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Abstract This paper focuses on the combination
resonances of a dual-rotor system with inter-shaft
bearing. The motion equations of the dual-rotor
system are formulated by the Lagrange equation, in
which the unbalanced excitations of the two rotors and
the clearance of the inter-shaft bearing are taken into
consideration. The HB-AFT method (harmonic bal-
ance-alternating frequency/time domain method) is
employed to obtain all the periodic solutions including
the unstable solutions of the system. The combination
resonance characteristics of the system are analyzed in
detail by using the frequency response curves and
separated frequency responses of the dual-rotor sys-
tem. Besides the two primary resonance peaks, three
more combination resonance regions in the frequency
response curves of the system are found, in which the
jump and bi-stable phenomena are observed. The
primary resonance is mainly dominated by the exci-
tation frequency w; and w;, the combination reso-
nance of the system is mainly dominated by the
combined frequency component of 2w, — wy,
4,y — 3wy, 3w, — 2w, and is almost independent of
other frequency components. Furthermore, the effect
of inter-shaft bearing clearance on the combination
resonance regions is obtained, it is indicated that
increasing the inter-shaft bearing clearance will not
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only affect the response amplitudes of the combination
resonance and change the “softening and hardening
characteristic” of the frequency response curves, but
also show a certain “stiffness weakening effect” on
the rotor system. The study in this paper is of great
significance to select the parameters of the dual-rotor
system reasonably so as to avoid harmful combination
resonance.
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Abbreviations

HB- Harmonic balance-alternating

AFT frequency/time domain method
SFD Squeeze film damper

AFT Alternating frequency/time domain
DFT Discrete Fourier transform

1 Introduction

Aeroengine with the dual-rotor system has been
widely used in the aviation industry [1], because of
the great advantage in high thrust—weight ratio, high
aerodynamic stability and not prone of surging, etc.
Dual-rotor system [2] is one of the core components of
aeroengine, in which the high-pressure rotor and the

@ Springer


http://orcid.org/0000-0003-0271-7323
http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-022-08133-8&amp;domain=pdf
https://doi.org/10.1007/s11071-022-08133-8

5198

L. Hou et al.

low-pressure rotor are connected by the inter-shaft
bearing [3], which could reduce the bearing casing of
the high-pressure rotor and shorten the length of
engine, thus reducing the weight and improving the
thrust—weight ratio of the aeroengine. But on the other
hand, the nonlinearities of the inter-shaft bearing are
always one of the main inducements of the nonlinear
dynamic behavior of the dual-rotor system, such as
jump, bi-stable, combination resonance and so on. It is
of great significance to analyze the influence of the
inter-shaft bearing nonlinearities on the dual-rotor
system dynamics for the parameter optimization and
healthy operation of aeroengine [4].

Much work has been carried out to analyze the
dynamic characteristics of dual-rotor systems based on
numerical method simulations, including the Runge-
Kutta method, the Newmark method and the shooting
method. Gupta et al. [5] performed some dynamic
calculation and experiments on a dual-rotor test rig,
the conclusions showed that there is cross-excitation
between the inner and outer rotor. Ferraris et al. [6]
analyzed the mass unbalance responses of a dual-rotor
system, it is indicated that the symmetry of the system
will affect the critical speed. Zhang et al. [7] proposed
a method to sense the unbalance of the rotors for a
dual-rotor system, in which the trial weigh is just
added on the outer rotor. Hu et al. [8] developed a five
degrees of freedom model for a dual-rotor system, the
simulation results indicated that the nonlinearities of
bearings have great effect on the dynamic character-
istics of the system. Wang et al. [9] analyzed the
influence of squeeze film damper (SFD) on a dual-
rotor system, the conclusions showed that the SFD
would induce complex motion of the system under the
conditions of small unbalance and high speed. Chen
et al. [10] studied the combined effect of base motions,
unbalanced excitations and gravity on the dynamic
characteristics of a dual-rotor system; it is found that
the base motions would influence the vibration modes
of the system. Gao et al. [11] presented a force model
for the inter-shaft bearing, in which a local defect and
nonlinearities of the bearing are taken into consider-
ation; the results showed that the defect will increase
the clearance and induce some abnormal resonances.
Gao et al. [12] analyzed the paroxysmal impulse
vibrations of a dual-rotor system based on the inter-
shaft bearing model with an outer raceway defect; the
results obtained by the Runge—Kutta method show that
the intermittently antiphase of the loading and defect
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position is the inducement of the paroxysmal impulse
vibrations. Ma et al. [13] analyzed the dynamic
characteristics of a dual-rotor system with coupling
effect of the inter-shaft bearing and rub-impact fault; it
is indicated that increasing the rub-impact stiffness
would induce complex motion of the system. Wang
et al. [14] analyzed the dynamic characteristics of
dual-rotor system with rubbing fault and unbalance-
misalignment coupling faults, the conclusions showed
that the coupling between the two rotors is very strong
due to the inter-shaft bearing. Yu et al. [15] employed
the Newmark method combined with the model order
reduction technique to obtain the responses of a dual-
rotor system with consideration of the inter-shaft rub-
impact, the results showed that the inter-shaft rub-
impact will induce new resonance peaks of the system.
Liu et al. [16] proposed dual-rotor dynamic coupling
model with nonlinear restoring forces of the two
rotors, the results obtained by the shooting method
showed that nonlinear dynamic phenomenon such as
multiple solutions, double period motions and even
chaotic motions emerged. Bavi et al. [17] analyzed the
simultaneous resonance and stability for the unbal-
anced asymmetric thin-walled composite shafts; the
effects of key parameters on the stability of the system
were examined. The above studies revealed many
valuable dynamic properties of dual-rotor system such
as multiple solutions, vibration jump and complex
motion, etc., but the mechanism investigations are
insufficient.

