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Abstract This paper presents a novel resonant para-
metric feedback controller (RPFC) for suppressing
nonlinear resonances and chaos in a cantilever beam
using acceleration feedback. The excitation of the
system may be due to 1:1 direct excitation, 1:3
subharmonic direct excitation, 3:1 superharmonic direct
excitation, 1:2 parametric excitation, 1:4 subharmonic
parametric excitation, self excitations, and combina-
tions of two or more of these. The controller is designed
in two stages. First, the measured acceleration signal of
the beam is fedback to a second-order filter. Subse-
quently, the states of the second-order filter are used to
formulate the nonlinear control function that is applied
to the structure as a parametric input such that the
controlled parametric variation produces dissipative
force at the resonance. The analysis of the system is
carried out using the method of multiple time-scales. A
number of special cases demonstrating the efficacy of
the controller in suppressing various nonlinear reso-
nances and their combinations are studied. Finally, a
novel frequency adaptation law is proposed to deal with
the uncertainty in the system’s natural frequency. The
results are verified by numerical simulations and some
experiments. Though the analysis is carried out for an
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SDOF system, the proposed control scheme can easily
be extended to any MDOF system, and it can target any
mode by tuning the filter frequency.
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1 Introduction

Flexible structures are susceptible to large deflections
when excited at lower modes. The sources of excita-
tions can be categorized into three main types: direct
excitation, parametric excitation, and self-excitation.
In the case of direct excitation, the system is subjected
to time-dependent force. In the case of parametric
excitation, the system gets excited due to variations in
parameters with time. Mathieu first modeled the most
straightforward parametrically excited system without
any nonlinearities [1]. The non-dimensional equation
of a base-excited cantilever beam with tip mass is
similar to the Mathieu equation with some added
nonlinearities. Self-excited systems, on the other hand,
start to oscillate on their own [2]. The vibrations can be
reduced in all three cases by improving the system
damping. Improving the damping by physical means
may not be possible in some applications, such as
flexible appendages of a spacecraft.
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The simplest way of improving damping by active
means is by using direct velocity feedback [3]. Oueini
et al. proposed a cubic velocity feedback control to
suppress the vibrations in an axially excited cantilever
beam [4]. Huang et al. studied the performance of cubic
velocity and cubic displacement feedback control in
suppressing the vibrations of a parametrically excited
system [S5]. Tehrani et al. studied the performance of
velocity and displacement feedback for controlling
parametrically excited systems [6]. Similar studies have
been performed for negative velocity feedback with
linear [7] and nonlinear control laws [8]. Maccari
implemented time-delayed state feedback to control
principal parametric resonance [9]. Zhao et al. used
delayed position feedback for the vibration suppression
of 1:2 principal parametric resonance in a system [10].
Chatterjee proposed recursive time-delayed accelera-
tion feedback for controlling principal and 1:3 subhar-
monic resonance in a nonlinear system [11]. Control
schemes with direct feedback are not immune to the
noise and may excite the higher modes of the system. To
avoid this spillover effect, Fanson and Caughey first
proposed a resonant controller using a second-order
filter with positive position feedback (PPF) for active
vibration control [12]. If the filter frequency is tuned to
the system’s natural frequency, the filter adds a phase of
—n/2 to the feedback signal (i.e., position). It
generates the force in anti-phase with the velocity,
resulting in improved damping at resonance. Sim and
Lee applied a similar control strategy with accelera-
tion feedback [13]. Mondal and Chatterjee studied the
performance of resonant controllers with velocity
feedback and time-delayed nonlinear control law for
suppressing the vibrations in a self-excited system
[14]. The detailed parametric study of a generalized
resonant controller with time delay and fractional-
order input can be found in [15]. Abdelhafez et al. used
a positive position feedback (PPF) controller with
delay to control the vibrations of a beam subjected to
both self and external excitations [16].

Few researchers have tried a slightly different
approach for active vibration control. Warminski et al.
studied the performance of nonlinear saturated control
(NSC) to mitigate the vibrations of a beam subjected to
both self and external excitations [17]. Kamel et al.
used a similar strategy to suppress the vibrations of a
nonlinear magnetic levitation system [18] and a
compressor blade [19], which is excited by both
external and parametric excitations.
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Researchers have observed that by adding a para-
metric excitation, the system’s vibrations can be
amplified or unamplified by controlling the phase
and frequency of the parametric excitation [20-23].
Rahn and Mote proposed a method to obtain a control
signal from state variables such as displacement and
velocity, where a parametric control signal is chosen
to be the product of the displacement and velocity
x(2)X(¢) [24]. Senapati et al. employed a similar
strategy to design the stiffness-switching condition
and to reduce the vibrations [25]. Chechurin et al. used
parametric feedback for fast stabilization of the system

[26]. In the proposed scheme, sgn(%(x(t))z) is

chosen to be a signal, which controls the length of
the pendulum. Pumhossel et al., tried a different
approach, where the controller is designed such that
the control force is proportional to the negative axial
velocity of the tip of the beam [27]. The axial velocity
of the tip of the beam is found to be proportional to
x(#)x(z), where x(¢) is the lateral displacement. The
optimal parametric control law for the vibration
control of a system subjected to random excitations
is of the form Rsgn(x(z)X(¢)), where R is a constant
[28]. Chang et al. considered the parametric control
term as a weighted sum of x*(z), x(¢)x(¢), and x*(¢) to
control the vibrations of the system subjected to both
direct and parametric random excitations [29].

There are mainly two ways to improve the system
damping, viz., by adding a control force out of phase
with the velocity or by varying the system parameters,
of which the first method has been studied in detail
using a generalized resonant control [15]. In the
present paper, the system damping is improved by
varying the system parameter (here, displacement of
the base of a cantilever beam). The primary objective
of this study is to design a control law such that the
resultant force, due to parameter variation, is purely
dissipative while vibrating at the resonance. The
control law is formulated as a nonlinear function of the
state variables of a second-order filter fed back with
the measured acceleration signal of the structure.

If the steady-state displacement signal is of form
x = ay sin(Qr), the types of controller used in [24-29]
generate the control signal (), which, after expanded
as a Fourier series, possesses a 20 component with
zero phase, i.e., u; = ap sin(2Q¢) + (4Q, 6Q... terms).
Thus, the force on the system due to parametric
excitation is of the form ux =52 cos(Qr)
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+(3Q,5Q, ... terms), of which the first term, depend-
ing on the sign of the control gain, is in anti-phase with
the velocity, thereby producing a positive damping
effect. But, this type of control also introduces higher
harmonics that might not be necessary, and hence the
energy spilled in the higher harmonics is not utilized.
In this paper, the control law is designed such that the
higher harmonics have low energy density compared
to the first harmonic term of the control force, u;x.

2 Mathematical model

A cantilever beam with a bluff body of mass m at the
tip is considered as a vibrating system. The base of the
beam can move in both transverse and axial directions,
as shown in Fig. 1. The beam can be excited due to the
axial motion of the base, the transverse motion of the
beam and/or due to the air flowing over the bluff body.
The non-dimensional equation of motion of a can-
tilever beam vibrating around the first mode and
actively controlled by the parametric feedback is given
as (see “Appendix A” for detailed derivation)

(1+7p23) 5+ (G + 6x)5 + (147987 x + p3x°
= (Fy +u)x + Fy,

(1a)

where 7;(i = 1,2,3) are nonlinearity parameters that
depend on the mode shape function of the beam and {;
denote the non-dimensional damping parameters. F'
and F’, are the excitation forces comprising direct and
parametric terms, respectively. The direct excitation

Parametric excitations

> w

Fy comprises harmonic, superharmonic and subhar-
monic terms. The parametric excitation F, consists of
principal and superharmonic terms. Thus,

Fy = ficos(Qt + ¢y) +f3 cos(3Q + ¢3)
+fi3 COS<?¢+¢1/3> (1b)

F> = f>c08(2Q1) + f4 cos(4Qt + ¢,) (1c)

The flow-induced self-excited vibrations can be
studied by selecting negative linear damping, i.e.
{1 <0 and positive nonlinear damping, i.e. {, > 0.

