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Abstract We obtain the nondegenerate one- and

two-soliton solutions of the nonlocal nonlinear

Schrödinger equation by using the nonstandard Hirota

method. This unconventional method is used to

bilinearize the nonlocal nonlinear Schrödinger equa-

tion and its related auxiliary equations, and some

novel interaction properties of parity-time-symmetric

two-soliton solutions are derived. The detailed asymp-

totic analysis is used to reveal the characteristics of

energy conservation and energy redistribution before

and after the collision between nondegenerate soli-

tons. Experimental scheme to observe nondegenerate

solitons is also proposed. This provides potential

applications for the soliton interaction in the nonlocal

wave model.

Keywords Hirota method � Nondegenerate soliton

collision � Experimental scheme

1 Introduction

We all know that nonlinear Schrödinger (NLS) systems

are an awfully significant class of nonlinear systems [1–3].

The formation of solitons governed by NLS systems [4, 5]

benefits from a unique balance between dispersion and

nonlinear effects which are the key effect to control the

propagation in dispersive media through the cross-phase

modulation and coherent energy exchange. So far,

different aspects of vector solitons described by NLS

systems have been extensively studied [6–8]. NLS system

is not only used for all-optical switch [9], logical

calculation [10] and optical fiber communication system

[11]. It also widely appears in atomic condensation [12]

and plasma physics [13].

In 2013, a nonclassical integrable nonlocal nonlinear

Schrödinger (NNLS) equation was recommended by

Mussliani and Ablowitz, and was turned out that it is

parity-time(PT)-symmetric [14]. In recent years, the

NNLS equation has been deeply studied in nonlinear

optics [15–17]. Horikis et al. [15] found various elastic

interactions between dark solitons or anti-dark solitons of

NNLS equation in the continuous wave background.

Yang [16] studied bright solitons and multiple solitons of

NNLS equation under the framework of Riemann–Hilbert

formula. Rao et al. [17] constructed interesting soliton

collision dynamics in the zero background of the NNLS

equation. To sum up, this nonclassical nonlocal equations

have been concluded to dominate multiple types of

solutions. From these studies, in all modes, the collisions

between solitons with the equivalent wave number have
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been well discussed [18]. Nevertheless, to our knowledge,

this nonlocal equation with specific physical background

has not considered to study solitons which govern

inconsistent wave numbers. Therefore, we intend to

unveil the effect of this supplemental wave number which

is applied to the soliton structure and collision scene.

In practical physics, the redistribution of energy

between multipeaked solitons is an important topic. In

the coupled model, the solution with the identical

wave number of a single component is degenerate

soliton [19–21], while the solution with distinct wave

numbers is nondegenerate soliton [22]. Nondegener-

ate solitons allow multipeaked distribution and can

realize the construction of optical logic gates [23].

Stalin et al. introduced unequal wave numbers into

several distinct systems such as Manakov system [24]

and 2-coupled NLS equations [25] to construct

nondegenerate solitons. Later, nondegenerate solitons

have also been studied in the multi-component Bose–

Einstein condensation(BEC) [26] and so on. The

multipeaked structure in nondegenerate solitons has

been applied to various nonlinear models of coupled

fields [27]. Whether multipeaked nondegenerate soli-

tons are governed by the coupled NNLS(CNNLS),

equation is the question that we intend to discuss.

In this paper, we construct the nondegenerate bright

solitons of integrable CNNLS system which is derived

from a reduction in the Manakov system with specific

physical significance [16]. The nonstandard Hirota

method [28, 29] of CNNLS equation is introduced in

detail in Sect. 2. In Sect. 3, the specific one- and two-

soliton solutions of the CNNLS equations are given, and

their asymptotic analysis is made in detail to illustrate their

soliton dynamics. Next, we also reveal the interesting

phenomenon that nondegenerate solitons and degenerate

solitons coexist. We summarize the results and discuss

how nondegenerate solitons can be realized experimen-

tally. Finally, we introduce the explicit form of some

parameters that appear in the paper in the appendix.

2 Hirota method for CNNLS equation with PT

symmetry

The traditional coupled NLS equation is

iqj;t þ qj;xx þ 2r
X2

p¼1

qp
�� ��2qj ¼ 0; j ¼ 1; 2 ð1Þ

with r ¼ �1. When r ¼ 1, the Manakov system

allows various soliton solutions, which can be used to

simulate the tunable transmission of optical dielectric

solitons and the optimization of optical devices [30].

Optical logic gates which could be NOR gate and OR

gate [31] can be constructed theoretically through the

energy sharing collision of solitons. This collision also

can be used to physical systems, such as non-ideal

Bose gas [32], BEC [33], and so on. When r ¼ �1,

Eq. (1) becomes the defocusing coupled NLS equa-

tion which admits dark–dark and bright–dark soliton

solutions[34, 35].

Considering the PT symmetry, CNNLS equation

becomes

iqj;tðx; tÞ þ qj;xxðx; tÞ

þ 2r
X2

p¼1

½q�pð�x; tÞqpðx; tÞqpðx; tÞ�

¼ 0; j ¼ 1; 2: ð2Þ

In Eq. (2), ‘‘�’’ represents the complex conjuga-

tion,x and t denote normalized distance and delay

time, respectively. The self-induced potential V ¼
q�pð�x; tÞqpðx; tÞ; p ¼ 1; 2 satisfies the PT symmetry

condition V�ð�x; tÞ ¼ Vðx; tÞ, which is the parity-

charge symmetry for a more precise statement in Ref.

