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Abstract This paper considers the coordinated con-
trol problem of the multi-agent system modeled by a
class of time-varying non-affine nonlinear systems and
a non-autonomous nonlinear leader system with an
input, capable of adjusting the reference signal in real
time. We first propose a dynamic nonlinear observer to
estimate the state of the active leader system, which is
fully distributed without any prior knowledge of the
graph and the input. Then by further employing a
special group of time-varying functions, an observer-
based adaptive control law is constructed to asymp-
totically track the nonlinear reference signals, which
are allowed to be arbitrarily different for each follower
system. Our control law can be applied to solve the
leader-following synchronization and formation prob-
lems of multiple non-affine and affine nonlinear
systems, and the whole design is robust to actuator
fault, time-varying uncertain parameters and the
external disturbances, whose upper bounds can be
arbitrarily large and unknown.

Keywords Nonlinear systems - Multi-agent system -
Adaptive control

Y. Dong (X)) - R. Gu

College of Electronic and Information Engineering,
Shanghai Research Institute for Intelligent Autonomous
Systems, Tongji University, Shanghai 200092, China
e-mail: yidong @tongji.edu.cn

R. Gu
e-mail: rongronggu@tongji.edu.cn

1 Introduction

Non-affine systems capture the dynamics of a large
group of nonlinear systems including the heli-
copters [1], missile systems [2] and Brusselator
model for the supply of reservoir chemicals [3], etc.
Various methods have been proposed to solve the
stabilization and tracking control of a non-affine
system. Ren et al. [4] constructed the uncertainty
and disturbance estimator-based control law to
asymptotically track a stable linear reference model,
while [3, 5] designed barrier Lyapunov functions-
based adaptive control laws to handle the full state
constraints after transforming the non-affine system
into a strict-feedback structure. An adaptive neural
output-feedback control was proposed in [6] by
combining Levant’s differentiator for the estimation
of the unbailable states. Zhang et al. [7] considered
an adaptive neural control for an unknown non-
affine system with input deadzone, and Wu et al.
[8] designed a scalarly virtual parameter adaptation
approach to achieve the prescribed performance.
Motivated by practical scenarios such as the
coordinated control of heterogeneous automatic
guided vehicle in the unmanned warehouse, the
tracking control of missiles with multiple targets, the
cooperative control of non-affine helicopters and so
on, many efforts have also been devoted to the
coordinated control problems of the non-affine multi-
agent systems in many scenarios. For the leaderless
case, Fan et al. [9] studied the stabilization and
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consensus problem of non-affine multi-agent systems
with output constraints and partially unknown control
directions by incorporating error transformation tech-
nique. Qin et al. [10] proposed a neural network-based
adaptive consensus protocol to achieve the synchro-
nization with a bounded residual error. In the leader-
following case, the desired reference signals can
usually be classified into two groups. The first one is
represented by the bounded unmodeled reference
signal as in [11, 12], which designed the neural
network based approach with guaranteed performance
to make sure the synchronization errors are semiglob-
ally, uniformly, and ultimately bounded. In the second
group, the reference signal is generated by a leader
system, e.g., Wang et al. [13] considered the reference
signals generated from a lower-triangular nonlinear
system, and based on the scaling function, developed a
conceptually new and structurally simple control law
to achieve the zero-error tracking.

In the framework of output regulation [14, 15],
both the reference signal and external disturbances
are generated by a so-called exosystem. When
extended into the cooperative output regulation
problem, the exosystem is regarded as the leader
system, heterogeneous with follower systems. In
order to design control methods in distributed
fashion, a variety of observers have been investi-
gated based on the local information. In particular,
Cai et al. [16] and Su and Huang [17] designed
distributed observers for a linear leader system and
solved the synchronization problem of linear
heterogeneous multi-agent systems, and Dong and
Chen [18] proposed a nonlinear observer for a
nonlinear autonomous leader system. Motivated by
the practical circumstances such as reaching a
desirable consensus value or avoiding hazardous
obstacles [19, 20], the attention is paid to tracking
an active leader system with an input. For example,
Hong et al. [21] and Hu and Feng [22] considered
the second-order linear leader system and local
dynamic observers were proposed to estimate the
state of the leader system. Li et al. [19] and Lv
et al. [23] studied general linear leader system and
the adaptive control technique was employed for
the observer design when the input of the leader
system was bounded and unknown, while the case
of multiple active linear leaders was considered in
[20], which could cooperatively generate safe
trajectories and avoid dynamic obstacles.
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This paper further considers an active nonlinear
leader system with an unknown input to generate a
group of arbitrary trajectories for networked non-
affine nonlinear systems. Technically, it is essen-
tially required to deal with an information coupled
general time-varying nonlinear system with high
orders whose desired trajectories can be adjusted at
any time, and as a result, the reference is only
attainable in real time and its time derivatives are
unknown since the input is unknown. In order to
overcome these difficulties, we first design a
continuous nonlinear distributed observer to accu-
rately estimate the state of the active nonlinear
leader system, different from the linear/nonlinear
autonomous leader system in [16—18] or the active
linear leader system in [20-22]. Second, by incor-
porating a special class of time-varying functions, a
distributed control law based on the nonlinear
observer is designed for networked systems with
time-varying and arbitrarily large parametric uncer-
tainties and external disturbances without any
information of the input. It is also fully distributed
in nature in the sense that it depends on the state of
itself and neighboring agents without the global
information of the graph. Finally, the whole design
is not only robust to input—output nonlinearity such
as hysteresis and actuator faults, but also capable of
achieving the asymptotic tracking of the non-
autonomous leader system, instead of guaranteeing
the tracking error ultimately uniformly bounded. It
is applicable in leader-following synchronization
and formation problems for multi-agent systems in
both non-affine and affine forms.

