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Abstract The Landau-Ginzburg-Higgs (LGH)
equation explains the ocean engineering models,
superconductivity and drift cyclotron waves in radi-
ally inhomogeneous plasma for coherent ion-cy-
clotron waves. In this paper, with a simple
modification of the Ablowitz-Kaup-Newell-Segur
(AKNS) formalism, the integrability of LGH equation
is proved by deriving the Lax pair. Hence for that, the
inverse scattering transformation (IST) is applied, and
the travelling wave solutions are obtained and graph-
ically represented in 2d and 3d profiles.
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1 Introduction

Nonlinear evolution equations (NLEE’s) are one of
the most important fields of ocean engineering models,
modern physics, through which physical phenomena
and other fields of modern physics are modeled.
Accordingly, many effective methods have been
established to obtain exact and explicit solutions of
this type of equation, such as: the improved Bernoulli
sub-equation function method [1, 2], the modified
simple equation method [3], solitary wave ansatz [4],
the extended tanh-function method [5, 6], the sine—
Gordon expansion method [7], the extended mapping
method [8], the first integral method [9], the improved
Kudryashov method [10, 11], the hyperbola function
method [12], the improved tanh-method [13], Hirota’s
bilinear method [14], Lie symmetry analysis [15, 16],
Bicklund transformation method [17], Darboux trans-
formation method [18], inverse scattering transforma-
tion (IST) method [19-22], the (G’'/G)-expansion
method [23-25], the (G'/G, 1/G)-expansion method
[26, 27], and reference therein.

One of the more general classes of NLEE’s with a
nonlinear term of any order is [28]:

urt + ajuxx + au + azul’ + agu® ' =0 (1)

where a1, a3, a3, a4, and p # 1 are arbitrary constants.
When p = 3 and a4 = 0, the following special case is
stated

urt + auxx + bu+ cu® =0 (2)
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Depending on the arbitrary constants a,b and c,
typical forms of Eq. (2) are specified, one of them is
the Landau-Ginzburg-Higgs (LGH) equation. When

a=-1,b= —m? and ¢ = n?, the LGH equation is
stated as
urr — uxx — meu + n*u® =0 (3)

where u(X, T) symbolizes the electrostatic potential of
the ion-cyclotron wave, X and 7 stand for the
nonlinearized spatial and temporal coordinates and
m and n are real parameters. The LGH Eq. (3) was
formulated by Lev Devidovich Landau and Vitaly
Lazarevich Ginzburg with broad applications for the
internal processes of complex physical phenomena
which occur to explain superconductivity and drift
cyclotron waves in radially inhomogeneous plasma for
coherent ion-cyclotron waves [11]. Another typical
form of Eq. (2) can be stated, such as q54 equa-
tion(a = —1,b = 1,¢c = —1), Klein—Gordon equation
(a=—1,b =m?,c =n), Duffing equation (¢ =0
with b and c¢ arbitrary), Sine—Gordon equation
(a=-1,b=1,c=-1/6) [8].

It is worth mentioning that there are many attempts
in the literature to obtain the exact solutions of Eq. (2),
as well as the special case of it, LGH Eq. (3), using
different analytical methods. Considering the more
general model in Eq. (2), there are different schemes
to obtain the exact and explicit solutions, such as the
extended mapping method, the hyperbola function
method, the Improved tanh-method, the modified
extended tanh-function method, a direct and unified
algebraic method [8, 12, 13, 16, 29], while for the
particular case, LGH Eq. (3), the travelling wave
solutions have been investigated in different contexts
using different approaches such as solitary wave
ansatz method in [4], the first integral method in [9],
the (G'/G, 1/G)-expansion method in [26], the
improved Bernoulli sub-equation function (IBSEFM)
method in [1], the sine—Gordon expansion (SGE)
method in [7], the extended tanh scheme in [6], the
generalized Kudryashov technique in [11].

In this paper, under some conditions, the integra-
bility of LGH Eq. (3) is proved by deriving the Lax
pair using AKNS scheme. It is worth noting that, there
are many different methods for deducing the Lax pair
for integrable NLEE’s, such as the prolongation
method [30], the extended homogeneous balance
method [31], the singular manifold method [32-34],
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and the AKNS approach [21, 22, 35]. Accordingly,
and using the inverse scattering transformation (IST)
method, we obtain a closed form solution to Eq. (3) of
type Kink soliton solution.

