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Abstract This article introduces a generalized (3+1)
dimensional integrable Ito equation based on relevant
literatures. Firstly, the bilinear form of the equation is
obtained by Bell polynomial method, and various forms
of Bécklund transformations, Lax pair and infinite con-
servation laws of the equation are obtained, proving that
the equation is integrable in the Lax sense. Secondly,
using the trial function method and the mathematical
calculation software Mathematica, various solutions
of the equation are constructed, including N-soliton
solutions, one-order breather wave solution and Lump-
Type solution. Finally, the interactions between various
functional solutions are analyzed through the three-
dimensional and contour plots of the solutions.
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1 Introduction

Mathematics is a subject with a wide range of appli-
cations. In many fields, people often study and ana-
lyze the phenomena and essence of things by establish-
ing mathematical models [1,2]. The models established
when studying nonlinear phenomena and related prob-
lems are called nonlinear evolution equations (NLEEs).
In recent years, the study of NLEEs has received
widespread attention from scholars from all walks of
life. It can be used to describe complex nonlinear phe-
nomena in many scientific fields, such as fluid mechan-
ics, mathematics, chemistry, optics, quantum mechan-
ics, etc, and the exact solutions of NLEEs can provide
important information for describing nonlinear phe-
nomena [3-6]. Therefore, finding analytical solutions
for NLEESs has become a key topic of concern for peo-
ple. At present, scholars have done a lot of work on the
research of NLEEs’ soliton solutions, Lump solutions,
breather wave solutions and other analytical expression
[7-11], and have proposed various solutions, such as
the Hirota bilinear method [ 12—-14], the Bicklund trans-
formation method [15], the Riccati projective equation
method [16], the Lie symmetry method [17-20], the
sine-cosine method [21,22], the trial function method
[23], the three wave method [24,25] and the Darboux
transformation method [26-28].

In the 1980s, Ito extended the bilinear KdV equa-
tion and established the famous (1+1) dimensional Ito
equation
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o + 3y + 3Qutty + uttyy) + 3uacd; uy =0 (1)
and (2+1) dimensional Ito equation [29]

uzr + usxr + 3Quyus + unyy) + 3’42x8x_lut + iy,
+ Buy; = 0. (2)

References [30-33] simultaneously studied equa-
tions Egs. (1) and (2), and obtained multiple new
results. For example, multiple-soliton solutions, Back-
lund transformation, Lax integrability and multiple
wave solutions. References [34-38] applied different
methods to obtain various forms of exact solutions for
Eq. (2), including the Lump solution, breather wave
solution, interaction solution, solitary wave solution
and soliton solutions. The extended (3+1) dimensional
Ito equation was first proposed in reference [39]

uy +06Quytty)x +uszx + (@uy + Buy +yuz) =0, (3)

moreover, the Hirota bilinear method was applied to
obtain multiple-soliton solutions and Lump solution for
Eq. (3).

This article proposes a new generalized (3+1)
dimensional Ito equation based on references [29-39]

U +A(Uxttr)x +Euzys + (oux +Puy+yuz) =0, (4)

where «, B, v, A and & are all arbitrary real numbers,
o # BinEgs. (3)and (4). When A = 6,& = 1,Eq. (4)
is transformed into Eq. (3).

The goal of this article is to apply Bell polynomial
method and trial function method to study different
forms of Bicklund transformations, Lax pair, infinite
conservation laws and exact solutions of Eq. (4). All
the content obtained in the paper and the images drawn
were obtained using mathematical calculation software
Mathematica. The transformation (5) introduced when
the equation is converted into bilinear form is the high-
light of the paper. The three arbitrary function terms
added in the transformation can be reduced when the
equation is bilinear, so that more abundant solutions of
the equation can be obtained, which has not been found
in the previous literature. Compared to reference [39],
this study investigates the integrability of the equation
in the Lax sense, obtaining infinite conservation laws,
various forms of Bicklund transformations, and exact
solutions, which are more valuable for research.
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The main contents of this paper are as follows: In
Sect. 2, the bilinear form of Eq. (4) is obtained by apply-
ing Bell polynomial method. In Sect. 3 and 4, obtained
the double Bell polynomial Bécklund transformation
and bilinear Bécklund transformation of Eq. (4), and
obtained the Lax pair and infinite conservation laws of
the equation through the double Bell polynomial Bick-
lund transformation. In Sect. 5, three types of bilinear
auto-Bécklund transformations were obtained through
the Hirota bilinear method and different equivalent
exchange formulas. In Sect. 6 and 7, the N-soliton solu-
tions and Lump-Type solution of Eq. (4) were obtained
using the obtained bilinear equations. Based on the N-
soliton solutions, obtain the one-order breather wave
solution and the interaction solution between the one-
order breather wave solution and the one-soliton solu-
tion of the equation through the complex conjugate
method. The interaction solution between the obtained
solution and different functional solutions was obtained
through transformation. At last, Sect. 8 is the conclu-
sion and outlook of this article.

2 The bilinear form of Eq. (4)

Introducing the potential functiong = ¢g(x, y, z, t), we
set

”:CCIx(xay,Zat)+K(y,Z)+§(Y)+w(Z)a (5)

where «(y, z), {(y) and @ (z) are arbitrary functions
of their variables, respectively.