HB-AFT method (harmonic balance-alternating
frequency/time domain method) has been widely
applied to analyze the nonlinear dynamic character-
istics and the mechanism of rotor systems. It has great
advantages in dealing with nonlinear problems such as
piecewise linearity [18, 19], clearance [20], fractional
exponents [21], strong nonlinearity [22, 23] and so on.
Meanwhile, HB-AFT method is a semi-analytical
solution method which can grasp all solutions,
including the unstable solutions for rotor system.
Therefore, although the HB-AFT method could only
obtain the steady-state response of the rotor system, it
is more suitable than numerical method for the study
of nonlinear dynamic behavior mechanism of rotor
system with complex nonlinearities such as clearance,
piecewise linearity, nonlinear faults, etc. In the HB-
AFT method, both the vibration responses and non-
linear terms of the system are expressed by Fourier
series, then the nonlinear differential equations of the
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system are transformed into algebraic equations by the
Harmonic Balance procedure, a Newton—Raphson
iterative procedure is employed to solve these alge-
braic equations, the Jacobian matrix needed in which
is calculated by using the inverse discrete Fourier
transform (IDFT) procedure to construct the relation-
ship between the Fourier coefficients of responses and
nonlinear terms. Kim et al. [24, 25] analyzed the
nonlinear dynamic characteristics for a Jeffcott rotor
with piecewise linearity and clearance, quasi-periodic
response and internal resonant vibration are obtained.
By combining the HB-AFT method with an arc length
continuation procedure, Guskov et al. [26, 27]
obtained all the solution branches (including unsta-
ble solutions) for a Jeffcott rotor system with piece-
wise-linear pedestal. Zhang et al. [28, 29] modified the
HB-AFT method to deal with the rotor system with
bearing nonlinearities and analyzed the varying com-
pliance resonances of a ball bearing-rotor system with
clearance. The results show that period-doubling
bifurcation and chaos are found in the system. By
using the HB-AFT method, Li et al. [30] found there
are two ways toward instability, i.e., the period-
doubling bifurcation and the secondary Hopf bifurca-
tion for an offset-disk rotor system with nonlinear
restoring force of support. Yang et al. [31] employed
the HB-AFT method to obtain the responses of a
bearing-rotor with local defect on the outer raceway of
the bearing; the results showed that the defect would
induce super-harmonic resonances. Hou et al. [32]
extended the application of the HB-AFT method to
nonlinear dynamic analysis of dual-rotor system with
inter-shaft bearing and dual-frequencies excitations,
bi-stable, resonance hysteresis, and quasi-periodic
behaviors are found in the system. In order to improve
the computing efficiency of the Jacobi matrix needed
in the HB-AFT method, Gupta et al. [33-36] showed
that the advanced version of DFT and chaos analysis
may be a helpful tool in the future scope. Rahman et.al
[37] proposed a modified multi-level residue harmonic
balance method, which could handle the nonlinear
vibration problem of beam resting on nonlinear elastic
foundation. The above studies give a comprehensive
analysis of the nonlinear dynamic characteristics for
rotor system, however, most of dynamic model of
which are Jeffcott rotor system, the dynamic charac-
teristics and mechanism investigations for the dual-
rotor system with nonlinearities of the inter-shaft
bearing are insufficient.

The motivation of this paper is to detect the
combination resonances of a dual-rotor system with
inter-shaft bearing clearance and subjected to dual-
frequencies unbalanced excitations. Herein, the HB-
AFT method combined with an arc length continua-
tion procedure is employed to obtain all the periodic
solutions branches including the unstable solutions of
the system, hence one can get a comprehensive
understanding of the nonlinear dynamic characteris-
tics of the system. Wherein, three combination reso-
nance regions in the frequency response curves of the
system are found, in which the jump and bi-stable phe-
nomena are observed. By using the separated fre-
quency responses based on the HB-AFT method, the
contribution of each frequency component to the
combination resonances and the effect of the inter-
shaft bearing clearance is revealed, providing a better
understanding of the combination resonances mecha-
nism of the dual-rotor system. The results obtained in
this paper are of great significance to understand the
combination resonances mechanism of the dual-rotor
system so as to avoid harmful vibration.

2 Mechanical model

The schematic diagram of the dual-rotor system is
shown in Fig. la, where the inner rotor is the low-
pressure rotor supported by two rigid supports, while
the outer rotor is the high-pressure rotor supported by a
rigid support and an inter-shaft bearing. The inter-
shaft bearing model is shown in Fig. 1b. Assume that
the rotational shafts are rigid shafts, all the supports
are linearly elastic except the inter-shaft bearing, all
dampings are linear damping. Besides, the torsional
vibration of the rotors is ignored since the torsional
vibration is much smaller than the bending vibration
and will hardly affect the performance of the rotor
system when there is no lateral-torsional coupled
vibration in the system. This model [38] is obtained
from an actual dual-rotor system based on the modal
synthesis method. Although it is a simplified model, it
is able to reflect the vibration characteristics of the
system, including critical speed, resonances and some
nonlinear dynamics.

In the model, m; and e; are the mass and the
eccentricity of the inner rotor, m; and e, are the mass
and the eccentricity of the outer rotor, k; and c¢; are the
stiffness coefficient and the damping coefficient of the
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Fig. 1 Schematic diagram

of a dual-rotor system with

inter-shaft bearing. a for the
dual-rotor system model,

b for the inter-shaft bearing ¥y
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my, Jo, Jpz
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left support of the inner rotor, k; and c; are the stiffness
coefficient and the damping coefficient of the right
support of the inner rotor, k3 and c3 are the stiffness
coefficient and the damping coefficient of the left
support of the outer rotor, Jq; and Jp; are the diameter
and the polar rotational inertias of the inner rotor, Jq
and J, are the diameter and the polar rotational
inertias of the outer rotor, w; and w, are the rotation
speeds of the inner rotor and the outer rotor, and &, and
o are the stiffness and the clearance of the inter-shaft
bearing. Besides, L; =1L, Ly =3L, Ly = Ly = &L,
Ls = %L are the length of the rotational shafts. The
motion of the system is described by eight degrees of
freedom, where x; and y; are the horizontal and the
vertical displacements of the inner rotor, 0; and
represent the rotation angles of the inner rotor with
respect to x-axis and y-axis, x, and y, are the
horizontal and the vertical displacements of the outer
rotor, and 0, and /, refer to the rotating angles of the
outer rotor with respect to x-axis and y-axis. The
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motion of the system can be formulated by using the
Lagrange equation.