The control input is considered to be a function of
the state variables of a resonant filter

ui :g(z,z'), (1d)

where z is the state variable of a second-order filter fed
back with the measured acceleration signal of the
structure, i.e.,

4207+ Qfz = K. (le)

There are two distinct advantages of using the filter.
First, it attenuates the high-frequency noise of the
measured signal. Second, the filter frequency can be
tuned appropriately to the target mode in an MDOF
system.

2.1 Design of the controller
The primary objective here is to design the control

input, i.e. the function g(z,7) such that the control
force is purely dissipative. So, the control input, g(z, 2)

air
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Fig. 1 A schematic model of a cantilever beam vibrating due to direct, parametric, and self-excitations
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should be chosen so that the phase difference between
the dominant harmonic component of the control force
Arupx maintains a 180° phase difference with the
velocity, i.e. —Apuix is in phase with the velocity.

Let the system response, at the steady state, be
dominated by a single frequency and, thus, can be
approximated as x = asin(Qr + a). Therefore, the
desired function g(z, Z) must be of the form,

uy = g(z,2) = cot(Qr + o) (1f)

Now, if the filter frequency € is tuned to Q, the
state variables of the filter equation are of the form,
z=bcos(Qt +a) and 7= —bQsin(Qr + «). Thus,
the objective has been simplified to generate a
cotangent curve using sine and cosine curves. One
can use the Fourier series expansion to generate the
approximate cotangent signal, but it is difficult to
generate the high-frequency components separately
using only the state variables of the filter. In this paper,
the following approximation is used

n
uj :chi(cos(QtJroc))%*l sgn(sin(Qr+0a)), (2a)
i=1
where the coefficients c;’s are obtained by using the
least square algorithm to minimize the error between
the approximate polynomial and the desired shape of
the signal. (Detailed explanation is given in “Appen-
dix C”). The desired and approximate shape of the
control signal is shown in Fig. 2a. From Fig. 2b, one
observes that the term —ux is almost everywhere in
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(b)

phase with the velocity, except at some time instances,
particularly near the maximum velocity. However, the
interval of mismatch can be reduced by increasing the
order of approximation n.

But the above approximation requires the cosine
signal of unit amplitude. To obtain the signal with zero
phase shift and unit amplitude from the filter variable
z, the following equations are proposed (details are
given in “Appendix D”),

y=knz (2b)

% = ka <% - (an)z) (2¢)

Therefore, the system given in Eq. (1) with the
proposed controller can be written as

(l + ylxz))'c'—i— (Cl + szz)x' + (1 + ylx'z)x + y3x3
= iz(Fz + kul)x + F1

4207+ Qiz =% (3b)
dkyy 1 2

F—ka (5_ (kHZ) ) (30)
y=kiz (3d)

U= Zciyziflsgn(i) (3e)
i=1



A novel resonant parametric feedback controller (RPFC) for suppressing nonlinear resonances 1043

w

—— ¢ =01

. — (=03 |
’ ¢r=0.5
2l

0 L
0.8 0.9 i 1.1 1.2
Q

Q;

Fig. 3 Effect of filter damping on the sensitivity of the filter
phase

While designing the control law, £y was assumed to
be tuned to Q. In the case of resonance, the system
vibrates at a frequency close to the natural frequency,
i.e.Q ~ 1. The sensitivity of the phase due to the filter
at Qr = Q can be controlled by varying the filter
damping, as shown in Fig. 3. For the controller to
work as expected, higher values of filter damping can
be selected to maintain the phase due to the filter being
as close as possible to /2 for a wide range of
frequencies.

3 Nonlinear analysis

In this section, the method of multiple time scales [30]
is employed to obtain the approximate system
response. Towards this end, Eqs. (3a) and (3b) are
recast as,
X+ Q% ze(alx — ?lxz)'c' — (Zl + zzxz)x'
_?3)(3 — ?1)52)( —+ MII}X' + FW) + Fs,
(4a)

where F and F,, are strong and weak excitations,

Q
Fs:%exp(BQt+i¢3)+]%€Xp <i§t+i¢1/3> (4b)

F, = <%exp(i2(2t) +%exp(i4§2t +igy) + cc) Jox

+ (le exp(iQr + i) + cc)

i+ Q%2 = g0z — 20,Q7 + &), (4d)

and

% = 8(@ G - (k112)2>> (4e)

where (; = ¢(;, V=€), Ao = el g0 = Q% — 1,
el = 8= 1, 600 = Q° — Q} and ¢k, = k, with ¢
as a small parameter. Let, 1 = ¢ and T = &t be two-
time scales. Thus, the solutions of Egs. (4a), (4d) and
(4e) can be expressed as.

x=x0(1,T) + &x; (1, T) + O(&%) (5a)
z=2(t,T) + ez (z, T) + O(%) (5b)
k11 :kllo(‘E,T)+8k111(T,T)+0(82) (50)

It is assumed that the k, is chosen to be a small
value such that the variation of the parameter k;; is
slow. Therefore it can be assumed that ky; = k(7).
Equation (5c) can be rewritten as

kll = kllO(T) + Sklll(T) + 0(62) (Sd)

Substituting the Eqs. (5a), (5b) in Egs. (4a), (4b)
and equating the coefficients of £°, yields
DfonerxO:j%exp(i?)QtJri%)

Q
+J%exp <i§t+iq§l /3> +cc (6a)

Dz + Q%% =0 (6b)

Solutions of Egs. (6a) and (6b) are written, respec-
tively as

xo:alT‘lexp(iQr—i—ion )—l—%exp(z’ﬁ%ﬂf—i—i%)

Q
a1,1/3exp <i§r+iq§1/3> +cc (7a)

™
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a3 % (71’))
9

01’1/3 = é/; (7C)

20 = a;—’]exp(iQr + i) + cc (7d)

where ay 1, as 1, 1, ay are functions of T.
Substituting the Egs. (5d) and (5b) in Egs. (4e) and
equating the coefficients of ¢!, yields

ok - (1
o =5 - Gl (7e)

Substituting Eq. (7d) in (7e) and averaging over a
period of

one obtains

At the steady state, Eq. (7f) yields kjjap = 1, i.e.,
the amplitude of the signal y used in Eq. (3c) is unity.