Substituting expression (5) into Eq. (4), divide the
x product once, and take the constant of integration as
zero to get

cqir + Cz)‘%cx@xt + c&q3x + caqy + C/gCIyl +cvqu
=0, (6)

whenc = 1, A = 3§, expression (6) can be transformed
into

E(q) = qir + 38qxxqxr + Eq3xe + gy + Bqy:
+vqx =0, @)

the above expression can be represented by a P-
polynomial
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Pii(q) + & P3x(q) + aPy(q)
+ BPy:(q) + vy Px(q) = 0. (8)

Under transformation g (x, y, z,¢) = 21In f(x, y, z,
t), we can get the bilinear form of Eq. (4)

(D? +£DD, +aDD; + DD,
+yD:D)f-f=0, €)

with f(x,y,z,t),g(x,y,z, t) are real functions with
respectto variables x, y, zand ¢, where Dy, Dy, D,, D;
are the bilinear operators defined by Hirota [40]

DYDYDI D] f(x,y,2,1) - g(x,y,2,1)
I T R T Y
Y O o
G~ 30"
ot at’
fe,y, 2,080, ¥, 2 ) amwr ymy o=t =1
(10)

with m, n, p and g being the non-negative integers.

3 Bilinear Backlund transformation and Lax pair

Below we use Bell polynomials to construct Bick-
lund transformation and Lax pairs of generalized (3+1)-
dimensional Ito equations.

Assuming ¢’ is another solution to Eq. (8), introduce
the following transformation

g=2ImnF=w—-v,9 =2InG =w + v,
G

v=In—,w=InFG, (11
F

we have

E(¢)—E(@) =E(w+v)— E(w —v)

= 2(v2r + Yz + By + vy + 3wy oy
+ 38 vy wox +Ev3xr)

12
=20,V (v, w) + Ve (v, w) + By (v, w) (12
+ ady (v, w) + EV3x (v, w)] + h(v, w)
:0,
where
h(v, W) = 68 (WyrV2x — VyWaxr — V2Vx). (13)

To obtain the bilinear Bicklund transformation of Eq.
(4), we introduce the following restrictions

Wys + VeV + vy =0, (14)

where p is an arbitrary parameter, on account of which,
we have

h(v, w) =0, (15)

based on expressions (12),(14) and (15), the double Bell
polynomial Bécklund transformation of Eq. (4) can be
obtained

[V (v, w) + yV: (v, w) + BYVy(v, w)
+aVe(v, w) +EVs (v, w)] =0, (16)
Vit (v, w) + uYx (v, w) = 0.

From the relationship between double Bell polynomials
and Hirota bilinear operators

F
Vurrtonn (V=1 =, w =1In FG) = (FG)™'D}!
~-DUF -G (17)

and expression (16), the following bilinear Bicklund
transformation for Eq. (4) is obtained

(D + BDy +yD, +aDy +ED)F -G =0,

18
(DyD; + uD)F -G = 0. (18)

To obtain the Lax pair of Eq. (4), we introduce the
Hopf-Cole transform

v=In¢,w =g +1n¢, (19)

substituting expression (19) into expression (16), we
have

¢ + ﬂ(by +yé, + (a0 +38q2) by +EP3r =0,
xt + qxr @ + ppx =0, (20)

from expression u = g (x, y,z,1) +k(y,2) + {(y) +
@ (z), the Lax pair of Eq. (4) is obtained

&+ Boy +y P + (@ + 38ux)py + Ed3x =0, 1)
Gxr + U + ugy = 0.
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The expression (21) obtained above can also be
rewritten as

Lo =00, ¢ = Ao, (22)
where

A=—yd, — Bdy — (& + 3Euy)d; — £0;,
L = 0,0; + us + o, (23)

under condition L; = [A, L], Eq. (4) can be obtained,
and then Eq. (4) is integrable in the Lax sense.

4 Infinite conservation laws

Next, we construct the infinite conservation laws of Eq.
(4). Firstly, introducing the function n = n(x, y, z, t),
we set

q)/c —(gx
= , 24
n 3 (24)
from expression (11), we can obtain
Uy =1, Wy =1 + ¢qx, (25)

substituting expression (25) into expression (16), we
have

a0 e + vy n, + By
+an+EM 4+ 300 + o) + 1]} =0, (26)
M+ qee + 197y 4+ un = 0.

Setting

oo
p=crn=e+y Tq.qe. e, 27)

i=1

and substituting expression (27) into the second expres-
sion of expression (26), so that the power coefficients
of ¢ are zero, we have

@ Springer

Iy = —uy,Ip = -1y 4,
Ty =—07"Ty 2 — 87107 Tus10)

n—1
- at_l (szax_lznk,t> n=3,4.-
k=1

(28)

similarly, substituting expression (27) into the first
expression of expression (26), so that the power coeffi-
cients of ¢ are zero, the following infinite conservation
laws are obtained

fn,t+Hn,x +ICn,y+Vn,z =0n=12---, (29
where

K =BT, Vo =y T,

Hy = 3§In+l,t + ‘i:In,x,ta n=12.-.-., (30)
Fi =0T, + oTy 4 3677 + 3675 + 36T u,,
(3D

Fr=3"D, +aly + 66T/ Th + 3Ty
+ 381114 x + 3ETouy, (32)
Fy =0 I3, + €17 4+ 3875 + a3 + 66113
+3EZs + 36Ty x + 361 T« + 35 L3uy,
(33)
L Fn =0T, o, + 36T, 0 + 36T,

n—1 n

+36Y Tk +38 ) Llipik
k=1 k=1

+3% ) LLI,+§) T
I+h+p=n,l=h#p 3k=n

+65 Y LII.n=45--,

m+o+r=n,m<o<r

(34)

among them [, i, p, k, m, o and r are all positive inte-
gers.

