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Abstract The current work introduces two extended
(3 + 1)- and (2 + 1)-dimensional Painlevé integrable
Kadomtsev—Petviashvili (KP) equations. The integra-
bility feature of both extended equations is carried out
by using the Painlevé test. We use the Hirota’s bilin-
ear strategy to explore multiple-soliton solutions for
both extended models. Moreover, we formally furnish
a class of lump solutions, for each extended KP equa-
tion, by using distinct values of the parameters. Proper
graphs are furnished to highlight the characteristics of
the lump, contour, and density solutions.

Keywords Kadomtsev—Petviashvili equation -
Painlevé integrability - Multiple soliton solutions -
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1 Introduction

Higher dimensional integrable systems have been dealt
with recently from physical and mathematical points
of view. Because of its significant effects in scientific
areas, immense research has been invested in construct-
ing and studying integrable models. The higher dimen-
sional integrable equations have attracted lot of studies
in various fields, such as solitary waves theory, ion-
acoustic waves in plasmas, and many other scientific
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fields. The Painlevé integrable systems exhibit multi-
ple solitons solutions and infinite conservation laws [ 1—
16].

In [1], a (3 + 1)-dimensional Kadomtsev—
Petviashvili-type equation was introduced as

a* + b* — 6a%b? 3(b% —a?)

auxy — Tuxxxx - 4 (Mz)xx
3 3
—Zl,tyy-i-zuzz =O, (1)

which admits a weak dispersion term u .,y , Was intro-
duced in [1]. The Béicklund transformation was used to
investigate its integrability [1]. However, equation (1)
is not Painlevé integrable in its given form.
Researchers invested a great deal of works to extend
and generalize the integrable systems [11-20] to higher
dimensional models. These works have led to the for-
mation of many higher dimensional integrable systems.
The higher-dimensional integrable models allow us to
explore the solution dynamics through using a variety
of powerful techniques [20-34]. Two comprehensive
review papers appeared recently in [33,34] in the area
of nonlinear wave structures in many physical settings,
including nonlinear optics and photonics and matter
waves in Bose—Einstein condensates. Researchers in
[33] examined the two- and three-dimensional soli-
tons and related states, such as quantum droplets, that
can appear in optical systems, atomic Bose—Einstein
condensates, and liquid crystals, among other physical
settings. However, in the overview presented in [34],
new findings concerning light bullets, the creation and
diverse applications of few-cycle (ultra-narrow) optical
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pulses, and the emergence of rogue waves in various
media were formally furnished.

We now propose an extended (3 + 1)-dimensional
Painlevé integrable equation that reads

a* — 6a%b* + b* 3% —d?)

AUyt — Tuxxxx - 4 (uz)xx
+auxx + ,Buxy + YUxz + )“MZZ + /,LMyZ
MZ
—i—auyy =0, (2)

that extends (1) by adding more linear terms, where
a,b,a, B,y, X, and u are real numbers, but a, A # 0,
and u = u(x,y,z,t) is a sufficiently differentiable
function with respect to the spatial and the temporal
variables.

It is to be noted that for y = 0,1 = 0, and
u = 0, equation (2) will be transformed to a (2 + 1)-
dimensional equation as

a* — 6a%b® + b* 3 —a% ,
Auxr — T“xxxx - T(“ xx
Fouyy + Buxy + nityy = 0, (3)

where u = u(x, y, t). Equation (3) will be studied later
in details. However, each equation (2) or (3) involves
one nonlinear term (1), in addition to the remaining
linear terms.

Studies on multiple soliton solutions and lump solu-
tions have been flourishing recently for their important
roles in nonlinear scientific fields. Lumps are character-
ized by locality with high amplitude. Lumps and soli-
tons can be obtained via using the Hirota bilinear form
[1-20]. Physically a lump may be detached (or emit-
ted) from a line soliton, survives for a brief transient
period in time, and then merges with the next adja-
cent soliton. Several powerful schemes, such as the
Hirota method, and Darboux transformation method,
have been formally employed for studying nonlinear
integrable models [30-34].

