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Abstract This paper aims to reveal the coupling
relationship between surface topography and wear and
introduce a new coupling failure dynamic model of
tooth surface topography and wear. Based on the
fractal theory, the theoretical model of gear rough
surface and the prediction model of wear are estab-
lished and reveal the relationship between tooth
surface roughness, wear depth, and meshing position.
In particular, we analyze rough tooth surfaces’ time-
varying meshing stiffness and system dynamic char-
acteristics. The greater the contact surface roughness
level, the more severe the wear behavior, and the
greater the contact deformation of the gear; the
vibration response and amplitude growth rate are
highly related to the surface roughness. The results of
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coupled vibration characteristics show that the topog-
raphy of the contact surface causes the system noise
and shock to increase from the two aspects of stiffness
excitation and error excitation. The multi-state cou-
pled dynamic model of the contact surface can provide
a theoretical basis for optimizing gear systems.

Keywords Tooth surface morphology - Tooth
surface wear - Fractal contact stiffness - Vibration
characteristics

List of symbols

D Fractal dimension

G The characteristic scale parameter
L, The length scale of the asperity

O The random phase

v Poisson’s ratio

S. Mo
Jiangsu Wanji Transmission Technology Co., Ltd.,
Taizhou 225400, China

L. Wang - Q. Hu
School of Mechanical Engineering, Tiangong University,
Tianjin 300387, China

G. Cen
Ningbo Zhongda Leader Transmission Equipment Co.,
Ltd., Ningbo 315301, China

Y. Huang

Shenzhen Hefa Gear Machinery Co., Ltd.,
Shenzhen 518109, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-023-09038-w&amp;domain=pdf
https://doi.org/10.1007/s11071-023-09038-w

176

S. Mo et al.

z Number of teeth

m Module

L Tooth width

E Elastic modulus

T The torque applied to the gearyhjhj
N Meshing times

k, Axial compression stiffness

ky, Bending stiffness

kg Shear stiffness

ky, Hertzian stiffness

ky Flexible base stiffness

kee The stiffness of the elastic deformation

kyepi  The stiffness of the first elastic—plastic
deformation

kyepp  The stiffness of the second elastic—plastic
deformation

kuesn ' Time-varying meshing stiffness under
interdental coupling effects

o The base circle arc is half of the center angle of
the circle

o The root arc of the tooth is half of the center
angle of the circle

ot The difference between the root circle
pressure angle and o of the internal gear

0o The angle between the centerline of a tooth
and the centerline of the adjacent tooth slot

rp Base circle radius

ry Root fillet radius

h, Half the thickness of the teeth at the meshing

point

d The effective tooth length of integral

Vv Wear volume

S The relative sliding distance

H Material hardness

G, Viscosity coefficient

Gy The material shear deformation-related
parameters

p, The contact load changes with the meshing
angle

S, The tooth surface contact parameters

R, The comprehensive radius of curvature

ar, The contact area of the largest asperity

V] The scale expansion coefficient

K, Hardness coefficient

h, Wear depth of contact point P
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1 Introduction

In actual gear transmission systems, there are many
concave and convex microstructures on the contact
surface. The geometry, height, and density of asper-
ities are randomly distributed. In engineering practice,
the asperities on the contact surface of the gear have a
great influence on wear, friction, transmission effi-
ciency, and lubrication performance. Therefore, the
calculation and simulation of the contact morphology
are very important to promote the study of the gear
contact characteristics [1-5]. In the gear transmission
system, tooth surface morphology and wear are
common surface features. They reduce the stability
of the system, cause noise, and affect the overall
performance of mechanical equipment. Researching
the effect of tooth surface morphology and wear on the
gear transmission system is significant for dynamic
analysis and fault diagnosis [6]. In actual working
conditions, rough tooth surfaces and some early faults
often coexist in gears, and the effect of tooth surface
roughness should not be ignored [7-10]. It is well-
known that lubricating oil is forbidden in some more
precise transmission and transportation systems or
optical instruments, so the gear transmission system
with dry friction exists in practice [11-16]. The
research background of this paper is a dry friction gear
transmission system. The gear surface comprises
many asperities with different geometric shapes,
heights, and densities. The size of asperities is directly
related to the contact deformation. Different defor-
mation regions are defined by using the bottom
diameter of asperity and the critical condition of
contact deformation. The failure mechanism of con-
tact fatigue is analyzed according to the relationship
between contact area and contact load.

The study of rough surfaces based on fractal theory
has always been a difficult problem in the field of
nonlinear tribology [17-19]. In engineering practice,
the existence of surface roughness is an unavoidable
problem, so many scholars are committed to the study
of rough surface contact [20-23]. Rizmer et al. [24]
studied the elastic—plastic deformation behavior of
spheres and rigid planes. Based on fractal theory, Liu
et al. [25, 26] analyzed the influence of friction force
on the micro-morphology of contact surface, and
established an analytical contact stiffness model
considering friction factors. Zhai et al. [27] studied
the effects of roughness and fractal parameters on
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fractal contact stiffness, and verified the rationality of
the fractal contact stiffness model through experi-
ments. Huang et al. [28, 29] established a dynamic
model of fractal clearance gear, and explained the
relationship between bifurcation, chaos, and micro-
scopic characteristics of tooth surface in detail. This
work is of great significance for promoting the
development of fractal theory in the nonlinear field.
With the development of fractal theory, more and
more scholars are concerned about the application of
fractal theory in practical engineering and solving
some nonlinear problems in tribology [30-33]. Zhou
et al. [34] established a rough surface model involving
Gaussian height distribution and exponential autocor-
relation function, and verified the accuracy of the
model through experiments. Zhao et al. [35] studied
the variation of normal contact stiffness during
mechanical loading and unloading. Based on fractal
theory and Hertz contact theory, Liao et al. [36]
derived the relationship between contact stiffness and
normal contact stiffness, which is of great significance
for the development of fractal contact theory and the
design and manufacture of mechanical parts.