The kinetic energy [39] of the rotor consists of the
kinetic energy of the rotor translation and the kinetic
energy of the rotor rotation, in which the kinetic
energy of the inner rotor and rotor translation is
Imy (3 +57), $ma (53 +53), respectively, and the
kinetic energy of the inner rotor and rotor rotation is

2 Jai (9% + lﬁ%) + 3 Jp107 — Jplwllplgl and
%sz (9% + lﬂ%) + %Jpzwg + ]pzwgtﬁzez, respectively.

Thus, the kinetic energy of the inner rotor and the outer
rotor can be obtained as follows

1 . . 1 . . 1
T, = S (F +7) + EJCH (Qf + lﬁ) + EJ,nw%

- Jplwl‘/./lel
(la)
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1 . . 1 . . 1
T, = Emz (x% +y§) + Esz (95 + lﬂ%) + EJPZCO%
+ Jpa 4502

(1b)

The elastic potential energy of the inner and outer
rotors is denoted as follows

Vi= %kl ((xl + L1W1)2+(y1 — L101)2> (2a)
V) = %kz((xl — Loy >+ (i +L291)2) (2b)
Vs = %ks ((xz + L)+ (2 — L392)2) (2¢)

The dissipated energy of the inner and outer rotors
is denoted as follows

D, Z%ﬁ ((Xl +L1¢1)2+<);1 —L191)2) (3a)
D, :%Q((x'l —L2¢1)2+(y1 +L291)2) (3b)

D; = %Cs ((xz + L3lp2>2+ ()52 - L302)2) (3¢c)

The inter-shaft bearing is considered as a linear
spring model with a clearance J; the bearing force can
be denoted as

ky(e — 0) fore > 0
F, =
0 fore <6

(4)

where e = \/x% + yi is the radial displacement, x, =
(x1 — (Lp — Ls)yry) — (x — Lap,) is the horizontal
displacement, y, = (y; + (L, — Ls5)01) — (y2 + L46,)
is the vertical displacement.

The component forces with respect to x-axis and y-
axis are as follows

5] -5[2] -9

where H(x) = { L iz 0 is the Heaviside function.
Finally, acco cgﬁg T,‘OOEq. (1-5), and by using the
Lagrange equation

a (o o,
dr \ 9¢ dq

where

oDt
G = FO (6)

Ly =T, +T,— (Vi+V2+V3) (7a)
Dr =D+ D, + D; (71’))

the equations of motion of the system can be obtained
as follows

mx, + (C] + CQ)X] + (L]C] — L2C2)¢l + (k] + kg)xl
+ (Liki — Lako )Y
= mlelw% coswit — F

(8a)
ml)')'l + (C[ +C2)y1 — (L]C] —L2C2)01 =+ (kl —|—k2)y1
— (Liky — Lyk)0,
= mlela)f sinwt — F,
(8b)

Jar0; + (L%f’l + Lgcz)él — (Lic1 — L)y,
+ Jpl(l)llpl + (L%k] +L%k2)91 — (L1k1 — L2k2)y1
= (LZ - L5)Fy

(8¢c)

Ja + (L§C1 + Lgcz)lﬁl + (Licy — Lycer)Xy
— Jp10101 + (Liky + L3ko )Y, + (Liky — Loko)xy

= _(LZ - LS)Fx
(8d)

my%y + 3%y + Lacsyy + kaxa + Lakayh,

= I/HQEQCO% cos ot + Fy (8e)
mays + 3y, — Lac30s + ksys — L3k 0,

= mzeza)g sin wot + F), (8f)
széz + L§C3é2 — Lscsy, — JPQCL)Ql/'Iz + L§k392

— L3k3y,

= —(L» — Ls)Fy (8g)
szlﬁz + L%Cal//z + Lyczxy + Jpzcozéz + L§k3¢2

+ L3k3)C2

= (L, — Ls)F (8h)

. ] L
Letting g1 = 3, g2 =3, 3 = 4%, g4 = 5l01, gs =2,

Y LO L .
d6 =3 471 = 52 qs = 5102, T = w;t, where Jg is the

initial clearance of the inter-shaft bearing, the dimen-
sionless equations of Eq. (8) can be obtained as
follows
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4\ + gy + ongy + a3qr + oags

= o5co0s Q7 — ogFy (9a)
g + g — dagh + 03qr — ougz = o5 sin QT — o6 Fy
(9b)
q’3’ + ocgqg - agq'z + Ofloqﬁt + o193 — o12g> = o3Fy
(9¢)
I / / / _
qq + o8qy + oloq, — %0qg3 + %11g4 + t2q1 = —o3Fy
(9d)
qs + Bids + Prgs + B3qs + Pags
= fscos 1 + fFx (%)
ds + P16 — Pady + Bads — Badr
= Pssin Q1 + PeFy (9f)
4y + Bsdy — Pods — Prods + Bi1a7r — Piags
= —PBiFy (9g2)
s + Bsqs + Pods + Brody + P11gs + Brags = BisFx
(%h)
in which, Q; = z;‘ =1, = Z‘;f = 1 where 1 is the
. . _ (c+e) _ Lici—L
rotating speed ratio, oy = % oy = W,
o3 = U;:thj;)’ oy = Llllfrln_]é;%kz’ s = S‘_(l)’ X = ml()l)%(io’
_L01+Lc‘2 _L(Lc—Lc) _
g = Jaop %9 = lfdllwlz * ’ %10 = ﬁ’
(ki +(L—L1) k) L(Liky—Loks)
o= oy =T

L(L— L5) _ _¢a _Lscs _ _k
a13 - .Idlw ’ ﬂl - mz(Ol’ BZ Lmzw] ﬁ3 - mzw%’

2
__ _Liks __ @®) _ 1 __8
ﬁ4 T Lmo?? ﬂS T dow?? ﬁf’ T mwisy’ ﬁ7 T Wy’

ﬁ _ L%Cg ﬁ — LL36‘3 ﬁ Jp2(1)2 ﬁ — L§k3
8 7 Jpwr 9 szwl 10 = Jpop 11 Jpo?’

