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Abstract This article investigates an adaptive output
feedback control problem for a non-holonomic sys-
tem with integral input-to-state stable inverse dynam-
ics and output constraints. A tan-type barrier Lya-
punov function is utilized to handle asymmetric time-
varying output constraints, and the full-order observer
is constructed to estimate the unmeasurable state. The
dynamic uncertainty is eliminated by changing the sup-
ply rate of the integral input-to-state stability. It is
demonstrated that the closed-loop system is asymp-
totically stable, and the output does not violate the
asymmetric time-varying constraints under this control
scheme. A simulation example validates the effective-
ness of the proposed controller.

Keywords Non-holonomic systems - Output con-

straints - Integral input-to-state stable - Stabilization
control

1 Introduction

Cascaded systems are a class of nonlinear systems com-
posed of two or more subsystems. Many mechanical
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systems can be described as cascaded systems, such as
robot systems, multi-agent systems, and trailer systems
[1-3]. The stability analysis of cascaded systems has
attracted extensive attention in recent decades [4-6].
Generally, the stability characteristics of subsystems
cannot determine the stability of cascaded systems [7].
To alleviate this difficulty, various control methods for
nonlinear cascaded systems have been developed. An
intuitive way to address this problem is to design a full-
state feedback controller that fully uses the state infor-
mation of the whole cascaded system [8—10]. Another
essential idea is to utilize partial-state feedback con-
trol to stabilize the cascaded system [11-13]. In [14],
a stepwise constructive partial-state feedback control
strategy based on input-to-state stability was proposed.
In addition, a smooth controller for a class of nonlinear
cascaded systems was designed in [15] by combining
the feedback control scheme and variable separation
technology. Unlike previous research, we propose a
control approach based on integral input-to-state sta-
bility, which ensures the stability of the nonlinear cas-
caded system.

The input-to-state stable (ISS) concept introduced
by [16] has been proven to be a valid instrument for
studying the robust stability of nonlinear cascaded
systems. Its various properties have been thoroughly
investigated [17-19]. Compared with the ISS concept,
the integral input-to-state stable (iISS) concept [20]
is strictly weaker and can contain a broader class of
nonlinear systems with practical significance. Jiang et
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al. [21] solved the problem of output feedback robust
regulation and proposed a unified framework for a type
of nonlinear cascaded systems with inverse dynamics.
In [22], a small gain theorem was obtained for intercon-
nected nonlinear systems using state-dependent char-
acterization. The results in [23] removed the technical
conditions and covered more common situations than
earlier studies. Yuetal. [24] further considered the tech-
nology for changing the supply rate and discussed the
necessity of the given conditions for the case in which
the attenuation rate involves an oscillation function. In
this paper, we analyze the iISS subsystem and address
a decay rate that includes an oscillation function.

Owing to physical factors, safety requirements, and
performance indicators, almost all mechanical equip-
ment operates under output or state constraints. Con-
sequently, it is of great value to investigate the out-
put and state constraints of a system in control the-
ory and practical applications. Various approaches have
been adopted to handle state and output constraints
[25,26]. In the past few years, the utilization of the
barrier Lyapunov function (BLF) has become increas-
ingly common to prevent constraint violations in non-
linear systems [27-29]. In addition, many types of BLF
are investigated in [30-32], such as the log-type BLF,
the integral-type BLF, and the tan-type BLF. The tan-
type BLF has the benefit of integrating constraint anal-
ysis into a general method, and it can utilize the sys-
tem’s structural characteristics. However, few results
have been obtained regarding the controller design and
stability analysis of nonlinear cascaded systems with
output constraints and iISS inverse dynamics.

This paper considers the stability of nonlinear cas-
caded systems with iISS inverse dynamics and asym-
metric time-varying output constraints. The proposed
control strategy ensures the stability of nonlinear cas-
caded systems. Moreover, the output satisfies asymmet-
ric time-varying constraints at all times. A BLF-based
controller for a nonlinear cascaded system is designed
based on backstepping. Dynamic uncertainty is elimi-
nated by changing the iISS supply rate. A tan-type BLF
handles asymmetric time-varying output constraints,
and a full-order observer estimates the unmeasurable
state. Finally, we can guarantee that the system output
does not violate the constraints and that all signals in
the closed-loop system are bounded. Simulation results
show that the method is effective.

Notations The set of natural numbers is denoted by
N, and i-dimensional Euclidean space by R'. The set
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of all positive real numbers is Ry. A continuous func-
tion ¢ : R+ — Ry is said to be of class P and writ-
ten as ¢ € P if ¢(s) > O for all s € Ry \{0} and
£(0) = 0. A class P function is said to be of class
KC if it is strictly increasing. It is of class K if, in
addition, limg_, » £(s) = oo is satisfied. x(¢) repre-
sents an appropriate time-varying vector, and ||x (¢)]] is
defined as the Euclidean norm of x at time 7. ||x||o0 =
sups>ol|x(t)], and if ||x|| is real, state x € L. For
an n-dimensional vector x = (x, ..., xn)T € R", we
write x[j] = (xl,...,xi)T wheni=2,...,n—1.

