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Abstract The solution of the integrable Hirota
equation has attracted considerable attention in the
applications of nonlinear optics, electromagnetics, and
many other natural sciences. In this paper, we propose
an improved physics-informed neural network
(IPINN) method to study numerical solutions of the
Hirota equation, which embeds energy conservation
laws into a traditional neural network through the Lax
pair formulation. Our simulation results show that the
proposed method can predict the solutions and
parameters of the Hirota equation more accurately
than the traditional physics-informed neural network
method. In addition, the influence on the rogue wave
solution for the Hirota equation of the three factors of
the IPINN method that are, number of network layers
and hidden layer neurons, sampling points, and noises,
is also analyzed in detail. In our study, it is worth
noting that the presented method can achieve good
prediction with fewer training data and iterations.
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1 Introduction

The nonlinear Schrodinger equation (NLSE) is

i0;+ 0 +2[00 =0, (x,1) € R, (1)

where Q(x, ) are complex-valued solutions. Equa-
tion (1) describes the optical pulse propagation when
the pulse width is greater than 100 femtosecond, such
as in nonlinear optics [1], plasmas [2], fluid mechanics
[3], and ocean [4]. The NLSE was first introduced by
Hull et al. [5] as a model for superfluid helium
behavior, but its importance was not fully realized
until the development of optical fiber communication
technology in the 1970 s. With some further research
undergoing, the NLSE can only describe the nonlinear
behavior in continuous media and cannot handle the
discrete nonlinear phenomena in discrete systems.
Therefore, Mio et al. [6] introduced the discrete time
derivative term in NLSE and then put forward the
derivative nonlinear Schrodinger equation (DNLS).
Kaup and Newell [7] solved the appropriate inverse
scattering problem and obtained the single soliton
solution of DNLS. Xiang et al. and Jia et al. [8, 9]
obtained the breather, soliton, and rogue wave solu-
tions of coupled DNLS using the Darboux transfor-
mation. However, with the deep study of physical
phenomena, researchers began to realize that the low-
order nonlinear Schrédinger equation could not com-
pletely describe all phenomena. For ultrashort pulse
systems (e.g., electron dynamics of graphene nanoring
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[10], ranging systems [11]), high-order dispersion and
nonlinear effects are the key influential factors in the
propagation of sub-picosecond or femtosecond pulses
[12, 13]. The dynamics of such systems are described
by the high-order nonlinear Schrodinger equation
(HNLSE). The third-order NLS equation (alias the
Hirota equation [14]) is a basic HNLSE physical
model, and it is completely integrable. In recent
decades, many scholars have spent a great deal of time
and done a lot of work studying the Hirota equation.
Zhang and Yuan [15] studied the defocusing Hirota
equation, constructed the Nth-iterated binary Darboux
transformation by the limit technique, derived multi-
dark soliton solutions from the nonzero background,
and discussed the properties of dark solitons. By using
the Hirota bilinear method, Zuo et al. [16] obtained the
higher-order solutions of the generalized Hirota
equation and the exact solutions of the S-symmetric,
T-symmetric, and ST-symmetric nonlocal Hirota
equations. Hao and Zhang [17] studied the interaction
of different types of solitons and gave the correspond-
ing approximate eigenvalue and interaction period
formula. Recently, richer solutions and new physical
phenomena of the Hirota equation and its variants
have been revealed by various methods [18-22].