Hence, one can write y = cos(Qt + o). Now,
employing the Fourier series approximation, the
following expression is obtained

Zc,y sgn(Z

)xoRecoar, 1 cos(Qut+20n—ay )

:Cogl’l (exp(i(Qt+20,—0y))+cc)

(72)

Substituting Eqgs. (7a—d,g) in Eq. (4a-b), eliminat-
ing the secular terms and separating the real and
imaginary terms, one obtains the following slow-flow
equations

fi I . 1
(515111(061*%) +§<a"f‘1§2§27ai,/3y3s1n(a]—3¢,/3>) 24“11/3Q$2005(“1 3¢|/3)

1 .
, 1 +Zal.3f4)~25m(°‘l+¢? b4)— al 1a1,3738in (30 — ¢3)+ al 13719 51“(“1_3¢1/3> (8a)
ed) |;=—=— a
201 1 .1 . l . 1
+Zal,1a%‘3QQ2+Za1,1a1‘1/3QC2+Za1,3f2)”251n(051_¢3)+Za1,]f2)031n(2051)+§a1AIQC1
3 . 1 \ 1
+Zaila1,3lezsm(3oc1—¢3)—§a1,1cok/u2cos(2a1—2&2)+§a%_la1,3ﬂézcos(3o¢1—¢3)
1 1 1
4. 17— al V3= a|71+§flcos(oc| o, )—|—4a1 Q- a1 1/3y3c0s(oc1 —3(1),/3)
3 3 2 1 3,
*Zal.lam”/s*Zal.,l%ﬂ/s“/s 221, 1/39425111(0(1 3¢1/z) —g1.141373¢05 (301 —¢h3)
1 1 ,
Saaz_m 3601 13719 009(061 3¢1/3) —al,anzCOS(Ofl $3)+ —al 1fa7ac0s(20) (8b)
5 5 1
+§a141a%,3“/1QZ+_al.la%‘l/sﬂgz“'zal.iﬁizcos(“l+¢3—¢4)
3, 1 1
+4a1 a, 371 Q2 cos(3o —d3)+ 4. lcok@sm(Zal—Zaz)—ga% 1a1,3Q0sin (301 —¢3)
Okino _ &(1 —k2,a3,) (7f) ed. :—i ar 1QQ( +la1 1QZSin(O(1—OCQ) (8¢)
or 2 11921 2,1 20 ; fSf 77

@ Springer



A novel resonant parametric feedback controller (RPFC) for suppressing nonlinear resonances 1045

1
sag‘lzm@z,] (Q}—Qz) +allezcos(ot1—oc2)> (8d)

Applying the steady-state conditions ie., a} =
ay, = o = o}, =0 in Eqgs. (8a—d) yields

Aj(a,', OC,') = O, (86)

forj=1,.,4andi=1,2

Solving Eqgs. (8e), one obtains the steady-state
response of the system. The stability of the steady-
state solutions is determined by the eigenvalues of the
Jacobian (J) of the slow-flow Egs. (8a—d).

_aa'l,l aa'u Ga’u 6a’171_
Oa;; Oa; 0Oap; Oup
6a1,1 6061 6a271 60(2 (9)
aa,z,l aa,z,l 0dj | aa/z,1

aam 60(1 661271 6062
Oy 0oy Qay Qo)

_6a171 aotl aaz_l 60(2 |

4 Numerical results

In this section, different possible nonlinear resonant
conditions are considered and the efficacy of the
controller is demonstrated for each individual case.

4.1 Principal parametric resonance

“:0717&27€1>0)

For pure principal parametric excitation, Eq. 8e can be
recast as

ar ((Clchokizcos20)+£CZQai,) =daj 1 (*1 ‘2/12$in2(11>
(10a)
1
ap ((1 —Q? +kcol2sin20) +Z (3732 Qz)ail

) (10b)
)

1
=ay (ifzizcosZocl

2
amQ

; (10c)
\/ (- @) +(2509)°

a1 =

[ 25:9Q
a0 —op =0 =tan"! <ﬁ> (10d)
Q-

Simplifying the Eqs. (10a-10d), one obtains a
polynomial equation

(dza‘l‘_l + dlail + d())ail =0, (11a)
dray | +dyai | +do =0 (11b)
where

1
dr = 16 ((C29)2+(2V192 - 3“/3)2)

1
d; ZE((QQ—HQCOCOSZ@)CZQ— (29,922 =3y;)
(1 7Q2 +k1 )QC()SinZ@))

do=({,Q)*+ (@2 1) ~2kdsco ((Q2—1)sin20

1\ 2
+1Qc0520) + (klaco)* — <j%>

Solving Eq. (11b), one obtains the amplitude of the
system response a; | for the chosen control parameters
and oscillation frequency Q. Other unknowns, such as
az 1, o and ap can be obtained from Eqgs. (10a-10d). It
can be observed that Eq. (11a) possess a trivial
solution a;; = 0 indicating the static equilibrium as
one of the steady-state solutions of the system.

Equation (11b) may have either 0, 1, or 2 real roots
depending on the parameter values. Thus, a value of
the control gain exists, k beyond which Eq. (11b) does
not have a real root implying complete suppression of
vibration (i.e., stable static equilibrium). To ensure the
nonexistence of any real root, the coefficients of the
polynomial (11b) must satisfy one of the following
criteria.

Case I: d° — 4dyd, <O0.

Case II: d; > 0 and dy > 0.

Figure 4a depicts the regions of the number of roots of

the polynomial (11) in k versus Q plane. It can be

observed that there exists a minimum value of k above

which there exists no real solution, and hence com-

plete suppression of vibration can be achieved.
Figure 4b illustrates the analytical frequency

response plot (obtained from Eq. (11)). The analytical

results are verified by the numerical simulations.
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Fig. 4 Effect of control gain on the frequency response of the system k = 0 (black), k = 0.002 (blue), k = 0.004 (red). {; = 0.01,
G =1,7,=29053, y; = 0.8174, /, = 1.1575, /2, = 0.025, k, = 1, (s = 1, = 1, n =10
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Fig.5 Time history plot of the uncontrolled and controlled system response (Simulation) {; = 0.01,{, = 1,y; = 2.9053, y; = 0.8174,

Jo=1.1575,o=0.025k, =2,{;=1,Q% =1,n=10

AtQ = 1and Q = 1, the expression dy > 0 yields
the following threshold value of the control gain above
which the parametric resonance is completely
suppressed

= +f2%

k >
AQC()

(12)
For an uncontrolled system, the threshold value of

parametric excitation amplitude above which the

parametric resonance can be observed is obtained as

)eriea= 2 (13)
2
Thus, the threshold value of the control gain, k
given by Eq. (12), is valid provided f5 > (f>)
i.e., the control gain must be positive (k > 0).
Figure 5 shows the system response time-history
plot for uncontrolled and controlled cases.

critical®
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4.2 Direct excitation
4.2.1 Primary resonance (f; = 0,i #1,{; > 0)
For pure primary resonance, one recasts Eq. (8e) as

1
(CIQ — ki p¢q cos 29)&]71 + ZCQQCI?J
= fisin(¢p — ay) (14a)

(kM,zC() SiIl(ZOCz — 20(1) +1-— Qz)aLl

2 3
- (Z%QZ - 23’3)“?1

= ficos(¢p — o) (14b)
(11_’192

(14c)
V (- 2) "+ (520)° C

a) =
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20:Q,Q
a0 —op =0 =tan"! <gf;f> (144)

2 2

Q -

Simplifying Egs. (14a-d), yields the following
polynomial equation

ey’ + ey’ +ey+e =0, (15)

where

1
e =1 (L (21,22 - 3,)7)

1 )
er= (5529> (£1Q—kyAycocos (200 —2ay))

3
— (’J)IQZ —E’yg,) (kI)QCQSiH(ZOCQ—ZO(l)—Fl —Q2)

e1= (kl/lzcosin(2a2—2<x1)+1—Q2)2
+(CIQ_kl /12COCOS(20(2—20€1 ))2

i

andy =aj ;.