2 Problem description

Consider the following class of uncertain chained non-
holonomic cascaded systems with output constraints:

n=q(,x)
X0 = uo + X090 (x0)

% = xip1uo + ¢ (uo, x0, x, ), 1 <i <n—1
g = u + @} (o, X0, x, 1)

T

y = (xo,x1)", (1)
where (xo, x7)T = (x0, x1, x2, ..., x,)T and (ug, u)
stand for system states and control inputs, respectively;
y € R? is the measurable output of the system; € R”
represents unmeasured dynamic uncertainty; ¢o(xo)
denotes a well-known smooth, nonnegative function
related to xg; and ¢>f’(-) € R(i=1,...,n)isakind of
unknown nonlinear function.

The following are asymmetric time-varying con-

straints on the output y:

2y ={—kit(®) < xi(t) < kia(0)}, i =0, 1, )

where k() > 0 and k;2(¢) > O are preassigned func-
tions.

Assumption 1 [33] There is a positive definite smooth
iISS-Lyapunov function Uy(n) for the n-subsystem,
such that

a,(nlh) = Uo(n) = ay(linl) 3)

Uy
WQ(’% x) < —ao(lInll) + yo(lx1D), 4)

Where gn(')’ an(')7 VO() S ’COOa (e11] S 7)’ and VO()
satisfies yo(s) = O(s?) as s — 0.
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Assumption 2 [34] There exist known nonnegative
smooth functions ¢; (g, xo, x1) and unknown nonneg-
ative smooth functions ¥; (n) forevery 1 <i < n,such
that

¢ (uo, x0, x, )| < |x11(gi (o, X0, X1) + Vi (),
(5)

where ¥2(s) = O(ao(s)),s — 04 holds when
liminf,_ o0 2o (s) = 00, and Y2 (s) = O(ap(s)), s —
04, s — oo holds when lim inf;_, 5 g (s) < 00.

Remark 1 Assumptionl is typical in papers related
to input-to-state stability. The concept of the ilSS-
Lyapunov function in Assumption | is mainly used to
describe the dynamic uncertainty of the system under
study [34] and has become a core tool for the analy-
sis of nonlinear cascaded systems. Assumption 2 states
that the unmeasurable dynamic uncertainty can be sep-
arated from the nonlinear drift term using a separation
Lemma [35] and treated separately, which is a more
general assumption than [36]. In addition, to overcome
the influence of the nonlinear drift term ; (), it is
necessary to impose a local small gain condition.

Lemma 1 [37] For any t € [0, 1), the following
inequality is established

o (5) = (5 e(5) = (F) ().

6)

3 Design of output feedback controller

We construct output feedback controllers to asymp-
totically stabilize a cascaded system with output con-
straints.

3.1 Discontinuous input state scaling transformation

We first consider the case that xo # 0 and choose the
following form of control rate:

1y = —roxo — x090(x0), @)

where Ao is a positive design parameter. Using the
Gronwall-Bellman inequality, we can obtain that for
any initial instant fp > O and any initial condition
xo(to) € R, the corresponding solution xo(f) 7# 0 for
each 1 > 1y [6]. Therefore, uy # O at any time 7 > fy.

When ug # 0, the state scaling is defined as
Xi

Zi = n_l.,izl,...,n. (8)

u
0
Accordingly, the following systems are obtained:

. . U0 ~d

Zi =2zit1— (n— l)%Zi + & (o, x0, X, ),
1<i<n-1

Zn = u+ @2 (uo, x0, x, 1), 9)

& (uo,x0,x,1)

Where q_sgi(u()?x()s-xv ’7) e n—i ,i = 1,...,”,
u

0
and z;(0) € .QZI, QZ] ={z1 € R : —b1(t) <
21(t) < b12(t)}, with pre-allocated functions by (f) >
0, b12(t) > 0.

Assumption 3 The time-varying constraints k;; (1) (i =
0,1,j = 1,2) on the output y and the time-varying
constraints by;(1)(j = 1,2) on z; are continu-
ous and bounded, and there are positive constants
kil’ ki2’ l_)ll, 212, %,’1, %,’2, 511, and 512 such that ]iil <
kin(0), k(0] = kin kyp < k(). k()] < kia,
by = bii(0), [bri(D] = b1, byy = b12(0), [b12(1)] =
bis.

Remark 2 Assumption3 slightly relaxes the corre-
sponding assumptions imposed on the constrained non-
linear system in [38] by removing the upper bound of
the constraint. These constraints are commonly used
in practice to ensure that the conditions are bounded
when the output has restrictions [37].

Because ug = —Agxp — xo@o(xo) and xo = —Agxo,
it is easy to see that

o A3x0 + hoxowo (x0) — Xo@o (x0)
up —Xoxo — x0%0(x0)
%o(x0)

O 0+ o)
where ¢g(xg) is a known smooth continuous function,
and w is a known constant.