[36], and here, we still use the habitual statement as the

PT symmetry. qjðx; tÞ; j ¼ 1; 2 are two complex func-

tions of real variables x and t. Equation (2) which

possess the law of conservation of infinite quantity is

integrable [14]. After the substitution x ! �x;

t ! �t, Eq. (2) remains unchanged and has symmetry

and complex conjugation. It is obvious that the PT

symmetry is one of the properties of the new nonlocal

equation, which is equivalent to the invariance of the

so-called self-induced potential in classical optics.

The nondegenerate exact solutions of the CNNLS

equation will be derived by Hirota method [37]. In this

paper, the nonstandard bilinear process [38] is used to

generate more general soliton solutions of the CNNLS

equation. We first introduce rational transformation

qjðx; tÞ ¼
gðjÞ

f
; q�j ð�x; tÞ ¼ hðjÞ

s
; ð3Þ

where f ; s; gðjÞ; hðjÞ; j ¼ 1; 2 are complex functions.

We obtain the bilinear form of Eq. (2) by introducing

SðjÞð�x; tÞ; j ¼ 1; 2. We can match the number of

unknown functions with the number of bilinear
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equations [39] by introducing SðjÞð�x; tÞ; j ¼ 1; 2. The

bilinear form is as follows

iDt � D2
x

� �
gðjÞðhðjÞÞ � f ¼ �2gðjÞðhðjÞÞ � SðjÞ;

D2
xf ðsÞ � f ðsÞ ¼ 4SðjÞ � s; j ¼ 1; 2:

ð4Þ

In the above formula, Dx and Dt are defined by the

following expression

Dm
x D

n
t ðf � gÞ ¼ð o

ox
� o

ox0
Þmð o

ot
� o

ot0
Þnf ðx; tÞ

gðx0; t0Þjx¼x0;t¼t0 :
ð5Þ

The auxiliary functions are

SðjÞð�x; tÞ �M ¼
X2

n¼1

gðnÞðx; tÞhðnÞð�x; tÞ; M

¼ f �ð�x; tÞ; j ¼ 1

f ðx; tÞ; j ¼ 2:

�
ð6Þ

We truncate and expand functions f ; s; gðjÞ; hðjÞ; j ¼
1; 2 into

gðjÞ ¼ g
ðjÞ
1 vþ g

ðjÞ
3 v3 þ :::; hðjÞ ¼ h

ðjÞ
1 vþ h

ðjÞ
3 v3 þ :::;

f ðsÞ ¼ 1 þ f2v
2 þ f4v

4 þ :::;

SðjÞð�x; tÞ ¼ S
ðjÞ
2 v2 þ S

ðjÞ
4 v4 þ :::;

ð7Þ

and v as a parameter of series expansion is used to

bring the truncated expansion into the bilinear equa-

tion. A set of equations that can be solved is obtained

by collecting the coefficients of the same power of v.

Then, these linear partial differential equations are

solved recursively, and the relevant explicit form of

f ; s; gðjÞ; hðjÞ; j ¼ 1; 2 obtained constitutes the funda-

mental soliton solution.

3 Nondegenerate soliton

3.1 One-soliton

3.1.1 Solution expression

We expand the truncated expansion to the following

form to get nondegenerate soliton solutions

gð1Þ ¼
X2

n¼1

g2n�1v
2n�1; hð1Þ ¼

X2

n¼1

h2n�1v
2n�1;

f ¼ 1 þ
X2

n¼1

f2nv
2n; s ¼ 1 þ

X2

n¼1

s2nv
2n; SðjÞ ¼

X2

n¼1

S
ðjÞ
2nv

2n; j ¼ 1; 2:

ð8Þ

We consider unequal fundamental solutions of all

modes as g
1ð Þ

1 ¼ a1e
g1 ; h

1ð Þ
1 ¼ b1e

n1 and set solution

forms; thus, one-soliton solution reads

qðx; tÞ ¼ g1 þ g3

1 þ f2 þ f4
¼ a1e

g1 þ A1
1e

g1þn1þn1

1 þ B1
1
eg1þg1 þ B1

2
en1þn1 þ C1

1e
g1þg1þn1þn1

;

q�ð�x; tÞ ¼ h1 þ h3

1 þ s2 þ s4

¼
b1e

n1 þ A2
1
en1þg1þg1

1 þ B2
1
eg1þg1 þ B2

2
en1þn þ C2

1
eg1þg1þn1þn1

;

ð9Þ

where g1; n1 the wave number of soliton, which affects

the velocity of soliton motion. g1; n1 represent the

complex conjugate of wave number g1; n1. Am
1 ;B

n
m;C

m
1

are parameters that cannot be missing in the one-

soliton of the required solution. The detailed expres-

sions of g1; g1; n1; n1;A
m
1 ;B

n
m;C

m
1 are listed in the

appendix. When j1 ¼ i1, the degenerate one-soliton

solutions are the same as that obtained in [40].

3.1.2 Asymptotic analysis

We study the dynamics of nondegenerate solitons by

making the following asymptotic analysis of solitons.

We consider Eq. (8) with conditions

j1
1R [ 0; j1

2R\0; j1
2I [ j1

1I [ 0 and apply the asymp-

totic form of wave number n1R; n1R in (9). The

following asymptotic expression for one-soliton is

obtained by considering the dominant term alone:

Before(After)

collision:t ! �1; g1R; g1R � 0; n1R; n1R ! �1;

qðx; tÞ� a1e
g1

1 þ B1
1
eg1þg1

¼
2a1�

j
j1

1Re
g1R�g1R

2
þiðg1I�g1I Þ

2

2i½coshð/�
1
Þ cosð/�

2
Þ þ i sinhð/�

1
Þ sinð/�

2
Þ� ;

q�ð�x; tÞ� b1e
n1

1 þ B1
1
en1þn1

¼
2a2�

j
j1

2Re
n1R�n1R

2
þiðn1I�n1I Þ

2

2i½coshðu�
1
Þ cosðu�

2
Þ þ i sinhðu�

1
Þ sinðu�

2
Þ� ;