The rest of this paper is organized as follows. In
Sect. 2, we will formulate the problem. In Sects. 3 and
4, the distributed observer and control design will be
presented, which will be illustrated by an example in
Sect. 5. Finally, we will close this paper in Sect. 6
with some concluding remarks. Throughout the paper,

the following notations are used. || - || represents the
Euclidean norm of a vector or the 2-norm of a matrix.
Forx; € R, % =[x, ... x,-]T.
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2 Problem formulation

Consider a multi-agent system composed of a nonlin-
ear leader system and a group of followers modeled by
non-affine systems as follows,

x'ji :f}i()@+17i), j: 1,. L= 1, I’ZZQ,
xni :fni(fniaKi(uiyt)awi(t))v i= 17 . -aN (1)

e = X1 — xo:’(ﬂo)

where x; € R, j=1,..,n i=1,...,N, are the
states, w;(f) € R™ represents the unknown and
bounded time-varying parameters or/and external
disturbances, k;:R x R>¢o— R represents the
input—output characteristics of the actuator, ¢; € R is
the tracking error for agent 7, and 1, € R"™ is the state
of a non-autonomous nonlinear leader system
described by

o = fo(no) + uo(t) (2)

where uo(t) is the control input. All functions fy(-),
fi(), j=1,..,n,i=1,...,N, are assumed to be
globally defined, sufficiently smooth and satisfy
fi(0)=0, j=1,...,n—1, £;(0,0,w;(r)) =0. The
input—output characteristics of the actuator satisfy

Ki(uiy 1) = mi()ui(t) + (1) (3)

where 7;(¢) and ¢, (z) are time-varying functions. (3) is
a generalized form to model the input nonlinearity
such as hysteresis, dead-zone and backlash [9].

The communication network of the multi-agent
systems (1) and (2) is denoted by a graph G = (V, )
where V = {0,1,...,N} is the node set and £ C
V x Vis the edge set. Define a subgraph G = (V, &) of
G where V = {1,...,N}, and E =V x V is obtained
from &€ by removing all the edges between the node 0
and the nodes in V. Each element (j, i) € £ represents
the edge from agent j to agent i. For i,j € V, a; =0,
a; > 0if (j,i) € £ and a;; = 0 otherwise. Associated

with G, define the Laplacian matrix H = [h,j]f\[]:1

where hy; = Z,N:O aj and h; = —a; for i#}j,
i,j=1,...,N.

The objective is to design a distributed control law
for each non-affine nonlinear system (1) to track the
reference signal from (2) and guarantee that the
tracking errors asymptotically converge to zero. Then

the coordinated control problem can be described as
follows.

Problem 1 Given the multi-agent system composed
of N followers given by (1) and an active nonlinear
leader (2), and the corresponding graph G, find a
distributed control law such that the trajectory of the
closed-loop system from any initial conditions exists
and is bounded for # > 0, and the asymptotic tracking
can be achieved, i.e.,

tlirgoe[(t):o, i=1,...,N (4)

Remark 1 The coordinated control problem consid-
ered here generalizes the leader-following consensus
problem in the sense that an input is introduced in the
nonlinear non-autonomous leader system (2) to adjust
the desired trajectory for each follower system in real
time, and each subsystem is modeled by time-varying
non-affine nonlinear system (1), whose desired trajec-
tories xo;(#,) are further allowed to be arbitrarily
different, motivated by more practical scenarios
including cooperative control of multiple AGVs,
missiles, helicopters, etc. Thus the technique can also
be applied to solve the formation problem. At the same
time, those control laws depending on the virtual

consensus error e,; = Z;VZO a;(x1; — xy;) for the pur-
pose of reaching consensus such as [9, 11, 12], cannot
be applied here since the virtual error e,; will not
converge to zero if the reference signals are different
for each agent. These generalizations also make the
internal model based methods in [18, 24] for cooper-

ative output regulation problem infeasible.

For the solvability of the problem, we need the
following assumptions on the reference and the graph.