5 Bilinear auto-Béicklund transformations

In this section, we will use the Hirota bilinear method
to construct the bilinear auto-Backlund transformations
for Eq. (4). Assuming g(x, y, z, t) is another solution
for bilinear equation (9), then we have
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(D? +£D3D, +aD, D, + D, D,
+yD.Dy)g-g =0, (35)

setting

U=[(D?+EDID; +aD.D; + BDyD,
+yD.D)f - flg* — fPUD; +EDID,  (36)
+aDyD; + BDyD; +yD;Dy)g - gl,

and using the commutative identity of the Hirota bilin-
ear operator [40], we will obtain the bilinear auto-
Bicklund transformations of Eq. (4).

(DyD, f - £)g* — fA(DyD;g - g)

=2Dy(D,f - 8) - (fg) =2Di(Dyf - &) - (f3).
(D.Dif - £)g* — f*(D.Dig - &)

=2D,(Dif -8) - (fg) =2Dy(D.f - 8) - (f3).
(DD, f - £)g* — fA(DxDyg - g)

=2D(Dif - 8) - (f8) =2D;(Dyf - &) - (f2).

(DX f - frg* — fA(D?g-g) =2Di(D: f - g) - (fg),
(37)

(DIDf - £)g* — fA(DD;g - g)
=2D,[(D}f - 8) - (f2)]
— 6D, [(DxD;f - g) - (Dif - )], (38)
(DID.f - g* — fADIDig - g)
=3D.[(DID.f - 8) - (f8)]
— Di[(D}f - 8) - (fg)] — 3Dy
[(DZf-g)-(Dif &)
—3D,[(D3f - 8) - (Dsf - 9], (39)
(DID.f - g — fADIDig - )
=2D.[(DID.f - 8) - (f8)]
—2Di[(Dif - 8) - (Dxf - 8)] — 2Dy
(DD f - 8) - (Dxf - 8)]

— 2D [(D2f - ) - (D/f - 9)]. (40)
Case I:
Setting
DD, f - g = fg, (41)

where 1] is a real constant.

Substituting expressions (37), (38) and (41) together
into expression (36) yields

Uy = 2DA[(D; + BDy +y D, +ED) f - gl- (f8)}
+2D.{[(aD; +3601D,) f - g]- (f2)),  (42)

taking U; = 0, a bilinear auto-Bécklund transforma-
tion for Eq. (4) is obtained

(DyD;y —91)f -g =0,
(D + BDy +yD, +EDf-g =0, (43)
(aD; +3501Dy)f -g=0.

Case II:
Setting

DXf g =t fg, (44)

where v is a real constant.
Substituting expressions (37), (39) and (44) together
into expression (36) yields

Uy = DA{[(2D; 4 2BDy + 2y D, + 302 Dy
—ED)f-gl- (fe)) + DAl(3ED2D,  (45)
+3E0,D; +2aD,) f - gl- (f9)},

taking U, = 0, a bilinear auto-Bicklund transforma-
tion for Eq. (4) is obtained

(D2 — ) f-g=0,
(2D; +2BDy + 2y D, + 301£ D,

(46)
—ED))f-g=0,
(3EDID, +3¢02D; +2aDy) f - g = 0.
Case I1I:
Setting
Dyf-g=03fg,D:f-g=74fg, 47)

where 3 and ¥4 being all the real constants.
Substituting expressions (37), (40) and (47) together
into expression (36) yields

Us = D{[Q2D; 4+ 28Dy + 2y D, — 2036D)) f - gl-
(f&)} + D:{[2E DD, — 2£93D, Dy
—2£94D +2aD)) f - g]- (f2)), (48)
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taking Uz = 0, a bilinear auto-Bicklund transforma-
tion for Eq. (4) is obtained

(Dx —93)f-g=0,

(D —94)f g =0,

(D, + BDy +yD, — 3D f - g =0,

(EDID; — £93D Dy — E94D? +aDy) f - g = 0.
(49)

The bilinear auto-Béicklund transformations obtained
above are of great significance for solving the equation.
When a known solution of Eq. (4) is known, the above
bilinear auto-Bécklund transformations can be itera-
tively applied to obtain an infinite sequence solution of
Eq. (4).

6 N-Soliton and Interaction Solutions of Eq. (4)
6.1 One-soliton solution
Based on the perturbation method [40], it is assumed

that Eq. (4) has a one-soliton solution of the following
form

f=1+em, (50)
where 1 = ajx + by +ciz+dit + 19, a1, by, 1, dy
and 77(1) are all the real constants.

Substituting expression (50) into bilinear equation
(9), we have

di = —(@a +bip+cry +aj), 1)
therefore, we obtain the following solution for Eq. (4)
u=2[In(l+eMl+x(y,2)+¢() +@(@), (52)

when k(y,z) =0, ¢(y) =0, @ (z) = 0, solution (52)
is transformed into a one-soliton solution

u=2[n(l+ ™). (53)

6.1.1 One-soliton solution and interaction solutions

Due to the arbitrariness of «(y, z),{(y) and @ (z) in
expression (52), various forms of analytical solutions to

@ Springer

Eq. (4) can be obtained by selecting different arbitrary y
functions, z functions and y, z functions. We obtain the
interaction solutions between the one-soliton solution
of Eq. (4) and the solutions of different functions by
selecting different types of functions.