In recent years, with the explosion of data volume
and the rapid development of computer hardware,
deep learning algorithms represented by neural net-
works have achieved brilliant results in computer
vision [23], natural language processing [24], rein-
forcement learning [25], and so on. Thus, some
scholars use neural networks to solve partial differen-
tial equations (PDEs) [26-28]. Compared with tradi-
tional numerical methods, neural networks do not need
to grid generation the solution region, and more
importantly, they can handle high-dimensional PDEs
[29, 30]. However, pure data-driven algorithms often
have poor robustness, cannot guarantee the conver-
gence of the algorithm, and lack physical interpretabil-
ity. For this reason, some researchers utilize the
Gaussian process regression method to solve PDE
[31]. But the Gaussian process itself has some
limitations [32]. Therefore, Raissi et al. [33-35]
proposed a physics-informed neural network method
(PINN), which embeds known physical prior knowl-
edge into the network for learning. Specifically, the
control equation is used as part of the loss function,
and then, the network is trained using the general
approximation ability of the neural network [36] and
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automatic differentiation (AD) techniques [37]. PINN
has been successfully applied to complex problems in
computational science and engineering, such as car-
diovascular systems [38], finance [39], and turbulence
[40]. Particularly, for integrable equations, Fang et al.
[41] designed a conservation law constrained PINN
method. They used the law of conservation of energy
and the law of conservation of momentum to constrain
the loss function of PINN and studied the soliton
solutions and rogue wave solutions of the NLSE,
Korteweg—de Vries, and modified Korteweg—de Vries
equations. However, for HNLSE with higher-order
dispersion and nonlinear effects, there are not given
the corresponding conservation laws combined with
neural networks for solving. Zhou and Yan [42] used
the original PINN to solve the forward and inverse
problems of the Hirota equation, but it requires a large
number of collocation points. Bai [43] utilized the
PINN with a local adaptive activation function to
obtain the bright soliton solution and rogue wave
solution of the Hirota equation, yet it needs more
iterations. Inspired by these works, to predict data-
driven of the Hirota equation with less data, we
propose an improved PINN (IPINN) method embed-
ded with energy conservation laws, which is con-
structed by utilizing the Lax pair formulation. We will
mainly focus on the bright soliton solution and the
rogue wave solution, and parameter inversion of the
Hirota equation simulated by using the IPINN method.
In short, the main contributions of this paper are as
follows:

(1) The energy conservation law of the Hirota
equation is derived using Lax pairs and embed-
ding into the traditional neural network to
impose stricter constraints on the loss function
of the network, which improves the perfor-
mance of the traditional PINN with less training
data;

(2) Compared with the traditional PINN method,
the new IPINN method can more accurately
predict the bright soliton solution, the rogue
wave solution, the second-order term, the third-
order term coefficients, and the parameters
contained in the third-order term;

(3) For the rogue wave solution, the influences of
noise and network structure on the IPINN
method are also investigated, and the results
show that IPINN can also predict the behavioral
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changes of the rogue wave solution under noisy
data well.

This paper is organized as follows. In Sect. 2, the
energy conservation law for the Hirota equation is
constructed through Lax pair and embed into the
IPINN method. In Sect. 3, the bright soliton solution
and the rogue wave solution of the Hirota equation are
obtained by the IPINN method and compared with the
traditional PINN method’s, and the robustness of the
IPINN method is discussed under different number of
network layers, each hidden layer neurons, sampling
points, and noises. In Sect. 4, the unknown parameters
in Hirota equation are identified by the proposed
method. Finally, the conclusion is given in Sect. 5.

2 Methodology

In this section, we consider the Hirota equation along
with Dirichlet boundary conditions given by

10,4 (Qu+2/01*Q) +iB(Qun+6|0* Q) =0,
x€(=L,L),t€(to,11),
O(x,t0) =Qp(x),x€[-L,L],
O(—L,t)=Q(L,1t),t € [f,11],
(2)

where i=+/—1. —L and L represent the upper and
lower boundaries of the spatial domain x, respectively.
to and t; denote the start time and end time of the time
domain ¢, respectively. Q(x, f) is a complex envelope
field. Assume Q(x,7) =u(x,t)+iv(x,t), where u(x, )
and v(x, t) are the real and imaginary parts of Q(x, ?),
respectively. o represents the group velocity disper-
sion coefficient, and f§ denotes the third-order disper-
sion coefficient. We solve Eq. (2) in terms of the real
and imaginary parts and define

— v + (g 4+ 2(u® +vH)u)

- ﬁ(Vxxx + 6(”2 + vz)vx) =0, (3)

uy + (e + 2(u + V)

2,2 (4)
+ ﬂ(”xxx + 6(14 +v )I/tx) =0.

Next, the deep neural network is used to approximate the
solutions of Egs. (3) and (4), and then, the governing
equation is embedded into the network. The derivative
of the solution to time and space is obtained by using AD

technique. Specifically, we define the residual networks
fu(x, ) and f,(x,t), which are given by the left-hand
side of Eqgs. (3) and (4), respectively

i == Vi + ot + 2087 + V*)id)
. 2, o (5)

- B(Vxxx + 6(“ +v )Vx )
fi =ty 4 a(Vg + 26 + V?)¥) ©)

+ Pliee + 6(i8 +?)iiy).

where N, and N, are nonlinear operators consisting of
functions of real-valued solutions and functions of
spatial derivatives, respectively.