In this article, we will first confirm THE complete
integrability of the extended (3 + 1)- and (2 + 1)-
dimensional KP equation (2) and (3) via using the
Painlevé test to show each retrieves Painlevé integra-
bility, whereas Eq. (1) is not Painlevé integrable. Con-
sequently, multiple soliton solutions can be derived
for both extended equations. In addition, a class of
lump solutions will be furnished for both extended KP
equations (2) and (3) by using distinct values of the
employed parameters.
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2 Extended (3 + 1)-dimensional nonlinear KP
equation

We will first emphasize the Painlevé integrability for
the extended (3 + 1)-dimensional nonlinear KP equa-
tion (2). Next, the Hirota’s method will be used to
formally derive the multiple soliton solutions for this
extended model. A class of lump solutions will be fur-
nished, and we will select two cases of the employed
parameters to derive lump solutions. Other lump solu-
tions will be furnished.

2.1 Painlevé analysis to Eq. (2)

Many powerful tools, such as Lax pair, and Painlevé
Analysis, can be used to test integrability of any non-
linear evolution equation [1-10]. To show that Eq. (2)
retrieves its integrability, although some linear terms
were added, we employ the Painlevé analysis method
[1-20].

We assume that Eq. (2) has a solution, given as
a Laurent expansion about a singular manifold ¢ =

V(x,y,z,1) as

e¢]

(e, y, 2,0 =Y w(x,y, 2, )P 7. )

k=0

This in turn gives a characteristic equation with one
branch for resonances at k = —1, 4, 5, and 6. The res-
onance at k = —1 corresponds to ¥ (x, y,z,t) = 0.
Moreover, explicit expressions for 1, us, and u3 were
furnished. However, we found that u4, us, ug turn out
to be arbitrary functions for all real values of the param-
eters «, B, v, A, i, a and b. Moreover, it is necessary
to note that a # 0, a # +b, and A # 0. This confirms
the Painlevé integrability of the (3 + 1)-dimensional
Eq. (2).

However, fory = 0, A = 0, and u = 0, the reduced
(2+ 1)-dimensional equation is also Painlevé integrable
viausing Painlevé analysis. Based on this, we will study
briefly this case related to the multiple soliton solutions
in the next section.

2.2 Multiple soliton solutions

To derive the multiple soliton solutions of Eq. (2), we
substitute
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u(x,y,z,t) = ghixtriytsiz=cit 5) Based on this, the single soliton solution follows
upon substituting (10) and (9) into (8) as

P —i(a*—6a2 b2+ )k +160k1 (Bri+ys))+Haury @hsy+ur)+16A@k? +1s3)
1X+7r] S1Z2—
(a4 — 6a%b? + b4)e Y T6aik;

an

u(x,y, z,t) =—
» Ys % — 1@ ~6a2b2+bY )k + 163k} (Bry+ys))+4ur] (Ghs) +ur)+16) (k] +7s7)

2a? — 2)(1 4 LT Toai

For the two soliton solutions, we use the auxiliary

into the linear terms of (2) to obtain the dispersion rela- function as

tions as

_ —(a* —6ab* + b*) Ak} + 164k (Bri + ysi) + 4puri (4hsi + pri) + 161 (ak? + As})

i 6
< 16ark; ©)
and hence, the phase variables

Oi = kix +riy +siz

—(a* — 6a%b? + b*) Mk} + 161k (Bri + ysi) + 4uri (4hs; + pry) + 161 (ck? + As?) . o
16aXk; ’
follow immediately fori = 1,2, ---, N. We next use
the transformation Fy, 2,0 =146 1 e 4 apehto, (12)
M(va,z’t):R(ln f(x7yvzvt))x)c7 (8)

where a is the phase shift of the interaction of soli-
tons. To determine the phase shift ajp, we substitute

into Eq. (2), where the auxiliary function f(x, y, z,t) (12) into (2), and solving we obtain

reads

0 k1x-r1 y+s12— —(a*~6a2 b2 +bM )k + 160k (Bry+ys))+apry (Ghs) +ur))+160(ak? +4s7) ,
fx,y,z,)=1+e" =1+4e T6ank ’ )

used for deriving the single soliton solution. This gives

(a* — 6a*b* + b*)

R =
2(a? — b?)