The residue of the paper is organized as follows: in
Sect. 2, we investigate the Lax pair for Eq. (3) using
AKNS approach. The inverse scattering transforma-
tion is applied to Eq. (3) in Sect. 3. In Sect. 4, the kink
type soliton solution is obtained and graphically
represented in 2d and 3d plots and a comparison
between our solution and different solutions in the
literature is represented in tabularized form.

2 The derivation of Lax pair

In this section, we derive the Lax pair in matrix form
for Eq. (3) by applying a simple modification of the
standard AKNS formalism.

Make the following transformation to Eq. (3):

X+T X-T

= )
Then by chain rule, we have
0 oxo oo 1/0 0
— =4 — = =4 —
0X O0XOox o0Xor 2\ox ot (5)
6_6x6+6t6_1 0 0
OTf 0Tox orTor 2\ox ot

From which we have
Ru_1(0 0\ (1P Fu
0xX2 4 \ox or)\ox ' or) 4 \ox? oxor  or?
u 1[0 0\[u ou\ 1[u 26214 o%u
= a\e a)\& o) "3\ o T

(6)

According to the above, the differential terms can
be written in the form

UTT — UXX = —Uxt (7)
Then Eq. (3) become
Uy = —m*u + n’u’ (8)

Consider the following linear spectral problems

v, = [—ioc)u q(x, t)}w )

r(x,t) ok
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where W(x,1) = (Y, (x,1), Y, (x,7))" and 2 is the
spectral parameter with 4, = 0.
From Eq. (9) we have

Vi = —io0dy + qi, (11)
Yo, = 1, + ity (12)
and from Eq. (10) we have

Uy, =AY, + By, (13)
Yo = Cy — Ay, (14)

From Egs. (11) and (13) we have
Vi = —i0/AY, — iadBY, + Cqly — Aqy, + q,,

(15)
Vi = —i02AY, +Aq, + Ay + Bryy, + indB,
+ Bxl//2
(16)
From Egs. (12) and (14) we have
Way = ArYry + Bripy 4 ray) + i0dCYry — iodAY, (17)

Vo = —i02CYy + Cqiry + Colby — Ary — idAY, — A, (18)
The compatibility condition ¥/,,, = ¥, yields
(Ay+ Br— Co)y + (2i0AB + 2Aq + B, — q,)f, =0
(19)
While the compatibility condition ¥, = ¥y,
yields
(2idC +2Ar — Co +r)y + (Cg — Br — Ay, =0
(20)
Equating the coefficients of ¥, and ¥, to zero, we
obtain the following system of equations
A, =qC—1B
B, +2ialB = q; — 2gA (21)
C, —2iaAC =r; +2rA

Now, expand A, B and C as follows

A:a(x;t)’B:b({,t)’C:C(x,t)
A

A A

Then

ay b, Cx
= — Bx:T
A’ A

Substituting from Eq. (23) into Eq. (21), we obtain
the following system of equations

A, (23)

ay=qc—rb

. b, + 2aq _
2iob — q; + — = 0 (24)
r— 2
—2iocc—r,+c -0
A

Equating the coefficients of 1° to zero gives
ay=gqc—rb (25)
q, = 2iob (26)
re = —2ioc (27)

While equating the coefficients of 2~ to zero gives
by +2ag=0 (28)
¢y —2ar =0 (29)

Multiply Eq. (30) by 2i, and use Egs. (26, 27), we
have

1
2ia, = ——(qr), (30)
o
Suppose  the  following  quantities  for
o,a(x,t),b(x,t),c(x,t),q(x,t) and r(x,1)

o =m’ (31)

10m>
(33)
) = —r(x.t) = 2 ), (34)

Under these considerations, Eq. (30) become
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1 [ —6n? on* 3n2
i.e.,
4 -6 2 6 4
= o (G S ) = (G

which is the LGH equation given in Eq. (3). We also
noted that under the considerations given in Egs. (31—
34), Eqgs. (29) and (30) are satisfied. Therefore, The
Lax pair for LGH Eq. (3) can be written as

. 2, _\/gn
—im*A o
_ m
wx - lpﬂ (37)
Vén .
T Uy m-A
L 2zm
— %uz + ﬁlﬁ 7\/611 u— 7\/6[3 W 3\/6’15 W
W, = —i m? 2m* m m3 10m> "
=4 | Von Von? 3 3v/6n° 5 1 3n? 2 3nt 4
L m S 10m5 " PR

(38)

Remark (1) Under the assumptions given in
Egs. (31-34), at |x| — oo with the initial condition
u — 0, the limits of A, B and C defined in Eq. (22) are
evaluated as.