Assumption 1 The input uo(¢) and the state #,(z) in
(2) are bounded for all # > 0, but their upper bounds are
unknown. It is also assumed that x(;(7,) is globally
defined, sufficiently smooth and bounded for 7 > 0.

Assumption 2 The graph G is connected in the sense
thateachnodei = 1, ..., N, isreachable from the node
0 and G is undirected. Laplacian matrix H is unavail-
able to all agents.

Remark 2 Same as the references considering the
input in the leader system in [19, 20, 23], uo(z) is
assumed to be bounded. Also same as references for
non-affine systems in [5, 13, 18], it is required that the
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reference to track is bounded. In Assumption 2, we
require the graph is undirected in order to design a
fully distributed control law, i.e. the global informa-
tion of the graph represented by H is unknown. Our
method is also applicable to a general directed graph if
the upper bounds of u, 1, and H are available to all
agents, detailed in Remark 4 in what follows.

We end this section by providing a useful lemma.

Lemma 1
o(t) : Rso — RY and any variable 7 € R, the
following inequality holds

[25] For any scalar positive function

ZZ

0< |2 <v(r) + ——eee.
<o+

3 Nonlinear observer design

In this section, we propose a distributed nonlinear
observer for the non-autonomous nonlinear leader. For
this purpose, define a class of time-varying positive
functions v;(1), j = 1,...,4, satisfying

/otvj(f)drévjv RIOISY ¥

where 0; > 0 and v; > 0. The nonlinear observer takes
the following form:

ﬁinvi "
i = fo(n;) — > kip; (1)1 — Coitlyi
v (t) + [l
(6a)
. 2
5 [l (G
Y = cy; 02([)19, (6b)
2
v () + [l
k= exr(pitma)llmall> = v2(0k;), i =1, N
(6¢)
where 7,; = Zszo ai(n; —m;), i=1,...,N, ¢;i >0,

j=0,1,2, and p;(-)>1 is some smooth function
determined later.

We construct a lemma to show the property of the
observer (0).

@ Springer

Lemma 2 Under Assumption 2, consider the system
(2) and (6). The solution of the closed-loop system
exists and is bounded, and

lim (nl.(z) —no(t)) =0, i=1,...,N. (7)
Proof Let i, =n,—1ny i=0,1,...,N. Define
O; =9 — Vi ki =ki — ki, i=1,...,N, for some con-
stants ¥ > 0 and k; > 0. The closed-loop system of (2)
and (6) becomes, fori =1,...,N,

E Cllj j

ﬁz :f?()(ﬁhno) + Ozi(t) - u() t 7 Nyi =

5 [l ;
Y = Clj —_— !)2(1‘)19i
2 2
v1(2)" + [,

ki _cz,(p,(m,)llm,|| — ot )’5)
(8)

"51 Vi "
L - kipi(”vi)’?vi — Coilly;

o)+l
and  fo(7;,m0) = fo(ll; + o) — foln).  Let 7=
col (77;,...,7my) and 7, = col (f,4,...,7,5). Note
that n,, = (H ® I,,)#]. Under Assumption 2, by Lemma
1 in [17], all the nonzero eigenvalues of H have
positive real parts and H is nonsingular. Since the

where (1) = —

graph G is undirected, H is positive definite. Define

1 1 S
W=-i"(H®I, i2).
T HE °’7+Z(2c1, i Tk )

©)

Along the trajectory of (8), the time derivative of W

satisfies,
1 - 1 -~
('7”'11 ——9; — _kik:)
Cii Ci

1 -« 1 -~
( YoM mo) + niyds — miguo (1) — —99; — *kiki)
Cli Caj

MZ

W =

i

Mz

i=1

Let Fo(i7, 1) = Y_iy 15 o(7l;» ). Note that fy(-) is
sufficiently smooth and satisfies f,(0,1,) = 0. By
Lemma 7.8 in [15], there exists some smooth function
p;(-)>1 such that, for any bounded signal 7,

1Fo(T, n0)|| = [[Fo((H™" @ 1y)  myimo)ll < 27

kip;(n.:) |In.|[> with k; unknown since the upper
bounds of 7, and H are unknown to all agents. Since
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uo(t) is bounded with unknown upper bound, there
exists some unknown constant ¥ >0 such that
[luo(7)|] <¥. By Lemma 1, we can obtain,

19 Myi :
dha(t) < oo () + =l (10
07 (1) + [ |||
Then,
al 2 - 2
W< (= collmall® + Kipi () |
i=1
1 -«
— —kik;
C2i
1 - = 19—1‘ ; 2
- — 9 + _ Ol g, 1)
i 2
! 03 (1) + [[myl]
N
=3 (= collnal P + o (0)
i=1
+ v ()09, + Uz(f)k_z/gz>
Note that
— A - = 1
02 (1)00; = vy () (90 — 07) < ~ v, (£)9*
(11)

Then,

1
+ - Dz(l‘)ﬁz + sz(t)kiz).