The calculation of Time-varying meshing stiffness
(TVMS) is a hot topic for many scholars, and the
stiffness is affected by the meshing point, tooth profile
parameters, and contact surface morphology. Based on
existing research, the potential energy method is often
used to calculate TVMS, which is the theoretical basis
for calculating the meshing stiffness [37-40]. Ma et al.
[41] considered the actual transition curve and mod-
ified the potential energy method. In addition, the
meshing stiffness is divided into two models based on
the size and position of the tooth root circle, and the
rationality of the model is verified by finite element
analysis. Xie et al. [42, 43] used the finite element
method to calculate TVMS. It was found that the
theoretical calculation results differed from the finite
element method in the double-tooth meshing area. As
a result, Xie proposed a corrected TVMS calculation
model that considers the coupling effect between teeth
in multi-tooth meshing, and the modified model was
consistent with the finite element results. Chen et al.
[44] proposed a contact stiffness calculation method
that considered nonlinear contact load, which
improved the Hertz contact stiffness calculation
method. Shen et al. [45] studied the effect of wear
on the TVMS of planetary gear trains and found that
wear has a great influence on the stability of planetary

gear trains. Contact stiffness is an essential part of
TVMS, but only a few scholars have researched the
contact stiffness of the tooth surface. Wang et al. [46]
established a rough surface contact model which is
close to the actual working condition than the
traditional model and used a linear equation set to
represent the contact load of the rough surface
obtained through the experiment. This model can
explain the wear of the tooth surface more effectively.
Yun et al. [47] proposed a calculation model of the
fractal rough surface contact stiffness that considers
friction factors. They explained the relationship
between the diameter of the bottom surface of the
asperity and the contact area and studied the effect of
surface morphology, contact load, friction coefficient,
and material coefficient on fractal contact stiffness.
Xiao et al. [48] explained the relationship between
normal load and normal contact stiffness and set up the
relationship between resonant frequency and contact
load. Yang et al. [49—61] analyzed the fault mecha-
nism of the gear transmission system, established the
dynamic model of the multi-fault gear transmission
system, and analyzed the dynamic characteristics of
the system with different fault types, which has
important guiding significance for the fault diagnosis
and structural design of the transmission system.
Therefore, there have been many research results
about the contact characteristics of rough tooth
surfaces and the failure mechanisms of gears, a little
attention has been paid to the coupling characteristics
of rough tooth surfaces and early gear faults. To study
the coupling vibration characteristics of rough sur-
faces and early gear faults, the tooth surface morphol-
ogy of numerical simulation is introduced into the
calculation model of wear. A wear prediction model is
established by considering the relationship between
the wear coefficient and the wear amount of different
tooth surface morphologies. The dynamic response of
the gear transmission system is calculated for different
tooth surface wear and tooth surface topography.
Moreover, the wear and topography have different
effects on the gear transmission system. Therefore,
studying the coupling vibration characteristics of tooth
surface morphology and wear is highly significant for
the quantitative analysis of contact characteristics of
gear surfaces, transmission accuracy, meshing stabil-
ity, and the safety of the gear transmission system.
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2 Surface morphology and wear model

The microstructure of the surface of mechanical parts
is one of the main reasons for the wear behavior of the
tooth surface. To analyze the influence of the tooth
surface’s microstructure on the tooth surface’s wear,
we need to establish a theoretical model of the tooth
surface morphology to analyze the influence of the
microstructure on the wear coefficient and contact
load of the contact surface. Thus, a coupling model of
microstructure and tooth surface wear is established.
The surface numerical simulation is widely used in
tribology and lubrication performance and can also be
introduced into the study of tooth surface contact
characteristics.

The W-M function has been applied to the contact
surfaces of gears in Ref. [16]. The modified W-M
function is often used to simulate the actual tooth
profile of the gear.

G D—-1 max B 27[7")(
() =L, (f) (Iny)'/? ;v(” n [cos D, — COS< L @l,nﬂ
(1)

z(x) is the height of rough tooth surface asperity; L, is
the length scale of the asperity; x is the coordinate of
the rough tooth surface; G is the characteristic scale
parameter of the rough tooth surface, which is related
to the height amplitude of the asperity; D is the fractal
dimension of the rough surface, which is related to the
density of asperities on the rough tooth surface, y is the
parameter to control the surface undulation density; @
is the random phase of the rough tooth surface.

The tooth surface generally has a transverse or
longitudinal texture in the actual gear transmission
system. To analyze the contact characteristics with
different morphologies, it is necessary to establish a
three-dimensional rough contact surface. We obtain a
fractal simulation of the gear tooth surface by
superimposing the W-M functions in the x and y
directions.