From Assumption 2, for each qu’ (ug, x0, x,n) (i =
1,...,n),

ot (uo, x0, x, 1) < lul " 1|z11(@i (wo, X0, x1) + i ().

= w + @o(x0), (10)

(11
3.2 Constructing a full-order observer
For convenience of discussion, we write (9) as
. 7 7d
ZZ(E—M—F)z+bu+¢ (1o, x0, x, 1), (12)
0
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o) ¢ ()
where E = |:0 no_li|,<13d(“0,)€0,?€,77) = ’
o)
0
b=|:|,and F =diag{n—1,...,1,0}.
1

The controller is designed by using the full-order
observer

A "'{O ~ T A
:(E——F)z+bu—GCC , (13)
uo

where CT = [1,0,...,0] and the gain matrix G =
(8ij)nxn,with g;; = g;i(i, j =1, ..., n) derived from

io g\ 4 (g
wl) T{E=

G(0) =Gy >0

G=G (E— g—gF) G-GccTG+1,

(14)

The following Lemma guarantees that (13) and (14)
make sense.

Lemma 4 [39] There exist two strictly positive real
numbers, gmin and gmax, So that the solution G(t)
of the following equation satisfies gminl, < G(t) <
8maxIn, t = 0, for any continuous function po(t):

(15)

G =G(E — noF)T +(E — noF)G - GCCTG + 1,
G(0)=Gy>0

Define the error ¢ = z — z. From (12) and (13), it
follows that

. 1o 7d T A
&= (E— —F>£+¢ (ug, x0,x,n) + GCC" 2
uo
) T
=(E——F—-GCC")e+z71GC
uo
+¢% (uo, x0, x, ). (16)

Lemma 5 Select V. (¢, G) = ¢! G~ (t)e to respond to
the error system. Then the time derivative of Vy along
(14) is

1 _
——sTG 2(t)e + z%wzl (x0, x1)

+22” wian, (17)

Ve(e, G) <

where @, (xo, x1) is given in the following proof.
—_— )

Proof Based on G_l(t) = —G_l(t)G(t)G_l(t), the

time derivative of V. (e, G) satisfies

@ Springer

) —_—
Ve =G M )e+ G L )e + TG (e
|:<E——F GCCT>8+Z1GC

B T ——n,
+¢wo, xo0.x.m | G 0e + &7 G (v

+elG7 ') [(E—Z—OF—GCCT> e+721GC
0

5 o0 )]
. T
— e |:<E - ”—°F> G\ (1)
ug
(D) (E — @F) — 2CCT} P
uo

+221CT e + 2T G7H(1)$? (o, x0, x, 1)

—_——
+8TG_1(I)S
=G OH[-G)CCTG()— I,1G (1) e+2z141
+2e7 G ()¢ (uo, x0, x, 1)
=—eTcCTe —e"G2(1)e
+2z161 + 2T G )¢ (uo, x0, x, 1)
= —eT G 2(1)e + 2211
— et + 267G (1) (o, x0, x, 7). (18)

Applying Young’s inequality,

27181 S8%+Z% (19)
267G (1)¢? (uo, x0, x, 1)

< 21¢% (uo, x0, x, MII* + = Lre20e. 0)

2
From (11), it follows that

T (HI1? = ¢4 () + ¢5 () +
< [z1(g1 () + Y1 ()T
+ [uoz1 (@2(-) + ¥a (NP

1Ok

+ ot [u"*‘m(wnc) + Yn (NI
<230 Zfuy i)
+ g T+ DO 1)

After analysis, it holds that

. 1
Ve, G)g_ngc (e + 231+ 4 ud 202 ()

F28 ug ™h 22wt

< —ESTG_2(I)8+Z1<PZI(XO,X1)+22" Wi,
(22)
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Where @z, (x0, x1) = 14+4X7 1u0 ()~|—227’1 121

”0 ~4 The proof is completed. O

3.3 Stability design of xo subsystem

For the control design, we construct a tan-type BLF

k2 Tx2
Vo (xo0) = % tan (%—£> , (23)
b0

where kpo = koo if x9 > 0, and otherwise kpo = ko;.

Remark 3 The analysis form of traditional BLFs [38]

kZ S
has the shape Vp(xg) = %log ﬁ, which is not
b0 0

suitable for integrating the constraint analysis into a
general approach. Compared with the traditional log-
type BLEF, the tan-type BLF can make full use of the
structural characteristics of system (1) and has more
attractive characteristics. When there are no constraints

on xq (i.e., constraint kpo is infinite), we can obtain

11mk;,()—>oo 20 (lez(’) = 2xo Therefore, the pro-

b0
posed tan-type BLF can handle the stability problem
with or without constraints.