B = % Bis = J wz, Fx and Fy representing the

dimensionless bearing forces are as follows

[g]sz—M@O—%ﬂﬁ] (10)

where E=\/X;+7YZ,
Xp = (41 L 614) (QS — %‘IS) ‘
Y = ( ‘q3) — (96 + 3 7). A= 2.

The values of parameters of the system[38] are as
follows

@ Springer

my =20kg, J,1 =0.18 kgm?, Jg; =0.09 kg m?,
my = 13kg, Jpo = 1 kgm?, Jyp = 0.5 kgm?,
ki=5x10°Nm ' k=5x10°Nm™!,

k3=1x10"Nm',c;=100Nsm™!,
c,=100Nsm ',c3=100Nsm ' e;=1x10"%m,
e=3x10"m,L=1m,k,=1x 10" Nm™!,6p=5um.

(11)

3 Methodology

The HB-AFT proposed in [32] is employed to obtain
the periodic solutions for Eq. (9), in which the AFT
(alternating frequency/time domain) procedure is
employed to get the harmonic expending coefficients
of the harmonic balance residuals in time domain, and
then construct the relations between the coefficients of
the nonlinear forces and that of the supposed solution.
After that, an arc length continuation procedure [40] is
introduced into the HB-AFT method, then all solution
branches of the system are grasped, including the
unstable solutions. In addition, the Floquet theory
[41, 42] is employed to analyze the stabilities of the
solutions. The details of the methodology formulation
are as follow.

3.1 Harmonic balance method

With the consideration of the unbalance excitations of
two different frequencies from the two rotors, the
solution of Eq. (9) and the nonlinear forces of the inter-
shaft bearing can be expressed as Fourier series, i.e.,

qp =apoo
+ Z Z ;i c0s(iQ) + Q)T — by sin(iQ) +jQ)7)
i=—mj=—n
(12a)
Fr=cio
+ i i (clij cos(iQ) + jQ)t — djjj sin (i +j§22)r)
i=—mj=—n
(12b)
in which F,=Fx, F,=Fy, i=-m,---,m,

j=—n, -+, n, excluding iQ; 4 jQ, <0. The coeffi-
cients are unknowns to be determined. Herein, the
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harmonic terms of the two unbalanced excitation
frequencies and their combinations are all considered.
Substituting (12) into Eq. (9), and using the
harmonic balance procedure, one can get.
(i) constant terms

8100 = 03a100 + 0t4@400 + %6C100 (13a)
8200 = 03a200 — 044300 + %6C200 (13b)
8300 = (114300 — 2128200 — A13€200 (13¢)
8400 = 0114400 + %12a100 1 %13C100 (13d)
8500 = Paasoo + Baasoo — Bec1o0 (13e)
8600 = Paacoo — Baaz00 — Psc200 (13f)
8700 = Pr1a700 — Bradeoo + Br3c200 (13g)
8s00 = Pr1asoo + Braaso0 — Bizcioo (13h)

(ii) cosine terms

g1j = (063 — (i +jQ2)2>a1ij
— (iQ1 +jQ) (O(lbl[j + d2b4,’j) + ol4aq;
+ a6C1ij — Y05 (13i)

82 = (0(3 — (i +j92)2>612ij
— (iQ1 + jQ) (a1 b2y — 02b3;) — oaa3;;
+ 0t Cojf (13j)

&3 = (0611 — (i +j92)2)a3ij
— (iQ +j) (ocgb3,-j — oiobyj; + OC]Ob4ij)
— ®q2d3ij — %13C2j

(13K)
84ij = (0611 — (iQ +jQz)2)a4ij
— (iQ1 + jQ) (agbayj + c9b1;; — 0t10b3yy)
+ oppay; + ogscyy;
(131)
gsij = (ﬁs — (i +jQz)2)asv
— (iQ1 +jQ) (B1bsij + Babsij) + Paasi
— Bscrij — 1PBs
(13m)

86ij = (.33 — (i +j92)2)a6ij
— (iQ1 + j) (B1beij — Brbrij) — Paar
- ﬁ6€2ij
(13n)

87j = (511 — (i +jQ2>2)a7lj
— (i) +jQ) (Bsbrij — Pobeij — Probsi)
— Praasij + Bi3cai
(130)

88ij = (ﬁn — (i +jQ2)2)a8ij
— (iQ1 +jQ2) (Bsbsij + Pobsij + Brobij)
+ Broasij — Brsciij

(13p)
(iii) sine terms
89ij = (063 — (i +j92)2)b11;,-
+ (iQ) + jQ) (o1a1jj + w2a4;j) + dtaby
+ adjj (13q)

g10ij = (Ofs — (iQ JFjQZ)z)bZij
+ (iQ + j) (cr1a2i — 02az;) — oubsy;
+ Ot6d2,‘j + Vo5

(13r)

gij = (Ofn — (iQ +j92)2)b3ij
+ (iQ + j) (asazj — ooan; + ot10a4)
— o12bayj + o13dy
(13s)

gnij = (0611 — (i +192)2)b4ij
+ (iQ + j) (asasyj + o0ar; — o10az)
+ ooby — o3dyy
(13t)

g13ij = (/33 — (i +jQ2)2)b5ii
+ (iQ + jQ) (Brasi; + Brasi) + Babs;j
- ﬁedlij
(13u)

@ Springer
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814ij = (/33 — (iQ +jQZ)2>b6ij
+ (iQ + j) (Brasi — Brari) — Babrij
— Pedaij + P
(13v)

8155 = (511 — (i +192)2)b7ij
+ (iQ + j) (Bgazi — Boasi — Broasij)
— Buabeij + Bizdaij
(13w)

816j = (/511 - (i +fQ2)2)b8i/
+ (iQ) + jQ) (Bgasij + Poasi + Broari)
+ Buabsij — Brzdis
(13x)
Letting the right side of Eq. (13) be equal to zero,

then one can rewrite Eq. (13) as the following matrix
equation, i.e.,

g=AX+B=0 (14)
and X =
[@100, @200, @300, @400, 500, A6005 @700, A800, A1ij> A2ij,

azjj, Agij,  Asij, Aeij, A7ij, Agij, b1ij, baij, b3, bayj, bsyj,
]T

where g is the residual vector

beij, by, bg;j]  is the matrix of unknowns for the
solution, A is the coefficient matrix, and the rest terms
including the unknowns for the nonlinear inter-shaft
bearing forces are contained in the vector B.