Case 1.1: Take parameters a; = 77(1) =1,by=3,¢c1 =
2 in solution (53) to obtain images of one-soliton solu-
tion in different spaces, their features are shown in
Fig. 1. As can be seen from the figure, during the trans-
mission process, the amplitude of the one-soliton solu-
tion remains unchanged, and the transmission process
in different spaces is almost unchanged.

Case 1.2: Under the premise of the parameters taken
in Case 1.1, when expression (52) takes «(y,z) =
cos(—y + z), £(y) = cos(2y), w(z) = cos(—z), the
interaction solution between the one-soliton solution
and the trigonometric function solution of Eq. (4) are
obtained, the interaction phenomenon between solu-
tions is shown in Fig. 2a.

Case 1.3: Under the premise of the parameters taken
in Case 1.1, when expression (52) takes «(y,z) =
tanh(yz), (y) = cosh(—=2y)~!, w(z) = sinh(z +
1)’1, the interaction solution between the one-soliton
solution and the hyperbolic function solution of Eq.
(4) are obtained, the interaction phenomenon between
solutions is shown in Fig. 2b.

Case 1.4: Under the premise of the parameters taken
in Case 1.1, when expression (52) takes k(y,z) =
cn(y + z,0.7),¢(y) = cn(y2 —3,04), () =
sn(2z + 1,0.5), the interaction solution between the
one-soliton solution of Eq. (4) and the Jacobian ellip-
tic function solution are obtained, the interaction phe-
nomenon between solutions is shown in Fig. 2c.

Case 1.5: Under the premise of the parameters taken
in Case 1.1, when expression (52) takes k(y,z) =
cn(z®+y,0.2), ¢(y) = cosRQy+1), w(z) = zsin(4z)
+ cosh(—z)~1, the interaction solution between the
one-soliton solution of Eq. (4) and multiple functional
solutions are obtained, the interaction phenomenon
between solutions is shown in Fig. 2d.

6.2 Two-soliton solutions

In order to obtain the two-soliton solutions of Eq. (4),
we set

f=1+e"+e + Apetn, (54)
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@ (b)

(c)

-10

Fig. 1 (Color online) The 3D plots of one-soliton solutions in different spaces.ax =t =0,bz=t=0,andcy=7r=0

Fig. 2 (Color online) The 3D plots of interaction solutions
between different functional solutions and one-soliton solution
with x = ¢ = 0. a Interaction solution between one-soliton solu-
tion and trigonometric function solution, b interaction solution

where n; = a;jx + bjy + ciz + dit + n?(i =1,2),
ai,b;,ci,d;, n? and A1, are all the real constants.
Substituting expression (54) into bilinear equation (9),
we obtain the following solution for Eq. (4)

u=2[n(l+e" 4 e" + Ape™ )], 4+ k(y, 2)
+¢(y) + @ (2), (55)

where

di = —(aia +bip +ciy +aje), (i =1,2),

(a1 —ad)[alar —a2) + B(b1 —by) + y(c1 —2) + @@} —a3)]

between one-soliton solution and hyperbolic function solution,
¢ interaction solution between one-soliton solution and Jacobi
elliptic function solution, and d interaction solution between one-
soliton solution and multiple functional solutions

when k(y, z) =0, ¢(y) = 0, w (z) = 0, solution (55)
is transformed into a two-soliton solutions
u=2[In(l+e" + "™ + Appe” )], (57)
6.2.1 Two-soliton solutions and interaction solutions
We obtain the interaction solutions between the two-
soliton solutions of Eq. (4) and the different functional

solutions by selecting different arbitrary y functions, z
functions and y, z functions.

(a1 +a)lalar +a2) + Bbr + b)) + y(cr + ) +E@ +ad)]

(56)
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0
z z

Fig.3 (Color online) The 3D plots and contour plots of two-soliton solutions. a,dx = 0,7 = —2,b,ex =t =0,andc,fx =0, =2

(a) (b) (c) (d)

20

Fig. 4 (Color online) The 3D plots of interaction solutions between two-soliton solutions and hyperbolic function solution,
between different functional solutions and two-soliton solutions ¢ interaction solution between two-soliton solutions and Jacobi
withx = ¢ = 0. a Interaction solution between two-soliton solu- elliptic function solution, and d interaction solution between two-
tions and trigonometric function solution, b interaction solution soliton solutions and multiple functional solutions

@ Springer
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Case 2.1: Take parameters a; = b; = & = n? =
M =1la=12bh=c=3c=05a=p4=
2,y = 0.8 in solution (57) to obtain the two-soliton
solutions of Eq. (4), it is shown in Fig. 3. It shows the
collision process of two-soliton solutions in the (y, z)
plane. As time ¢ increases, the two-soliton solutions
moves along the positive half axis of the y-axis and
the positive half axis of the z-axis, and the velocity,
amplitude and interaction mode of the solitons do not
change.

Case 2.2: Under the premise of taking the parame-
ters in Case 2.1, when k(y, z) = sin(y — 2), {(y) =
sin(y), @ (z) = sin(z) are taken in the expression (55),
the interaction solution between the two-soliton solu-
tions and the trigonometric function solution of Eq.
(4) are obtained, the interaction phenomenon between
solutions is shown in Fig. 4a.