Taking the derivation of Vj(xg) yields

2
. 2k
Vo(xo) = sec? 7'[_x20 X0X0 + ) tan xo kbo
2kjy, T Zkbo

2
R (%) ko (24)

ko kzo

For convenience of calculation, we define

0 = s (33 ) 0 = 0
®io(x0) =
Proi (X0) = sec (2,;) xo < 0.
(25)
By the definition of ¢p0(xp) and (23),

Vo(x0) < éro(x0)x0(uo + X000 (x0))
X3 . xg .
- k—¢b0(X())kb0 + —dpo(x0) [kpol
0 kpo
=< dpo(x0)x0 (1o + xo@0(x0))
2 .
+ 600 (x0)x§ kb0l (26)
0

Substituting (7) into (26) yields

A

. 2 .
Vo(x0) < —po(x0)hoxg + %¢bo(XO)X§|kbol

< —(Ao — V1)X§¢b0()¢0)
< —(ro —v)x3Vo
<0, 27

2 T -
where Ao > vy > T, kpo = max{kor, ko2}, kpo

A

min{k,;, ko, }. Because Vo(xo) < —(ho — vl)gio
0, xo(t) exponentially converges to zero.

Next, we prove that x( satisfies time-varying con-
straints.

Votxo) = 0 n (70 0 28
0(x) = — = tan w2 )= Vo(x0(0)) (28)
b0
2
Vi 0
@ < arctan M < z, 29)
2k ki 2

and correspondingly,

xg < kpo, —ko1 () < xo(t) < koa(2). (30)

3.4 Backstepping design

The controller is devised by applying the backstepping
method. Consider the system

. N ug d
1=+ —(n— 1)u—11 —+ @] (uo, xo, x, n)

A

b=t — - )25l GeeTz, 2<i<n—1
uo
Zn=u—-crcec’s, (31)
where C» =[0,1,...,01",...,C, =1[0,0,...,1]".
Suppose z(0) € {z(t) € R"| — b11(t) < z1(t) <
b12(t)} and define the Lyapunov function

k2 wz?
Vi (21) = 2L tan (—; : (32)
T 2k,

where kp1 = by if xg > 0, and otherwise kp| = by;.
Alternatively, as shown previously, we may calcu-
late the derivative of Vj,, to obtain

2 2
Tz . 2k Tz .
2 (—21) z121 + 201 tan (—;) kp1
22, n 262,

kal (z1) = sec

@ Springer
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and
2
Dby, (21) = sec? (%) .21>0
12
dp1(z1) = (34)
2
Py, (21) = sec? (;%‘) ;21 <0.
11
Applying the inequality of Lemma 1, it follows that

Vi (21) < dp1(z1)z121 + v2z3¢p1(21), (35)

where v, > 2,(’%, kpi = max{l511, 1512}, and k;,; =
min{b,,, b,,}. We next explore the design of the back-
stepping method.

Step 1 Let &1 = zj and & = Z» — o, where o is
the virtual control law, and &; is the error variable. We
choose the candidate BLF as

Vi =Ve+ Vg, D). (36)
Then, from Lemma5 and (35),

Vl = VE + kal (%_)

A

1
= _EgTG_z(l)8 + 512‘P21(XO, x1)
+23 ) + dp1 (EDEIE + &2

— = D2 + ¢4 (uo, x0, x, )]
uo

+ &l (&), (37)
and from (11)
1

b1 (E1)E1er < 86T G2 + Eg,iaxsfcbil(sl)
(38)
¢b1(€1)€1¢31d(uo, X0, X, 1) < ¢b1(§1)%’12§01 (uo, x0, X1)

1

+ &G €D + (). (39)

Substituting (38) and (39) into (37), V1 satisfies

Vi< - (% - 8) e G2 (e + &9z, (x0, x1)
+23 ) + Y + e (EDEE

1
+op1(EDE[ar + Egmaxsld)bl(él)
+&191(uo, x0, x1)

—(n—D—& + & p1(51) +n2&1].  (40)
uo 4

Because & = z1, o is selected as
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a1(xo, 21, kp1) = —t1(x0, §1)é1 —

1 2
%gmax&‘ﬁbl &1)
— 101 (0. x0. X1) + (n — 1) &

uo

1
- Zs?ml(sl) — nfl, (41)

where t1(xg, &1) is a smooth, positive function depen-
dent on (xg, &), which we give below. Taking (41) into
(40), we get

. 1
Vi<-— (5 — 3) e’ G2 ()e + &l gz, (x0, x1)

F230 Yt () + Y () + dp1 (EDEE
— 11 (x0, E1ELPp1 (1) (42)

Stepi (2 < i < n): Suppose a few virtual control
rates o j (xo, &1, 2,1, G, kp1) with§; =2 —a;_1(2 <
j <), and some Lyapunov functions V;_; have been
structured in step i — 1,

1
Vit = Ve + Vi &) + 5 ST e (43)

The derivative of V;_; satlsﬁes

Vil < — (1 — (i - 1)5) el G2 (0)e + E2¢z, (x0, x1)

+23L lw m+ G- 1>w1 m+ G —2)51
+E 15— (xo, EDETBp1 (E1)— T ht €7,
(44)
where the design parameter satisfy ¢; > 0.
We plan to establish a similar property at step i.
Suppose &1 = Zi+1 — «;, and we select V; as
1
Vi=Vio+ 5§ (45)