Then the Newton—Raphson iterative procedure is

employed to get the fixed point X for Eq. (14), i.e.,
XD = X0 _ j-1g(k) (15)
where J is the Jacobian matrix, i.e.,

og oB
“ax A Tx
in which, A is a constant matrix corresponding to the
linear part, but the vector B is corresponding to the
nonlinear forces of the inter-shaft bearing, the coef-
ficients for which are unknown. In order to get 0B /0A,
one can employ the alter frequency/time domain
technique (AFT) to construct the relations between the
coefficients of the nonlinear forces and that of the
supposed solution.

J (16)
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3.2 The AFT procedure

For a given X, equally divide the time period into N
points, i.e.,

2Knr
= 17
t N (17)

in which, K =5, and N is the number of sampling
points of a common time period.

Then the responses ¢, at the rth discrete time can be
obtained as follows

qp(r) =ay00+ zm: Zn:

i=—mj=—n
2K (iQ) +jQ,) . 2Kmr(iQ) +jQ;)
Apij cos# —by;j sm#

(18)
where r =0, 1, ---, N — 1.
Substituting Eq. (17) and Eq. (18) into Eq. (10),
the nonlinear forces F'y and F at the rth discrete time
can be obtained as follows

o] = e —an (1 g5) i)

where
Xo(r) = (q1(r) —%L‘SCM(V)) — (gs(r) _%QS(V)),
Yo(r) = (q2(r) + 252 43(r)) — (g6(r) + 541 (r)),

E(r) = \/Xo(r)*+Y5(r)".

Using the DFT for Eq. (19), and considering
Eq. (12b), the corresponding coefficients of F)
(Fy = Fx, F, = Fy) in the frequency domain can be
obtained as follows

1 M=l
ClOOZNZFl(V) 1=1,2,3,4 (20a)
r=0
2 2Km(iQ) + jQ)r
cij=—» Fi(r)cos—————— [=1,2,3,4
> N
(20b)
J 2N*1F( ) nzm(ig1 +jQ)r
== 1(r) sin ———————"
N £ N (20c)
1=1,2,3,4
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Fig.2 Flowchart of the HB-
AFT method

Input
motion equation
v

Suppose solutions
as Fourier series

Update X by Eq.(15)

l:

Harmonic balance procedure
Generate residuals by DFT
in frequency domain

Calculate the

|
-

. T

Letting Q = [c10, ¢20, €1y, €24, duyj, do] . and
according to Eq. (18) to (20), we can calculate g—g by
using the following formula

0B 0B 0Q

Finally, the Jacobian matrix J can be obtained by
substituting Eq. (21) into Eq. (16). Then substituting
it into Eq. (15), one can update X by using the
Newton—Raphson iterative procedure, ie.,
XED = XK _ j=1g() When ||[X® — X*=D||is less
than the allowed error, the result converges. Further-
more, the pseudo-arclength continuation method is
employed to get all branches of solutions, and the
Floquet theory is used to analyze the stability of the
solutions obtained through the HB-AFT method.
Finally, the flowchart of the HB-AFT method is
shown in Fig. 2.

Jacobian matrix J

I

_|Calculate B by IDFT
- in time domain

No | Discrete sampling
7, = (2KT/N)r

4 Results and discussions
4.1 Nonlinear response of the dual-rotor system

IN the following sections, the nonlinear responses of
the dual-rotor system are detected by using the HB-
AFT method. In the calculations, ten frequencies are
supposed, that are i, wy, 2w, — w1, 2w — Wy,
3602 — 2(01, 3601 — 2(1)2, 4602 — 3601, 460] — 3602,
wy — w1, 2w, the error for every iteration process is
less than 10-12.

Figure 3 shows the frequency response curves of
the system for A=1.2 and 6 =y =5 pm. The
response amplitudes of the inner rotor and the outer
rotor are defined by

Ri =\/qi + 43 (28a)
Ry = /43 + ¢} (28b)
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Fig. 3 Frequency response 15 T T T T T
curves of the dual-rotor e Stable solution
system. a for inner rotor, Unstable solution
b for outer rotor e
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where R| is the response amplitudes of the inner rotor,
R is the response amplitudes of the outer rotor,qy, ¢»,
gs, qe are defined in Eq. (12a).

In Fig. 3a and b, the resonance peak at w; =
681 rad/s is induced by the primary resonance due to
the unbalance excitation of the outer rotor, in this case
w; ~ 817 rad/s. while the resonance peak at w; ~
815 rad/s is induced by the primary resonance due to
the unbalance excitation of the inner rotor, and in this
case w ~ 980 rad/s. The relative location of the two
resonance peaks is determined by the speed ratio,
since 4 = 1.2, so the rotation speed corresponding to
the first resonance peak is about 681 rad/s, and the
other is about 815 rad/s. Besides these two resonance
peaks, there are three more resonance regions nearby,
which are excited by the combination frequencies that
are close to the critical speed of the rotor system, and
marked by B, C and D. In these resonance regions, the
vibration amplitudes of the system are not so large
compared with the primary resonances, but jump
phenomena are observed, which are harmful to the
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safe and steady operation of the dual-rotor system. In
addition, region A is also a bi-stable region with
vibration jumps. The maximum jump magnitude of
region A and region D is larger for the inner rotor,
while that of region B and region C is larger for the
outer rotor. Nevertheless, all of these nonlinear
resonances are induced by the clearance of the inter-
shaft bearing.