By the property of v;(#), j = 1,2, in (5), we can obtain,

W(t) < W(0) + EN: (v /0 ()t

+1192 /tvz(r)dr +1k.2 /tvz(r)dr) (12)
4 0 47" Jo
<W(0) + Wi
where W,, = Zfil(ﬁﬁl + 1 (9 + k7)0,), implying 77;,
3, ki, 1§i and kA,-, i=1,...,N,are bounded. Since 7, is
bounded for ¢ > 0, 5, is bounded for ¢ > 0. From (8), we

can also obtain #; is bounded for ¢ >0, which implies
W(t) is bounded together with (5). By Barbalat’s
Lemma in [26], we can obtain lim,. #,;(t) = 0.
Thus, under Assumption 2, (7) can be achieved. [

Remark 3 The design idea for (6a) is to compensate
the nonlinear term f;(#,) by the first term, counteract
the effect of the input uy and Fy (7, 1,) by the second
and third terms, respectively, and the last term is for
the consensus purpose. And then we design the
adaptive update laws (6b) and (6¢) to generate enough
force not only to make sure the control parameters do
not depend on the global information of the network,
such as the Laplacian matrix H, but also to allow the
upper bounds of u(¢) and #,(¢) to be arbitrarily large
and unknown to all agents. As a result, (6) can
accurately estimate the state 7, from the nonlinear
leader system (2), as opposed to the linear one in
[16-18]. At the time, it allows the existence of the
input u to adjust the course in real time, which is also
more general than those in [20, 24] and promises more
applications.

4 Distributed control design

Benefiting from the design of the nonlinear observer
(6) for the non-autonomous leader system (2), we can
then propose a control law in a distributed form for the
heterogeneous multi-agent system systems composed
of (1) and (2).

4.1 System transformation
First, transform each of the non-affine nonlinear
systems (1) into the strict-feedback system. Define a

setof variabless; € R,j=1,...,n,i=1,...,N, with
s1; = x1; = bii(x1;).

@ Springer
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1 = f1i(%0) = byi(¥2)=s2, i=1,..,N

. ob i\X2i
$2i = g(lxz )fll( z)

0by;(%2:)

+ Tﬁf%(f&) = byi(%3;) 253
. L b (% _
Sji = ;%ﬁa(&“,z‘) (13)

_ A .
= bjy1i(X11,)=Sj1 J=3,...,n—1

Z abm xm .X )
ox i k+1,i
Obni(Xii) ,

+ ﬂfni(xnia Kiy Wi)

axni

By the mean value theorem, there exists 4; € (0,1)
such that

Joui (X, 165, i)
Of i (Xi, iy Wi)

= Jni 7ni707 i i
f (X W ) * 61@ Ki:/l;ic[x
It is also noted that from (13),
Obyi(%2)  Ofulxai)
6x2i o a)Cz,' o gll(sz)
Obj i 1,i(Xj11,i)
OXjt1,
_ Ob;i(%i) i (%11.1)
Oxj;  Oxjp1,
J
= Hgki(fk+1,i)7 j=2,...n—1
k=1
where
_ Ui (1)
d(Fopyy) = L) i a1
g] (xJ“rl, ) axj+1,[ J n
Of i (Xi iy wi)
Gni (% 165, w;) = M, i=1,..,N
Ki

As a result, we can obtain the following strict-
feedback system,

S'ji:Sj+1,i7 jzl,...,n—l, l:1,,N

- (14)
Sni = [ i(Xnis Wi) + &i(Xni, Kiy Wi) K

where
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n—1
_ Obyi (%)
i\Xni, Wi) = = JkilX i
fil ) ; B fii (Xy 1)
abni 7m’ _
+%fni(xni7ovwi)
ni (15)
(_ ) abm‘(fni) (_ /L )
i\Xniy Kiy Wi) = ——=—— &ni\Xni, 4iKi, Wi
8 ox,; 8
n—1
= il Zirci, wi) | | @ui(Fics1 )
k=1

For the solvability of the coordinated control problem,
we also need the following assumption to guarantee
the controllability of the nonlinear systems, similar to
[2,3,9, 11, 13], etc.

Assumption 3 The signs of g(-), j=1,...,n,
i=1,...,N, are known, and assumed to be positive
without loss of generality. And it is further assumed
that g]l() Zgji’ TC,‘( ) ——l’ and |d) ( )| S él’ fOr gﬂ > 0’
n; >0 and ¢, > 0.