Case 2.3: Under the premise of taking the parameters
in Case 2.1, when «(y,z) = tanhQy + 2),¢(y) =
sinh(3y)_1, w (z) = cosh(4z — 1)_2 are taken in the
expression (55), the interaction solution between the
two-soliton solutions and the hyperbolic function solu-
tion of Eq. (4) are obtained, the interaction phenomenon
between solutions is shown in Fig. 4b.

Case 2.4: Under the premise of taking the parameters
in Case 2.1, when «(y, z) = cn(—2yz,0.1),¢(y) =
sn(y — 1,0.8), w (z) = sn(z + 3, 0.25) are taken in
the expression (55), the interaction solution between
the two-soliton solutions of Eq. (4) and the Jacobian
elliptic function solution are obtained, the interaction
phenomenon between solutions is shown in Fig. 4c.
Case 2.5: Under the premise of taking the parameters
in Case 2.1, when «(y, z) = cosh(yz — )71, ¢(y) =
sin(2y +2), w(z) = zen(z + 1,0.2) + z~! are taken
in the expression (55), the interaction solution between
the two-soliton solutions and multiple functional solu-
tions of Eq. (4) are obtained, the interaction phe-
nomenon between solutions is shown in Fig. 4d.

6.2.2 One-order breather wave solution and
interaction solutions

Next, we obtain the breather wave solution of Eq. (4)
through the complex conjugate method, and study the
interaction between the breather wave solution and
other functional solutions.

Case 3.1: Take parameters a| = a5 = 0.14-0.5, b =
by=02+2ici=c=n=n)=1a=08,p=
—0.2,y = —0.6,& = —1 in solution (57) and con-

vert the two-soliton solutions of Eq. (4) into one-order
breather wave solution, it is shown in Fig.5. As can
be clearly seen from the figure, with the increase of
x and the decrease of ¢, the one-order breather wave
solution moves along the positive half axis direction of
the z-axis.

Case 3.2: Under the premise of the parameters taken in
Case3.1,whenk (v, z) = cos(y+z), £ (y) = cos(—y+
1)2, @ (z) = sin(z—2) are taken in the expression (55),
the interaction solution between the one-order breather
wave solution and the trigonometric function solution
of Eq. (4) are obtained, the interaction phenomenon
between solutions is shown in Fig. 6a.

Case 3.3: Under the premise of the parameters taken in
Case 3.1, whenk (y, z) = tanh(yz), {(y) = cosh(4y—
1)73, @ (z) = sinh(2z 4 1)~! are taken in the expres-
sion (55), the interaction solution between the one-
order breather wave solution and the hyperbolic func-
tion solution of Eq. (4) are obtained, the interaction
phenomenon between solutions is shown in Fig. 6b.
Case 3.4: Under the premise of the parameters taken
in Case 3.1, when « (y, z) = sn(yz+3y,0.5), ¢ (y) =
cn(y*,0.2), w(z) = cn(z — 2,0.6) are taken in the
expression (55), the interaction solution between the
one-order breather wave solution and the Jacobi elliptic
function solution of Eq. (4) are obtained, the interaction
phenomenon between solutions is shown in Fig. 6c¢.
Case 3.5: Under the premise of the parameters taken
in Case 3.1, when k(y,z) = sn(e®?,0.4),(y) =
sin(—y), @w(z) = cosh(z + 2)~! are taken in the
expression (55), the interaction solution between the
one-order breather wave solution of Eq. (4) and var-
ious functional solutions are obtained, the interaction
phenomenon between solutions is shown in Fig. 6d.

6.3 Three-soliton solutions

In order to obtain the three-soliton solutions of Eq. (4),
we set

f=14eM 4" 4B 4 B2 4 Bae 3
+ Byze™ T 4 Crpze T2,
(58)

where 1; = ajx + biy + ciz +dit + 00 = 1,2,3),
a;, b;,ci,d;, T}?, Bi2, Bi3, B3 and Cjp3 are all the real
constants.
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(a)
10

(c)
10

Fig. 5 (Color online) The 3D plots and contour plots of one-order breather wave solutions. a,d x = —6,¢t = 6,b,ex =t = 0, and c,

fx=61t=-6

Fig. 6 (Color online) The 3D plots of interaction solutions
between different functional solutions and one-order breather
wave solution with x = ¢ = 0. a interaction solution between
one-order breather wave solution and trigonometric function
solution, b interaction solution between one-order breather wave

@ Springer

solution and hyperbolic function solution, ¢ interaction solution
between one-order breather wave solution and Jacobi elliptic
function solution, and d interaction solution between one-order
breather wave solution and multiple functional solutions
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C) (b)

Fig. 8 (Color online) The 3D plots of interaction solutions function solution, ¢ interaction solution between three-soliton
between different functional solutions and three-soliton solu- solutions and Jacobi elliptic function solution, and d interaction
tions with x = ¢ = 0. a Interaction solution between three- solution between three-soliton solutions and multiple functional
soliton solutions and trigonometric function solution, b inter- solutions

action solution between three-soliton solutions and hyperbolic
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(d)

(c)

(e)

Fig. 9 (Color online) The 3D plots of interaction solutions
between different functions with x = ¢ = 0. a interaction
solution between one-soliton solution and one-order breather
wave solution, b interaction solution between one-soliton solu-
tion, one-order breather wave solution and trigonometric func-
tion solution, ¢ interaction solution between one-soliton solution,