In addition, in order to give an insight into the
system motions, the x response time history and rotors’
orbits of the inner rotor corresponding to the points
(w1 = 650 rad/s,w, = 680 rad/s, w; = 810 rad/s,w;
= 860 rad/s) of Fig. 3 are shown in Figs. 4 and 5,
where w; = 680 rad/s and w; = 810 rad/s are corre-
sponding to the resonance area of the system in Fig. 3,
and w; = 650 rad/s and w; = 860 rad/s are corre-
sponding to the non-resonance area of the system in
Fig. 3. The solid line denotes the results calculated by
the HB-AFT method, and the dotted line represents the
results of the Runge—Kutta method in all subfigures of
Figs. 4 and 5. It is shown that the motions of the
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Fig. 4 x response time history of the inner rotor. a w; = 650 rad/s, b w; = 680 rad/s, ¢ w; = 810 rad/s, d w; = 860 rad/s
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Fig. 5 rotors’ orbits of the inner rotor. a w; = 650 rad/s, b w; = 680 rad/s, ¢ w; = 810 rad/s, d w; = 860 rad/s

system are periodic motion, and the calculation results
including time history and rotors’ orbits obtained by
the Runge—Kutta method and the HB-AFT method are
basically consistent, which indicates that the accura-
cies of the two methods are almost the same. As for the
calculation efficiency, the average time consuming to
get the steady-state response of the system is about
3.2’ s by using the Runge-Kutta method, but the
corresponding time consuming is just about 0.11 s by
using the HB-AFT method, i.e., the calculation
efficiency of the HB-AFT method is about 29 times

that of the Runge—Kutta method. Furthermore, the
Runge—Kutta method can’t find the unstable periodic
solutions of the system as shown in Fig. 3 (red lines),
as a result it can’t reflect the whole picture of the
solution. In addition, using the HB-AFT method could
obtain a further understanding of the combination
resonances of the system by the separated frequency
responses, the details will be discussed next.
Furthermore, since the exact expression of
Eq. (12a) can be obtained through the HB-AFT
method, the responses of the system can be
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Fig. 6 Separated frequency
responses of the dual-rotor
system for the same

parameters as Fig. 3. a for
inner rotor, b for outer rotor.
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decomposed separately into different harmonic com-
ponents. The definitions of amplitudes for the sepa-
rated harmonic components are presented as follows

Rij = \Jaly + B+ ad; + B3, (29a)

Rojj = a?ij + bgij + aél-j + bgij (29b)
where Ry; is the separated harmonic components
response amplitudes of the inner rotor, Ry; is the
separated harmonic components response amplitudes
of the outer rotor.

The separated frequency responses of the system for
parameters having the same value as Fig. 3 are shown in
Fig. 6, which are meaningful to know exactly how much
each frequency component contributes to the vibration
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responses of the system. It can be observed that apart from
the basic components of ; and w,, the components of
2w, — w; and 2w — w; are notable in the response of
the inner rotor in Fig. 6a, while the components of
2w, — w1, 3w; — 2w, and 4w, — 3w, take a promi-
nent role in the response of the outer rotor in Fig. 6b.
The latter three frequency components play a decisive
role in the appearance of the resonance regions B, C
and D in Fig. 3. The resonances are the corresponding
combination resonances. Specifically, region B is
induced by the combination resonance of 2w, — my,
while region C and region D are corresponding to the
combination resonances of 3w, —2w; and
4w, — 3wy, respectively. The reason of the combina-
tion resonance is that the clearance and the fractional
Hertz contact restoring force of the inter-shaft bearing
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Fig. 7 Frequency response 15 T
curves of the dual-rotor
system for different values
of inter-shaft bearing
clearance. a for inner rotor,
b for outer rotor
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are essentially nonlinear, especially the clearance
would change the contact state of the rollers, thus
causing the stiffness change of inter-shaft bearing.

4.2 Effect of inter-shaft bearing clearance

The inter-shaft bearing clearance is one of the main
inducements of the combination resonance of the dual-
rotor system, so it is very important to analyze the
influence of the clearance for revealing the mechanism
of the combination resonance. This section presents
the effect of the inter-shaft bearing clearance on the
nonlinear responses of the dual-rotor system. Firstly,
the frequency response curves of the dual-rotor system
for 6=0,0=1pum, =3 pm and 6 =5 pum are
shown in Fig. 7, in which the amplitudes of the system
are calculated by Eq. (28), and the stability of the
periodic solutions are analyzed by the Floquet theory.
In addition, for all the subfigures of Fig. 7, the solid
lines and the dotted lines represent the stable and
unstable solutions branches, respectively.

As shown in Fig. 7, for 6 = 0, there are only two
primary resonance peaks on the frequency response
curve, since in this case the dual-rotor system is a

700 750 800 850 900
w, (rad/s)

linear system. When the inter-shaft bearing clearance
increases from 6 = 0 to 6 = 5 pm, both the resonance
amplitude and the resonant frequency of the primary
resonance peaks change very little. It is observed from
Fig. 7 that as the inter-shaft bearing clearance
increases, the amplitude of the first resonance peak
decreases gradually but the amplitude of the other
resonance peak changes slightly. Furthermore, as the
inter-shaft bearing clearance increases from ¢ = 0 to
0 =5 pm, both the locations of the two resonance
peaks move to the left gradually, which indicates that
increasing the clearance will weaken the stiffness of
the system. This is because changing the clearance
will induce the change of the contact state of the inter-
shaft bearing rollers, including number of rollers in
contact.

In addition, it is shown in Fig. 7 that increasing the
clearance of the inter-shaft bearing will change the
nonlinear dynamic characteristics of the dual-rotor
system significantly, including the number of periodic
solutions both for the primary resonance regions and
the combination resonance regions, and the existence
of the combination resonance regions. For the primary
resonance regions, it can be observed from Fig. 7 that
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when the clearance is 0 to 4 um, there is only one
solution branches, however, when 6 = 5 pum, there are
three solution branches and thus make the bi-
stable phenomena emerge. Furthermore, for the com-
bination resonance regions, when the clearance is 0 to
3 um, the combination resonance phenomena are not
obvious, but when the clearance increases to 4 and 5
pm, obvious combination resonance phenomena could
be observed in the system. In addition, as the clearance
increasing from 4 pm to 5 pm, it can be clearly
observed that the combination resonance peaks move
a lot to the left, indicating a significant decrease of the
corresponding resonant frequencies.