G\ R 2myix
2(x,y) =Ly (fx) (Iny) ;, [cos @, — cos (L—X - <I>1,,.)}
G\ 12X (Dy—2)n 2my"y
+ Ly <a> (Iny) ; y cos Dy, — cos I, — Dy,
(2)
z(x,y) is the contour height of the rough surface; x and
y are the coordinates of the rough tooth surface. To
research the dynamic characteristics and mechanical
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behavior of rough tooth surfaces, a three-dimensional
rough tooth surface model is established based on
fractal geometry. The rough surface based on fractal
geometry is shown in Fig. 1.

The modeling process of the rough tooth surface is
shown in Fig. 2. First, a rough surface model is
established and superimposed on the curved tooth
surface. It is widely acknowledged that the relation-
ship between surface morphology and wear is a hot
and challenging topic in tribology. Surface morphol-
ogy and wear can interact, but their exact interaction is
unclear.

As shown in Fig. 3, the surface of the gear has a
certain degree of roughness after manufacturing.
Long-term working gear surface may be worn. We
established a wear calculation model under different
tooth surface morphologies based on the Archard
model to analyse the relationship between surface
morphology and surface wear.

Under the action of a contact load, gears are more
likely to exacerbate wear behavior, which affects the
mechanical properties of the gears. The Archard
model is shown in Eq. (3).

Yk o)
S H

In the formula, V is the wear volume; S is the
relative sliding distance; W is the contact load; H is the
material hardness. Due to the change of wear depth
being nonlinear, the wear condition is determined by
the tooth surface data from the previous time step.
Therefore, we used a progressive relationship to
calculate the wear depth.

0.2

0.1

zZ(x,y)/um

Fig. 1 Rough surface model based on fractal geometry
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Fig. 2 The process of modeling rough tooth surfaces: a Smooth gear surface; b Rough surfaces with fractal characteristics; ¢ Rough
tooth surface; d Partial detail drawing of rough tooth surface; e Enlarged view of partial details

Fig. 3 The development
process of gear wear failure
form

Driven gear

hpn = hpp—1 + kywPn1Sp (4)
v,

S, = 2ap|1 — (5)
r2

ay is the contact half-width; V,; and V,, are the
tangential velocities; P,_ is the contact force of the
meshing point; S, is the relative sliding distance of the
meshing point; k,, is the wear coefficient of the gear
tooth surface, which is regarded as a fixed value in
most studies, but it should be a value that changes with
the meshing angle and surface morphology.

The calculation of contact loads is very important
for wear prediction, and the contact load is not evenly
distributed on the tooth profile and changes with the
mating position. As shown in Fig. 4, in the single tooth

meshing zone, the tooth surface bears the maximum
contact load, and the contact load curve is straight. The
contact load on the double tooth meshing tooth surface
is either increasing or decreasing. We introduced the
morphology parameters into the regression formula of
the wear coefficient and established a wear calculation
model based on the fractal theory.

- wpbm(;jswsksw (6)
P, K;

= i=1,2 7
Ptalal Ktotal( ) ( )

G,, is the viscosity coefficient; P,, is the contact load
changing with the meshing angle, which can be solved

@ Springer
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Fig. 4 The distribution of Contact force
contact load of the gear
transmission system P A
Double Single Double
2P tooth area|  tooth area tooth area B
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Line of action

according to Eq. (6). S,, is the tooth surface contact
parameters; K; is the meshing stiffness of a single gear;
Ko 1S the comprehensive time-varying meshing
stiffness of gears. The derivation of Eq. (5) is in the
Ref. [4]

(8)

R, is the comprehensive radius of curvature; R, is
the root mean square value of the roughness of the
contact tooth surface. The local roughness of the gear
can reflect the characteristics of the contact zone. So
the fractal tooth surface topography model was used to
numerically calculate the root mean square of the
roughness under actual working conditions.

1 n G D—1 12 max (0-2)

Ay 1/2
{cos @, , — cos (271/ N (O} n)} }
” Lr »
9)

The fractal dimension D and scale parameter G can
change the tooth surface contact parameters, and
affect the wear coefficient. The fractal dimension and
scale coefficient determine the density and size of the
asperity. The fractal dimension represents the space
occupied by the asperity, which means the density of
the asperity. The larger the fractal dimension, which
means that the shape of the gear surface is finer and
smoother. Whereas, the scale coefficient represents
the height amplitude of asperities. The asperity on the
gear surface has a great influence on the tooth surface
wear, so the theoretical model of tooth surface wear
should also consider this factor.

The time-varying wear coefficient is a very impor-
tant parameter in the wear prediction model, which is
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assumed to be constant in the previous literature.
However, many contact parameters may change the
wear coefficient. As shown in Fig. 5, as the fractal
dimension increases and the scale coefficient
decreases, the tooth surface becomes rough and the
wear coefficient decreases. In addition, with the
increase of gear rotation angle, the wear coefficient
has been changing. This is because the contact load
and curvature radius of each meshing point are not
equal.

The wear coefficient is affected by the surface
morphology and the working environment of the gear,
which is a non-negligible factor for predicting the
wear of the gear transmission system. To study the
effect of surface morphology on tooth surface wear
depth, this research introduced roughness to represent
the surface morphology of gears. The roughness is
determined by the fractal dimension and scale
coefficient.

