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Abstract Describing the long waves in shallow water,
a generalized Broer-Kaup-Kupershmidt systemis inves-
tigated in this paper. With respect to the horizontal
velocity of the water wave and the height of the water
surface, we use symbolic computation to build up
(A) a scaling transformation, (B) a set of the hetero-
Bécklund transformations, from that generalized sys-
tem to a known linear partial differential equation, as
well as (C) two sets of the similarity reductions, each
of which from that generalized system to a known ordi-
nary differential equation. Our results depend on all the
shallow-water coefficients for that generalized system.
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1 Introduction

Being attractive, many researchers are now paying
attention to the shallow water waves [1-15]. For exam-
ple, Ref. [1], a recent paper in Nonlinear Dyn., has pre-
sented some multi-soliton solutions of a generalized
Broer-Kaup system for the shallow water waves.

In this paper, we plan to investigate a generalized
Broer-Kaup-Kupershmidt system, which describes,
e.g., the long waves in shallow water, i.e.,

U = (—aux + §u2 + ﬂv) +yuy (1a)

X

v = (vx + puv), +yvx (1b)

with the real differentiable functions v(x, 7) and u(x, 1)
denoting, e.g., the horizontal velocity of the water wave
and the height of the water surface, respectively, x and
t implying, e.g., the scaled space and time variables,
o, B # 0 and y as the real constants, while the sub-
scripts being the partial derivatives. Shallow-water spe-
cial cases of System (1) have been seen:

e for the long waves in the shallow water, a Broer-
Kaup-Kupershmidt system,

Uy — Uy + 20 +2uu, =0 (2a)
v+ vex +2@v), =0, (2b)

wheny = 0,8 = —2and o« = —1, with ¢ and x
being the scaled time and space variables, v(x, t)
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representing the horizontal velocity of the water
wave while u(x, r) meaning the height of the water
surface [15];

e for the diffusion-involved shallow water waves, a
generalized Broer-Kaup system,

1
U = (—omx +—u’+ v) , (3a)
2 X

vy = (Quy +uv), (3b)

when y = 0 and B = 1, with r meaning the
time variable, x indicating the propagation direc-
tion, v(x, t) relevant to both the wave profile and the
tangential fluid velocity at the surface while u (x, t)
representing the tangential fluid velocity at the sur-
face [16-18];

e for the long waves in the shallow water, a classical
dispersiveless long-wave system, i.e.,

u +uuy +v, =0 (4a)
v+ (), =0, (4b)
when « = y = 0 and B = —1, with u(x, 1)

meaning the tangential fluid velocity at the surface,
v(x, t) representing the wave profile, x denoting
the propagation direction, while ¢ being the time
variable [17,18] (and references therein);

e for the long waves in the shallow water, a Broer-
Kaup system, i.e.,

1

ut—i—Euxx—vx—uux =0, (5a)
1

UV — vax - (uv)x =0, (5b)

when a = %, B =1landy =0, with u(x, t) stand-
ing for the scaled wave horizontal velocity, while
v(x, t) related to the wave height and wave hori-
zontal velocity [19,20] (and references therein);

o for the dispersion water waves in the shallow water,
a generalized Broer-Kaup system [21] (and refer-
ences therein), i.e.,

U = —o (ux —u’ - 2v) +yux , (6a)
X

v = (vy + 2uv), + yux , (6b)

when 8 = 2«;
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e for the dispersion water waves in the shallow water,
a Broer-Kaup system [21] (and references therein),

i.e.,

u; = (_Mx +u® + 2v) , (7a)
X

v = (vx +2uv), (7b)

whena = 1,8 =2and y =0.

However, to our knowledge, for System (1), there
have been no scaling-transformation work, Biacklund-
transformation work and similarity-reduction work
published as yet. Hereby, for System (1), we employ
symbolic computation [22-28], to construct a scaling
transformation, a set of the hetero-Backlund transfor-
mations and two sets of the similarity reductions.

2 Scaling and hetero-Biicklund transformations
for System (1)

Similar to those in Refs. [29,30], we work out a scaling
transformation:

a—>pla, B>p'B. y—ply, x—>p'x,

t—>,02t, u—),o_lu, v—>,o_2v, (8)

in which p stands for a positive constant.
Next, on the score of Scaling Transformation (8),
assuming that!