We first take the derivative of &; to facilitate the calcu-
lation and obtain that

& =2 —
oj_1 .
=&yt —(n— l) zl —-claGes %0
axg
doti—1 80{,'7 . i—1 tio
- k - Hh+m—-1)————z2
ok OV oz 2 ( ) 921 o !
Bal 1 a1
up, xXp, X, &
07 ¢1( 0, X0, X, 1) — o 2
30['_] 1001 s
_yn i l‘ 1 i—1i 46
ki=17, 8kl JZZT@ Zj. (46)
From (11), one obtains
daj— 3 2
. Shank’ “’ ! (47)
071 45 71
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dori 1 2 oy, 18a 1. oo 1A
—Sz ¢1 (uo, x0,x, 1) < *’-;‘2 al 7 (uo. X0, x1) + 212 gk 1+ 205 it ——
<1 3 8 0z 71
doj—| Jo 1u0 1 0o, —1 2
+E + 52( )$+1//(n) (48) = .
i i i —(mn—1 001 o 21— 46gmax€ 921
Relations (46)—(48) yield 1 dcty_1 2 5
) ) . —Zén< 5 ) @7 (ug, X0, X1)
Vi= Vi1 +&é& 21
[ _ 1 [0au_1\>
< - (- - 15) el G2 (1)e + £} g, (x0, x1) — g, (222 €2 (52)
2 4 071
F251 ) + YT () — u(xo. EDE dp1 (E1) which guarantees the Lyapunov function
+ (0 = D&} + &g — D 006] + il 1
Vn = V8 + kal + _Ei:2§i ) (53)

o, oo Ly

+&_1 — (n_l)_zl _C GCZI
071
a1, 130lz 1x oo .

-7 -

k=1 dgr gkl j=2 87, —=%j — o0 X0

80{ oo U

- ‘kb]+(n—1> - 021

dkp1 9z ug

1. (dai 1, doio1)?
+ 451 < aZl ) gl 48gmaxgl aZ]

1 3(1,'_1 2 2
+ -6 @7 (ug, xo, x1)1, (49)

4 9071

form which a virtual control rate is designed as

o (xo, €1, 2 (il G kp) = —1;& — &y

daj1 . doj
-‘r(n—l)fZl-l—C GCz1 + X0 + k1
axq dkpy
30!'—1 . i—100—1: | daj_p,
+2n_17 +El>_ —Zj Z
k=1 3gkl 8ki j=2 BZ] J aZl 2
2
Bal 1 g 1 dorj_q
—(n—1
(n ) —— MOZ 468max‘§z 9z,

1 aai,l 2, Boc, 1
—Z"Ei 021 o1 (o, X0, x1) — *él %1

(50)

Then (49) can be rewritten as
. 1
Vi<-— (5 — i3> el G72()e + &l gz, (x0, x1)

+22n 1‘1” (m + ”ﬂ1 m+ G- 1)51
+ &g — 1 (xo, EDELDp1(E1)
€7 (51)
In particular, wheni = n, the control law u(#) is chosen
as

u = o, (x0, &1, 2[i1, G) = —tn€n — &1
. 0o, day, 1 -
cre k

+C, 21+ oxg X0 + ko b1

2
satisfying

. 1
Vo < — (5 - ns> el G2(e + £}z, (xo, x1) +nyd(n)

+220 o) — 1o, EDET b1 (E1)
+(n — DE — D187 (54)

Next, we will use the technology of changing
the supply rate to eliminate the dynamic uncertainty.
Therefore, we construct another form iISS-Lyapunov
function,

o Uo(n)
To = / p(s)ds. (55)
0

where p(s) is a continuously nondecreasing positive
function to be selected.

Since 7 satisfies the iISS condition in Assumption 1,
it holds that

- 1
Uo(n) < —5eo(llnlDp o, (Inl)
+podyoay! o2n(xiDyo(xi).  (56)

(i) In the case that liminfy_, o ag(s) = o0, it can
be known that there exists a Koo function & satisfying
a(s) < ap(s) forany s > 0. Because &(s) < ag(s) and
Y2(s) = O(ao(s)), s — O4,i = 1,...,n, it can be
obtained that there exists a continuous nondecreasing
positive function ¢ (s) satisfying wf(s) < q(s)ap(s),
s > 0. Considering the condition of Assumption2
and continuity, op has a maximum at [0, s1], which
is a(5)(0 < § < s1). Consequently, the following
inequality holds:

YHs) = Y2(s) - Y Es) < g()2a®an(s) = g1 () (s).
(57)

@ Springer



18976

F. Zou et al.

We can similarly obtain that 1//i4 (s) = O(ap(s)), s —

04, and ¥} (s) < qi(s)ao(s), s = 0,i = 1,...,n.
Therefore, there exists an appropriate function p(-) that
satisfies

1
geoUlnIDp o e, (lnlh) = max{2 = it o), nyf (D}
(58)
(i) If lim inf_, oo g (s) < o0, given that W,-z (s) =
O(ao(s)),s = 04,5 — 00,i =1, ..., n, there exists
aconstant cj such that, forany s > 0, Iﬁiz(s) < crap(s).
Since og € P and liminf,_, o ag(s) < 00, g has a
maximum value of &(§) on [0, 00). Thus, we can obtain
that

Ui o) = Y7 () - Y7 (9) < fa@ao(s) = cap.  (59)
Accordingly, (58) still holds.