4.2 Controller design

In this subsection, a distributed controller is proposed
to achieve the asymptotic tracking of the non-
autonomous leader system, which takes the following
form,

21i =S1i —Xot'(ﬂi),
Zji =8ji — %14, J= 2,41
1121 .
Ui = = P1i2li = e, i=1,..,N
v3(t) + zi;
2
3 9 N
My :’/11'(7[ - v4(t)m1[)
1)3()+th (16)
%ji = = Pji%ji — Zj-1,i
1
mj;l5zi j Ootj_1,
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_— L
mji =Yj; W

Jt J’

—U4(l)7ﬁji>, j=2,...n—1

aah aO(h'
~ e+ 5|
aO(J 1,i aOCj,L,' 609-,17,-
ovs (1) 604(t) H on; I
j=3,...,n
Oni = —Pnilni — n—1,i — éirfi

0; = yi(zuili — U4(¢)éi)

- T
Zaan lls
) Os Sk k+1,i
&= L
Olp— i =~ .
Z mkl ni S18N (Zni)
L k= ki
- T
5 _ Qizzni =T
i 7 22 '
v3(t) + 07z
2
0 Zni - .
U = —+m22 — —¢; sign (zu)
03 (t) + 0iZni I
(16)
where constant y; >0,j=1,...,n,i=1,...,N, and

0; = 0;(%y) is a smooth positive function determined
by (26) in what follows.

Now we can present the main theorem for the
solvability of Problem 1.

Theorem 1 Under Assumptions 1 and 3, the coor-
dinated control problem of multi-agent systems with
follower systems given by (1) and a nonlinear non-
autonomous leader system (2) can be solved by the
observer-based control law (16) and (6).

Proof The proof includes n steps. Define

I’Flji = mj; — I’flji, ]: 1, NN (8 = 1, .. .,N, for some
constant m; > 0.
In the 1-st step, define
1 1
Vii==23, + — 1, 17
li 2le + 2)’1,' mll ( )
Note that

21 = Soi — Xoi(1;) = z2i + ot — Xoi(n;) (18)
Then the time derivative of Vy; satisfies

Vli = z1i%2i + z1i01i — 21iXoi (1;) — %’ﬁli”ﬁli

In the proof of Lemma 2, we have shown that ; and 7;,
i=1,...,N, are bounded for t>0. From (2), , is
bounded since 7, and ug () are bounded and f(-) is
smooth, and thus #; is bounded, but the upper bound is
unknown. Under Assumption 1, X;(1;) is bounded
with unknown upper bound, i.e., |Xo;(17;)| <my; for
my; > 0. By Lemma 1,

2
My

z1iXoi(1;) < lziilmi; <myv3 (1) + ——=s.
v3(1) + z3;

Then we can obtain,

; 2 iz
Vii<ziizoi — P1izy; — TS + m1iU3(1)
V3(t) + 23
mllzll 1 _x
— myimy;

\/ 03 + 21, yli

<z1i20i — pliZU + myv3(t)

2
5t

1 .
oy (= i )
N+,

1
<zyiz2i — PuZ%i + myv3(t) + 2 U4(¢)m%i

Define forj=2,...,.n—1,i=1,...,N,

_ 1 1
Vi=—2+—ni Vi=

;= Vii1i+ Vi (19)
Js i ji? J=L J
27 Zyjl "

Now we claim that
-1
; 2
Vic1i <zj—1zi — Zpkizk,'
k':l ' (20)

Jj—1 Jj—1
1 2
+ 03 (l) kz:;mki + Zl)4(l) ;mld
To verify (20), in the j-th step, j = 2,...,n — 1, note

that -1, = i 1,i(§j—1,i, M1, - - -, Mj—1 i, H;, 03 (1),

D4(l)) with Si—1,i = [sli Sj,u]T. Then,
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Oo;_ i Ooj_ i X

= Sj+1i ; aj kll" k1, ; a;ﬁkll ki

aOC]_L,‘ . aij—l,z aaj—lsi ;

- anl i 603(t) ( ) 604(l) 04(t)
j—1
Ooj_1

=Zjrli T % ; 6] k: Sk+1,i

jz_]: Ooj_y1; . Oy,

2 al/ﬁki ki a”ll i

0oj_1 . 001 .

3030) v3(t) — 3020 V4 (1)

(1)

Since #;,i = 1,...,N,is bounded for ¢ > 0, there exists
some constant #,,; > 0 such that |#;|| < ;. From (5),
[03(2)| < vz and |v4(2)| < py. Let

my; = max{g3, "Mi}z

. (22)
mj; = max{vs, vy, My}, j =3, ..

Ln—1.