. 32 34
lim A = lim —f(l—iuz—i—iu“)

x—=+00 x—+o0 2 m2 2m4
i
—=6(2) (39)
lim B= lim C = lim
x—+00 x—+00 x—+o00
i [(V6n Von? 3 3v/6n° 5
——|—u- uw w | =0
42\ m m3 10m°
(40)

3 The inverse scattering transformation for LGH
Eq. 3)

In this section, the inverse scattering transform (IST)
procedures will be followed for Eq. (3). Starting from
Eq. (9), which may be written in the form

d
A PR (41)
d

T T

@ Springer

Assume that g(x, ), r(x, ) and it’s derivative with
respect to x are decay sufficiently rapidly as.

|x| — oo, then we can introduce the following four
solutions to Eq. (9), which are defined by their
asymptotic behaviors at infinity as

Vo (xA)~ <(1)) e (x0)~ <(1)> e asx—oo  (42)

V_(x;A)~ ((1)) e (x0)~ (i)l ) & asx——oc0  (43)
These solutions may be written in matrix form as

_ Vi gw} _[‘/11— Ql_}
T+ [W2+ 70 A Yoo Yoo )

Since solutions given in Eq. (42) and Eq. (43) are
linearly dependent, where there Wronskian denoted

W (., ¢_) and W(J,¥_) is equal to zero

W, )= W1+l‘k27 — VYo -

— (eﬂxu) (0) _ (0) (eﬂxu) =0 (45)
W(J+,J_) = Juwz— - $2+$1f

= O~ ()0 =0 (9

Then solutions W and W_ may be connected via
the scattering matrix denoted S(1) as follows

W_(x;2) = Wi(x;4)S(A) (47)
ie.,

Yo =ap, + b$+ (48)
J, = Eler - EEJr

where

o [at) B
() {b(i) —a(A)

The solution ¥ (x; A) may always be represented
by an integral over an appropriate Kernel, while ¥_
can be obtained using the relation (47)

] (49)

W, (x: ) = Wolx; 2) + / K(:2)Wo(x: )y (50)

X

ie.,
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A

Yo Way 0 e
ki ka |[e™ 0
. d
+/|:k12 k22:||: 0 ela).y:| Ly

X

(51)

where at |x| — oo and [K(x,2)Wo(x; A)dy =0 we

have W (x; A) = Wo(x; 1) which describe the behav-

ior given in Eqgs. (42,43). To find the equations

satisfied by the elements of K(x; ), it is necessary to

ensure that ¥ (x; 4) is indeed a solution of (41).
From Egs. (41,50) we have

—io AW, = —iod | Wo(x; 4) + /K‘I’o(y; 2)dy

(52)

and

6 a o0
— —q — —q
ox o | W= Ox N |:Wo(x;).)+/KW0(Y§i)dY] (53)
P

Ox. d T ox

X

using the Leibniz integral rule for differentiation under
the integral sign which is defined as

az(x)

d N daz da1
e f(x,y)dy —f(xﬂz)ﬁ —f(x7a1)E
ap(x)
az(x) 5
+ / 5,/ (X )dy (54)
a(x)

Equations (52, 53) gives

—iol |Wo + / K¥ody| = —iod¥o + Q%o + IK (x,x)¥o
' . . (55)
-7 / K Wody + QO / KW,dy
where
{0 =] ~ |-1 0

o0
Using integration by parts for [K¥ody we have

— it / KWody = K (x,x)Wl + / K,Woldy  (57)

Then Eq. (55) become
IAK‘I’() — K‘F()IA-‘F Q‘l’() — /IAKX‘PU + Ky\l’()i— QK‘I’()dy =0
X

(58)

Equation (58) is satisfied if K(x,y) is a solution of
the following system of equations

TK(x,x) — K(x,x)I + Q(x) = 0 (39)

TK, + K,J — Q(x)K =0 (60)

From Eq. (59) we obtain the equations for ¢(x) and
r(x) as

q(x) = —2k12(x, x) (61)
r(x) = =2k (x,x) (62)
From Eq. (47) we have

E SRR IR

_WZ— lﬁz— lﬁ2+ lp2+ b —-a

Then

_‘//l—/a @_/a} _ {WH EH][ 1 5/5}

Yo Ja Y, /a Voo Yo, |lb/a —1
(64)