ð10Þ

where /�
1
¼ g1Rþg1RþD�

R

2
;/�

2
¼ g1Iþg1I þD�

I
2;u�

1
¼

n1Rþn1RþD�
R

2
;u�

2
¼ n1Iþn1IþD�

I

2
;a1�

j
¼ i

j1
1
þj1

1

eln a�D�
2 ;

a2�
j

¼ i
j1

2
þj1

2

elnb�D̂�
2 ;Dj� ¼ ln a j

1;D
jþ

¼ lnC j
1
� lnBj

1
; l; j ¼ 1; 2:
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From the above asymptotic analysis, we can

conclude that aljðj1
l þ j1

l Þ=2i; a1
j ¼ a1 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1b1j j2

q
;

a2
j ¼ b1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1b1j j2

q
; j; l ¼ 1; 2 are the complex ampli-

tudes of the solitons. The unit polarization vectors

alj; j; l ¼ 1; 2 are given in Eq. (10). The central posi-

tion is DR=j1
1 þ j1

1.

3.1.3 Dynamics of nondegenerate one-solitons

The real part of the wave number influences the

velocity of the soliton and thus, affects the distance

between the solitons in Ref.[41]. Nevertheless, we find

that not only the real part of the wave number can

affect the velocity of the solitons in the CNNLS

equations, but also the imaginary part of the wave

number can. The quasi-intensity of nondegenerate

one-soliton is shown in Figs. 1 and 2, respectively.

Figure 1a shows the wave number of soliton for

two components [39] when we fix the real part of the

wave number to 0.4 and adjust the value of the

corresponding imaginary part. Here, Re and Im

represent the real and imaginary part of the wave

number w. Points C and D in Fig. 1a correspond to

Fig. 1b, points B and E correspond to Fig. 1c, and

Fig. 1 Nondegenerate one-soliton. a Value of the wave number

of soliton, and quasi-intensity of nondegenerate one-soliton

with, b Imðj1
1Þ

�� �� ¼ Imðj1
2Þ

�� �� ¼ 0:1; c Imðj1
1Þ

�� �� ¼ 0:4;

Imðj1
2Þ

�� �� ¼ 0:2; d Imðj1
1Þ

�� ��¼ Imðj1
2Þ

�� �� ¼ 0:45. Other parameters

are a1 ¼ 0:45þ0:5i; a2 ¼ 0:5 þ 0:55i; Re j1
j

� �
¼ 0:4
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points A and F correspond to Fig. 1d. From Fig. 1a,

when the real part of the wave number affecting the

soliton velocity is fixed, the farther the value of

imaginary part is from 0, the closer two peaks are.

Furthermore, with the increase in the absolute value of

the imaginary part, the distance between two peaks

will continue to shorten, and finally, change from a

double-peaked structure to a single-peaked structure

from Fig. 1b, c and d. We will get the symmetric

structure when the absolute values of the imaginary

parts are equal.

However, the effect of the real part of the wave

number on the distance between the two peaks is just

opposite to the imaginary part of the wave number.

Figure 2a shows the wave number of soliton for two

components when we fix the imaginary part of the

wave number to 0.1 and adjust the value of the

corresponding real part. Points B and E in Fig. 2a

correspond to Fig. 2b, points A and D correspond to

Fig. 2c, and points A and C correspond to Fig. 2d.

When the value of real part decreases, the distance

between two peaks will also be shortened, and the

double-peaked structure will eventually become a

single peak in Fig. 2b–d. Correspondingly, we will

obtain the symmetric structure when the real parts are

the same. We find the condition of the double-peaked

soliton state for both components. That is, when the

absolute value of the imaginary part of the wave

Fig. 2 Nondegenerate one-soliton. a Value of the wave number

of soliton, and quasi-intensity of nondegenerate one-soliton

with, b Reðj1
1Þ ¼ Reðj1

2Þ ¼ 0:4; c Reðj1
1Þ ¼ 0:3;Reðj1

2Þ ¼

0:35; d Reðj1
1Þ ¼ Reðj1

2Þ ¼ 0:3. Other parameters are

a1 ¼ 0:45 þ 0:5i;a2 ¼ 0:5 þ 0:55i; Imðj1
j Þ

���
��� ¼ 0:1:
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number is small enough or the real part is large

enough, the nondegenerate soliton will have a double-

peaked structure. When the tunable double-peaked

nondegenerate soliton is used as the signal carrier, a

communication system with four stages (00, 01, 10,

11) can be realized [23].

3.2 Two-soliton

3.2.1 Solution expression

We truncate and expand equations to the following

number of terms

gð1Þ ¼
X4

n¼1

g2n�1v
2n�1; hð1Þ ¼

X4

n¼1

h2n�1v
2n�1;

f ¼ 1 þ
X4

n¼1

f2nv
2n;

s ¼ 1 þ
X4

n¼1

s2nv
2n; SðjÞ ¼

X4

n¼1

S
ðjÞ
2nv

2n; j ¼ 1; 2:

ð11Þ

We give the seed solution

g1 ¼ a12e
n1 þ a22e

n2 ; h1 ¼ a11e
g1 þ a21e

g2 : ð12Þ

and derive the nondegenerate two-soliton solution

qðx; tÞ ¼ g1 þ g3 þ g5 þ g7

1 þ f2 þ f4 þ f6 þ f8
;

q�ð�x; tÞ ¼ h1 þ h3 þ h5 þ h7

1 þ s2 þ s4 þ s6 þ s8

;
ð13Þ

where g1 ¼ a12e
n1 þ a22e

n2 ; h1 ¼ a11e
g1

þa21e
g2 ; g3 ¼

P2

m;n;p¼1

Dn pð Þ
m egnþnmþnp þ E1

me
g1þg2þgm ;