Next, we will adopt the Lax pair [44] to construct
the infinitely many conservation laws for Eq. (2) as the
following forms:

O, =UD,d, = VO, (7)

where ® = (®;, ®,)" is the eigenfunction (the symbol
“T” represents the transpose of the vector), ®; and @,
are the functions of x and ¢, and U and V are
specifically in the form of

(5 %)
(%)
with

A = —i|Q]” + BO* O, — BOQ: — 2iBIOf + 21 + 4’ B,
{ B = —0Q, — ifQu — 2ifIQI*Q + A[~2pQx + 2iQ] + 4i7*BO,
(10)
where 4 is a complex eigenvalue parameter, and the
symbol “*” denotes to the complex conjugation.
Further, based on Eq. (7), introduce the fractional

function I' = @, /®;. We can obtain the following
Riccati equation:

I, =iQ—2i)' —iQ'T2. (11)
Then, setting [45]

r= iymﬂ, (12)

m=1

substituting Eq. (12) into Eq. (11), and letting the
coefficients of the same power of 4 equal zero, we can
get

@ Springer



13402

R. Zhang et al.

1
= B

1,
V2 = ZZQH

1
V3= g (_|Q|2Q - Qxx)

i n—1

Ynt1 = 5 (yn.t + iQ;ykyn—k)a (n = 2) 31 e ')7

(13)

where y,,'s(m = 1,2,3,...) are the functions of x and ¢
to be determined. Using, compatibility conditions

(In®,),, = (In®;),,, we can obtain

(iA+iQ'T), =(A+BI),. (14)
Similarly, substituting Eqs. (10), (12), and (13) into
Eq. (14) and collecting the coefficients of the same

power of A, we can yield the infinitely many conser-
vation laws for Eq. (2) as follows:

0 0
=T m — Y, 15
5 In+3;On=0 (15)

with

1 2
I =il

1
O) =5 [#(00: — 00)) ~ if(Q:Q; ~ Q" Qu — 00, — 3(01"),
r=-.00.,

1
0, = 4 lix(|Qf" ~ 0.0 + 0°0u) — (60" 0:|0f
_Qi Qx.x + Qx Qt( + Q* Qxx.x)]

I =iQ,1=3,4,...,
O, = [iBQ;, — 2@ + 2ipQ* |0 ]y — 2[ieQ* + POy,
—4ifQ* 112,

(16)

where I',,’s and ®,,’s are the conserved densities and
conserved fluxes, respectively. Substituting I'; and ©®,
into Eq. (15), we can obtain the energy conservation
law of Eq. (2), which can be described as

ilun, + vy + a(uvey — vity) 4+ Bttt + VWi

5 (17)
+ 6(u” +v7) (uuy + vvy))] = 0.

In the following, the real and imaginary parts of
Eq. (17) are separated and defined as

@ Springer

Jec_i =0, (18)

frc_v =ty + W, 4 (i — Vi) + Bty + Ve
+ 6(a* + v?) ity + V).
(19)

Now, we can give the loss function for solving Eq. (2)
using IPINN specifically as follows:

Loss = Loss; + Loss; 4+ Loss; + Losse, (20)
where
1 M )
Loss;=— (Jd(xi, ey —u' [P+ [ ¥(xi, ) — v ),
No =

N
Loss; = S d(-Lot)) = (L) P+ | ¥(-Lot]) = V(L) P
5 (1)

1 kN 12
Loss; =]72(\fu'()ff,alﬁ,) P+ L felxf 1) 1),
[ =1

1<
Loss; = EZ[(Iffc,u()fﬁ,ti,) P+ [ fic oG5, 1) 1),
k=1

Here, {x', ¢ '} and {x,7 v}, represent the
training points sampled from the initial conditions of
Eq (2) {7L7 t;i? uj};\’:bl’ {Lv t{;: uj};\,:bl’ {7La t\{v Vj}_?il
and {L

{xf, 1 1, and x5 }, denote configuration
points specified by f;, fs, fec > and fec_y. The loss
function (20) consists of three parts. Specifically,
Loss; and Loss;; are the error generated by the initial
and boundary data, respectively. Loss; and Losse are

s b

vl };V:’Jl are boundary data points of Eq. (2).

the errors caused by imposing Eq. (2) and its conser-
vation law at a finite set of configuration points,
respectively.