M(X, t) - é‘lwx(-xa t) + 4‘29
v(x,1) = 3wy (x, 1), )

making use of symbolic computation, integrating Eq.
(1a) once with respect to x with the integration function
equal to zero and making a choice of

Biz —ag) = gcf : (10)
we obtain
Yz(w)—§§1Y2x(w)—(ﬂ§z+V)Yx(w)=0, (11)

with £1 # 0, & and ¢3 # 0 as three real constants, the
Bell polynomials reported by Refs. [31,32] as

! similar to those in Refs. [29,30]
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Yo, ne (W)
= Imn (w0,07 cee

_ _—wamaqn w
=e 70,0/ e",

, Wo,ns * 0 s Wm0, "0 wm,n)

w(x, t) meaning a C* function of x and 7, wy; =
*dlw, k =0,--- ,m, 1 =0,---,n, while m and n
representing two non-negative integers.

Similarly, we use symbolic computation and Assump-
tions (9), integrate Eq. (1b) twice in relation to x with
the integration functions equal to zero and choose

B

a= 54“1 , (12)
so as to find
Yi(w) —aYor(w) — (B&2 +y) Ya(w) =0, (13)

which is the same as Expression (11).

Then, the assumption,
w(x, 1) =In[h(x, 0], (14
helps us simplify System (1) into a linear partial differ-
ential equation, i.e.,
hi(x,t)—ahee(x, )= (B + y) he(x, 1)=0,  (15)

with /1 (x, 1) representing a positive differentiable func-
tion.

Thinking about all the above together, under the con-
straint

a#0, (16)

for System (1), we construct one set of the hetero-
Bécklund transformations, i.e.,

2a hy(x, 1)
M(.x, t) = F h(x,t) + Q ) (173)
ot 1) = 4o? [hxx(x, n - ha(x, r)z] (175
’ B2 | hix,t)  h(x,n%] "’

he(x,t) —ahyy(x,) — (Bo +y) hy(x,1) =0 .
(17¢)

‘We note that

e Egs. (17) are one set of the hetero-Bécklund
transformations, which could couple the solutions
h(x,t) of Eq. (17¢) and the solutions u(x, t) and
v(x, t) of System (1);

e Eq. (17c) is an already-investigated linear partial
differential equation, as seen in Refs. [33,34];

e Hetero-Bécklund Transformations (17) are related
to y, B and «, the shallow-water coefficients for
System (1), under Constraint (16);

e the above work is on the long waves in the shallow
water, concerning the wave profile and tangential
fluid velocity at the surface.

3 Similarity reductions for System (1)

Making use of symbolic computation and substituting
the assumptions,2

ulx, 1) =0(x,1 +ox, )plzx, )] , (18a)
v(x, 1) =8(x,1) +x(x, )glz(x, D], (18b)
into System (1) result in
" 2 / 2 2 /
prawzy — pp P zy — p*Powy — q' Brzy — qPky
+ p/ [COZt + o Qwyzy + 0Zxx) — YOIy — ﬁa)gzx]
+p [wt +awyy — B (w0 + wy0) — wa]
+ 60 + abyy — By — OO, —y0, =0, (19a)

—q"akz: — (p'q + pq’) Boxzy — pap (wkx + wuk)

+q' [z — o 2y +K200) — Yicze — BOKZ ]
+4q [Kt — akcxy — B (Okx + Oxk) — VKX]

- p,ﬂ&‘)zx — pB (bxw + dwy) + 8 — adyy

— B (08 +6,8) —ys, =0, (19b)
with z(x,7) # 0, k(x,t) # 0, §(x,1), w(x,t) # 0
and 6(x,t) meaning the to-be-determined differen-
tiable real functions with z,z; # 0, the prime sign
standing the differentiation on z, while ¢(z) and p(z)
denoting for two differentiable non-zero real functions
of z.

Considering Egs. (19) as a couple of the ordinary dif-
ferential equations (ODEs) concerning ¢ (z) and p(z),
one might require the ratios of the coefficients of dif-
ferent derivatives/powers of ¢(z) and p(z) to merely
represent certain functions of z.