In the above formula, superscript ‘‘-’’ represents

the conjugate. The detailed form of Nn
m;P

n
m;

Dn pð Þ
m ; dn pð Þ

m ;En
m; J

mn
1M2m; j

mn
1M2m; Km; Lm;C

n
1;F

mn
1M2N ;Fn;

H1
mn;H

2
mn with m; n; p;M;N ¼ 1; 2 is given in the

appendix. In [39], the soliton dynamics of degenerate

two-soliton solutions in [40] are introduced, including

soliton collisions, bound state solitons. When we set

jj ¼ ij; j ¼ 1; 2, we can obtain degenerate two-soliton

solution. We can obtain the soliton dynamics that are

completely consistent with the degenerate two-soliton

solution when we take the same parameters in [39].

3.2.2 Asymptotic analysis

We consider the interaction of nondegenerate two-

solitons by making a detailed asymptotic analysis of

nondegenerate two-soliton solutions (13). We derive

the explicit form of two-soliton at limit t ! �1 with

j j
lR [ 0; j; l ¼ 1; 2:j j

1I\j j
2I . The wave numbers gjR ¼

�jjIðxþ 2jjRtÞ; njR ¼ �ijIðxþ 2ijRtÞ gradually

behave as (i) soliton S1: t ! �1; g1R; n1R ’ 0; g2R;

n2R ! �1; and (ii) soliton S2:t ! �1; g1R; n1R ’ 0;

g2R; n2R ! �1.

Correspondingly, two solitons have the following

asymptotic form.

Before collision: t!�1;g1R;n1R’0;g2R; n2R!
�1,

h3¼
X2

m;n;p¼1

dn pð Þ
m egnþnmþnpþE2

me
g1þg2þgm ;g5¼

X2

m;n;M¼1

Jmn
1M2me

gnþgmþnnþnmþgM ;h5¼
X2

m;n;M¼1

jmn
1M2me

gnþgmþnnþnmþnM ;

g7¼
X2

m¼1

Kme
g1þgmþg2þn1þn1þn2þn2 ;h7¼

X2

m¼1

Lme
g1þg1þg2þg2þn1þnmþn2 ;f2¼s2¼

X2

m;n¼1

Nn
me

gmþgnþPn
me

nmþnn ;

f4¼s4¼
X2

m;n;M;N¼1

Fmn
1M2Ne

gMþgmþnNþnnþF1e
g1þg1þg2þg2þF2e

n1þn1þn2þn2 ;f6¼s6¼H1
mne

gmþgmþgnþgnþnmþnnþH2
mne

nmþnmþnnþnnþgmþgn ;

f8¼s8¼Meg1þg1þg2þg2þn1þn1þn2þn2 :

ð14Þ
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Sj:q1ðx;tÞ’
2a1�

j jjReiðgjIþdh�1 ÞcoshðnjRþUj1
1
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b�j

22=b
þj
21

q
coshðgjRþnjRþ/j1

1 Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþj

12=b
�j
11

q
coshðgjR�njRþ/j1

2 Þ
;

q2ðx;tÞ’
2a2�

j ijReiðnjIþdh�2 ÞcoshðgjRþUj1
2 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b�j
22=b

þj
12

q
coshðgjRþnjRþ/j1

1 Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþj

21=b
�j
11

q
coshðgjR�njRþ/j1

2 Þ
;

ð15Þ

eih
�
j ¼

ðj1
2 � j2

2Þðj1
j þ j2

j Þðj2
2 þ j1

2Þ
pðj1

1 � j2
1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjl1 � j j

2Þðj1
l þ j2

j Þ
q

ðj1
2 � j2

2Þðj1
j þ j2

j Þðj1
2 þ j2

2Þ
pðj1

1 � j2
1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjl1 � j j

2Þðj2
j þ j1

l Þ
q ;

eih
þ
j ¼

ðj1
j � j2

j Þðj2
j þ j1

j Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj j

1 � jl2Þðj2
l þ j1

j Þ
q

ðj1
j � j2

j Þðj1
j þ j2

j Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj j

1 � jl2Þðj
j
1 þ jl2Þ

q ;

d ¼
0; j ¼ 1

1; j ¼ 2

�
; p ¼

1; j ¼ 1

0; j ¼ 2

�
; j; l ¼ 1; 2; j 6¼ l:

Sj:q1ðx;tÞ’
2a1þ

j jjReiðg1Iþdhþ1 ÞcoshðnjRþUj2
1
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b�j

22=b
þj
21

q
coshðgjRþnjRþ/j2

1 Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþj

12=b
�j
11

q
coshðgjR�njRþ/j2

2 Þ
;

q2ðx;tÞ’
2a2þ

j ijReiðn1Iþdhþ2 ÞcoshðgjRþUj2
2 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b�j
22=b

þj
12

q
coshðgjRþnjRþ/j2

1 Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþj

21=b
�j
11

q
coshðgjR�njRþ/j2

2 Þ
;

ð16Þ

b�j
mn ¼ N �M;M ¼

j j
2; n ¼ 1

j j
2; n ¼ 2

(
;N ¼

j j
1;m ¼ 1

j j
1;m ¼ 2

(

a1D
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11=a110

p
; a2D

1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a12=a120

p
; a1D

2 ¼ ip
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21=a210

p
;

a2D
2 ¼ ipþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22=a220

p
; p ¼

1;D ¼ �
0;D ¼ þ

�

eih
þ
1 ¼

ðj1
1 � j2

1Þðj2
1 þ j1

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj1

1 � j2
2Þðj2

2 þ j1
1Þ

q

ðj1
1 � j2

1Þðj1
1 þ j2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj1

1 � i2Þðj1
1 þ j2

2Þ
q ; eih

þ
2 ¼

ðj1
2 � j2

2Þðj2
2 þ j1

2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj2

1 � j1
2Þðj2

1 þ j1
2Þ

q

ðj1
2 � j2

2Þðj2
2 þ j1

2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj2

1 � j1
2Þðj2

1 þ j1
2Þ

q ;