Finally, we give the network structure figure for
solving the Hirota equation using the IPINN method,
as shown in Fig. 1. Specifically, the solution process
can be divided into three parts: (I) Input x and ¢, and
use the deep neural network to solve u and v; (I) take
the training data points, Egs. (5) and (6), and conser-
vation laws (18) and (19) as the loss functions of the
network; and (III) optimize the network parameters by
employing Adam [46] and L-BFGS [47] techniques.

3 Data-driven solution for Hirota equation
In this section, we will use two different types of

methods, including PINN and IPINN, to calculate the
bright soliton solution and rogue wave solution of
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Eq. (2), and compare them with the known Hirota
equation exact solution.

In addition, in all numerical simulations, we choose
a neural network with four hidden layers, and each
layer has 50 neurons. Network weights are initialized
using the Xavier algorithm. The activation function is
hyperbolic tangent. Loss function is simply optimized
by using Adam and L-BFGS algorithms. All the code
in this paper is based on Python 3.7 and Tensorflow
1.15, and all numerical experiments are run on a
computer with Intel(R) Core(TM) 17-4790 @ 3.60GHz
processor and 16 GB memory.

3.1 Bright soliton solution

Firstly, we use the PINN method and the IPINN
method to simulate the bright soliton solution of
Eq. (2). Now, we give the bright soliton solution [14]
of Eq. (2) as follows:

Q(x,1) = sech(x — Br)e",

where f is the wave velocity. When f§ > 0, the wave
propagates to the right; conversely, it propagates to the
left. We can set o« = 1, f = 0.01 and take x and ¢ in
Eq. (2) as [—10,10] and [0, 5], respectively. There-
fore, we can get the initial value of Eq. (2), which is as
follows:

0(x,0) = sech(x).

We obtain the training data from Egq.(2) by
MATLAB. Specifically, dividing space [—10, 10] into

(22)

(23)

501 points and time [0, 5] into 256 points, bright
soliton solution Q(x, f) is discretized into 256 snap-
shots accordingly. We try to use a small amount of
data for simulation experiments. First, we randomly
sample 50 points from the initial and boundary
conditions, that is, Ng = 50 and N, = 50, respectively.
Then, the Latin hypercube sampling (LHS) [48]
strategy is used to select Ny = 1000 points from the
spatio-temporal region. We minimize the loss func-
tion (20) by using 5000 steps Adam and 10,000 steps
L-BFGS. After giving the training dataset, the bright
soliton solution Q(x, #) is successfully learned by
optimizing the parameters of the neural network. The
PINN method achieves a final mean squared error loss
[, of 2.7122055e—06 at 8637 iterations. However, the
IPINN model reaches a final mean squared error loss
L, of 1.8600642e—06 at 8786 iterations.

In Fig. 2, the three-dimensional motion and density
diagrams of the bright soliton solution Q(x, f) with the
exact, PINN, and IPINN methods are plotted, respec-
tively, as well as the iteration number curves of the two
data-driven methods. We find that the IPINN method
can accurately predict the bright soliton solution. It is
not difficult to see that the training loss curve in
Fig. 2d shows the relationship between the number of
iterations and the loss function. Obviously, the opti-
mization effect of IPINN method is better than that of
PINN method. In Fig. 3, we give the error results
between the predicted solution and exact solution
of PINN and IPINN methods. Moreover, the relative
L, errors of Q(x, 1), u(x, t), and v(x, 1), respectively,

far=—0+ aldy, + 2G> +9°) 4] — B0+ 6(2*+9%)0,]
\ for=t+ aft, +2(@*+9%)0] + Bldem + 64> +9%)4,] ||

Conservation Law

fchu =0

frc = Uit + 00, + (U0, — Vi) +

Bldas + 9y +6(d4” +9%) (4, + 60,)] /

\

|

I Loss: i e o
i e Loss\mlmmlze[ 9 ]
|

[}

’ Initial & Boundary Conditions

'&'(xato) _u(xatO)a ﬁ(_L,t) _d(Lat)
G i) v ts), #C 00 00,10 j

Fig. 1 Schematic of IPINN for the Hirota equation

@ Springer



13404

R. Zhang et al.

Exact

PINN

(a)