Analytical frequency response plots obtained from
Eq. (15) are shown in Fig. 6 for different gain values,
k and the results are verified by numerical simulations.
Clearly, the proposed controller can significantly

0.35

k=0

0.3+

0.25 t

Amplitude
o
= ©
(S [\

0.8 0.9 1 1.1 1.2
Q

Fig. 6 Effect of gain on the frequency response plots of the
system subjected to direct excitation. {; =0.01, {, =1,
1 =2.9053, y;=0.8174, 2, =1.1575, fp=0, k,=2,
szl,Qf:l,nzlo

reduce the resonant vibrations of a directly excited
system.

4.2.2 1/3 Subharmonic resonance

(fi=0,i#1/3,{; >0)
For this case, Eq. (8e) yields
1 1
1 (Qat  + (5 0Qa7 5 + (1 Q — cokia cos 20)

1
= —101,101,3QC2 cos(3a; — ¢b3)

(V3 - 2"/192)017101,3 sin(3o — ¢5)
(16a)

AW

+

3 3 5 .
Z(*'){g +2y192)a%_1 + <(sz 1) 75(1%'3)13 +§af3y192 7c0k/1251n20>

:Z(Vs*27’192)01,1611,3005(3011*¢3)+%a1,|a.,3§2§25in(3a1—¢3)
(16b)
QZ
a) = a1 (160)
Q22— ?) 4 (20,0,Q)
(  — ) +(24,2Q)
[ 249:Q
Oy — 0] = 0 = tan 1 (QZ Q2 (16d)

Simplifying the Eqgs. (14a—d), a quadratic equation
is obtained as follows:

2y + g1y +8 =0, (17)

where

<1 C2§2> ( —73 +29,Q ))2

g172(iCQQ)( CzﬁaB—I—ClQ cokizcos%)

3 5 | *3 5
—(Z(h—z”/lg )013) —(10139@) +§(_"/3+2“/19 )

3 5 , .
( (QZ - 1) _50%3“/3 +Ea%3y| Q2 —cokla s1n20) ,

3, 5 o\
80= ((92_ 1) _53%3“/3 +§a%3y, O —cokZa sm20)

2
+ (%(29(1%3 + Q—cokZZCOSZG)
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and y = ai .

Equation (17) possess at least one positive real root
if, g1 <0 and 4g,g> <g%. Figure 7 shows the region of
stable 1/3 subharmonic resonance in f; versus Q plane,
where the stability boundaries are defined by the
equation g7 — 4gog> = 0. Figure 8 shows the effect of
excitation and control gain on the system response. It
can be observed that the size of the Isola decreases
with the decreasing excitation amplitude, f; and the
increasing control gain, k, and vice versa. Thus, it is
apparent from Figs. 7 and 8 that the proposed control
can completely eliminate subharmonic resonance
provided the gain is selected above a critical value.

1
Stable
0.8 f
0.6 f
*42_
0.4 + Unstable
02 [ l‘. - 0
k=0.1
k=0.2
0 : . .
0.6 0.7 0.8 0.9 1

Q

Fig. 7 Effect of gain on the stability region of 1/3 subharmonic
resonance

4.2.3 Simultaneous primary and 1/3 subharmonic

resonance (f; = 0,i # {1,3},{; > 0)

For this case, Eqgs. (8e) yields four nonlinear algebraic
equations that cannot be simplified to polynomial
form. Hence, the equations are solved using the
method of continuation. The results thus obtained are
shown in Fig. 9 and verified by numerical simulations.
Figure 9a shows the effect of f; on the frequency
response of a directly excited system. The superhar-
monic excitation amplifies the system response due to
subharmonic resonance. Though the proposed con-
troller is designed for controlling the vibrations with a
single frequency, it works effectively in the case of the
system vibrating at two frequencies with one dominant
frequency, as shown in Fig. 9b.

4.2.4 Simultaneous Primary and 3/1 superharmonic
resonance (f; = 0,i # {1,1/3},{; > 0)

Equations (8¢) is solved, and the effects of the
excitation amplitude and the control gain are shown
in Fig. 10a, b, respectively. The subharmonic excita-
tion, f7,3 tends to amplify the system response due to
superharmonic resonance. In this case, the system
response consists of two frequency components.
Though the control input « is designed for a system
dominated by a single frequency close to the natural
frequency, the proposed controller can control the
system response. Due to the same reason, the
mismatch between the analytical and simulation
results can be observed in Fig. 10b at lower amplitude
levels (where the Q component is not dominating).

Fig. 8 Effect of a excitation 0.6 - 0.6
amplitude, f5 and b control — f3=0.25
gain, k on the amplitude
0.5 0.5
versus frequency cure.
L=00LG =1,
y1 = 2.9053, y; = 0.8174, %2 041} ..JS 0.4
Ay =1.1575,£, =0, £ Z
ko =30,{=1,Q =1, = =
n=1 Z 03¢ Z 03
0.2 0.2
0.1 0.1
0.9 0.95 1 0.9 0.95 1

(a)
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Fig.9 Effect of a excitation 0.6 0.6
amplitude, f; and b control
gain, k, on the frequency 0.5
response of the system.
(=005 =1, 0.4
71 = 2.9053, y; = 0.8174, & g
s = 1.1575, f; = 0.01, 2 £ oo
kh=14=19=1 z e
1 g g
n < < 0.2
0.1
0
0.9 0.95 1 1.05 1.1
b Q
Fig. 10 Effect of a 3/1 0.5
excitation amplitude fi 3, 1/3=0
k = 0 and, b control gain k, o4l 13 =01

fi/3 = 0.2, on the frequency
response of the system.
(1=001,45=1,

71 = 2.9053, y; = 0.8174,
Jp = 1.1575, f; = 0.01,

$1 =0, dy/3 = 1.5708,
ke=1§=10 =1,
n=1

Amplitude

e
)

o
—
s

Amplitude

oo
©
S
-

(@ Q

4.3 Self-excited resonance (f; = 0, {; <0)

In this section, the vibration control of a self-excited
system using the proposed controller is investigated.
The self-excitation dynamics can be modeled by
incorporating negative linear damping {; and positive
nonlinear damping {,. Substituting the steady state
conditions in Eq. (8e) yields

QZ
a| = 01,12 (18a)
2
J(@ @) es00)
[ 249:Q
op — oy = 0 =tan '<ﬁ (18b)
o -
4(—CIQ + k] /126‘0 COos 29)
2
aj, = 18¢
1,1 C2Q ( )
and

7
> Q' =0, (18d)
i=0

where

bo = —36‘0’))3](/129}1

by =390 - QG

by = 2¢071kia Q) + 4cokZa Qs + 12¢0p3k Q8
+ 6c073kA2 QY

by = 29?52 +2§2;C§ - 23’19;51 - 63’39}%C1 - 49;524?
12,0,

b4 = 78C0’))]k/129]%é? — 4C0’))1k/12QJ% - 4C0k/12C2Qfo
— 36‘0)/3](/12
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1.02 0.25
F 0.2
1.01
0.15
c 1 g
0.1
0.99
0.05
k.
k=0 k = 0.0085
0.98 * 0 0.3 . H . . . \ .
0 0.005  0.01  0.015  0.02 0 500 1000 1500 2000 2500 3000 3500 4000
(a)k (b)t

Fig. 11 a Variation of frequency and amplitude of a self-excited system with varying gain b Simulated response of a self-excited
system with and without control. {; = —0.01,{, = 1,y; =2.9053, y; = 0.8174, 4, = 1.1575, /o = 0,k, = 1, {; = 1,Q = 1,n = 10

Fig. 12 Effect of a (2)0.25 ®) 0.3

Amplitude of parametric fr=0 ¢1 = —1.5708
excitation and b phase of the 0.2 fo=0.015 0.25 ¢1 = —0.7854
direct excitation on the ' f2=0.03 h=
frequency response of the 0.2

Amplitude
o
o

bt
s

uncontrolled system. -§ 0.15
(=001, =1, =
fi =0.001, y, = 2.9053, & o
y; = 0.8174, A, = 1.1575 <
0.05
0
0.95

bs = 420,00 + 3y301 — 2000 + 49, QP — G
- 8?19%51@%

bg = 2copkiy

by =0 =29,

Solving the Egs. (18a—d), one obtains the frequency
Q and amplitude a; of the system at the steady state.
The variations of the frequency and amplitude of
oscillations with gain are plotted in Fig. 11a. It can be
observed that the self-excited oscillations can be
suppressed by selecting the gain above some threshold
value, ky, given by

(20)

@ Springer
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Figure 11b shows the simulated response of the
system with and without control.