Ujj
m¼

1

2
log

ðj j
m�jj

nÞ anj
�� ��2

ðjj
mþj j

nÞðj
j
nþj j

nÞ
2
;Ujl

m¼Nm�1Ujj
mþ

1

2
log

ð�1Þnðjlm�j j
nÞ

�� ��2 j1
n�j2

n

�� ��4

jlmþjj
n

�� ��2 j1
nþj2

n

�� ��4

/jj
1 ¼

1

2
log

j j
1�j j

2

�� ��2 a1j

�� ��2 a2j

�� ��2

j j
1þj j

2

�� ��2ðjj
1þj j

1Þ
2ðj j

2þj j
2Þ

2
;/jj

2 ¼
1

2
log

a1j

�� ��2ðj j
2þj j

2Þ
2

a2j

�� ��2ðj j
1þj j

1Þ
2
;

/jl
1 ¼N/jj

1 þ
1

2
log

/1/2 j1
1�j2

2

�� ��2 j2
1�j1

2

�� ��2

/4/3 j2
1þj1

2

�� ��2 j1
1þj2

2

�� ��2 ;/
jl
2 ¼N/jj

2 þ
1

2
log

/1/3 jl1þjj
2

�� ��2 j j
1�jl2

�� ��2

/4/2 jl1�jj
2

�� ��2 j j
1þjl2

�� ��2
;

/1 ¼ j1
1�j2

1

�� ��4;/2 ¼ j1
2�j2

2

�� ��4;/3 ¼ j1
2þj2

2

�� ��4;/4 ¼ j1
1þj2

1

�� ��4;

j;l¼1;2;j 6¼ l;m;n¼1;2;m 6¼n;N¼ aj1
�� ��2= a1j

�� ��2;d¼
1;j¼1

0;j¼2

�
:
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After collision: t ! þ1; g1R; n1R ’ 0; g2R; n2R

! þ1,

The intensity of S1 and S2 is the same as long as the

phase condition /j1
m ¼ /j2

m ; j;m ¼ 1; 2 are satisfied

before and after the collision from the above asymp-

totic analysis. This means that the initial amplitude

remains invariant after the collision. It can also be

clearly seen from the calculated transition amplitude

Tl
j ¼ alþj =al�j ; j; l ¼ 1; 2; and j represents two compo-

nents, and l� represents the asymptotic state when

t ! �1. The strength of nondegenerate solitons

remains unchanged during the collision. And the

strength of each soliton is conservative and can be

obtained from al�j

���
���
2

¼ alþj

���
���
2

. The strength of each

mode is also conservative according to the calculated

formula a1�
j

���
���
2

þ a2�
j

���
���
2

¼ a1þ
j

���
���
2

þ a2þ
j

���
���
2

; j; l ¼ 1; 2:

3.2.3 The interaction of nondegenerate two-solitons

Figure 3 shows the collision of nondegenerate two-

solitons. In order to more clearly analyze the energy

distribution before and after the soliton collision, we

draw a projection map of quasi-intensity in Fig. 3. For

the local quantity q1, the soliton S1(S2) has a small

(large) transition amplitude value before the collision.

After the collision, their energy is redistributed,

namely the soliton S1 is suppressed while soliton S2

is increased correspondingly. We observe the opposite

situation for the component q2. The soliton S1 is

Fig. 3 Quasi-intensity distribution of nondegenerate two-solitons for a q1ðx; tÞ; b q2ðx; tÞ; c q�1ð�x; tÞ; d q�2ð�x; tÞ with

j1
1 ¼ 0:31 þ i;j2

1 ¼ 0:3 � i; j1
2 ¼ 0:3 þ 1:4i;j2

2 ¼ 0:31 � 1:4i;a11R ¼ a22R ¼ 0:5; a21R ¼ a12R ¼ 0:55; aijI ¼ 1:
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increased, while the soliton S2 is suppressed after the

collision. The total energy is conserved after the

collision. For two nonlocal quantities q�1 and q�2, we

observe a phenomenon similar to components q1 and

q2. The soliton S1 is suppressed, and the soliton S2 is

increased correspondingly in q�1. The soliton S1 is

increased, while the soliton S2 is suppressed in q�2.

From the previous asymptotic analysis, we can see that

the total energy of the whole system is conservative for

four components q1; q2; q
�
1; q

�
2. The situation caused by

this collision is not observed in the local NLS

equation.

3.3 Interaction between nondegenerate two-

solitons and degenerate solitons

In order to make degenerate solitons and nondegenerate

solitons exist at the same time in NNLS equation, we

limit the wave number of solitons, that is, set one group

of wave numbers equal to obtain degenerate solitons,

and make the other group of wave numbers different to

obtain nondegenerate solitons. Here, we enumerate one

of the cases with j1
1 ¼ j1

2; j
2
1 6¼ j2

2 and g1 ¼ n1; g2 6¼
n2 for the limitation. It can be observed from Fig. 4a

and b that the intensity of S1 is suppressed after the

collision of component q1, while it is enhanced in

component q2. As expected, degenerate solitons

Fig. 4 Quasi-intensity distribution of nondegenerate two-solitons and degenerate solitons for a q1ðx; tÞ; b q2ðx; tÞ;
c q�1ð�x; tÞ; d q�2ð�x; tÞ with j1

1 ¼ 0:5 þ i;j2
1 ¼ 0:5 � i; j1

2 ¼ 0:5 þ i;j2
2 ¼ 0:51 � 1:05i;a11R ¼ a22R ¼ 0:5; a21R ¼ a12R ¼ 0:55;

aijI ¼ 1:
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undergo energy redistribution between components q1

and q2. For degenerate solitons, the polarization vector

Al
j ¼ alj=ð a1j

�� ��2þ a2j

�� ��2Þ1=2
plays a key role in making

it possible to change the shape of solitons.