Substituting expression (58) into bilinear equation
(9), we obtain the following solution for Eq. (4)
u =2[In(1 + el +e™ 4 M + B1zem+"2
+ B3t 4 Byt
+ Ci3e" TP 4k (y, 2) + () + @ (2),
(59)

where

di = —(@ia + b +ciy +a}e), (i =1,2,3),

Ci23 = BiaBi3Ba3,

(g —aplalai —aj) + b —bj) +y(ci —cj) +&(@ —a))]

(@ +aplata +aj) +Bbi+ b)) +y(ci +¢) +E@ +a)]
(60)

ij

@ Springer

one-order breather wave solution and hyperbolic function solu-
tion, d interaction solution between one-soliton solution, one-
order breather wave solution and Jacobi elliptic function solu-
tion, and e interaction solution between one-soliton solution,
one-order breather wave solution and multiple functional solu-
tions

here i,j = 1,2,3, and i < j, when k(y,z) =
0,¢(y) = 0,m(z) = 0, solution (59) is transformed
into a three-soliton solutions

u=2[In(l+e" +e™ + e + Bppe” T2

+ Bl3e’71+"3 + B23e"2+’73 + C123e"1+’72+'73)]x.
(61)

6.3.1 Three-soliton solutions and interaction
solutions

Next, we will construct the interaction solutions between
the three-soliton solutions of Eq. (4) and different func-
tional solutions, selecting different «(y, z), {(y) and
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-10 -5 0 5 10 -10 -5 0 5 10
z z z

Fig. 10 (Color online) The 3D plots and contour plots of Lump-Type solutions with parameters x =0, a9 = bs = b3 = ¢, =2,a; =
a3=c4=05bs=a=1,a1=03,a5=12,c1 =17,¢c3=04,¢cs =15,y =02.a,dt =—10,b,et =0,and ¢, f t = 10

10

Fig. 11 (Color online) The 3D plots of interaction solutions bolic function solution, ¢ interaction solution between Lump-
between different functional solutions and Lump-Type. a inter- Type and Jacobi elliptic function solution, and d interaction solu-
action solution between Lump-Type and trigonometric function tion between Lump-Type and multiple functional solutions

solution, b interaction solution between Lump-Type and hyper-
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@ (z) in expression (59), we obtain various forms of
analytical solutions of Eq. (4).

Case 4.1: Take parameters a; = 2.6,a = 2.5,a3 =
b3 = 3,b1 = (3 = 0.5,b2 = 2,6‘1 = 4,6‘2 =
32,a=B=y =¢ =n?=ng=ng=1insolution
(61) to obtain the three-soliton solutions of Eq. (4), itis
shown in Fig. 7. It shows the collision process of three-
soliton solutions in the y-plane. As time ¢ increases, the
three-soliton solutions moves along the y-axis positive
half axis and z-axis positive half axis directions.

Case 4.2: Under the premise of taking the parameters
in case 4.1, when «(y,z) = —4sin(y — 2),¢(y) =
sin(y), @ (z) = cos(z + 1) are taken in the expression
(59), the interaction solution between the three-soliton
solutions and the trigonometric function solution of Eq.
(4) are obtained, the interaction phenomenon between
solutions is shown in Fig. 8a.

Case 4.3: Under the premise of taking the parameters
in case 4.1, when «(y, z) = —4tanh(—y 4+ z), ¢ (y) =
sinh(3y + 4)~!, @ (z) = 3cosh(—2z)~! are taken in
the expression (59), the interaction solution between
the three-soliton solutions and the hyperbolic function
solution of Eq. (4) are obtained, the interaction phe-
nomenon between solutions is shown in Fig. 8b.

Case 4.4: Under the premise of taking the param-
eters in case 4.1, when «(y,z) = sn(y + 3z +
y722,0.5),¢(y) = cn(y,02), w(z) = sn(—z +
5,0.25) are taken in the expression (59), the inter-
action solution between the three-soliton solutions of
Eq. (4) and the Jacobi elliptic function solution are
obtained, the interaction phenomenon between solu-
tions is shown in Fig. 8c.

Case 4.5: Under the premise of taking the parameters
in case 4.1, when « (y, z) = cosh(3yz — )71, ¢(y) =
cn(e”’,0.55), w(z) = cos(z + 2) are taken in the
expression (59), the interaction solution between the
three-soliton solutions of Eq. (4) and multiple func-
tional solutions are obtained, the interaction phe-
nomenon between solutions is shown in Fig. 8d.

6.3.2 One-order breather wave solution, one-soliton
solution and interaction solutions

Next, we obtain the interaction solution between the
one-order breather wave solution and the one-soliton
solution of Eq. (4) through the complex conjugate
method, and study the interaction between this solu-
tion and other functional solutions.

@ Springer

Case 5.1: Taking parameters a; = a; = 01 +
0.5i,a3 = —2.5, cl_c2_03_n1 _772_773
1,by = b5 = —1+3i,b3 = 05,0 = —3.2,8
0.7,y = —2,& = —linsolution (61), the three-soliton
solutions of Eq. (4) are transformed into an interaction
solution between the one-order breather wave solution
and the one-soliton solution, it is shown in Fig.9a.
Case 5.2: Under the premise of the parameters taken in
Case 5.1, when «(y, z) = sin(y + 2), £ (y) = sin(y) +
cos(2y), w(z) = cos(—z) + sin(z + 2) are taken in
the expression (59), the interaction solution between
the one-order breather wave solution, the one-soliton
solution and the trigonometric function solution of Eq.
(4) are obtained, the interaction phenomenon between
solutions is shown in Fig. 9b.