4.4 Simultaneous direct and parametric
resonances

4.4.1 Primary and 1/2 parametric resonance

(fl:Oal#{laz}7C1 >0)

Figure 12 shows the frequency response of the system
for different amplitudes of parametric excitation, f,
and phase of the direct excitation, ¢,. It can be
observed from Fig. 12a that a loop appears in the
frequency response curve when the amplitude of the
parametric excitation exceeds the critical value
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B) eriticar= 2}_&2. (here 0.0173). The existence of the loop

also depends on the phase of the direct excitation, ¢,
as shown in Fig. 12b

Figure 13 shows the effectiveness of the proposed
controller for suppressing the vibrations of the system
subjected to both direct and parametric excitations.
Evidently, the loop in the frequency response curve
disappears beyond a threshold value of the control
gain, k (Here, the threshold value of control gain is
calculated from Eq. (14) as 0.0073).

0.2 .

k=0

0.15

0.1

Amplitude

0.05 -

0.95 1 1.05

Fig. 13 Effect of control gain on the frequency response of the
system. {; =,0.01, (=1, v, =2.9053, y;=0.8174,
A = 11575, f; =0.001, ¢, =—-n/4, f,=0.03, f;=0,
kh=1,4(=1,Q=1n=10

4.4.2 Simultaneous 1/2 parametric and 1/3 direct
subharmonic resonance

(fi=0,i#{2,3},(; > 0)

Figure 14a shows the frequency response of the
system under simultaneous 1/3-rd subharmonic and
1/2 parametric resonance without control. The forma-
tion of isolated resonance is apparent in the frequency
response plot. The effectiveness of the control in
suppressing the resonance amplitude is evident from
Fig. 14b.

4.4.3 Simultaneous 1/2 parametric and 3/1 direct
superharmonic resonance

Figure 15 shows the frequency response of the system
under simultaneous 3/1 superharmonic and 1/2 para-
metric resonance with and without control. The
effectiveness of the control is evident from these
figures.

4.4.4 1/3 Direct and 1/4 parametric subharmonic
resonance (fi = 0,i # {3,4},({; > 0)

Figure 16 shows the effect of amplitude, f,, and phase,
¢, of 4:1 parametric excitation on the system
subjected to weak 1:1 direct excitation, f; and strong
3:1 direct excitation, f3. It can be observed that phase
¢, can either amplify or de-amplify the system
response. The proposed controller can suppress the
subharmonic resonances and their combinations as
shown in Fig. 17.

Fig. 14 Effectofafs, k=0 0.6
and b control gain k, f3 =
0.075 on the frequency 05}

response of the system.
fip=0,4=00L0 =1,

7, = 2.9053, y; = 0.8174, . o
Jo=1.1575,f, =0, E
£ =01, =0.075f =0, 709
f1/3=0:¢1=0’¢3=0= <

S
o

¢4 =0, ¢1/3 =0k, =1,
G=1.0=1n=1

e
=

— /=002 ;= 0.025
f3=0.05 k=005
£3=0.075| 04 k=0.075] |

Amplitude
o

o
o

0.1

oo
o
&

0.9 0.95
(@ Q
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Fig. 15 Effectofaf  ; k = 0.6 0.5
0andb control gain k, f1 3 = J{m = 84885 : = g»gi
0.08 on the frequency 0.5 fi; — 0,075 1 04 k= 0.06] |
response of the system. )
él = 0.01, gZ =1, 0.4
v =2.9053, y; = 0.8174, o 03
A =1.1575, /i =0, 2 03 8
f=01,/=0,/ =0, e g
¢]:O’¢3:O,¢4:O7 << < 0.2
bij3=0.ks=1,4 =1, 0.2
Q=1,n=1
! i 0.1 .
R ¢
K
0
1.05 0.9 0.95 I 1.05

Amplitude
o
e =
— ot

S
=
&

e

oo

(=]
(<]

(@ Q

1 1.05

0.25
$; = 3.1416
é; = 1.5708
0.2 by =0

I
=
o

Amplitude

(b) @

Fig. 16 Effect of a amplitude and b phase of the 4:1 superharmonic excitation on the frequency response of the uncontrolled system.
Simulation results are marked by *. {; = 0.01, {, = 1, y; = 2.9053, y; = 0.8174, 1, = 1.1575, f; = 0.001, f3 = 0.1, f4, = 0.2

4.5 Simultaneous primary, principal parametric
and self-excited resonance

(fi :Oal# {1’2}351<0)

The frequency response of the uncontrolled self-
excited system subjected to both direct and parametric
excitation is shown in Fig. 18. One observes a loop in
the resonance plot. Such a system exhibits quasiperi-
odic response at frequencies away from the natural
frequency due to secondary Hopf bifurcation (Nei-
mer—Sacker bifurcation). It is evident that increasing
the control gain progressively eliminates Hopf

@ Springer

bifurcation and hence the quasiperiodic oscillation as
well as the loop in the resonance plot. The amplitude
of oscillation can be reduced by a substantial margin
by increasing the control gain. Figure 19 shows the
time history of the system response with and without
control.

4.6 Controlling chaos
(fi=0,i #{1,1/3,3,4},{; <0)

It is well known that a chaotic response is possible in
the system considered here. In the present section, an
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0.25

0.2

S
—
ot

Amplitude
o
o

Q

Fig. 17 Effect of control gain on the frequency response of the
system. (; =0.01, (=1, 7, =29053, y;=0.8174,
Ja = L1575, fi =0.001, f3 = 0.1, f4, = 0.2, k, = 10, {; = 1,
Qf = 1, n=1

0.25

0.2t

=]
—_
ot

Amplitude
©

N2

0.95 1 1.05

Fig. 18 Effect of gain on the Analytical (solid line) and
Simulated (*) frequency response plots of the system subjected
to both direct and parametric excitation. SN: saddle node
bifurcation, HB: Hopf bifurcation, {; = —0.001, {, =1,
71 =2.9053, y; =0.8174, 4, =1.1575, £, =0.02, k, =1,
G=L%=1n=10

example is presented to demonstrate that the proposed
controller can eliminate chaotic responses. To this
end, a self-excited system with low nonlinear damping
subjected to simultaneous 1/3 subharmonic, 3/1
superharmonic, primary, and 1/4 parametric subhar-
monic resonance is considered. Figure 20 depicts the
frequency response of the uncontrolled system and the
bifurcation points on it. It is evident from the
bifurcation diagram shown in Fig. 21a that the
uncontrolled system exhibits chaotic response at low
and high frequencies around the resonance. It is further
corroborated by the time history, phase portrait, FFT,
and Poincare map of the system, for Q=
0.85,0.925, 1 shown in Fig. 21b—d.