The basic parameters of the gear transmission
system are shown in Table 1, There is a certain
relationship between surface roughness and fractal
parameters. In the research of Ref. [46, 47], an
expression for the relationship between surface rough-
ness was given, and it was found that surface
roughness is directly proportional to fractal dimension
and inversely proportional to surface roughness and
scale coefficient. The surface roughness and fractal
parameters data in Table 2 are validated in the cited
literature.

The technical flow chart of studying the coupling
vibration characteristics of gear surface topography
and wear is shown in Fig. 6. Firstly, the coupling
model of tooth surface topography and wear is
established. Secondly, the time-varying meshing
stiffness between gear meshing pairs is solved based
on the potential energy method. Finally, the dynamic
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Fig. 5 Influence of different fractal parameters on time-varying wear coefficients: a Effect of fractal dimension; b Effect of scale

coefficient

Table 1 Gear transmission system parameter

Parameter/unit Pinion Gear
Teeth number Z, Z, 24 40
Modulus m (mm) 2 2
Pressure angle o (°) 20 20
Tooth width » (mm) 18 18
Elastic modulus E (N/m?) 2.06 x 10" 2.06 x 10!
Poisson ratio v 0.3 0.3
Quality m (kg) 0.81 1.2
Moment of inertia (kg/mmz) 1180 5720
Revolution speed n (rad/min) 2000 1200
Table 2 The surface Ra D G/10~"' m
roughness of the drivetrain
corresponds to the fractal 04 1588 0342
parameters 08 1.542 0490

1.6 1.498  0.696

32 1.417  0.997

response of the coupling complex fault of the gear
transmission system is solved.

N is the meshing times of the gear pair. The wear
depth of the tooth surface increases with the increase
of the surface depth, and the wear depth increases in
multiples. As shown in Fig. 7, the maximum wear
depth curve corresponding to Ra3.2 is close to

0.04 mm, while the maximum wear curve correspond-
ing to Ral.6 is less than 0.02 mm. This means that the
influence of surface morphology on tooth wear should
not be ignored, and it is necessary to combine surface
morphology features in the wear prediction model. As
shown in Fig. 8, the wear depth of the tooth surface
increases with the increase of the number of meshing
times, and the surface characteristics of the gaer
become worse.

3 Model of time-varying meshing stiffness

To analyze the influence of microtopography and
tooth surface wear on the bearing capacity and
deformation resistance of the gear transmission sys-
tem, the fractal contact stiffness of the gear is
established based on fractal theory. Combined with
the variable cross-section elasticity theory, the calcu-
lation model of time-varying meshing stiffness is
improved, and the influence of microtopography and
tooth surface wear on time-varying meshing stiffness
is analyzed.

3.1 Fractal contact stiffness
The study of micro-contact mechanics is a difficult
scientific problem, and the micro-mechanical model is

difficult to verify in the actual macro-model. An idea
of macro-analysis is provided in Ref. [4], in which the
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[ Basic parameters of spur gear transmission system
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‘ Calculation of flexible base stiffness &, and &,
considering inter-tooth coupling

Simulation of gear
surface morphology

Calculating axial stiffness &,

Calculating shear stiffness &,

Calculating bending stiffness k,

Calculating contact stiffness &

Fractal dimension D and scale

surface roughness.

Calculate tooth surface topography
height Z(x) and three-dimensional
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i Stiffness excitation

Calculate wear depth ’

Error excitation |
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'

Coupling vibration response curve of tooth surface ]

1. Modal function

»

2. Coupling fault characteristics

wear and tooth surface morphology

[

Fig. 6 Rough tooth surface and wear coupling technology flowchart

distribution function of the micro-convex body and the
contact coefficient of the curved surface are used to
characterize the macro-contact model. These asperi-
ties undergo deformation under the contact load, and
these deformed regions can be categorized into
complete elastic deformation, elastic—plastic defor-
mation, and complete plastic deformation. The distri-
bution function of the asperity is expressed as follows.

(10)

ay is the contact area of the largest asperity; i is the
scale expansion coefficient; The value of / is related
to the fractal dimension and can be solved according to

Eq. (11).
D[wﬂfDVD—-(14—¢*Dﬂ)]/(2-D)::1 (11)

The real contact area is the sum of the contact areas
of all asperities. The real contact area can be obtained
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3. Special IMF componen

by integrating the distribution function of the contact
area.

ar,
A,:/
0

A, is the contact area, the critical deformation under
different conditions can be used to judge the defor-
mation of the asperity on the gear surface. According
to the Hertz theory, the elastic critical deformation of
asperity is known.

K,H\>
5re - (TE > Rn

a2n = 7D
" 4-D

(a)da (12)

2E

1
Ry= 5 rrigr—
|@2(x) /dx*[ =0

K,H\’
Are - anére - < )

3p2
R
k)"

n
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Fig. 7 The wear depth of tooth surface with different surface
roughness

—=—N=0.5x10%
—e—N=1.0x10%

—a—N=1.5x10%

Tooth surface wear depth/mm
)
=
(=)}
1

0.02

0.00 T T Y T
10 15 20 25 30
Meshing angle/®

Fig. 8 The wear depth of tooth surface with different meshing
times

H is the hardness of the material; K, is the hardness
coefficient, which is related to the Poisson’s ratio of
the material; E is the equivalent elastic modulus; R,, is
the curvature radius of the asperity peak; o, is the
elastic critical deformation of asperity; A,. is the
elastic critical contact area of the asperity, and
asperities undergo complete elastic deformation when
the contact area is less than the elastic critical contact
area.