Remark 4 In previous studies of nonlinear control sys-
tems with iISS inverse dynamics, the decay rate «o(s)
is a KC function or a non-oscillatory function [32].
We consider the case of a general oscillation func-
tion and deal with unpredictable dynamic uncertainty
in two cases. From the above analysis, we can see
that, for a general oscillation function, the condition
Y2 (s) = O(ap(s)),s — 00,i = 1,...,n is neces-
sary, i.e., if liminf;_, o ag(s) < oo, then (i) is not
valid for some iISS systems.

We take into account candidate V for the total Lya-
punov function in the stability study,

1 _
V=Ve+ Vg, + 52,.:25,.2 +Up(n). (60)

Then

. 1
V<-— (5 — n5> e' G (1)e + & ¢z, (x0, x1)

1
= qe0llnlDe o e, (Il =t (o, &7 B (1)
+(n — DE — Z_p1j&7
+p oty oy o2y(IxiDyo(xil). (61)

For the small gain condition yo(s) = O(s?),s — 0,4
and state scaling (8), there exists a smooth positive and
nondecreasing function yy(s) satisfying

vo(lxi) = volluf~ &) < &270(x0. &1). (62)

Therefore,

pody oy’ o2y(lxiDyo(xi)
<podyoay o2y(lxiDPo(xo, ENE.  (63)

@ Springer

Furthermore, it holds that
. 1
V<-— (E — n(S) TG % (t)e

1
= zo0UlnIDe o, (linfD

— X _1jE — [ (xo, EDp1(E1) — (n — 1)

—podyoay’ o2y(lx1)Po(xo, &)

— @z, (x0, x1) &7 (64)
Taking the constants 0 < § < ﬁ, o= 1 =
2, ...,n), and the smooth function

t1(x0, §D)Pp1(51) = poay o 060_1 o 2y0(|x1 )70 (x0, £1)
+n+ ¢, (xo0, x1), (65)

we examine the term

: 1
V< —ZgTG*Z(t)e -z &

1
= geolniDe o e, (nl). (66)

The above results can be summarized as the follow-
ing theorem.

Theorem 1 Assume that the nonlinear cascaded sys-
tem meets Assumptions 1-4, and the control rates are
given by (7) and (52). If the output meets constraints
(2), then the subsequent properties are established:

(1) The signals (x(t), e(t), n(t), £(t)) of the nonlinear
cascaded system are bounded;

(i1) The system states and control inputs asymptotically
converge to 0, i.e.,

Am (@I + [x @I + [lxo®]]) = 0; (67)

(iii) The symmetric time-varying output constraints are
not violated, i.e.,

—ki1(t) < xi(t) < kia(t),i =0, 1. (68)

Proof (1) According to the definition of V, and
because V < 0, the signals (xo(?), e(t), n(t), (1))
in nonlinear cascaded systems are bounded in the
whole control process. Then, because ¢; € Lo,
71 = &1 € Lo, and &1 = 71 — Z1, We can obtain
that Z; € L. Furthermore, we conclude that o
is limited due to (41). Because & = Z, — a; and
& € Lo, we can say that 7 € L. Hence, it
is concluded that z;(i = 1, ..., n) are bounded.
Because ¢ = z — Z and Z € Lo, We can obtain
that z € L. Furthermore, x; are bounded by
X = z;ug_i. Therefore, the solution exists and
is unique on [0, 00).
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(i1) LaSalle’s Invariant Theorem states that when ¢
approaches infinity, (¢(¢), n(t), £(¢)) converge to
0. Therefore, because & = z1, lim;— 0 &1(¢) =0
then lim;_ s 21(¢f) = 0, and lim;_, o, 21 () = O.
When ¢ goes to infinity, «; = 0 according to its

definition, meaning lim;,  22(¢) = 0, and we
obtain similar results for lim; o0 2; (£) = 0 (i =
3,...,n). We can determine lim; . z;(f) =
0@ =1,...,n) from the definition of ¢ = z — Z.
We can use the definition of x; to obtain that

lim x;(t) =0,i =1,...,n; (69)
—00

(iii) Similar to xp, we can proved that z; also sat-
isfies time-varying constraints

kl%l nz%
Vi, (z1) = — tan — | = Vi) < V() (70)
T 2k,
2
V(O
71_221 < arctan il 2( ) < z, 71)
2k, ki, 2
and
23 < ke, —b11(t) < z21(t) < bia(2). (72)

Neither xo nor z; violates the time-varying require-
ments. From (7), we know that uy is a function
related to xg. Therefore, we can obtain from (30) that
—ko1(H)go(x0) < @o(xo)xo() < ko2(f)po(xo) and
—Aokoa(t) < —Aoxo(t) < Agkoi(t) can be obtained.
Thus, the following inequality holds:

— (ko1 (1) eo(x0) + Aoko2 (1)) < up(t) < kp2()eo(xo)
+Xoko1(2).