From the definition of [; in (16), we can obtain that,
along the trajectory of (21), the time derivative of V
satisfies,

Vii = Zjizjr1,i + Zi%i

Vji =1
j—1
Ootj_1,i -
+Z ]A ’ kz)
Gmk~
k=1 1
aOCj—l,l aij—l,i . aa‘j—l‘i
~4( R ”3(“604@)'4(”)

< Zigj1,i + Gi%i
— — Mt + |zil Limji
Jji
-1 -1

0% 0% 1 -
— Zji E TskJrl,i + E o My
ki ki

k=1 ! k=1

By Lemma 1,
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22
mjlljizji

|zj,~|lj,-mj,~ <mij;v3 (t) + .
v () lZ 2
3 ji jl

Then,

7 2
Vii <zjizj1,i — PjiZji — ZjiZj—1,i t+ M;iv3 (1)

N iz
+mji(__mji+4)
Vji v} (1) + B2

2
= L1 = PiZj — Zjigi-1i + miv3 (1)

1

+ZD4(t) /2n

and from (20),

; 2
Vji < ZjiZj+1,i — Pji%j; — Zji%j-1,i

1
+ mjv3(1) + 1 v;;(t)mfi

j—1
2
+ Zj-1,i%i — E DkiZy;

J—
+ v3(t E My + 04 g
J
2
= iZj+1,i — E PriZjg + v3(t E
k=1

k=1
1 L
+0a(0) > mp,
k=1

which verifies the claim.

In the n-th step, define
goi = min{[ [, 8 T = gji}. It is noted that under
Assumption 3, from (15),

8i (xmaKuwl >g Hgk > 8oi > 0 (23)

Define
- 1

ni —

Z +—9 0,, Vni:Vm"i_an J 24
2g0i " 2y v (24)
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where 6, = 6, — é,- for é,- € R® and some constant
vector 0;. Note that

Op—1,i = On1,i(Sn—1,i, M1i,

oy ’ﬁnfl,iv N, 03(t)7 04(I))' Then,

Z.ni =Sni — Up—1,i

=f(Xuis wi) + &i(Xi, i, Wi)K

(8 Tt 3 i)

k=1
Oly—1,i . Otp—1, . Oty—1 .
- wim+awo“@+amgmw)

(25)

Then along the trajectory of (25), the time derivative
of V,; is given by,

Vi = iznif_i(fm, wi) + Wé%mzmki
(B et St
—ia(%%”m+z§5%@
+Z§Xm@)—idé

From (15), under Assumption 3,

l

sz Fet1, ,)}

xl’ll ) Wl
fe= ki

abm Xni
a( )fm( nuO Wz)

|

Note that w;(¢) is bounded. There exists a positive
constant w; such that [|w;(¢)]| <w;. Define
2= {Wi(t) : HW,([)H < \/\71} Since f,,i(fm-,O, Wi) is
sufficiently smooth with f£,;(0,0,w;) =0 for all
w;i(t) € X;, by Lemma 7.8 in [15], there exist smooth
functions ¢;: R—R, j=1,...,n, satisfying
@ji(O) =0, such that

n

Vni(fni; Oa Wi)| < chszz(x]l) <c CiQ; (xni)

j=1

where ¢ =max;—;,_,{¢;} and g,(%;) = 27:1 i
(xji). As a resul,

B n labm .
i) < |3 20 g 50

=1 ki
abni (fni)
+ ‘ Gxni
S 5niQi(~fni)

(26)

€i0;(%ni)

where G = max{l,¢;}, and

_ n—1 0b,; (X — = (= Obyi (Xi
o) = | 301 ax(:k Jii(F,0)| + 03 (%) =4 (x )|
Thus,

1 _ Cni _
_Znifi(xni7 Wi) < - |Zm'|Qi(xm')
80i 8oi

Cni (%ni) 2o

<cnvs(t) + =
U%(t) + Qz‘z(xni)zgu

where ¢, = % Let uw; =uy; +uy with wuy; =
b i o2 Zni
— 2 ¢ sign (z,7) and uy = — —=Z2— From (23),

v (0)+oz

ni*ni

Mzm(ni(t)“li + ¢:(1))

80i
i(Xni, Ki, wi )Tt - .
S — Mzni(t)i s]gn (Zni)
80iTT;
L &l kW) g
80i
_ 8i (i 161, W) |20l (1- ni(t)) <0
80i T
i(Xni, K, Wi )i (¢t
—gl( niy iy Wi) i )Zniuzi — Zni%ni
80i
_ _gi(fm', Ki, Wi) (1) 0%
8oi v3(1) + 02,23
2.2
oz
> ni*ni — +V3(t)
l)3 (t) + OCnizm'
_ (1 B 8i(Fnis Ki7Wi)7'Ci(t)) 0aiZai
80i v3(1) + oz,

010, =00, — 0.0, <6;] ]
Loz o 2<_ 12
+4||01|| 16:11" < 7 11041
(27)
1 my

Let 6,‘ = |:Cni -

} Then from (27),
8oi  &oi
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Cm'Qiz(fm')Zﬁi
v3(1) + 07 (i) 2y
1 X Nea i Ki, Wi
- elTel + & (xm L Wl) Znilli
Vni 80i

Vni < CpiL3 (t) +

m,
+ " lm |Zm|
80i

1 jila/lz a(xnle
—azm'(k:] o5t Sk+1;+z i )

1 T A
= CpiV3 (t) + Zniglrét . lTHl

ni

n Mzni(ni(t)uli + ¢:(1))