The nondegenerate asymmetric double-peaked

soliton S2 shows the characteristics of collision as

shown in Fig. 4. For two components q1 and q2, the

interaction between nondegenerate soliton S2 and

degenerate soliton will have a strong impact. As a

result, the strength of nondegenerate soliton S2

increases after the collision in component q2. It is

suppressed in the component q1. We also note that

when nondegenerate solitons interact with degenerate

solitons, nondegenerate solitons lose their asymmetric

double-peaked structure and become another form of

asymmetric double-peaked profile, which is shown by

soliton S2 in the projection figure of Fig. 4c.

The characteristics of intensity variation in q1 and

q2 are similar to those previously observed in the 2-

coupled mixed derivative NLS equation. The expan-

sion of nondegenerate solitons with single peak can be

seen as an implementation of signal amplification, in

which the degenerate solitons act as pump waves [41].

Soliton S1 becomes a double-peaked structure after

collision in nonlocal quantities q�1ð�x; tÞ; q�2ð�x; tÞ.
This energy sharing collision provides the foundation

for the realization of optical logic gates [31].

3.4 Experimental realization of nondegenerate

solitons

In order to observe experimentally the existence of

nondegenerate solitons, the incoherent process given

in [22] can be considered. We use two different laser

sources to give two laser beams with different

wavelengths, either ordinary laser or special laser.

We then use a polarization fraction to split these two

different laser beams into four independent incoherent

fields. To expand, the first laser source is divided into

two different fields q1 and q2 by the polarization beam

splitter. Similarly, the second laser beam given is

divided by a beam splitter into two other incoherent

fields q�1 and q�2. The intensity of four fields is different.

Two independent nondegenerate solitons are given in

q1 and q2, and another two nondegenerate solitons are

formed in q�1 and q�2. Another beam splitter can be used

to couple q1 and q�1. The same operation applies to q2

and q�2. Before output to the imaging system, the

generated field beam can be focused by two separate

cylindrical lenses. It should be noted that the collision

angle must be large enough to observe the collision of

two nondegenerate solitons [42]. The occurrence of

multimode and multipeaked solitons in dispersive

nonlinear media can be observed using the experi-

mental program of a single laser [43].

4 Conclusion

In short, we obtain the nondegenerate one- and two-soliton

solutions of the NNLS equation by using the nonstandard

Hirota bilinear method with auxiliary functions. We show

the difference of nondegenerate one-solitons between

nonlocal and local equations [25], that is, the velocity of the

nondegenerate solitons is not only affected by the

imaginary part of the wave number, but also affected by

the real part of the wave number in the nonlocal case. The

nondegenerate one-solitons with different structures we

obtained can be used as the signal carrier proposed in [23]

to improve the transmission rate and realize the four stage

(00, 01, 10, 11) communication system.

We also study the collision between two nonde-

generate two-solitons and find the phenomenon that is

not observed in the local state, namely, the local and

nonlocal two components have the same intensity

change, but the energy of the whole system is

conserved. The double-peaked properties of nonde-

generate solitons provide the possibility for the

realization of information processing. Finally, we

investigated that nondegenerate and degenerate soli-

tons can exist together. However, the shape change

during the collision of nondegenerate and degenerate

solitons indicates that they cannot coexist in commu-

nication systems. In the nonlocal quantities, degener-

ate solitons become double-peaked structures after

collisions, and this multipeaked structure can be used

to send information about dense data [44]. In future

work, we will try to use bilinear residual network

method [45] to further study the dynamic behavior

between nondegenerate solitons in nonlocal systems

and will analyze the phenomenon caused by soliton

collisions in more detail.
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Appendix parameters in solutions (9) and (11)

I. Parameters in solution (9)

gj ¼ ijjxþ ij2
j t; gj ¼ ijjx� ij2

j t; nj ¼ iijxþ ii2j t; nj
¼ iijx� ii2j t

II. Parameters in solution (11)

DnðpÞ
m ¼ rð�2j1n � j2p þ j2mÞam2an1ap20

ðj2m þ j2pÞ2ðj1n þ j2pÞ
; dn pð Þ

m ¼ rð�2j2n � j1p þ j1mÞam1an2ap1

ðj1m þ j1pÞ2ðj2n þ j1pÞ

En
m ¼ � 2ra2na1namn½ðjn1 þ jn2 þ jnmÞjnm þ j2

n1 þ j2
n2 � jn1jn2�

ðjn2 þ jnmÞ2ðjnm þ jn1Þ2

Fmn
1M2N ¼ � 1

ðj1M þ j2N þ j1m þ j2nÞ
ðrdMðmÞ

M d
PðNÞ
N ðj1M � j2N þ j1m � j2nÞ2 þ F þ FÞ;

Fn ¼ � 1

ðF3 þ F3Þ
ðrdnð1Þ1 d

nð2Þ
1 ðjn1 � jn2 þ jn1 � jn2Þ2 þ F4 þ F4Þ;F ¼ 2En

1a2n þ 2En
2a1n;

P 6¼ N;F3 ¼ jn1 þ jn2;F4 ¼ 2D
MðnÞ
N am1 þ 2d

NðmÞ
M an2:

gjR ¼ �jjIðxþ 2jjRtÞ; gjI ¼ jjRxþ ðj2
jR � j2

jIÞt; njR ¼ �ijIðxþ 2ijRtÞ; njI ¼ ijRxþ ði2jR � i2jIÞt;