Case 5.3: Under the premise of the parameters taken
in Case 5.1, when « (v, z) = cosh2z + y)~1, ¢(y) =
tanh(2y?), @ (z) = sinh(—2z + 1)~ are taken in the
expression (59), the interaction solution between the
one-order breather wave solution, the one-soliton solu-
tion and the hyperbolic function solution of Eq. (4) are
obtained, the interaction phenomenon between solu-
tions is shown in Fig.9c.

Case 5.4: Under the premise of the parameters taken
in Case 5.1, when «(y,z) = cn(yz,0.6),¢(y) =
sn(y,0.3), @ (z) = sn(2z, 0.2) are taken in the expres-
sion (59), the interaction solution between the one-
order breather wave solution, one-soliton solution
and Jacobi elliptic function solution of Eq. (4) are
obtained, the interaction phenomenon between solu-
tions is shown in Fig.9d.

Case 5.5: Under the premise of the parameters taken
in Case 5.1, when «(y, z) = ztanh(yz 4+ 1), {(y) =
cnfsin(—y), 0.4], w(z) = €52 are taken in the
expression (59), the interaction solution between the
one-order breather wave solution, one-soliton solu-
tion and multiple functional solutions of Eq. (4) are
obtained, the interaction phenomenon between solu-
tions is shown in Fig. 9e.

6.4 N-soliton solutions

The N-soliton solutions of Eq. (4) can be obtained from
the soliton solutions obtained above

u=2(nf),, (62)
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where +ajaz[c1(bs + b3y) — bi(cs + c3y)]
2
N +ajl—ca(bs + b3y) + ba(ca + c3y)l}.  (66)
f= Z exp Zuim+ Z Ajjpifeg | !
w=0,1 i=1 1<i<j
wy @ —aplet —a)+ i —bp +yc —cp i@ —a  Case6.3:
T @ taplata +a) + Bl + by +y+ep +E@ +anl’
ni = aix +biy +ciz+dit + 1, by — _Gaatcicy
d = ~(@o+ bif + iy +a8) (= 1.2, N, 63 by
here, j1; and 1, are taken through 0, 1. o — —ci(as + azy) +Cal13(c4 + B +c3 J/)’
1
_ + B +c3y
7 Lump-Type solution of Eq. (4) €1
by
In this section, we will construct the exact solution of _ _C1ba(ba +bsy) + (@14 + crca)(cs + 2B + c3y)
the generalized (3+1) dimensional Ito equation through bacr B
its bilinear form. Assuming Eq. (4) has the following (67)
form of Lump-Type solution
Case 6.4:
f =ao + (a1x + azy + a3z + aat + as)’
2
+ (b1x + byy + b3z + byt + bs)? 64) gy = D3lai —albibs Feicy) + arasfl
2 as(bg + bra + by B)
t
+ (c1x + 2y + ¢3z + cat + ¢5)7, y__b4+b1a+b2ﬁ
wherea; (i =0,1,---,5),b;,c;(i =1,---,5) areall b3 (68)
the undetermined constant. ¢y = bacs = bs(ca + 1) + c3(brr + baf) ’
Substituting expression (64) into bilinear form (9) to b3p
obtain a set of nonlinear algebraic equation (not listed). —_ biby + c1cq
With mathematical calculation software Mathematica, as

the following solutions can be obtained

Case 6.1:
aias + cics c2(as +ara + azy)
bl = — ,ay) =
by ¢4+ cra+c3y
B—— c4 +cra +c3y
B

_Q[bft — (ajagq + cicq)a + bzbyy)

by =
by(cq + cra +c3y)
(65)
Case 6.2:
o _bacy — brcy + y(bzcr — bycs)
B byci — bic '
c1(bs + b3y) — bi(cq + c3y)
ﬁ = - s
b2C1 — b1C2
bibs +cicq
ay=— ———,
aj

1

a3 =——————{(bac1 — b1c2)(b1bs + c1c4)
ayy (bacy — bicp) !

Substituting expression (65) into expression (64),
we have

c2(ag +aja +asy)
c4 +cra +c3y
2
bt +a5> n (_ ayas +Clc4x
by
cz[bﬁ — (ara4 + c1ca)a + bybyy]
ba(cq + cra + c37)

f =ap+ (alx + y +asz

+

y+ b3z

2
+ bat + b5> + (c1x + 2y + €32 4 cat +¢5)?,

(69)

where by(cq4 + c1o + c3y) # 0.
Therefore, we obtain the following solution for Eq.

“)
u=2(Inf)x +x(y,2) +¢(y) + @ (), (70)
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when k(y,z) =0, ¢(y) =0, @ (z) = 0, solution (70)
is transformed into a Lump-Type solution

u = 2(nf)y. (71)

The three-dimensional and contour plots of solution
(71) are shown in Fig. 10. By selecting different values
of ¢, the image of the variation of the Lump-Type solu-
tion with time is obtained. The Lump-Type solution
consists of an upward peak and a downward valley. As
time ¢ increases, the Lump-Type solution moves along
the negative half axis of the y-axis and the negative half
axis of the z-axis, and the amplitude does not change
during the movement.