Figure 22 shows the response of the system with
the proposed controller (k = 0.05). It can be observed
that the proposed controller can suppress the chaotic
behaviour of the system and establish the periodicity
in the system response, which can also be verified from
Fig. 23 depicting the variation of the maximum
Lyapunov exponent (calculated using the LET toolbox
[31]) with the control gain. Apparently, there exists a
threshold value of the gain, k above which the
maximum Lyapunov exponent is zero signifying the
periodic system response.

4.7 Adaptive control

In the previous sections, the ratio of filter frequency to
the system’s natural frequency is considered to be
unity, i.e. filter frequency is set to the natural
frequency of the system around which the system
tends to oscillate. In case of an unknown natural
frequency, Q cannot be set to unity, and the filter is
mistuned. To remove the dependence of filter fre-
quency on the system parameter, one can tune it to the
frequency of oscillation. This can be done manually.
In order to tune the filter adaptively, the following
adaptation law is used (The working principle of this
equation is explained in “Appendix B”).

dQy

= kpsgn(z)(sgn(x) — sgn(z)) (20)
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1054
Fig. 19 Time history of the 0.1 T T
system response. The

controller is switched on at 0.05 ”
t = 1000. {; = —0.001, o ol
O =1,y =2.9053, ‘

y3 = 0.8174, 7, = 1.1575, -
fr=002k =1,{=1,
Q —1.n=10 -0.1 | 1 1 | | 1 1 | |
F= L E = 0 200 400 600 800 1000 1200 1400 1600 1800 2000
Q=0.9812 ¢
0.1 T T T T T T T T
0.05
5 0
-0.05 - !
k=0 : k=0.01
-0.1 | 1 | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t
1.2 0.6
3 0.58
0.56
0.8 ©
[N .
E = 054
= 0.6 =
g g 052
< <
0.4
0.5
e 0.48
0 0.46
0.8 0.85 0.9 0.95 1 0.92 0.93 0.94 0.95
Q Q
(a) (b)

Fig. 20 a Frequency response of the uncontrolled self-excited
system subjected to 1:3 direct subharmonic, 3:1 direct super-
harmonic, primary and 1:4 parametric subharmonic excitations
and b zoomed-in view of the plot showing the boxed are in the
plot (a). SN: saddle node bifurcation. HB: Hopf

Figure 24 shows the time history of the system
response as well as the output of the adaptation
Eq. (20) and the control signal. It can be observed that
a mistuned filter might amplify the existing vibrations.
The proposed adaptive control successfully tunes the
filter frequency and hence, achieves vibration
reduction.

@ Springer

bifurcation.{; = —0.01, {, =0.2, y; =2.9053, y; = 0.8174,
/2 = 11575, fi =0.01, o =0, f3 = 0.05, fy = 0.1, fi 3 = 0.1,
¢1 :0,¢73 :0,4'74:0,(1’1/3 =0

5 Experimental results

An axially excited stainless steel cantilever beam
(B30cm x 25cm x 0.5cm) with a tip mass
(~ 80 g, including the mass of accelerometers) is
used as a test setup for the experiment, as shown in
Fig. 25. The components used for the experiment and
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Fig. 21 a Frequency response and Bifurcation diagram (black uncontrolled system. (; = —0.01, {, =0.2, y, =2.9053,
for the backward sweep and blue for the forward sweep), time y; =0.8174, /4, =1.1575, f1=0.01, £, =0, f3=0.05,

history, FFT, Phase portrait and Poincare map at Q = 0.825
(red, b), Q =0.925 (magenta, ¢) and Q =1 (cyan, d) of an

their specifications are given in Table 1. The actuator
shown in Fig. 25 is used for excitation and control, i.e.,
the signal fed to the actuator consists of excitation and
control signals.

The control signal and the output of Eq. (3e), i.e.
ki1 is shown in Fig. 26. The shape of the control signal

fa=01, fiz =01 ¢ =0, ¢3=0, ¢, =0, ¢;;3=0,
ki =1L =19 =1n=1k=0

matches with the simulated control signal as shown in
Fig. 2. Figure 27 shows the output of Eq. (3d), which
is supposed to be a unit amplitude signal with zero
phase shift. From Figs. 26 and 27, it can be concluded
that the equations designed in this article for getting a
unit amplitude signal with zero phase shift and for
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Fig. 22 a Frequency response and Bifurcation diagram(black), y; =0.8174, /4, =1.1575, f1=0.01, £, =0, f3=0.05,

time history, FFT, Phase portrait and Poincare map at Q = 0.825
(red, b), Q = 0.925 (magenta, ¢) and Q = 1 (cyan, d) of the
system with controller. {; = —0.01, {, =0.2, y;, =2.9053,

obtaining an approximated cotangent wave from a
cosine wave fulfill the objective.

The output of Eq. (3e) and (3c) are shown in
Fig. 28 for both uncontrolled and controlled systems.
Whereas Fig. 29 shows the recorded system response
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fa=0.1, fiz=0.1, ¢, =0, ¢3=0, ¢, =0, ¢>1/3:O,
ki=1,4=1,%=1n=1,k=0.05

(acc) during the experiment. The controller is switched
on at r = 750 s. It can be observed that the proposed
control fully suppresses the parametric resonance.
Figure 30 shows the frequency response of the
system with and without control. The experimental
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A7"(1.’1'

0.04 0.05

Fig. 23 Variation of maximum Lyapunov exponent with
increasing gain. {; =—-0.01, {,=0.2, 1y, =2.9053,
y; =0.8174, 7, =1.1575, fi=0.01, =0, f3=0.05,
fa=01, fis=01 ¢ =0, ¢3=0, ¢3=0, ¢;3=0,
ki=10=1Q=1,n=1Q2=09

results are in close agreement with the analytical and
simulation results shown in Fig. 4.

6 Conclusions

In this paper, a novel Resonant Parametric Feedback
Controller (RPFC) is proposed to improve the sys-
tem’s damping via parametric variations and suppress
various nonlinear resonances and chaos in a cantilever
beam. The cantilever beam is subjected to 1:1 direct
excitation, 1:3 subharmonic direct excitation, 3:1
super harmonic direct excitation, 1:2 parametric
excitation, 1:4 subharmonic parametric excitation,
and self-excitation. The controller consists of a linear
second-order filter with acceleration feedback and a
novel control law which is a nonlinear function of the
state variables of the filter. The effectiveness of the
proposed controller is studied for the following cases.

1. Principal parametric resonance

2. Direct resonances—primary, 1/3 subharmonic and
3/1 superharmonic.

3. Self-excited systems

Fig. 24 Time history of the 1 T
system response x, filter

frequency €y, and control

signal u;. The control is 8 0
switched on at t = 1000
with a mistuned filter
(9 = 0.6). The adaptive

R . 41 1 1 1 1 1 1
Conggi)g ZC‘Wateg 8; 0 500 1000 1500 2000 2500 3000 3500 4000
= > 61 = —0.0l,
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Fig. 25 Experimental setup

Table 1 List of equipment
and their uses

Fig. 26 The output of
Eq. (3e) and control signal
at a steady state.
(Experimental) n = 10
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FFT
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External Parametric
Excitations

Controller

control signal

>+

Power Amplifier

Equipment Model Use
Accelerometers ADXL335 (MEMS) Feedback

PCB Piezotronics(Piezoelectric) ~ Real time monitoring
Microcontroller ~ TI C2000-F28379D Signal processing and data logging
Analyzer B&K pulse PC card front end Real-time FFT

Power amplifier

B&K type 2719

Power amplification of the control signal
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4. Various combinations of simultaneous direct and
parametric and self-excited resonances.