(16)

Ay =7.1197A,,
A, =205.3827A,,

A,y 1s the first critical area of elastoplastic defor-
mation; A,, is the second critical area of elastoplastic
deformation, There is a relationship between the
critical contact area of the first elastic—plastic defor-
mation and the second elastic—plastic deformation
with the elastic critical contact area. In addition,
Eq. (16) is derived from Ref. [5].

To establish the contact model of two rough
surfaces, the coupling effect between the contact area
and the base diameter is analyzed. The size of the
bottom diameter affects the height and deformation of
the asperity. Moreover, the deformation state of the
asperity changes when the bottom diameter exceeds a
certain constant. The deformation state of the asperity
is limited by the size of the bottom diameter. The
deformation of the micro-convex body satisfies the
relation shown in Eq. (18). We can get the relation of
the bottom diameter by taking the relation under the
limit condition.

L (2-D)
5],, = GDil(In'y)l/z (7)_”) (17)

5,0 > O, (18)

By substituting Egs. (13) and (17) into Eq. (18), the
elastic critical length /,, at the bottom of the asperity is
derived. The first elastic—plastic deformation critical
length [,,,,; and the second elastic—plastic deformation
critical length /,,,,, are derived.

1
l _ TCka 2 Vn(z_D) = (19)
" 2E MG ()2

The elastic critical deformation in Eq. (13) is
replaced by the first elastic—plastic deformation, and
the first elastic—plastic critical length at the bottom of
the asperity is derived from [

rep.

kH 2 n(2—D) =
lrep = 6 (Tc ) ’)) 1/2 (20)
2F m2G2P-2)(Iny) /

By replacing the elastic critical deformation in
Eq. (13) with the second elastic—plastic deformation,
the second elastic plastic critical length at the bottom
of asperity is deduced /,,.
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1
k,H 2 1(2-D) =20
I, = 110(’T ) / — (21)
2F m2GCP-2)(Iny)

The fractal dimension D is greater than 1, so
lye > l,ep > 1,; when the bottom diameter of asperity
satisfies the relation / > I,,, only plastic deformation
occurs. When the bottom diameter of the asperity
satisfies [, > [ > [,,,, which may occur elastic defor-
mation or the first elastoplastic deformation. When the
bottom diameter of the asperity satisfies /,,, > [ > [,
may occur elastic deformation, first elastic—plastic
deformation, or second elastic—plastic deformation.
Moreover, when the bottom diameter [ <[, may
occur elastic deformation, first elastoplastic deforma-
tion, second elastoplastic deformation, and complete
plastic deformation. The bottom diameter length and
the contact area determine the deformation state of the
asperity. The transformation relationship between the
contact area and the deformation is shown in Eq. (16).
To explain the deformation state of the asperity more
intuitively, we use the deformation and the bottom
diameter to describe the deformation state of the
asperity, as shown in Fig. 9. ¢,, is the second elastic—
plastic critical deformation ,, = 1106,,; d,,, is the
first elastic—plastic critical deformationd,,, = 6J,.
These two relations are given in Ref. [40].

The contact stiffness of the gear is equal to the sum
of the contact stiffness of all asperities on the entire
contact tooth surface, that is, the sum of the contact
stiffness of all asperities under different deformation
states. The calculation formula is as the Ref. [10].

Kh = Kre + Krepl + KrepZ + Krp (22)

Fig. 9 Relationship
between the bottom
diameter of asperity and
deformation interval

K,. is the sum of the contact stiffness of asperity in
the elastic deformation state; K., is the sum of the
contact stiffness of the asperity in the first elastoplastic
state; K., is the sum of the contact stiffness of the
asperity in the second elastoplastic state; K, is the sum
of the contact stiffness of the asperity under the
condition of complete plastic deformation. In previous
studies, K, is generally considered to be zero when
the contact surface undergoes complete plastic defor-
mation, which is explained in detail in Yun’s research
[16]. Due to the tooth being curved, the density of the
asperity on the tooth surface is affected by the curved
surface, so the tooth surface contact coefficient of the
gear is introduced.

2,2
242
Rp "Ry

[3PR,R,J4E(R, + R,)]""?

h= 4(R§ +R§)

(23)

A is the unit load coefficient along the contact line; The
fractal contact stiffness of the rough surface is
calculated. The calculation method is shown in
Eq. (24).

Lep  [Are
Kh:/ / Akyen(a)dadl
lo
/ / 2kyeprn(a)dadl
/o Are
A

Mkrepon(a)dadl (24)
A

rep

kyepis krep2 1s the stiffness of the first elastic—plastic
deformation and the second elastic—plastic deforma-
tion of a single asperity; k,. is the elastic deformation

Before deformation

/ o\ No contact

_L —— Base plane

h<l, S=—-—~

According to the probability density function n(a) distribution 1
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of the contact stiffness. The formulas for these three
parameters are given in Ref. [15]. n(a) is the distribu-
tion function of asperity on a rough tooth surface.