7.1 The interaction solutions between Lump-Type
solution and different function solutions

We obtain the interaction solutions between the Lump-
Type solution of Eq. (4) and different function solutions
by selecting different functions « (y, z), {(y) and @ (z).
Case 7.1: Take parameters ap = a4 = y = 1l,a; =
by = 15,a3 = —l,a5 = —0.5,b4 = 04,b5s =
ci = 05,¢p = c3 = a = 2,¢c4 = 06,¢c5 =
3,k(y,2) = sin(—y + 2)%, £(y) = cos2y), @ (z) =
cos(z + 1) sin(2z) in solution (70) to obtain the inter-
action solution between the Lump-Type solution of
Eq. (4) and the trigonometric function solution. the
interaction phenomenon between solutions is shown

in Fig. 11a.
Case 7.2: Take parameters a; = bs = bz = a5 =
s = ¢4 = 2,a9 = a4 = a3 = by = ¢y =

c3=y =1,c1 =5a = 1.5«k(y,z) = tanh(y) +
tanh(z), £(y) = cosh(y+2)~'—cosh(—y) ™!, @ (z) =
sinh(z)~! + sinh(3z) ! in solution (70) to obtain the
interaction solution between the Lump-Type solution
of Eq. (4) and the hyperbolic function solution, the
interaction phenomenon between solutions is shown
in Fig. 11b.

Case 7.3: Take parameters b3 = cs5s =c| = by = ¢ =
oa=2,a0=03,a =as=bs =a3 =c3 =y =
l,ca =a5 =1.5,k(y,z2) =sn(y +2z,0.45),¢(y) =
sn(y%,0.5), w(z) = cn(z>,0.2) in solution (70) to
obtain the interaction solution between the Lump-Type
solution of Eq. (4) and the Jacobi elliptic function solu-
tion, the interaction phenomenon between solutions is
shown in Fig. 11c.

@ Springer

Case 7.4: Take parameters a; = ag = bs = y =
l,ags = b3y = as = ¢5 = ¢ = 2,¢1 = 5,00 =
a3z = 1.5,b4 = 3,C3 = 0.5,C4 = 2.5,K(y,Z) =
cn(yz,0.2), £(y) = sin(y), w(z) = cosh(z +2)'in
solution (70) to obtain the interaction solution between
the Lump-Type solution of Eq. (4) and various func-
tional solutions, the interaction phenomenon between
solutions is shown in Fig. 11d.

8 Conclusion

This article investigates a new generalized (3+1)
dimensional Ito equation. This equation is extended
from the equation in reference [39]. The soliton solu-
tions (one-soliton solution, two-soliton solutions and
three-soliton solutions) and Lump solution of Eq. (3)
are obtained in reference [39], and the integrability
of Eq. (3) in the Painlevé sense is studied. When
k(y,2) = 0,8(y) = 0,w() =0,§ =1, =6,
obtain the solution in reference [39]. When « (y, z) =
0,00)) =0,m(zx) =0,E =1,A =3,y =a3 =
by =c¢; =0 =1,---,5), the Lump-Type solution
obtained in this paper can be transformed into the Lump
solution in reference [35].

In this paper, the bilinear form of the equation is
obtained by means of Bell polynomial method, and
its double Bell polynomial Bicklund transformation,
bilinear Bicklund transformation and bilinear auto-
Bécklund transformation are obtained. These Backlund
transformations help to construct more abundant accu-
rate solutions of the equation. In addition, the Lax inte-
grability of the equation is studied and an infinite con-
servation laws is constructed. With the help of mathe-
matical calculation software Mathematica, the dynamic
characteristics of the obtained solution can be seen intu-
itively through the 3D map and Contour line map. We
find that when the solution of the equation interacts
with the Trigonometric functions solution, the shape
of the solution presents periodic changes, as shown in
Fig.2a, 4a, 6a, 8a, 9b, 11a; When the solution of the
equation interacts with the solution of the Hyperbolic
functions, the solution of fracture shape will appear, as
shown in Fig. 2b, 4b, 6b, 8b, 9c, 11b; When the solution
of the equation interacts with the solution of the Ellip-
tic function, it presents solutions of different forms, as
shown in Fig.2c, 4c, 6¢, 8c, 9d, 11c; When the solu-
tion of the equation interacts with multiple functional
solutions, the shape of the solution will show differ-
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ent forms due to the influence of Elliptic function, and
the characteristics of the solution will not show mor-
phological regularity, as shown in Fig.2d, 4d, 6d, 8d,
9e, 11d; When the breather wave solution (Lump-Type
solution) interacts with Trigonometric functions solu-
tion, Hyperbolic functions solution, Elliptic function
solution and multiple function solutions, the morphol-
ogy of the breather wave solution (Lump-Type solu-
tion) will not be affected by these functions, that is, the
original breather wave solution (Lump-Type solution)
interacts with different waves.

Using the arbitrariness of «(y, z), {(y) and @ (z)
in hypothesis (5), we can obtain a large number of
analytical expression of the equation, which is also
the innovation of this paper and has strong flexibil-
ity. The infinite conservation laws studied in this arti-
cle, the transformations made (5), and the interaction
solutions between Lump-Type solution, breather wave
solution, soliton solutions, and various functional solu-
tions obtained have not been obtained in previous lit-
erature. The research methods for the Béacklund trans-
formation, Lax integrability and infinite conservation
laws of equation in this article can be systematically
used to discuss other equations. When discussing the
exact solution of the equation, the introduced transfor-
mation is flexible. Because not all equations can be
reduced when they are converted into bilinear form,
the added arbitrary function term is not applicable to
all equations. We hope that the results obtained in this
article can be experimentally observed in nature and
applied to nonlinear science. This new (3+1) dimen-
sional model and its research may help open up a new
perspective for future nonlinear evolutionary systems.
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