From the analytical solutions and the numerical
simulations, it is concluded that the proposed

; ! ! ! ! |
650 700 750 800 850 900 950
Offset=0 1(s)

Fig. 27 Output of Eq. (3d). (Experimental). The controller is
activated at t = 750 s. n = 10

20

—_
(2}
T

10 +

acc of tip (m/s?)

(@2}

6.62 6.64 6.66 6.68 6.7
2w (Hz)

6.58 6.6

Fig. 30 Experimental frequency response of the system

Fig. 28 Variation of k11 and T
control signal with time
(Experimental). The 10k
controller is activated at t ~ o
750s.n =10 ~
<&
~ 5
-
0 =
1

750 800 850 900

N
o o

acc (m/s’)

Y
<)

1 | 1 -

-40 L '
700 750

Offset=0

800 850 900 950

1(s)

Fig. 29 System response (Experimental). The controller is activated at r = 750 s. n = 10
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controller suppresses the nonlinear resonances and
eliminates the quasiperiodic and chaotic behaviour
from the system. The results for suppression of the
principal parametric resonance are verified by
experiments.

Further, a novel adaptation law is proposed to deal
with the uncertainties in the system’s natural fre-
quency. The proposed adaptation law tunes the filter
frequency such that the phase difference between the
dominating harmonic component of the input signal
and the filter output is 7/2. From simulation results, it
can be observed that a mistuned controller can amplify
the system response. Introducing the adaptation law
achieves a reduction in the amplitude of the system
response.
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Appendix A

Derivation of the governing equation of a cantilever
beam vibrating due to the axial and transverse motion
of the base.

List of variables used:

Transverse deflection of the beam

Axial deflection of the beam

Coordinate along the length of the beam
Density of the beam

Cross section area of the beam

Length of the cantilever beam

Tip mass

I N>D w2 T =

@ Springer

X,  Axial displacement of base/support

v  Transverse displacement of base/support
vy Normalized mode shape of the beam

v Time dependent scaling factor

w, First mode of the beam

Strain energy

1 l
U=- / / EZ’k*dAds, (A1)
2Jo Ja

where z is the distance from the neutral axis, and x is
the curvature. Assuming that the beam is inextensible

Kk =—ua(s,1)

Os
1
= w0 (s, 1)+ S w20 (s, w0 s, 1) 4

(A2)

where w(s,t) is the transverse displacement at a

distance s from the fixed end and w(/) (s, 1) = 2; (@’_w)

os' \ ot/
Substituting Eq. (A2) in Eq. (A1) and neglecting the
higher order terms,

]

U:%//AEzz({W(Z.o)(w)]u{W(z.o)(w)w(m)(w)]2)dAds

0

(A.3)

! 2
EI {w(z‘o) (s, t)} ds

N =

= S—

+

/ EI [w“v‘)) (s, )W s, t)} % ds (A.4)
0

Applying the variational operator,

U= /O LEI [wm) (s,1) (1 + (w<‘~°> (s,z))z)} w0 (s,1)ds

+/01EI [w("()) (s,1) <w(2’0> (s,t))zéw(l’o) (s,t)} ds
(A.5)

Integrating by parts one obtains
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Inextensibility constraint

oU = EI

0

w0 (s ) (14 (w9(s, 1) zawwm@J)L
(o1 (400 Jow 200

0
L

= ({0 (14 (0260) ) 0 (20.0) Jowts) (A6)

2 3

L W(4‘o)(s, t)(l + (w(‘vo)(s,t)) ) + (W(z,o)(& t))
—|—/ ow(s, t)ds

+4w M0 (5. YW (5, )W) (s, 1)

2
(1+u“®@JQ w19 (s, )= 1

C—/Ié(l— (1+u<1’0) (s,t))z—w(l’0> (s,t)z)ds,
0
(A7)

where 4 is a Lagrange multiplier. Applying variational
operator to the Eq. (A7) and integrating by parts
yields,

L

oC=[-2( (149 5.0) ) u(s0) 4w s.)ow(s0)) |

[ (60 s

+ (Xw(z‘o) (5,6)+ w10 (s,t)) 5w(s,t)> ds

Kinetic energy
1

T = Em/OL ([xe + >+ [y, + W]2> 0" (s — L)ds
n %pA /OL ([x'e )y, + w]z)ds,
(A.9)

where 6* is the Dirac delta function. Applying a
variational operator to Eq. (A9) and integrating by
parts, one obtains Eq.(A12)

5] 123 L
/ oTdi= —m/ / ([ti+%, ) u[W+y,]ow) 8" (s—L)dsdt
1 1 0

b L
—pA / / ([l du+Di+y,) ow)dsdt
1 0

(A.10)

Hamilton’s principle

5/%T_aqu+qm:o (A.11)

Substituting Eq. (A6), (A8), and (A10) ineq. (A1l)
one obtains Eq. (A12)

Boundary conditions

From Eq. (A12) following boundary conditions are
obtained.

Ats=0

w9(0,1) =0 (A.13)

u(0,t) =0 (A.14)

w(0,1) =0 (A.15)
Ats=1L

w2O(L 1) =0 (A.16)
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tg I
/ (ST —SU+5C)di=—m / (-2 u-+[i+5,]0w),_dt
n n

23 L
—pA / / ([ii+,) Su+[o+y, | ow)dsdt
n 0

( {WW (s,0) (1 + (w(l’o) (s,z)) 2)] 5w(1’0>(s,t))z

. /”,ZEI _({WG'O)(_V,I)(1+<W(1’0)(571)>2) w9 (s,1) (W(M(S”))Z} 5W(s’t))j dt (A.12)

+
0

L
/ 1+u
0

+

; W(4,0)(s,z)(l_i_(w(l‘())(sﬂ))z)_"_(w(z‘())(s,l)).?

+4w 0 (5. ) w0 (5,1) w0 (5,1)
L
/ [ﬂ( 1—‘,—14(l ) (s,1) )bu (5,6)+w0 (5,1) 0w (s, t))]odt

)) ) Su(s,t)+ ()»W(I'O) (s,t)) l&w(s,t)) dsdt

ow(s,t)ds

m(ii + X,)
S (A.17)
W3O (s, )=
EL (s,1) 1+(W(1‘0)(S>t))2
RN
((w+ye)—(“+x€) (HT(’)(SJ)))
(A.18)

Equations of motion

From Eq. (A12) following equations of motion are

obtained
—pA(ii + %)+ (A1 +u))=0 (A.19)

!/

= PA(W+Y, )+ ()

. W40 (5.1) (1+ (W(l,O) (s,,)>2> + (w<2,0) (s,t))3 .