8oi
gi (i, 165, Wi
+ M%ﬂi(ﬂuzi — ZpiOni + ZniOni
8oi
T
- Cn103(t) + anH[ éi
1 -7 )
- 91 0 Zniln—1,i = PniZy; + 03 (t)

< (ut + Doa(t) + va (o) 104

2
4 — Zniln—1,i — PniZ,;

As a result,

Vi < (e + Ds(e) + s 10P

— Zniln—1,i — Pm‘Zm

n—1 n—1
+2n1izn — Y Puid  03() Y mi
pay =1
1 n—1 5
+ 2 v4(t) ; My
. ZPMZ% + Vini(v3(t) + va(2))

k=1

(28)

where Vy; = max{c, + 1 + > ;_ 1mku 4(\|9|| +
Zk 1mk1)} Then,

w@sm@+mlmm+mmm
< V3i(0) 4 Vi (03 + 04)

which implies Z;,j = 1,.. ., n—1,0;,
i=1,...,N are bounded for ¢t > 0, and thus r1;;, n@,, é
j=1,...,n—1, are bounded.

It remains to verify (4). For this purpose, we need to
show that g;, j=1,..., N, are bounded
for ¢t > 0. It also includes n steps.

I’l,fﬁji,j: 1,...,

ni=1,...,

@ Springer

In the 1-st step, since z;; and xo;(#;) are bounded,

1i = z1; + x0i(1;) and o; are bounded, implying l; is

bounded. From (18), together with the fact that x(;(#;)
is bounded, Z;; is bounded.

In the 2-nd step, so; = z2; + 1, is bounded since zp;
and o; are bounded. Since «y; is sufficiently smooth,
dy; is also bounded since sy;, 57, rﬁli, 1;,U3(t), va(t) are
bounded, and thus from (16), o; and I3; are bounded.
From (21), Z»; is bounded since z3;, o;, and oy; are
bounded.

Repeat the procedure, we can conclude that s,

O-ijl’[, Oljis lj+l.i and Zﬁ,j = 2, e — 1, are bounded.
In the n-th step, it can be verified that s, =
Zni +0p—1; 1S bounded. Since s;, j=1,...,n,

i=1,...,N, is bounded, from (13) and the fact that
functions f;;(-) are sufficiently smooth, x,; is bounded,
implying g;(x,;) and £, (%, k;, w;) are bounded. And
thus from (16), &; is bounded, which leads to the
boundedness of «,; and u;. As a result, Z,; is bounded
for t > 0 from (25).

From the boundedness of 7y;, . . ., Z,; and (5), we can
conclude V,; is bounded for ¢ >0, implying Vi is
uniformly continuous for ¢ € [0,00), and from (28),
lim,_, V,,i(r)dr exists and is finite. Then by Bar-
balat’s lemma in [26], we can obtain lim,_. z;; = 0,
which implies lim; ., ¢; = z;; = 0. O

Remark 4 Dynamic gains kA,-, 1§i in (6b), (6¢), and 7y,
0; in (16) are designed to generate enough force to
dominate large and unknown actuator fault, time-
varying uncertain parameters and the external distur-
bances. If we relax Assumptions 1 and 2 by allowing
the upper bounds of up, #, and H are all known as in
[13, 18], (6) can be reduced into

’ﬂnvi
2
v} (1) + [yl

n; :fo(’?i) - — kipi ()M — Coiflyi

(30)

and our control design (16) based on (30) is applicable
to a directed graph.

5 Example
In this section, we consider a multi-agent system

composed of 6 follower systems given by (32) and a
non-autonomous system (31), which generates the
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r.efere;ncehsign.al tohtrflck and(c)anTEe 1adj(ljlsted at any - n2i]T’ cor =2, cri=cy=1
time by changing the input u(¢). The leader system is By iy
in the following form, pil) = L [l v1(0) = va(r) = 0.5¢70%
(33)

20

+ uo(1) (31)
10 + (1 = 139) 120

Mo =

where 7y = [, 7129]"- And as in [2], each follower
system is modeled by

1
: 3
X1, = X1; + X2 + gxzi

.1 L
x2i:§x1ix2i+Ki+ZK?7 i=1..,N

where «;(u;, t) = m;(t)u; + ¢;(¢) with
1, t<15;

milt) = {0.5,

Let s;; = x; and sp; = x1; + x0; + %x%i. Then the non-

¢;(r) = 0.15sin(z)

otherwise .

affine system (32) can be transformed into (14) where

3 1 1 3

Jildiswi) = 2+ 300 + gxg,» + 2 (I+ gx%i)xli)Qi
3 5 )

gi(-ih Ki»Wi) = (l + g)(f%l)(l +§(AIK[)%) 2 1

It can be verified that Assumption 3 is satisfied.