IPINN

(c)

training loss value

107" 5 — PINN
—— IPINN
10—2 <
1073
2
N
1074
10—5 4
0 2000 4000 6000 8000
iterations
(d)

Fig. 2 Prediction of bright soliton solution (22) using PINN and IPINN. a Exact solution; b prediction solution of PINN method;
¢ prediction solution of IPINN method; d loss curve function curves for the optimization iterations of PINN and IPINN methods

are 1.273869e—02, 7.944935e—02, 6.070850e—02 in
PINN method, and 6.496740e—03, 3.690088e—02,
2.759208e—02 in IPINN method. In Fig. 4, we show
the comparison between the exact solution and the
predicted solution obtained by using PINN and IPINN
methods at different times t = 3.50,3.92,4.50,4.90.
The results show that the predictions of IPINN method

@ Springer

match well with the evolution described by the exact
solution.

3.2 Rogue wave solution

In this section, we consider using two types of methods
(PINN and IPINN methods) to solve the rogue wave
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Error PINN

Error IPINN

(a)

(b)

Fig. 3 The error comparison of bright soliton solution (22) is solved by PINN and IPINN methods. a Error of solution using PINN

method; b error of solution using IPINN method

solution of Eq. (2). The rogue wave solution [49] of
Eq. (2) can be expressed as follows:

4(1 + 4ir)

e, 24
(x — 6p1)° + 1622 + 1 (24)

Q(xvt) - |} 74

Here, we still assume o = 1, f = 0.01 and choose the
spatio-temporal region of Eq. (2) as (x,7) € [-2.5,
2.5] x [—0.5,0.5]. Thus, the initial solution of Eq. (2)
can be obtained as

0(x,—0.5) = [1 - MU =20) (25)

(x+0.03)% +5

Next, we divide time [—0.5,0.5] into 201 points and
space [—2.5,2.5] into 256 points. The rogue wave
solution Q(x, f) is discretized into 201 snapshots
accordingly by MATLAB. It is worth noting that we
do not select boundary data. The sampling number of
initial condition and solution region, and the training
number, is the same as in Sect. 3.1. Based on the above
selection, we use PINN and IPINN methods to
numerically simulate the rogue wave solution of
Eq. (2). This is the case for the PINN method, which
achieves a final mean squared error loss L, of
1.0907666e—04 and a number of iterations of 10358.
Nevertheless, by using the IPINN method, it reaches a

final mean squared error loss L, of 1.7176968e—05
and a number of iterations of 10390.

Figure 5Sa—c shows the comparison between the
predicted solution and the exact solution of the rogue
wave with the help of PINN and IPINN methods, and
we find that IPINN method can simulate the evolution
of the rogue wave, while PINN method cannot. In
Fig. 5d, we can clearly see that the loss function curve
of IPINN method decreases faster and smoother at
5001 iterations compared to PINN method. Figure 6
shows the comparison of the error between the two
methods when simulating the rogue wave solution and
the exact solution, and it can be obviously found that
the error of IPINN method is significantly lower
than PINN method, and meanwhile, the relative 1,
errors of Q(x, 1), u(x, f), and v(x, f), respectively,
are 4.192447e—02, 1.414866e+4-00, 1.676037e4-00
in PINN method, and 8.522858e—03, 1.436250e
+00,1.666065¢+00 in IPINN method. In Fig. 7, we
show the comparison between the exact and pre-
dicted solutions of the rogue wave solution at different
times t = —0.355,—-0.105,0.045,0.095. Obviously,
the predicted solution of the IPINN method is very
close to the exact solution, while the PINN method is
very poor.

In practical engineering applications, the data
obtained by sampling are inevitably noisy, so we add
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various degree of noises (1%, 2% Gaussian noise, as
shown in Fig. 8) to the training data to verify the
robustness of the IPINN method. Based on the
different noisy data, we simulate the rogue wave
solution (24) using the PINN and IPINN methods. The
results show that for the noise as 1%, 2%, the relative
[, errors of Q(x, 1) are 4.311988e—02, 4.891149¢—02
in the PINN method and 1.344709e¢—02,
1.040529e—02 in the IPINN method, respectively.
In Figs. 8, 9, and 10, we show a series of

experimental results for solving the rogue wave
solution (24) using the PINN method and the IPINN

method under various noises. We find that the IPINN
the rogue wave solution

method can predict

@ Springer

Fig. 4 Comparison of exact, PINN, and IPINN methods of the bright soliton solution (22) at different times

accurately, whereas the PINN method cannot. There-
fore, the IPINN method has better robustness for noisy

data.