Contact load and contact stiffness are the key
parameters to describe the mechanical contact and
compression behavior, and the contact surface under-
goes deformation under the action of contact load.
Surface roughness can increase the deformation of the
contact surface under load, which is the ratio of
contact load to contact stiffness. As shown in Fig. 10,
the contact stiffness of the tooth surface decreases
greatly with the increase of the roughness of the
surface; that is, the finer the tooth surface, the better
the contact performance of the gear, the rougher the
tooth surface, the worse the bearing capacity of the
gear, and the more prone to contact fatigue.

3.2 Calculation model of time-varying meshing
stiffness

The gear teeth deform under the action of external load
in the meshing process, which affects the normal
operation of mechanical equipment. Therefore, it is
necessary to analyze the deformation of the gear
transmission system in detail,

The calculation of comprehensive TVMS is very
important for the design of gear transmission systems
and the research of fault diagnosis. According to the
theory of variable cross-section elastic cantilever
beam in Ref. [41, 42], the gear is regarded as a
cantilever beam structure. Through the accurate
modeling of the gear tooth profile and the analysis of
the force and deformation, the comprehensive TVMS
of the gear is calculated by the potential energy
method. As shown in Fig. 11 R, is the base circle
radius; Ryis the radius of the tooth root circle; F is the
external load on the gear meshing point; d is the
effective tooth length of integral; f is the angle
between the meshing force and the direction perpen-
dicular to the tooth center line; o, is the half tooth
angle corresponding to the base circle; o, is the half
tooth angle corresponding to the tooth root circle; oy
and o, can be calculated by the tooth thickness formula
at the base circle.

—=—Ra0.4

0.20

0.154

0.10

Contact stiffness(10°N/m)

T
0 5 10 15 20 25
Rotating angle/°

Fig. 10 Contact stiffness corresponding to different surface
roughness
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G is the material shear deformation-related parame-
ters; E is the elastic modulus; k, is the bending
stiffness of the gear; k, is the axial compression
stiffness of the gear; k; is the shear stiffness of the gear;
v is the Poisson’s ratio; f§ is the pressure angle at the
gear meshing; L is the length of contact line; M is
parameters related to tooth profile, and the calculation
formula is as follows.

M = 1 + cos(f)[(o1 — ) sin(er) — cos(a)] (28)

According to the latest research of Xie [41, 42],
there is a coupling phenomenon between teeth in the
meshing process of gears, that is the load on a single
tooth is halved when two teeth are engaged. There are
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Fig. 11 Geometric
parameters of gear tooth
profile: a Geometric
parameters of matrix
stiffness; b Tooth profile
geometric parameters

Gear matrix

two or more teeth loaded at the same time during gear
meshing, so the coupling between teeth can not be
ignored. The coupling stiffness between the teeth is as
follows:

L

2
uyu u
o ELcos(ﬁl)cos(ﬁz) |:L1 <§> +(tan .M, + Pl)S—f1

u
+(tan $,0; +R1)S—§+ (tan B,S) + T1) tan , + U, tan B, + V,
7

(29)

2
1 1 uyuy U
o =g cos(By) cos(ha) {14( 5 ) +(tan f, M, +P2)S7

+ (tan 5,0, + Rz)% + (tan $,S, + T») tan ; + U, tan 8, + Vz}
i
(30)

The valuesof L; M;, P;, 0;, S;, T;, U, and V(i = 1,2)
is the parameter related to matrix deformation, and
there is a detailed calculation process in Ref. [41, 42].
Ui =12 = Ry/cos(f)—R; Sy is the tooth root arc
length Sy= 20/, 0, is half of the tooth root arc
corresponding to the center angle, iy = r7/Tiy, Fine is the
hub radius, ryis the tooth root radius.

1 1 1 1 1 1 1

Ki=—t—f—f—+ +
kni  Kpi o kapi ki Koprio Kpgi Kag,i
t— (i
ksg,i kbg,i (
—1,2)
(31)
Ky + K> — KKy (1 /kpio + 1/kp21)
mesh — (32)

1 — K K> /kpiokso
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ky, is the gear contact stiffness; K., is the compre-
hensive TVMS. According to Eq. (31), K| and K, are
calculated and substituted into Eq. (32) to solve the
comprehensive TVMS. It should be noted that the
value of K is regarded as zero when only a pair of gear
teeth are engaged. To study the effect of gear tooth
surface microstructure, the gear fractal contact stiff-
ness is adopted. Substituting the calculated fractal
contact stiffness into Eq. (31), the gear’s comprehen-
sive TVMS considering the tooth surface’s micro-
morphology can be solved. The TVMS model based
on tooth surface morphology was established by
substituting the fractal contact stiffness into the
traditional model. In Fig. 12, the meshing stiffness
of the gear decreases with the increase in surface
roughness.

The surface roughness causes local elastic defor-
mation of the contact point, which changes the stress
distribution around the meshing point. This change
introduces additional vibration and energy loss during

x 10
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Fig. 12 Time-varying mesh stiffness of gears with different
Surface roughness
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the contact process, thus affecting the meshing
stiffness. When the surface roughness grade is higher
than Ral.6, the meshing stiffness of the gears
decreases obviously. In addition, surface roughness
also affects wear behavior during gear meshing. When
discussing the influence of surface roughness on
meshing stiffness, the influence of tooth surface wear
on time-varying meshing stiffness should also be
discussed.