Assume that

¥o= [w"/a @_/a} T(2) = { ! b/a}

Yy Ja Y, /a bja -1
(65)
Then Eq. (47) may be rewritten as

Substituting from Eq. (50) into Eq. (66) gives
Y =¥+ / KW¥ody | T (67)

X

To get an integral equation for K, we multiply
Eq. (67) by ﬁ Wy (z; 4) for z > x, then we have
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1 — 1 B B o
2—‘P_(x; 2)¥o(z; ) = 2_\110(x; )T(A)¥o(z; 2) a(A,t) = a(A,O),a({l,.t) = a(l,O)_
" x i b(7,1) = b(4,0)e W b, 1) = b(2,0)e™!
1 - - = C
T / K(x,y)¥o(y; A)dy | T(4)¥o(z; 2) en(t) = en(0)e 2D 20 (1) = En(0)eP

X

(68)

Integrate with respect to 4 a long appropriate
contour in the complex A-plane from —oo to +occo. This
contour is indented into the upper half-plane for terms
involving ¢ and into the lower half-plane for e =%/,
we call these contours C. and C_, respectively. One
can arrive to the matrix Marchenko equation

o0

K(x,z) +F(x+z)+/K(x,y)F(y+z)dy:0

(69)
where
mm[o —ﬂm] o)

fXx) 0
f(X) = % /pOL)eideK o iz c (I)eixinx (71)
f(X) = i /ﬁ(ﬂ)eim{xdlc + iZC (t)efiaz,“x
—00 n=1

(72)

plA) = 283 P = % (73)

where p(1) and p(/) are defined as reflection coeffi-
cients, while c,(¢) and ¢,(¢) are defined as the
normalizing coefficients given by

b b

:W,zm(t) :m (74)

cn(t)

The solution of the matrix Marchenko Eq. (69)
gives K (x, z) from which and by using Egs. (61, 62) we
can recover the potentials ¢(x) and r(x).when
A~Jd(A), B~0 and C~0 as |x| = oo and u — 0,
the time evolution of scattering data can be evaluated
as follow (see e.g. [20, 21])

@ Springer

(75)

Then from Remark (1), one can obtain the time
evolution of the scattering data for Eq. (3) as follows

a(l,1) = a(1,0),a(4,1) = a(4,0)

o _ ﬂ» (76)
b4, 1) = b(4,0)¢2, B(, 1) = B(2,0)e3"
a(t) = ca(0)e?' ,n =1,2,....N (77)
en(t) = En(0)en' m = 1,2,.. N (78)

4 Travelling wave solutions for LGH Eq. (3)

In this section, we consider the reflectionless potential
p(2) =p(A) =0and N = N = 1. Substitute by these
considerations in Eqgs. (70-78) we have

f(X) = —ic, (O)eﬁzﬂazlx (79)

=L—ial X

f(X) = ic;(0)e*n (80)

Substituting Egs. (79, 80) with the help of Eq. (70)
into Eq. (69), we obtain the following system of
equations

m@@—m«WWW“/m&mwm®=o
X
(81)
klz(x, Z) _ ifl (O)eﬁt—iamx—iulz

—ic (O)ejlt_mm/kn(x7y)e_i“71‘ydy =0

(82)
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ko, (x7 Z) —icy (O)eﬁt-&-iahxﬂxi]z
o0
—icy (O)Eﬁﬁmlz/kzz()ﬂ y)e™dy =0
X

(83)

/ ki (x,y)e ™ dy = 0

X

=Lr—iodz

kzg(x, Z) — iEl (0)62"1

(84)
Starting from Eqgs. (81) and (82), assume that
oo
L(x,t) = ier 0077 [kia(r.y)e (85)
Then Eq. (81) become
ki1 (x,z) = L(x,1)e™* (86)

Inserting Eq. (86) in Eq. (82), we have
klz(x, Z) _ lf] (O)eiltfiomxfimlz
_ o0
=Lt—iol 1T\
+ iey (0)ezzlt * IZL(x, t)/ezx(m—il)ydy =0

(87)

Assume that A, — A, is pure imaginary, then
Eq. (87) become

=Ll x—ioiz
27,

klz(x, Z) = l'El (0)8
B C1 (0)6

Z*%t—iailz-&-ioz(i] —71)x
2

L(x,1)

= 88
OC(;L] —/11) ( )