(73)

Let up = ko2 (t)@o(x0) + Aoko1 (t) and ug = ko (1)
@o(x0) + Aokoz(2). Then —uy < uo(t) < up, and we
can obtain that _%—1 < ug_l(t) < max{gg_l,ﬁg_l}.
Let iig = max{gg_l, ﬁg_l}. Then

—max{by (t)ito, bio(Nul "} < zuf

< max{bia(t)iig, b1 (H)ul) "},
(74)

After the above calculation, we choose kii(t) =
max{bi (t)ito, bia(t)ug ™' }and k12 (1) = max{ba (1),
b1 (t)gg_l }. By nonlinear scaling, the constraint range
of x1 is —ky1(t) < x1(t) < ky2(t). According to (30),
the output y satisfies the asymmetric time-varying con-
straints. This completes the proof. O

3.5 Stabilization of x-subsystem for xo(#p) = 0

If xo(tp) = 0, ug is designed as
uy=c,c > 0. (75)
This controlled rate keeps x¢ away from 0. Then

Xo(to) = ¢ + xopo(xo(to)) = c. (76)

The initial time # satisfies xo@o(xo(#p)) = 0 < c.
Due to the nonnegativity and smoothness of ¢g(xo),
there is a small neighborhood of x((#p) = 0, so that

Xo@o(x0) < c. (77)

In the period satisfying xo@o(xo) < ¢, we designed an
output feedback control ug form (75) and u form (52).
Since ug = ¢ > 0 and ¢g(xp) is a smooth nonnegative
function, x¢ starts at 0 and grows until xg@o(xg) = c.
At this time, we let xo = x5, and when xo¢o(xo) = c,
the control input ug is switched to (7).

The following theorem discusses the case where the
initial state is zero.

Theorem 2 According to Assumptions 1-4, the system
will reach a steady state and satisfy the constraint crite-
ria in a finite time if the following switch-based output
feedback control scheme applies the appropriate design
parameters to system (1) with time-varying constraints
2):

e xo(t) < x§ 78
= {—ono — xo9o(x0), Xo(t) > xg§ (78)
N day—1 a1 -
T
U= —tnky —Eno1 +CIGCZy + 820 %o + a]:bl k1
da,—1 . —1 a1 . day—1 4
+ 27, + X0, ——1z; + 2
k=1 dgu 8kl j=2 0%, j 921
1§ 0o, 2 2( ) 15 0,1 252
- = up, X0, X1) — —
5\ 7oz @1 (o, X0, ¥1) = 7 &n 0 1
daty—1 g 1, dory—1 :
—n—1 2a-= ‘
(n ) 921 qul 4(ngax§n 921

(79)

Proof The proof process is given in the above
analysis. O

Remark 5 The main work of this article is to add asym-
metric time-varying output constraints based on [34]
and relax ISS dynamic uncertainty to iISS dynamic
uncertainty. The proposed control scheme ensures that
the cascaded system is stable and that the asymmetric
time-varying output constraints are always satisfied.
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Fig. 1 Value of parameter 3 1
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-2 : 0 : :
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time/s time/s
We expand the scope of the constraints from previ- Assuming that z; = ;‘—(1), Zo = X3, then (80) takes the
ous work [37]. Since many practical systems are not form
always ISS, the cascaded systems studied in this paper . g nzi
s . . . AW=22—A— AU+ 157
with iISS dynamic uncertainty can include more gen- 0 +n (81)

eral systems.

4 Simulation examples

Consider an uncertain nonlinear cascaded system,

n= —# + nx?
X0 = uo + xo
X =uoxy —x1+ (80)
X2=u
y = (xo, x)7,
where the n-subsystem 7 = —# + nx12 is iISS, with

an iISS-Lyapunov function V(1) = In(1 + nz) and
2
(1) = ks vo(lx1) = 2x}. From (80), we can

obtain that ¢o(xo) = 1, ¢¢(ug, x0,x,7) = —x1 +

1’137172 and ¢4 (ug, x0, x,7) = 0. Under the condition

of Assumption?2, ¢ (g, xo, x1) = 1, ¥1(n) = Tnnz’
@2 (ug, x0, x1) = 0, and ¥»(n) = 0. Therefore, we
VS _ 1 0q B

can concluded that WG = 2 "G = 0. Since

liminf_, o @p(s) < 00, the condition in Assumption 2
is satisfied.

@ Springer

o =u.

According to the above research, the state estimation
and full-order observer are written as

X o i A R
Z1=22— 20— g
2 =u—gni

g1 = —240g11 +2g12 — g7, + 1 (82)
g2 =—3lgin+8gn —gugn
gn=1- g%z'
From the definition of ¢, we can obtain that
é1=— (Z—g + gll) e1t+ext+gunz—au+ liz,;z
& = —g12€1 + g1221.