In order to give an insight into the evolution of the
frequency components in the frequency response of
the outer rotor shown in Fig. 7b, the separated
frequency responses for frequency components of
Wi, W, 207 — 1, 201 — Wy, 3wy — 2w, and 4w, —
3w are shown in Fig. 8, in which The effective values
of response amplitude for each frequency component
are also calculated by Eq. (29); the solid lines and the
dotted lines represent the stable and unstable solutions
branches corresponding to each frequency,
respectively.

Subfigures (a) and (b) of Fig. 8 show the effect of
clearance on the separated frequency response of w;
and wp, which are corresponding to the primary
resonance. In Fig. 8a, the main resonance peak is
subject to the unbalance excitation of the inner rotor,
which is excited when the inner rotor passes through
the first critical rotational speed. With the increase of
the inter-shaft bearing clearance, the resonant fre-
quency has a little decrease, and the resonance
amplitude also decreases slightly, since the rigidity
of the system is reduced. Similarly, in Fig. 8b, the
resonance peak subject to the unbalance excitation of
the outer rotor also has a decrease in both the resonant
frequency and the resonance amplitude, which is
excited when the outer rotor passes through the first
critical rotational speed. Furthermore, when 6 =5
pm, a bi-stable region emerges.

Subfigures (c) to (f) of Fig. 8 show the effect of
clearance on the separated frequency response of
2w, — wy, 2w; — w2, 3w, —2w; and 4w,y — 3wy,
which are corresponding to the combination reso-
nance. As shown in subfigures 8(c) to 8(f), when
0 = 0, there is no vibration response, with the increase
of the inter-shaft bearing clearance, the vibration
responses emerge and increase in general, and there
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emerge several resonance peaks. In Fig. 8c, the most
prominent resonance peak is in the frequency region
between w; = 820 rad/s and w; = 900 rad/s. With
the increase of the inter-shaft bearing clearance, the
resonant frequency decreases, but the resonance
amplitude increases dramatically, and a crossover
structure emerges on the frequency response curve in
the cases of 6 =3 um and § = 5 pm, leading to the
presence of the coexistence of soft characteristic and
hardening characteristic. In Fig. 8d, there are several
resonance peaks, but the vibration amplitudes are
really small in comparison with that in Fig. 8c, e and f.
In Fig. 8e, the most prominent resonance peak is in the
frequency region between ; = 680 rad/s and
) = 820 rad/s. Similarly to Fig. 8c, with the increase
of the inter-shaft bearing clearance, the resonant
frequency has a decrease, while the resonance ampli-
tude has an increase, and a crossover structure is
presented on the frequency response curves for 6 = 1
pm, 6 = 3 pm and 6 = 5 pm.

As shown in Fig. 3, there are three combination
resonance regions in the frequency response curves of
the dual-rotor system, marked as B, C and D,
respectively. It can be seen from the previous analysis
that the inter-shaft bearing clearance would affect the
combination resonance characteristics of the system,
and the influence on that of the high-pressure rotor is
more significant. Next, we will explore the influence
of the clearance on the combination resonance char-
acteristics of region B, C and D. The separated
frequency responses of the outer rotor of each
combination resonance region are shown in Figs. 9,
10, 11, respectively, in which the effective values of
response amplitude for each frequency component are
also calculated by Eq. (29), the solid lines and the
dotted lines represent the stable and unstable solutions
branches corresponding to each frequency,
respectively.

Figure 9 shows the separated frequency responses
of the outer rotor of region D for the same parameters
as Fig. 7 with different clearance of the inter-shaft
bearing.

Subfigure (a) is corresponding to the separated
frequency response of frequency component
2w, — wy, it is shown that increasing the inter-shaft
bearing clearance will increase the response, and make
the resonance frequency reduction. Subfigure (b) is
corresponding to the separated frequency response of
frequency component 2c; — @;, which shows that the
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Fig. 8 Separated frequency
responses of the outer rotor
for the same parameters as
Fig. 7. a for frequency
component of wy, b for
frequency component of ,,
c for frequency component
of 2w, — wq, d for
frequency component of
2m; — wy, (e) for frequency
component of 3w, — 2wy,
(f) for frequency component
of 4wy — 3wy
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frequency responses of region D contain little response
of this frequency component, and the change of the
clearance has little influence on this situation. Subfig-
ure (c) is corresponding to the separated frequency
response of frequency component 3w, — 2wy, it is
indicated that this frequency component has some
contribution to the combination resonance response of
region D, and the change of the inter-shaft bearing
clearance has little influence on the response ampli-
tude, but make the resonance frequency reduction
significantly. Subfigure (d) is corresponding to the
separated frequency response of frequency component
4w, — 3wy, it is shown that the frequency component
has some contribution to the combination resonance
response of region D, and the change of the clearance
will affect the separated frequency response signifi-
cantly, i.e., when the clearance amplitude is 1 pm, a
resonance peak emerges in the separated frequency
response of the frequency component; when the
clearance amplitude increases to 2 pm, both the
amplitude and the frequency of the peak keep
increasing; besides, the increasing the clearance will
make the amplitude and the frequency of the peak
induction.
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To sum up, it can be seen from Fig. 9 that the
combination resonance response of region D is mainly
dominated by the combined frequency component of
2w, — w; and 4w, — 3w}, and almost independent of
other frequency components. Furthermore, the inter-
shaft bearing clearance will not only affect the
response amplitudes of the combination resonance in
this region, but also show a certain “stiffness weak-
ening effect” on the rotor system in this region.

Figure 10 shows the separated frequency responses
of the outer rotor of region C for the same parameters
as Fig. 5 with different clearance of the inter-shaft
bearing.