The communication network of the multi-agent
systems (31) and (32) is described by the graph
G = (V, &), shown in Fig. 1, which satisfies Assump-
tion 2.

We first provide the simulation results for the
nonlinear observer. For the purpose of simulation,

define ug(r) = 0 for 7 € [0,#) and for > #;, up(t) =

[(S:;r;((tt))} with #; = 10.

By Lemma 1, the observer for the non-autonomous
leader system can be designed by (6) where

Fig. 1 The communication network G

For the purpose of simulation, we provide the initial
condition for (6) as follows,

m©0)=1[2 31", di=1, k =1,
m0)=[-2 -3, =2 ky=3
ny(0) =10 —11", 935=3, ks =1,
X X (34)
ny(0)=1[3 0], dy=4, ky=2
ns(0) =[—1 —=2]", 5 =1, ks =2,
ne(0) =12 0]", Js =5, k¢ =1

The performance of the observer can be found in
Figs. 2, 3. It can be observed that the estimation errors
asymptotically converge to zero even though the
course is adjusted at # = 10. Figure 3 displays the
adaptive update laws U;(¢), k;(z) for (6), i =1,...,6.

If the leader system is an autonomous one as [24],
ie., up()20 for all t>0, by allowing the upper
bounds of #,(¢#) and H known to all agents, the
observer (6) is reduced to be the following form

;= fo(n;) — kp; (), (35)

for a sufficiently large k > 0. The performance of (35)
can be found in Fig. 4. Note that (35) can be used to
estimate the state of the leader system as in [17, 18],

— Il = moll| |

45 [[72 = nol|
a4t _H’I:s*'h»H |
— l[na = mol|
35} [n5 = noll | J
[[n6 = nol|
—= 3
£
| 25
=

2
1.5

1

!
0.5 /\
| N
NN S IA
0 5 10 15 2
t

o
(s)

25 30 35 40

Fig. 2 Profile of the estimation errors n; —n, for (6),
i=1,...,6

@ Springer



13122 Y. Dong, R. Gu

7 T 9
— —k
6 792 1%2 )
793 1;3
Iy k| |
51 — s —ks| |
b kg
4 il
£, |
2
; |
o —— R/ b
o ‘
0 5 10 15 20 25 30 20 25 30
t (s)
Fig. 3 Profile of adaptive update laws 1§i(t), l{,(z) for (6),i=1,...,6
5 T T T T T T T [l T T T T T T T
— lm = mol| er
“or — iz = mll| ] 4\ e |
4F [[n3 = nol| i e3
— 1 = ol €4
35 [Ins —moll | | 2 - es 4
(176 — mol| /f,\\ €6
il 0 —//ﬁ:—f’fff \_/ NS ——— e e —
1 <
i 2f 1
] Ll |
4 6T 7
0 5 10 15 20 25 30 3 40 2 s 0 5 20 25 30 a5 0
t(s) £ (s)
Fig.14 Pr60ﬁle of the estimation errors #; —1n, for (35), Fig. 5 Profile of the tracking errors e;, i = 1,...,6
i=1,...,

- ; xi=[0 1", my=1,0=4 x,=[1 1]
but due to the existence of uy and the unavailable 1 » Mii » U1 )y X2 )
information of n, and H for all agents, the existing P

. ) . . : mp =2, 0, =3
observers, including (35), are inadmissible for esti- .
mating the state of (31). x3=[3 0], m3=0.1,
Based on the observer (6), design the distributed 93 =1, =[5 2]T7
control law (16) where
—0. I/fl14 =4 94 =6
p1i = p2i =10, 7;; =y = 2, v3(t) = v4(t) = 0.5¢ o ’ .
1,1, 3, »=[8 —1],
i = X xo +ox| 2 (1 +—x5;) |xnixi). N
9; ‘ li 2i 5 21| 2( 5 21)| li 2l| rflls _ 2, 05 _ 097 X6 = [6 O]T,
The initial values for x;, m;; and éi are given as mig =3, O =
follows, (36)

@ Springer
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Fig. 7 Profile of the tracking law u;, i =1,...,6

Figure 5 displays the tracking error for all agents,
which asymptotically converge to zero. Figure 6

shows the adaptive update laws 7;(r) and 0;(r) in
(16),i = 1,...,6, and the profile of the tracking law u;,
i=1,...,6,is provided in Fig. 7.

6 Conclusion

This paper has proposed a global robust distributed
control law for networked nonlinear non-affine sys-
tems with parametric uncertainty and external distur-
bances, which are allowed to be arbitrarily large and

unknown. Our control law can not only tolerate a
general form of the input—output characteristics
including but not limited to actuator fault, hysteresis,
etc., but also achieve the asymptotic tracking of the
time-varying nonlinear reference signals. The design
consists of a dynamic nonlinear observer, which can
accurately estimate the state of the non-autonomous
nonlinear leader under the condition that the input and
its upper bound is unavailable to all agents.
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