A1
1 ¼ ra1a2a2ð�i1 � 2j1 þ i1Þ

ðj1 þ i1Þði1 þ i1Þ2
;A2

1
¼ ra1a2a1ð�j1 � 2i1 þ j1Þ

ðj1 þ i1Þðj1 þ j1Þ2
;Bj

1
¼ � 2ra1a1

ðj1 þ j1Þ2
;Bj

2
¼ � 2ra2a2

ði1 þ i1Þ2
;

C1
1 ¼

�B1
2
B1

1
ðj1 þ j1 � i1 � i1Þ2 � 2ðA1

1a1 þ A2
1
a2 þ A

1

1a1Þ
ðj1 þ j1 þ i1 þ i1Þ2

;Nn
m¼� 2ramnamn

ðjn þ jmÞ2
,Pn

m ¼ � 2ramnamn
ðin þ imÞ2

C2
1
¼

�B
1

2
B

1

1
ðj1 þ j1 � i1 � i1Þ2 � 2rðA1

1a1 þ A2
1
a2 þ A

1

1a1 þ A
2

1
a2Þ

ðj1 þ j1 þ i1 þ i1Þ2
;
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D ¼ DMðmÞ
n d

2ðMÞ
2 þ DNðmÞ

n d
1ðMÞ
1 ;P ¼ M; p ¼ 2

N; p ¼ 1

�
;Q 6

¼ P; p 6¼ q;X ¼ d121;m ¼ 1; n ¼ 1

d212;m ¼ 1; n ¼ 2

�
or X

¼ d211;m ¼ 2; n ¼ 1

d122;m ¼ 2; n ¼ 2

�
:

Km ¼
X2

m;n;
p;q¼1

F
2nð1mÞ
11 f�2d

pðqÞ
m a21ðk2q þ k2pÞðk11 þ k11 þ

k2n þ k2mÞr� D
2ðpÞ
q ½2ðK2 � k11 � k2m þ k2pÞk2p

þ2ðK2�k11�k2mÞk12þ
2

ð�k11 � k2n � k11 � k2mÞ k2q þ

Jmn1M2m ¼ 1

2½ðJþ1 þ j2n þ j1MÞj1M þ ðJþ1 þ J2þ
2 þ j1MÞj2m þ Jþ1 j2n þ j11j12�

X2

p¼1

�2f½J1þ
2 þ ð�1Þp�1J�1 �j2m þ ½j2n þ ð�1Þp�1J�1 �j1M

þj2
2n þ ð�1Þp�1J�1 ðj11 þ j2nÞgaq1F

Mm
1p2n � r2X

X2

p¼1

dpðMÞ
p aP1½ðj1Q þ j1MÞ2 þ ðJ2þ

2 Þ2� � 2rfD½� 1

2
j2

1M � j11j12 þ J2þ
2 ðJ�1 þ j2m�

j1MÞ� þ ½ðJþ1 � J2þ
2 þ j1MÞj1M � ðJþ1 þ j2m

2
Þj2m þ ðj12 � j2nÞj11 � ðj12 �

j2n

2
Þj2n�E1

MX þ 1

2

X2

p¼1

DPðmÞ
n dpðMÞ

p ðj2
1Q � 2j1PjNMÞ þ 2

D
MðnÞ
m a21a11 þ

X2

p¼1

DpðmÞ
n aM1 þ d

mðpÞ
M an2 þ dnðMÞ

p am2Þaq1g; J�1 ¼ j11 � j12; J
pþ
2 ¼ j2n þ jpm:

jmn1M2m ¼ 1

2½ðjþ1 þ j2n þ j1MÞj1M þ ðjþ1 þ j2þ2 þ j1MÞj2m þ jþ1 j2n þ j11j12�
X2

p¼1

�2f½j1þ2 þ ð�1Þp�1j�1 �j2m þ ½j2n þ ð�1Þp�1j�1 �j1M

þj2
2n þ ð�1Þp�1j�1 ðj11 þ j2nÞgaq1F

Mm
1p2n � r2X

X2

p¼1

dpðMÞ
p aP1½ðj1Q þ j1MÞ2 þ ðj2þ2 Þ2� � 2rfD½� 1

2
j2

1M � j11j12 þ j2þ2 ðj�1 þ j2m�

j1MÞ� þ ½ðjþ1 � j2þ2 þ j1MÞj1M � ðjþ1 þ j2m

2
Þj2m þ ðj12 � j2nÞj11 � ðj12 �

j2n

2
Þj2n�E2

MX þ 1

2

X2

p¼1

dPðmÞn DpðMÞ
p ðj2

1Q � 2j1PjNMÞ þ 2

d
MðnÞ
m a21a11 þ

X2

p¼1

dpðmÞn aM1 þ D
mðpÞ
M an2 þ DnðMÞ

p am2Þaq1g; j�1 ¼ j11 � j12; j
pþ
2 ¼ j2n þ jpm:

H1
mn ¼ � 1

ðj11 þ j12 þ j2m þ j110 þ j120 þ j2n0Þ
ðrfF1½Xð�j11 � j12 þ j2m � j110 � j120 þ j2n0Þ2 þ 2am2an2� þ FNn

1q2m

½dpðMÞ
p ðj11 � j12 � ð�1Þqj2m þ ð�1ÞNðj110 � j120Þ � ð�1Þqj2n0Þ2 þ 2ap1aM1� þ Y þ Y þ 2d

1ð1Þ
2 d

1ð1Þ
2 þ 2d

1ð2Þ
1 d

1ð2Þ
1 gÞ;