The effect of wear on the meshing stiffness is
shown in Fig. 13, and the number of engagements
represents the level of wear behavior. Due to the rough
contact surface, TVMS shows obvious fluctuations. It
can be seen that the influence of tooth wear on time-
varying meshing stiffness is relatively small, so the
influence of wear on stiffness excitation can be
ignored in the dynamic modeling of the gear trans-
mission system.

4 Tooth surface morphology and gear wear
coupling fault dynamic model

Tooth surface topography and tooth surface wear often
coexist in engineering practice. To investigate the
effect of tooth surface topography and tooth surface

wear on the working performance of gears, we
establish a coupled dynamic model of tooth surface
topography and wear. The wear of the tooth surface
changes the tooth profile, reduces the tooth thickness,
and increases the working side clearance. So, the wear
is considered a tooth profile error. The surface
morphology cause a significant change in the stiffness
excitation, which is taken into account in the dynamic
model. A coupled fault dynamic model considering
TVMS, comprehensive error, and time-varying mesh-
ing damping is established [50-56].

The dynamic model of the gear transmission system
is shown in Fig. 14. m,, is the quality of the driving
gear; my is the quality of the driven gear; J is the
moment of inertia; T is the torque applied to the gear;
K1, Ky is the radial support stiffness; Cp;, Cp is the
radial support damping; K, is TVMS of the gear; C,,, is
the meshing damping between teeth.

3
=
+
<
<.
+
3
=
+
N
x
3
—~
P
=
|
<
Nl
|
—
g
L
|
>
>
)
S~—
|
D
+
(9}
3
N
—t<
|
[SESE
~
|
N
=
>
|
NS
D
S~—
|
N~
~__
Il
(e

1 2

Iy Q—Rbl (km[(yl —y2) = (1101 — r26,) — €] +chy—y) - <r1 ?—rz 9) _?D =T

e bt + (Rl =32) = (01 = ) = e+ (§-3) = (n0-rg) ~¢] ) =0

ng—sz (km[(yl —y2) — (rb — b)) —e] +cnm {(Y—)Z’ - <r1 ?—rzf) - %) -7

@ Springer



188

S. Mo et al.

——N=0.5x10%
- - -N=1.0x10%
-~ - N=1.5x10%

Meshing stiffness(108N/m)

N

1.0 T T T T
0 5 10 15 20 25

Rotating angle/®

Fig. 13 Effect of tooth wear on time-varying mesh stiffness for
surface roughness Ra3.2

In Eq. (34), r; is the radius of the driving gear
dividing circle; r; is the radius of the dividing circle of
the driving gear, and e; is the comprehensive error.
When we do not consider the effect of tooth profile
error caused by tooth surface wear, the calculation
formula of comprehensive error is as shown in
Eq. (34).

e;=¢e + e (34)

e; is the long-period error; e, is the short-period error.
According to the gear transmission system parameters
of the table, the vibration response of different tooth
surface topography is simulated and calculated.
When considering the effect of tooth surface wear
on early fault gear, the comprehensive error of the gear

Tooth surface wear

Gear

N Coupled fault dynamic model(Wear and Rough surfaces) L

accounts for the tooth profile error resulting from tooth
surface wear. The calculation formula is shown in
Eq. (39).

e;=e +e;+e, (35)

e,, is the tooth profile error. The effect of tooth surface
wear on the tooth side clearance is regarded as a tooth
profile error on the tooth surface. The wear depth of
the driving gear and the driven gear is equivalent to the
amplitude of the tooth profile error.
ew = min([Ep,» + Egi] i:],Z.HN) (36)

E;(j = p, g) is the gear tooth deviation value, which
is related to the tooth surface wear depth; i is the
number of teeth involved in meshing. The tooth profile
errors shown in Fig. 15, which is associated with the
number of meshing cycles and increase as the number
of meshing cycles increases. The tooth profile error
exhibits periodic characteristics that are by the gear
transmission system. Equation (36) is substituted into
the dynamic model to solve the vibration response of
the gear transmission system.

N is meshing times (N;=0.5 x 10%,
N, =1.0 x 105, N3 =1.5 x 10%. The vibration
responses of different tooth surfaces are shown in
Figs. 16 and 17. Wear exacerbates gear transmission
system vibration, and tooth surface morphology also
influences vibration levels. It is very important to
solve the coupling vibration response of tooth surface
topography and wear for early fault diagnosis of gears.
However, it is a hot and challenging point to identify

$\/ﬂ

F=T/R

Rough tooth surface

Fig. 14 Tooth surface morphology and wear coupling dynamic wear

@ Springer



Coupling failure dynamics of tooth surface morphology and wear based on fractal theory 189

5 x10° [
........ N=0.5x10% - N=1.0x10° -~~~ N=1.5x10®
g\a 4 T v i . n K \
5 3 '
: “
o3 "
gl |
2R
=
g1 \
M N
0 \ef '!y vf |
0 0.005 0.01 0.015

Time/s

Fig. 15 Tooth profile error considering tooth surface wear depth
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the signal of wear or rough surface from the coupled
vibration response. First, we compare the correlation
between the maximum and root mean square values of
the coupled vibration response and assess the effect of
surface roughness and wear on the gear transmission
system.