Furthermore, in the case of a four-layer neural
network and 50 neurons, we discuss the effect of the
number of initial condition sampling points Ny and
space-time domain sampling points Ny on solving the
rogue wave of the Hirota equation by the IPINN

algorithm, as shown in Table 1. The results show that,

overall, when N is fixed, the larger the number of Ny,
the smaller the relative [, error. When N is fixed, the
error does not decrease with the increase of Ny. To sum
up, we can conclude that the relative L, error is mainly
determined by the initial condition sampling points
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Exact

[Q(z, 1)

IPINN

[Q(z, 1)

(c)

PINN

|Q(z, )]

training loss value

750 —— PINN
— IPINN
10—1_
. 1072
3
~
1073
10—4_
1051 : : . . .
0 2000 4000 6000 8000 10000

iterations

(d)

Fig. 5 Prediction of rogue wave solution (24) using PINN and IPINN. a Exact solution; b prediction solution of PINN method;
c prediction solution of IPINN method; d loss curve function curves for the optimization iterations of PINN and IPINN

Np. Similarly, assume that Ny = 50 and Ny = 1000
remain constant. Table 2 shows the effect of the
number of network layers and neurons on the perfor-
mance of the IPINN method. The results show that
when the number of network layers is fixed, the

relative L, error generally decreases with the increase
of the number of neurons. When the number of
neurons is fixed, the influence of the number of
network layers on the relativel, error is not obvious.
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Error PINN

Error IPINN

(b)

Fig. 6 The error comparison of rogue wave solution (24) is solved by PINN and IPINN. a Error of solution using PINN method; b error

of solution using IPINN method

4 Data-driven parameter discovery for Hirota
equation

Next, we will consider the using of the IPINN method
to simulate the parameter discovery of Eq. (2). The
IPINN method is first used to identify the parameters o
and f in Eq. (2). In addition, we use this method to
predict the parameters of the higher-order terms of

Eq. (2).
4.1 Parameter discovery for « and f3

In this section, we use two different methods to
identify the coefficients « and f§ of the second-order
and third-order terms in the Hirota equation as
follows:

iQ; + %(Quc + 2|01°Q) + iB(Quwx + 6|0]7Q.) = 0,
(26)

where «, f are unknown real constants. We consider
the bright soliton solution of Eq. (26) and set « = 1,
p=0.1, L=10, to =0, t; = 5. We will divide the
space [—10, 10] into 501 points, time [0, 5] into 256
points, and discrete the bright soliton solution Q(x, f)
into 256 snapshots. The LHS strategy is used to select
(x,t) € [-10,10] x [0, 5] data points from the spatio-

@ Springer

temporal domain for parameter discovery. The rest of
the settings are the same as in Sect. 3.1.

The results show that the final mean squared error
loss L, of IPINN is 1.485e—04, and the relative 1,
errors of Q(x, 1), u(x, t), and v(x, t) are 1.928966e—04,
2.932726e—04, and 2.912337e—04, respectively.
However, the final mean squared error loss L, of
PINN is 1.763e—04, and the relative [, errors of
O(x, 1), u(x,t), and v(x, ) are 2.137185e—04,
3.144962e—04, and 3.041743e—04, respectively.
Table 3 exhibits the learning parameters o, f in
Eq. (26) under the cases of PINN and IPINN, and their
errors of o, f are 3.600e—05, 2.932e—04 and
9.800e—06, 1.756e—04, respectively.

4.2 Parameter discovery for p and v

In this section, we will use the PINN and IPINN
methods to predict the parameters of the higher-order
terms in the Hirota equation, and we consider the
Hirota equation of the form with two parameters, as
following

0+ Qo + 2100 + 5 (10w +v|0P Q) = 0,
(27)
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Fig. 7 Comparison of exact, PINN, and IPINN of the rogue wave solution (24) at different times

where p is the third-order dispersion coefficient. v is
related to the time-delay correction for the cubic
nonlinearity term |Q|*Q. We assume yu = 1, v = 6. At
the same time, we still consider the bright soliton
solution of Eq. (27), and all the experimental settings
are the same as Sect. 4.1.