Y ¼ 2a12j
1

2122 þ 2ð
X2

M¼1

am1J
11

1N21 þ D
Mð1Þ
1 E1

NÞ þ 2d
1ð2Þ
2 d

1ð1Þ
1 ;M 6¼ N; p 6¼ q:

H2
mn ¼ � 1

ðj21 þ j1n þ j22 þ j1m0 þ j210 þ j220Þ
ðrfF2½Xð�j1n þ j21 þ j22 � j1m0 þ j210 þ j220Þ2 þ 2an1am1� þ FNn

1q2m

½Xðj11 � j21 � ð�1Þqj1n þ ð�1ÞNðj210 � j220Þ � ð�1Þqj1m0Þ2 þ 2ap2aM2� þ yþ yþ 2D
1ð1Þ
2 D

1ð1Þ
2 þ 2D

1ð2Þ
1 D

1ð2Þ
1 gÞ;

y ¼ 2a11J
1

2122 þ 2ð
X2

M¼1

am2j
11

1N21 þ d
Mð1Þ
1 E2

NÞ þ 2D
1ð2Þ
2 D

1ð1Þ
1 ;M 6¼ N; p 6¼ q:

123

16494 K.-L. Geng et al.



k2
11 þ k2

2n � k
2

11 � k
2

2m�g þ
P2

m;n;
p;q¼1

F
2nð1mÞ
12 f�2d

pðqÞ
m a11

ðk2q þk2pÞ ðk12þk11þk2nþk2mÞr�D
1ðpÞ
q ½ðK2

þk11

þk2m � k2pÞk2p þ

ðk12 þ k21 � k22 þ k11 þk2mÞk11 þ ðk12 þ k2n þ k11 þ

k2mÞk2q þ 1
2
ð�k2

12 � k2
2n þ k

2

11 þk
2

2mÞ�g þ
P2

m;n;
p;q¼1

�2XJ
2qðqpÞ
11

r½ðK2þk11

þk21 � k22Þ k2p þ ð�k11 � k12 � k2p � k11Þ
k2n þ K1k11 þðk11 þ k12 � k22Þk21 � ðk11 þ k12Þ k22

þk11k12 þ 1
2
ðk2

2m
�k

2

22þ2k
2

11Þ�
=2½ðK1þk11þk21

þk
2

q1 þ k22Þkq1 þ ðK1 þ
knm þkq2Þkq2 þ ðK1 þ knmÞknm þ ðk1n þ k12 þk22Þkq1

þðkn1 þ kn2Þkq2 þ kn1kn2�; M ¼
X2

m;n;
p;q¼1

� ½ðk11 þ k12 � k21 þ k22 þ k11 þ k12þ

k21 � k22Þ2d
nðmÞ
q þ 2anp aqp�rHnðmÞ

q � ðk11 þ k12 �

k21 � k22 þ k11

þk12�k21�k22Þ2F1F2

�2
P2

m;n;p
q;M;N¼1

½ð�a11d
qðMÞ
n am1 �

aM2d
nðnÞ
n an2Þ þM1 þM1�rF2NðpqÞ

12 � 2r½
P
m;n;p
q;M;

N ¼ 12

ðM2 þM2Þ� � ðk11 � k12 þ k21 � k22 þ k11

�k12þk21�k22Þ2F
2NðpqÞ
12

�2
r½ð�aNMd

qð2Þ
n apM � a2Pd

mðpÞ
m aqpÞ

rþM3 þM3�F2MðmnÞ
11 ;M1 ¼ D

1ðnÞ
M am1 þd

MðmÞ
1

an2;M2 ¼ D
nðMÞ
m J

2pðpNÞ
1q þ d

nðMÞ
m j

2pðpNÞ
1q þ E

n
mJ

22ðpÞ
21 :

M3¼D
2ðqÞ
N

ap1þd
NðpÞ
N

aq2 :

Lm ¼
X

m;n; p;q¼12F
2nð1mÞ
11

f�2d
pðqÞ
m a21ðk2qþk2pÞ

ðk11 þ k11 þ k2n þ k2mÞr� d
2ðpÞ
q ½2ðK2 � k11

�k2mþk2pÞk2pþ2ð�k11�k21þk22�k11�k2mÞk12

þ2ð�k11�k2n�k11�k2mÞk2q
þk2

11 þ k2
2n � k

2

11 �

k
2

2m�g þ
P

2
m;n;
p;q¼1

F
2nð1mÞ
12 f�2d

pðqÞ
m a11ðk2q þ k2pÞðk12

þk11þk2nþk2mÞr�d
1ðpÞ
q ½ðK1þk11þ

k2m�k2pÞk2p
þðk12 þ k21 � k22 þ k11 þ

k2mÞk11 þ ðk12 þ k2n þ k11 þ k2mÞk2q þ 1
2
ð�k2

12

�k2
2n þ k

2

11 þ k
2

2mÞ�g þ
P2

m;n;
p;q¼1

� 2
Xj

2qðqpÞ
11

r½ðK1þk11þ
k21�k22Þk2p

þð�k11 � k12 � k2p � k11Þk2n þ L1k11 þ ðk11 þ k12

�k22Þk21 � ðk11 þ k12Þk22 þ k11k12 þ 1
2
ðk2

2m � k
2

22

þ2k
2

11Þ�=2½ðK1 þ k11 þ k21
þ
k

2

q1þk22Þkq1þðK1
þknm þ

kq2Þkq2 þðK1 þ knmÞknm þ ðk1nþ k12 þ k22Þkq1 þ
ðkn1 þ kn2Þ kq2 þ kn1kn2�;m 6¼ n; p 6¼ q;K1 ¼ k11

þk12
þk21þk22; K2¼�k11þk12þk21�k22:
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