As shown in Fig. 18, as gear surface roughness
increases, the vibration response becomes more
prominent. Consequently, tooth surface morphology
augments the overall noise level during gear meshing,
and as the number of meshing cycles increases, the
effect of rough surface gradually grows on the gear
transmission system.

The existence of surface roughness makes the
actual contact area of the transmission system smaller
than the theoretical contact area, and the bearing
capacity and anti-deformation ability of the gear
surface decrease, which causes the impact character-
istics of the transmission system. Moreover, the
surface roughness also increases the friction coeffi-
cient and wear coefficient of the contact tooth surface
in the transmission system, which aggravates the noise
level and wear behavior of the transmission system. To
further reveal the effect of surface roughness on the

gear transmission system, we analyze the frequency
domain characteristics of the vibration response, as
shown in Fig. 19. We found several exciting sideband
frequencies, which are 441 Hz, 1083 Hz, and
1484 Hz. These frequency shifts indicate that the
contact state of the tooth surface has changed, but the
contact state of the tooth surface can not be judged. We
employ variational mode decomposition (VMD) to
break the vibration response into IMF components and
corresponding spectra, each component signifying
different variable parameters in the vibration response
curve. The VMD-constrained variational model is as
follows.

2
min
{wowi} | %

0 [5(0 + % * uk(t)} eIt

: (37)

s.t. Zuk =f
k

(1) = Ai(t) cos(y (1)) (38)

uy, is each mode function; wy is each mode center.
By comparing the changes of IMF components under
different conditions, the coupling vibration character-
istics of surface roughness and tooth surface wear are
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studied. The contact state of the gear surface is
identified from the response curve. The vibration
response curves are decomposed by VMD., the
coupling vibration response curves are divided into
four components: IMF1, IMF2, IMF3, and IMF4.

As shown in Fig. 20, the frequency-domain char-
acteristics of IMF2, IMF3, and IMF4 are similar to
several sideband frequencies of the vibration response.
In the frequency domain of the original signal, only the
amplitude of 120.6 Hz and 200.7 Hz is obvious, and it
is difficult to identify the fault components of the
original signal. At this point, we can analyze the
vibration response by the frequency domain charac-
teristic of IMF2, IMF3, and IMF4 in VMD decompo-
sition which is similar to the sideband frequency.

In addition, the time-domain characteristics of the
IMF1 component were similar to the original signal
curve with a decrease in amplitude and a decrease in
frequency-domain characteristics at 200.7 Hz. As
shown in Fig. 21, the blue curve represents the
different wear conditions, the red curve represents
the roughness grade of failure, and the roughness-
induced change in IMF1 is greater.

5 Conclusion

The nonlinear coupling relationship between surface
morphology and tooth wear has always been a
challenge in tribology. This paper introduces a calcu-
lation model of tooth surface morphology and contact
stiffness based on fractal theory, and the wear
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prediction model is improved by using the tooth
surface morphology obtained by simulation. To ana-
lyze the influence of roughness and wear on the
system’s dynamic characteristics, a fault dynamics
model of roughness and wear coupling is established.
The conclusions are summarized as follows.

(1) By studying the relationship between contact
surface roughness and wear, it was found that
surface morphology with fractal characteristics
alters the wear behavior of tooth surfaces by
affecting the time-varying wear coefficient.
With the increase of fractal dimension and the
decrease of scale coefficient, the time-varying
wear coefficient can be increased, and the wear
behavior of the tooth surface can be aggravated.
The wear depth of tooth surfaces varies greatly
under different surface roughness, and there is
almost a multiple increase between them.

As the surface roughness increased, the contact
stiffness of the gear continued to increase, but
the time-varying meshing stiffness curve of the
gear did not always increase with the increase in
surface roughness. When the surface roughness
level is less than Ral.6, the time-varying
meshing stiffness curve infinitely approaches a
value and does not change. By analyzing the
system’s dynamic characteristics, it was found
that there were significant differences in the
dynamic response before and after Ral.6, and
the difference between dynamic responses with
roughness levels lower than Ral.6 was very
small. This indicates that when the tooth surface

2
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accuracy reaches a certain standard, the contact
deformation is much smaller than the tooth
deformation and matrix deformation.

(3) Both surface morphology and tooth wear can
cause severe vibrations in the system. However,
the results indicate that surface morphology has
a greater impact on the vibration response of the
system, as it not only affects stiffness excitation
but also exacerbates wear behavior, thereby
affecting the system response. There is a
positive proportional relationship between sur-
face morphology, tooth wear, and vibration
response. Therefore, improving tooth surface
accuracy during gear manufacturing is of great
significance for improving the lifespan and
efficiency of transmission systems.

(4) To extract the signal of surface topography and
wear from the coupled vibration response, the
response curve is decomposed into four com-
ponents: IMFI1, IMF2, IMF3, and IMF4.
Through comparing the frequency-domain char-
acteristics, we find that the frequency-domain
characteristics of the modal components in
VMD decomposition are similar to the frequen-
cies of several sidebands of the vibration
response. So, IMF1, IMF2, IMF3, and IMF4
can be used to evaluate and predict the contact
state of the tooth surface. Which has essential
theoretical guiding significance for the evalua-
tion of gear surface morphology.
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