Inserting Eq. (88) into Eq. (85), we obtain

—71(Z17:) ior(24—271)x
—ioccl(O)El(O)(/ll —11)€< I )t+ac(.| 241)

,,-(;.,ﬂ)> 420 (31T )

L(x,t) =
o? (7~1 - 7|)2 —¢1(0)¢ (O)e< 20y

(89)
Inserting Eq. (89) into Eq. (88), we obtain
l'OC2 (il — 21)261 (0)

L4200 x 100l
1

2?2 — 21)2624 —¢1(0)¢1(0)e?

kiz(x,x) =

(90)
Then from Eq. (61)

—2i0€2 (/q — 11)251 (0)
—e (O)El (O)eﬁﬁrhil]x

o1

q(x,1) = -
) a2 (/Ll _ Il)zeﬁtﬁ—hlmx

In similar way, by solving Egs. (83, 84) and using
Eq. (62) we obtain the potential r(x, ) as

—2i0€2 ()vl — 11)201 (0)

r(X7 t) - 5 \2 St—20ilx — =L1—2ailix
a?(Ay — A1) e — ¢1(0)2;(0)e2n
(92)

Case (1)

Let A; = iff, 21 = —if, then according to the sym-
metry g = —r we have from Eq. (91) and Eq. (92) that
¢1(0) = —¢(0), let ¢;(0) = 2if, then at these sym-
metries, and since o = m?, the potentials g(x,?) in
Eq. (91) and r(x,) in Eq. (92) can be written as

—4m*p
q(xa t) - m4eg_/§t+2m2/3x + e%ﬁt—Zmzﬂx (93)
And
4m* B
o) = e T2 | gt 2m fx -
Since g(x,1) = 72‘{5" uy then
8m’ 1
u(x,t) = wh Sht2m2 Lt—2m2f
Von J ety =2
mz 2/\'*1
= 2\3{6’” tan~! <mze4 f/; > (95)
n

Use the transformation (4) we obtain the solution
ui (X, T) for the LGH Eq. (3) as

2ve6 (4?2 =1)X+ (4m? 2 +1)T
u (X, T) = \g_m tan~! (mze—>
n

ap

(96)
where m and n are real parameters.

Case (2)

Let /; and /; as defined in case (1) and assume that
¢1(0) = —¢1(0) = 2p, then the potentials g(x,?) in
Eq. (91) and r(x,¢) in Eq. (92) can be written as

4im*p
e;—’}t+2m2ﬁx _ e%ﬂt72m2ﬁx

q(x,1) = 97)

mt

and
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Fig. 1 Soliton structure of
the solution (96) for the
values
p=04m=1n=1

Fig. 2 Soliton structure of
the solution (96) for the
values
p=07,m=05n=05

Fig. 3 Soliton structure of
the solution (100) for the
values
p=04m=1n=1

—4im*p

uX.7)

u]

r(x,t) =

( ’ ) m4e;—/§t+2m2/§x

Since g(x,1) =
respect to x

2m

@ Springer

—\/6n

. eﬁt —2m? Bx

u, then after integration with

20 40

[

1.5

0.5

1

e;—/}t+2m2 px eﬁl—Zm2 PBx

4m? /?2.»(—[
2
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Fig. 4 Soliton structure of
the solution (100) for the
values

=027, m=+v2,n=1

lu]

Use the transformation (4) we obtain another
solution, uy (X, T), for the LGH Eq. (3) as

2/6im (4m? 2 1) X+ (4m? 2 +1)T
Ve tanh ! (mze 7
n

MQ(X, T) =
(100)

In Figs. 1 and 2 different solutions extracted from
Eq. (96) are graphically represented with different
values of f,m and n

In Figs. 3 and 4 different solutions extracted from
Eq. (100) are graphically represented with different
values of f,m and n

As we mentioned earlier that there exist some
attempts for obtaining travelling wave solutions for
LGH Eq. (3) in the literature.

5 Conclusion

In this article, we have investigated the Landau-
Ginzburg-Higgs (LGH) equation which explain the
superconductivity and drift cyclotron waves in radi-
ally inhomogeneous plasma for coherent ion-cy-
clotron waves by the aid of the inverse scattering
transformation (IST) method. The integrability has
been proved by deriving the Lax pair under a simple
modification of  Ablowitz-Kaup-Newell-Segur
(AKNS) formalism. Different types of travelling wave
solutions have been established and graphically rep-
resented in 2d and 3d profiles.
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