speed gear

pair stability.

The family of amplitude–frequency characteristic

curves with fm3 as the parameter, illustrating the

connection between the amplitude and the meshing

damping, is depicted in Fig. 28b. The amplitude a3 of the
high-speed gear pair’s superharmonic resonance drops

with an increase in fm3whenx3 assumes a value between

0.3565 and 0.3568. The amplitude a3 of the high-speed
gear pair’s superharmonic resonance progressively

develops unstable multi-branch when x3 takes 0.3569,

indicating that the curve will appear to contain multiple

values. The region where the amplitude a3 skips when
x3 = 0.3569 is indicated by the shaded area in Fig. 28b.

The family of amplitude–frequency characteristic

curves with gd3 as the parameter, illustrating the

connection between the amplitude a3 and excitation

frequency x3, is depicted in Fig. 29a. The shaded

circle in Fig. 29a depicts the high-speed gear pair’s

unstable branches when gd3 ranges from - 0.4 to 0.

The unstable branch vanishes when gd3 is set to 0.2 and

0.4, demonstrating that appropriate displacement

Fig. 25 Influence of meshing damping on the intermediate gear pair. a Family of curves x2–a2, b Family of curves fm2–a2
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control parameters can improve the high-speed gear

pair stability.

The family of amplitude–frequency characteristic

curves with gd3 as the parameter, illustrating the

connection between the amplitude and the displace-

ment control parameters, is depicted in Fig. 29b. The

amplitude a3 of the high-speed gear pair’s superhar-

monic resonance drops with an increase in gd3 when

x3 assumes 0.3571 to 0.3577. The amplitude a3 of the
high-speed gear pair’s superharmonic resonance pro-

gressively develops unstable multi-branch when gd3

takes 0.3579, indicating that the curve will appear to

contain multiple values. The region where the ampli-

tude a3 skips when x3 = 0.3579 is indicated by the

shaded area in Fig. 29b.

The family of amplitude–frequency characteristic

curves with gv3 as the parameter, illustrating the

connection between the amplitude a3 and excitation

frequency x3, is depicted in Fig. 30a. The shaded

circle in Fig. 30a depicts the high-speed gear pair’s

unstable branches when gv3 ranges from 0 to 0.4. The

unstable branch vanishes when gv3 is set to - 0.2 and

Fig. 26 Influence of displacement control parameters on the intermediate gear pair. a Family of curvesx2–a2, b Family of curves gd2–
a2

Fig. 27 Influence of speed control parameters on the intermediate gear pair. a Family of curves x2–a2, b Family of curves gv2–a2
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- 0.4, demonstrating that appropriate speed control

parameters can demonstrate that meshing damping

can be appropriately increased to improve the high-

speed gear pair stability.

The family of amplitude–frequency characteristic

curves with gv3 as the parameter, illustrating the

connection between the amplitude and the speed

control parameters, is depicted in Fig. 30b. The

amplitude a3 of the high-speed gear pair’s superhar-

monic resonance increases rapidly with an increase in

gv3 when x3 assumes 0.3567 and 0.3568. The

amplitude a3 of the high-speed gear pair’s

superharmonic resonance progressively develops

unstable multi-branch when gv3 takes 0.3569 to

0.3571, indicating that the curve will appear to contain

multiple values. The region where the amplitude a3
skips when x3 = 0.3571 is indicated by the shaded

area in Fig. 30b.

6 Conclusion

The method proposed in this paper considers the

degree of freedom in four directions. Compared with

Fig. 29 Influence of displacement control parameters on the high-speed gear pair. a Family of curvesx3–a3, b Family of curves gd3–a3

Fig. 28 Influence of meshing damping on the high-speed gear pair. a Family of curves x3–a3, b Family of curves fm3–a3
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the pure torsional vibration model, the results of this

paper have higher accuracy. In addition to the degree

of freedom, this paper establishes a nonlinear dynamic

model of wind power transmission system under

multi-parameter coupling. Other studies do not con-

sider the effects of random wind speed, bearing

clearance and gear ring flexibility at the same time,

which also shows that the researchmethod proposed in

this paper has higher accuracy. The main conclusions

of this paper can be summarized as follows:

(1) The NW planetary gear-bearing system with

bending-torsion coupling has rich nonlinear charac-

teristics. With the change of parameter, NW planetary

gear-bearing system will undergo periodic motion,

bifurcation solution motion, and chaotic motion.

(2) Increasing meshing damping has obvious

advantages in reducing unstable branches, preventing

amplitude jumps, and suppressing excessive ampli-

tude. Adjusting the displacement control parameters

and speed control parameters is beneficial to reduce

the system amplitude and improve the stability of the

system.

(3) Due to the influence of stimulation frequency,

the system will become unstable. In order to ensure the

stability of the NW planetary gear-bearing system in

the near-superharmonic resonance state, the excitation

frequency needs to be adjusted.
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