(83)

The control law is based on the backstepping technique.
The controlled system can be rewritten as

nzi
1452

{21=22+82—Z—8Z1—21+ 84)

2 =u — gii.

The subsequent dynamic output feedback control
tactics come from the proposed design scheme:
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Fig. 2 a Value track of xg
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input ug; b value track of
input u
0.2t 100}
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0.8 o 50 u
-1 L L -100 L "
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time/s time/s
U = —126r — Pp1(E1)E) + CZTGCCTé + ‘%ﬂuo —AoXo—Xo. The system parameters are selected as ¢; =
dug =18 =% 4 = 1,and v, = 30. We take ko| =
n dag n doy . 0o u()g 1s doq 2 b11 = 0.740.3cos(3t), kg = b1p = 0.74+0.3 cos(3¢),
a7 Kbl 22— T - —~Ss2 _ 2 —
dkp1 E) A& uo 4 F) and k;; = 0.98 4+ 0.84 cos(3t)2+ 0.18 cos. (.3.t), ki =
1 dar\2 1 Jar \ 2 0.98 + 0.84 cos(3t) + 0.18 cos”(3¢). The initial values
2 1 ) 1
__ | — ) — -5 —) , (85) are selected as n(0) = 1, xo(0) = 1, x;(0) = —0.55,
25 8mas® <351) ik (351)

where a1 = —t1(x0, £E1 — 5 8macE10m1 (51) — &1 —
GEPp1(E1) + {261 — o€y, CT = [1 0], and C]
[0 1]

Then the simulation consequences are used to prove
the availability of the projected controller design. We
consider the case that xo(f9) # 0, and choose ug

811(0) =1, g12(0) = 0, 22(0) = 1, §1(0) = —0.5,
£(0) =0,21(0) = 1, 22(0) = 1, £1(0) = 3, £2(0) =
0.

Figures 1, 2 and 3 display the simulation effects, in
which the system state and control law reach zero in
a limited time. As shown in Fig.2, the system state
and unmeasurable dynamics achieve a steady state in a
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Fig. 4 Trajectories of
o - ~— o O
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limited time. The trajectories of xo and x; are always
within the specified range without violating the output
constraints. Figure 1 shows that the system’s parameter
estimation and error quickly converge to 0. z; is always
within the specified range. The asymmetric output is
not violated. The parameter estimation, error, and gain

are limited in the control process and become stable in
approximately 8 s. Furthermore, it can be seen that the
proposed robust control scheme can effectively handle
the output feedback control of non-holonomic systems
with output constraints and iISS dynamic uncertainties.

Fig. 5 Parameter 1 T
estimation, error and gain “ 1 2
matrix without constraints 2 0.8 <
0.5 06
0.4
0 V\
-0.5 + L L L
5 10 15 0 5 10 15
time/s time/s
3 3
€1 g11
2 £ G2
2 922
1
0
1
-1
-2 + L 0 s L
0 5 10 15 0 5 10 15
time/s time/s
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Fig. 6 Control input of the (a) o (b) 2
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-0.8 8 u
-1 -10 .
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time/s

We select system (80) for comparison. Choosing
identical parameters and initial values can reflect the
advantages of the controller. Unlike before, asymmet-
ric output constraints are not considered. Therefore, the
control law design [34] is

R daq
—0& — & + g + 851 0, M()Zl E
1

doy 1. (a1 \?
Iz g’”“"&( o6 ) _Z&(aél)

2
() 4

=
I

o) = _ﬁgl%laxgl + %Zl - %513 — 65
—28 — 28{uf — uéy
£ =§2+a1+52_@21 —zl—i-zlL
uo 1+ 72
b =—nb—& % 2+%121 %lejnz
1 dar\* 1. [da1\?
“tint (55 -0 (5
x| 2 2
(5 4 (86)

The outcomes are shown in Figs. 4, 5 and 6. The sys-
tem responses to the trajectory in Fig. 4 do not consider
asymmetric time-varying output limitations; it is evi-
dent that x| exceeds the constraint range by about 1s,
reflecting the control rate in this paper. Although Figs. 4
and 5 ensure the stability of the nonlinear cascaded sys-
tem, it breaks the time-varying output restrictions and
exhibits wider response fluctuations. It is clear from

time/s

comparing the figures mentioned above that the over-
all control method operates effectively.

5 Conclusion

We explored a group of nonlinear cascaded systems
with output constraints and iISS inverse dynamics. To
overcome the difficulty that non-holonomic systems
are not stabilized by continuous feedback control, we
designed a discontinuous time-invariant control law
using input-state scaling transformation technology.
The unmeasurable state was estimated by construct-
ing a full-order observer with a gain derived from the
Riccati matrix differential equation. A tan-type barrier
Lyapunov function was introduced to handle asym-
metric time-varying output constraints. Future work
includes extending our results to cascaded systems with
non-vanishing disturbances and output constraints, as
well as achieving the stability of the cascaded system
within the specified time.
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