+aw10) (s,t)w(z"o) (s,t)w(3‘0> (s,8)
(A.20)

From Eq. (A19)
A1+u') = /s PA(ii + X,)ds + c(t) (A.21)
0

From Egs. (A17) and (A21)

@ Springer

ot) = — {m(u' b+ /0 oA+ x;)ds]

s=L
(A.22)

From Eq. (A21) and (A22) the Lagrange multiplier
is obtained as

(A.23)

Substituting Eq. (A23) and u= [0 (\/1 W
—1)ds ~ [; (—w'?/2)ds in Eq. (A20), following equa-
tion is obtained

82 s » .
(1-2w2)w" m<¥</0 (v /2)dx> +Xﬂ>.;:L

(1— /2)3/2 L2 s , )
v +pA-[ <@</0 (—w2/2)d5> +xe>ds

ol [m))

W0
( w0 (00 ) o )
+4w0 (50w (5,) w30 (5,1)

Using Binomial expansion Eq. (A24) can be
simplified to the following equation

PA(I+Y,)+

(A.24)
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3
pAGH+5,) + | (1 - 2w’2)w”<1 +2w’2>

s () G
ca O ) ) (o

o [
w?/2) ds) +xe>

(s t))3 o

() o) <)
%22 ( /0 5 (—w”? /2)ds) + )'c’e>ds

(A.25)

+4w(10) (s, t)w(z"o) (s, t)w(3’0> (s,1)

Neglecting the higher order terms,
o2 L , )
m(a? (/o (—w /Z)ds) +xe>
L 62 s » -
+,0A/S (§</0 (—w /2)ds> +xe)ds
aZ s ) .
—pAw (w(/o (—w /2)ds> +x£,)

. w<4~°)(s,z)<1+(w“-°)(s,z))2>+(w<2~°>(s,z))3 L

+aw10) (s,t)w(2"0) (s,) w0 (s,)
(A.26)

Separating the variables assuming that the beam
vibrates around the first mode

w(s, 1) = vy(s)v(2)

where v, is the mode shape function at first mode.
Substituting the above equation in Eq. (A.26)

L
PAVY + V(V\}'Jr v ) < mvg (/ vslds)
+pAvg (/ vy ds) —pAvsz-/ / vvldsds>

+ (mvy + pA(va (L — 5) — vs1) )X + pAY,
+ Elvwgy + EIV’ (vs4vf1 + vfz + 4‘V51Vs2vs3) =R
(A.28)

(A.27)

where R is the residual.
After Galerkin projection, the above equation can
be expressed as

Fo¥ 4 91 (7 + ) + Fyv + 539° + Aovi, + Ay, = 0
(A.29)

where

L
7o = pA / vfds
0

L s L
71 =/ Vs(pAVsl/ V§1dS—Vs2 (m/ V?lds
0 0 0
L K
+pA/ / vfldsds>>ds
K 0

L
s :EI/ VsVads
0

L
5, = EI / v (Veavyy + v 4 dvgvavg)ds
0
A L
A = pA / vsds
0

L L
Ay = / mvgoveds + / PAVs(va (L — ) — v1)ds
0 0

The above equation when converted to the non-
dimensional form, gives the following equation

X+ (F +xb)x+ x4 9300 = hFox+F; (A30)

where v = Lx, T = w,t and w, is the first mode of the

EI foL VgVsads
L

pA j;) vids

system and is given by, w%:%:
7
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Fig. 31 Graphical
representation of the
adaptation equation

J1 =sgn(x)sgn(y)

where v, is a normalized mode shape and v,
denotes the i derivative of v,.

The non-dimensional parameters from Eq. (A28)
can be obtained from the following expressions

— N2 i
il ) Y13

oy

where m, is the ratio of mass at the tip and the total
mass of beam.

1 P 1 ! P
V1|:/ (vapl/ Vzldl’>dp_/ (VDVPZ/ (/ sz;ldp)dP)dP
0 0 0 P 0
1 1
7]2:/ (VprZ/ Vﬁld[))dp
0 0
'
”/13:/ v,dp
0

1
vy = 5y L2 _ fo v,,(vp4vlz)]+v;2+4v,,1vp2vp3)dp
3= 5, - T
2 L[O V/)Vp4dp
_ 7o Jotimm,
Ay = L“fo = A
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J1 =sgn(y)sgn(y)

sgn(y)

—

/122 = — szvpdp
0
1
123 = / Vlz)dp
0
Appendix B

The objective of introducing the adaptation equation is
to maintain the phase difference between the displace-
ment signal and the control signal at 7 which results in
improved damping irrespective of the excitation
frequency. The phase difference can be adjusted by
tuning the filter frequency. The product of two
harmonic signals with the same frequency (w, say)
gives a biased signal with 2w frequency. The bias is
directly proportional to the cosine of the phase
difference between the input signals. Using this
property, a first-order differential equation can be
constructed as follows
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—= = kpxy (B.1)

The rate of convergence for this equation depends
on the amplitudes of the system variable and the
control force. This leads to a slow response of the
adaptation equation for low amplitude vibration
suppression. To make the adaptation law independent
of the amplitudes, a signum function is used, as shown
in Eq. (B.2)
d<

5 = kesen(x)sgn(y) (B.2)

Equtaion (B.2) is shown graphically in Fig. 31. One
can observe that at a steady state, the right-hand side of
the adaption equation gives a square wave which
results in the chattering of filtering frequency. To
remove this chattering, another square wave is added
to the right-hand side of the adaption equation but with
the phase difference of n radians. This secondary
square wave is generated from the already available
state variables of the filter. The modified adaption law
is,

dQy _

L~ k(sen(x)sen(y) + sen(y)sen(i)) (B3

Addition of secondary square wave results in either
positive or negative pulses. Where pulse width is
directly proportional to (% - 0) as shown in Fig. 31.
This completely removes the chattering in theory and
suppresses the chattering in practice.

For the signal dominated by a single frequency,
sgn(x) can be replaced by —sgn(x). Therefore, the
same adaptation equation can be used for both
displacement and acceleration signals.

d% = —kpsgn(y)(sgn(¥) — sgn(y)) (B4)
Here, y = z.

dc% — kysen(z)(sgn(¥) — sgn(2)) (B.5)

Appendix C

Procedure to calculate the coefficients ¢; in Egs. (2a)
and (3e).
The approximated function is given by

u= i ci(cos(Qr + ))* 'sgn(sin(Qr + o)) (C.1)
i=1

The desired function is
uy = cot(Qt + o) (C2)

Since the polynomial approximation is independent
of Q, let Q = 1. Further shifting the time in the above
signals, one obtains

n

u= Z ci(cost)* 'sgn(sint) (C.3)

i=1
uy = cott (C4)

Since cot t is a periodic function with a period 7, the
error function is defined as

n
e = ZC,’ (COS l‘j)2171 — cot lj tj S (0, TC) (CS)
i1
The above equation contains n variables. In order to
apply the least square optimization method, » linearly
spaced points are selected in the range ¢ € (0, 7). This
results in n error functions. The above optimization
problem is then solved using the built-in MATLAB
function Isqnonlin.

Appendix D

Consider a harmonic signal z = a,; sin(Qr). Squaring
on both sides, one obtains,

2
Z= @(1 — cos(2Q1)) (D.1)

Here, the objective is to find the controlling
equation for a parameter (say kj; > 0) such that at
steady state kijay; = 1. First, consider the lowest
order of the differential equation. It is clear that the
rate of change of kj; should be proportional to

[1 — (kl lazﬁl)z}. So, the differential equation should
look like this,

kit = kat [1 - (kuaz,l)z} (D.2)

The problem in employing Eq. (D.2) is that the
amplitude of the signal is unknown. But from
Eq. (D.1) it is clear that the term z> consists of a bias
and a periodic signal where bias is proportional to the

@ Springer



1066

S. M. Dhobale, S. Chatterjee

square of the amplitude of the signal. One can replace
the term (az, 1)2 with 2z2. There is a periodic compo-
nent in z2, but the overall change in k;; due to this
component over a time period T = g s zero. Therefore
the governing equation for the parameter kj; is

ki1 = kot (1 _ 2(k11z)2) (D.3)

Or

kiy = kq (; - (k”z)2> (D.4)
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