This is the case for the PINN method, which
achieves a final mean squared error loss L, of
2.563e—04. Nevertheless, by using the IPINN method,
it reaches a final mean squared error loss L, of
2.177e—04. The relative [, errors of Q(x, 1), u(x, t)
and v(x, f), respectively, are 2.846415e—04,
3.969635e—04, 3.787746e—04 in PINN method, and
2.594493e¢—04, 3.892033e—04, 3.499485¢—04 in

IPINN method. Table 4 illustrates the learning param-
eters u, v in Eq. (27) under the cases of PINN and
IPINN, and their errors of u, v are 6.248e—04,
5.342e—04 and 3.704e—04, 3.297e—04, respectively.

5 Conclusion

In this paper, we proposed a new PINN method
embedded with the conservation law, called IPINN, to
solve the classical integrable Hirota equation. This
algorithm improves the performance of the traditional
PINN with less training data by adding the conserva-
tion laws of the equations to the neural network and

@ Springer
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The noise is 1%

(a)

Fig. 8 Training data with different noises. a The noise is 1%; b the noise is 2%
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Fig. 9 Density and error diagrams of the PINN and IPINN
methods for predicting rogue wave solution (24) when the noise
is 1%. a Exact solution; b prediction solution of PINN method;
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(d)

Fig. 10 Density and error diagrams of the PINN and IPINN
methods for predicting rogue wave solution (24) when the noise
is 2%. a Exact solution; b prediction solution of PINN method;
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Table 1 The rogue wave solution (24) of the Hirota equation by using the IPINN: Relative L, error of Q(x, ¢) for different number of

N() and Nf
No Ny

500 1000 1500 2000 2500 3000
50 8.805079e—03 8.522858e—03 1.304595e—02 1.331060e—02 1.053535e—02 1.434573e—02
100 8.541044e—03 8.462943e—03 7.578718e—03 1.151007e—02 1.610343e—02 8.572823e—03
150 1.027909e—02 6.457162e—03 1.097187e—02 9.039189e—03 7.767210e—03 6.797012e—03
200 6.780804e—03 4.538972e—03 3.897096e—03 6.797249¢—03 4.938941e—03 1.056135e—02

imposing stricter constraints on the loss function of the
network.

In our numerical experiments, the bright soliton
solution and the rogue wave solution of the Hirota
equation are simulated by using IPINN method, and
we compared the present algorithm with traditional
PINN. We found that, noticeably, for the rogue wave
solution, the effects of different noisy data and
network structures on the IPINN method are studied,
and the results show that IPINN can also predict the

evolution process of the rogue wave solution well
under noisy data. Furthermore, in the inverse problem,
the second-order term, the third-order term coefficient,
and the parameters contained in the third-order term of
the Hirota equation are identified through IPINN.

In general, numerical results show that our pre-
sented IPINN method is more effective than the PINN
method in accurately recovering the different evolu-
tionary processes and parameter discovery of the
Hirota equation. The IPINN method is a promising
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Table 2 The rogue wave solution (24) of the Hirota equation by using the IPINN: Relative L, error of Q(x, ) for different number of

hidden layers and neurons in each layer

Layers

Neurons

10

20

30

40

50

BN NV BN

4.432246e—01
2.274656e—01
1.795938e—01
4.413522e—01

2.288071e—02
3.345982e—02
1.080672¢—02
1.208218e—01

9.843036e—03
5.243493e—03
1.278334e—02
1.140209¢—-02

8.845453e—03
1.005136e—02
7.329781e—03
8.279967¢—03

8.522858e—03
1.747532e—-02
1.668733e—02
3.070231e—03

Table 3 The parameter discovery and error comparison of o
and f by PINN and IPINN methods

Solution  « Errorof o f8 Error of

Exact 1 0 0.1 0
PINN 1.000036  3.600e—05 0.099971  2.932e—04
IPINN 1.000010  9.800e—06  0.100018  1.756e—04

Table 4 The parameter discovery and error comparison of u
and v by PINN and IPINN methods

Solution  p Errorof v Error of v

Exact 1 0 6 0
PINN 1.000625 6.248¢e—04  6.003205 5.342e—04
IPINN 0.999630 3.704e—04 5.998022 3.297e—04

method to improve the solution of integrable equa-
tions. Since IPINN can use less data to simulate the
evolution process of integrable equations, in future
research, we consider combining deep learning with
integrable system theory to solve more complex
integrable equations.
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