Subfigure (a) is corresponding to the separated
frequency response of frequency component
2w, — wy; it is shown that the frequency component
has some contribution to the combination resonance
response of this region. Moreover, increasing the inter-
shaft bearing clearance will hardly change the
response amplitude, but make the resonance frequency
reduction. Subfigure (b) is corresponding to the
separated frequency response of frequency component
2w; — wy, which shows that the frequency responses
of region C contain little response of this frequency
component, and the change of the clearance will
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Fig. 9 Separated frequency
responses of the outer rotor
of region D for the same
parameters as Fig. 7. a for
frequency component of
2wy — wy, b for frequency
component of 2m; — w,, €
for frequency component of
3w, — 2wy, d for frequency
component of 4w, — 3w,
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Fig. 10 Separated frequency responses of the outer rotor of
region C for the same parameters as Fig. 7. a for frequency
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hardly influence this situation. Subfigure (c) is corre-
sponding to the separated frequency response of
frequency component 3w, — 2wy, it is indicated that
this frequency component has some contribution to the
combination resonance response of region C, and the
increasing of the inter-shaft bearing clearance will
make the response amplitude increasing, meanwhile
make the resonance frequency reduction significantly.
Furthermore, a kind of circle structure emerges in the
separated frequency response of the frequency com-
ponent when the clearance is more than zeros, which
makes the separated frequency response curves
behaving both “stiffness hardening characteristic”
and “stiffness softening characteristic”. Subfigure (d)
is corresponding to the separated frequency response
of frequency component 4w, — 3w; it is shown that
there is a resonance peak in the response curve, which
indicates that the frequency component has some
contribution to the combination resonance response of
region C. It is worth noting that the amplitudes of the
resonance peaks are much less than that of Subfig-
ure (c). Furthermore, the response curves behave like a
hardening characteristic when the clearance is 1 pm, 2
pm and 3 pm, however, there emerges a circle
structure, which makes the response curve behaves
both “stiffness hardening characteristic” and “stiff-
ness softening characteristic” when the clearance
increases to 4 pm. When the clearance amplitude is 5
pm, the circular structure is more obvious.

In a word, it can be seen from Fig. 10 that the
combination resonance response of region C is mainly
dominated by the combined frequency component of
3wy — 2w;. Furthermore, the inter-shaft bearing
clearance will not only affect the response amplitudes
of the combination resonance in this region, but also
show a certain “stiffness weakening effect” on the
rotor system in this region.

Figure 11 shows the separated frequency responses
of the outer rotor of region B for the same parameters
as Fig. 7 with different clearance of the inter-shaft
bearing.

Subfigure (a) is corresponding to the separated
frequency response of frequency component
2w, — my, it is shown that the frequency component
has some contribution to the combination resonance
response of this region. Besides, increasing the inter-
shaft bearing clearance will make the response
amplitudes increasing, meanwhile make the resonance
frequency reduction. When the clearance is 1 pm, the
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separated frequency response curve behave like a
linear characteristic, but when the clearance increases
to 2 um, there is a circular structure in the curve, which
makes the curve behave as both “softening character-
istic” and “hardening characteristic”. Subfigures (b)
and (d) are corresponded to the separated frequency
response of frequency components 2w; — w; and
4w, — 3wy, respectively, which shows that the fre-
quency responses of region B contain little response of
these frequency components, and the change of the
clearance will hardly influence this situation. Subfig-
ure (c) is corresponding to the separated frequency
response of frequency component 3w, — 2wy, it is
indicated that this frequency component has some
contribution to the combination resonance response of
region B, and the increasing of the inter-shaft bearing
clearance will hardly influence the response ampli-
tude, but make the resonance frequency reduction
significantly.

In conclusion, it is shown in Fig. 11 that the
combination resonance response of region B is mainly
dominated by the combined frequency component of
2m, — ;. Furthermore, the inter-shaft bearing clear-
ance will not only affect the response amplitudes of the
combination resonance in this region, but also show a
certain “stiffness weakening effect” on the rotor
system in this region.

In summary, there are two primary resonance
peaks, and three more combination resonance regions
in the frequency response curves of the system are
found, in which the jump and bi-stable phenomena are
observed. Furthermore, clearance of the inter-shaft
bearing is one of the main inducements of the
nonlinear phenomena of rotor system, including bi-
stable, multiple solutions and combination resonance.

5 Conclusions

In this paper, the dynamic model of a dual-rotor-
bearing system has been formulated by the Lagrange
equation, in which the unbalanced excitations of the
two rotors and the nonlinearities of the inter-shaft
bearing are taken into consideration. The modified
HB-AFT method has been employed to obtain all the
periodic solutions including the unstable solutions of
the system. The combination resonance characteristics
of the system have been analyzed in detail. The main
conclusions are as follows:
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(1) There are two primary resonance peaks induced
by the unbalance excitation of the two rotors in
the frequency response curves of the system, bi-
stable and vibration jump phenomena are
observed in the first primary resonance region.

(2) Besides the two resonance peaks, there are three
more combination resonance regions in the
frequency response curves of the system, in
which the jump phenomena are observed, which
are harmful to the safe and steady operation of
the dual-rotor system.

(3) The combination resonance of the system is
mainly dominated by the combined frequency
component of 2w, — w;, 4wy — 3wy, 3w, —
2w, and is almost independent of other fre-
quency components.

(4) Increasing the inter-shaft bearing clearance will
not only affect the response amplitudes of the
combination resonance and change the “soften-
ing and hardening characteristic” of the fre-
quency response curves, but also show a certain
“stiffness weakening effect” on the rotor
system.

The study in this paper is of great significance in
selecting the parameters of the dual-rotor system
reasonably so as to avoid harmful combination
resonance.

6 Future scope

The HB-AFT method has great advantages in the
nonlinear dynamic characteristics analysis of rotor
system with complex nonlinearities such as clearance,
piecewise linearity, nonlinear faults, etc. Future works
will be focused on detecting the nonlinear dynamics of
dual-rotor system based on high dimensional model
with complex nonlinearities by employing the mod-
ified HB-AFT method, and extending the application
of the HB-AFT method in the dynamic analysis of
other complex rotating machinery such as aero-
engines and gas turbines.
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