The coefficients of p” in Eq. (19a) and ¢” in
Eq. (19b), as the normalizing coefficients in Egs. (19),
respectively, come to

Qi (Qawz? = —pu’z, | (20a)
L (awz? = —powy | (20b)
Qi (awz? = —Przy (20c¢)
Qu@awzr = —Prx | (20d)

2 gimilar to those in Refs. [35-41]
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95(z)aa)zjzc =wz + o Qwyzy + wZxy) — ywzy — Bwbzy

(20e)
Qé(z)aa)zi = w; + dwyx — B (@00 + 0,0) — yo, , (20f)
Q7 (Dawz; =0, + abu — B8x — OO —y0: . (20g)
and
— T (Qaxz? = —Poxzy , (21a)
— Fz(z)oucz)zC = —B (wky + wxk) (21b)
— [3(Raxz? = —Béwzy (21c)
— T4(@akz? = kzy — & (kxZy + KZxx) — YKZx — POKZx

(21d)
— D5z = —p (8,0 +8wy) (21e)

— To(2)akzs = ky — akyy — B (Okx +0ck) — vk , (21F)

—T7(DJakzy =8 —ady, — B (08, +6:8) —yd, , (21g)
with Q;(z)’s (i=1,---,7) and ['j(z)’s (j=L1,---,7)
meaning certain real to-be-determined functions of z
only.

On account of the remarks in Ref. [35], each set of
O(x,1),w(x,1),8(x,t), k(x,t)and z(x, t) can turn to,
at least, a similarity reduction.

Ground on the second freedom in Remark 3 in Ref.
[35],3 Egs. (20a), (20c) and (21a) give rise to

2

_iOl _ a”
w(x, 1) = EZx, K(X’f)—:FEZx,

Q@) =Fl, XBE@=1, IN)=+1, (22

according to the first freedom in Remark 3 in Ref. [35],
Eq. (20b) indicates

Z(x, 1) = AMx + Aot + A3, Q(z) =0, (23)
and then Eqgs. (20d) and (21b) bring about

Q4(z) =T2(2) =0, 24

in which A1 # 0, A» # 0 and A3 mean the real con-
stants.

Because the first freedom in Remark 3 in Ref. [35]
makes us transform Egs. (21¢) and (21d) into

Ay — VA
5(x.1) =0, 9<x,t)=zT“,
1

['3(2) =T4(2) =0, (25)

3 There exist three freedoms in Remark 3, as seen in Ref. [35].
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Egs. (20e),(201), (20g), (21e), (21f) and (21g) come to
Q6(2)=Q5(2)=7(2)=I5(2)=T6(2)=I"7(2)=0 . (26)

Since System (1) can be simplified to the following
ODEs:

p'Fpp+4q =0, (27a)
q"£(p'q+pq) =0, (27b)

integrating ODEs (27) once with respect to z, sepa-
rately, we are capable of transforming ODEs (27) into
a single ODE, i.e.,

1
P'= P Fep+ =0, (28)
based on
’ 1 2
q=-—p E5p "+, (29)
with ¢1 and ¢, representing two real constants of inte-
gration.

Taking into consideration all the above in this sec-
tion, under Constraint (16), we build up the following
two sets of the similarity reductions for System (1):

ey = 22 YA )] (30a)
U B B HPIAE '
a2 2 / 1 2

U(X,t)=iﬁ)\1 plz(x, D] F EP[Z(X,I)] P17,

(30b)
z(x,t) = Ax + Aot + A3, (30c)

1

p”—5p3¢¢1p+¢2=0 . (30d)

Each of ODEs (30d), as a known ODE, has been pre-
sented in Refs. [42,43]. The reason for the appearance
of two sets of Similarity Reductions (30) is that the “+”
signs present.

As for the long waves in the shallow water, with
respect to the wave profile and tangential fluid velocity
at the surface, under Constraint (16), Similarity Reduc-
tions (30) are dependent on «, B and y, the shallow-
water coefficients for System (1).

4 Conclusions

People are studying hard the shallow water waves. For
example, a recent paper in Nonlinear Dyn., Ref. [1],
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