(10)

@ Springer



3626

A.-M. Wazwaz

3n(a — 6a*b* + bYkTk3 (ki — k2)? + 1642 (k52 — kos1)? + 4u (kira — kor1)* + 16Ap(kiry — kary) (k152 — kasi)

apn =

3n(a — 6a2b? + bYKTK3 (ki + k2)? + 1642 (k152 — kas1)? + 4u(kira — kor)? + 16Ap(kiry — kory) (k152 — kast)

(13)

which can be generalized as

3r(a* = 6a’b? + bYKIKS (ki — kj)* 4 16A% (kisj — kjsi)> + 4> (kirj — kjri)? + 16Ap(kirj — kjri)(kisj — kjsi)

wi = :
Y Baat — 6a2b? + KK (ki + k)2 + 1602 (kisj — kjsi)? + 4P (kir — kjri)? + 16 (kir; — ki) (kisj — k;si)

(14)
for 1 <i < j < 3. This result shows that the phase P a* — 6a’b* + b4u
shifts (14) depend only ona, b, A and  as well as on the A 16 e
coefficients of the spatial parameters &, r, and s,,, n = 3(1)2 — az) 2
1,2, 3. Substituting (13) and (12) into (8) provides the - 4_(M Jxx T o(uxy + uxy + Uxz)
two soliton solutions. FA(uzz + 2uy; +uyy) =0. 17
Fo'r the three soliton solutions, we apply the auxiliary Consequently, equation (16) is transformed to
function f(x, y, z,1) as
0 o 1% 01+6 4 _6a2b2+p*
fOry a0 = 14e 46 46" +ane” a(ffus = fufi) — CGEHE
+a13691+93 + 023692_|—93 + a12¢123al3691+92+93 X(ffaxxx — 4 faxx Sx + 3(fxx)2)
(15) +a ((ffxx _fxfx)+(ffxy' _fxfy) (18)

Substituting (15) into (8) provides three soliton solu-
tions.

2.3 The (3 + 1)-dimensional model: lump solutions

Lump solution is a kind of rational function solution
localized in all spatial directions [20-32]. This is unlike
a soliton solution which is exponentially localized in
all directions in spatial and temporal variables [1-12].
Usually, we use the generalized positive quadratic func-
tion to study the lump solutions. To derive lump solu-
tions, we transform the (3 + 1)-dimensional KP equa-
tion (2) into a bilinear equation in operators as

4 272 4
a* —6a°b”+b
(anD, — TDﬁJraDﬁJrﬂDny
112
+yDyD; + AD? + uD, D, + H1)5) f-f=o0,
(16)

where D;, Dy, Dy, and D, are the Hirota’s bilinear
derivative operators. To ease computational works, we
substitute « = 8 = y,and © = 21 in (3 + 1)-
dimensional KP equation (2) to obtain
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+(ffaz = 2 f2)
+A ((ffzz - fzfz) + 2(ffyz - fyfz)
+(ffyy - fyfy)) = O,

obtained upon using

a* — 6a%b? + b*

W(ln FO Y, 2,

19)

M()ﬁy,ZJ):—

To obtain the quadratic soliton solutions for (17), we
set

g = aix +axy +aszz + ast + as,
h = agx + a7y + agz + agt + ayo, (20)
f=g>+h*+ay,

where a;, 1 < j < 11 are real parameters that we will
be derived. Substituting (20) in (18), we get a polyno-
mial of the variables x, y, z, and ¢. To determine the
parameters aj, 1 < j < 11, we build up a system
of equations of the coefficients of the variables and
the constant terms. In what follows, we highlight some
cases of a variety of parameters.
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Case 1.
We first select
ay =ai,ax = az, a3 = az, a4 = as, dip = ao,
ajayo (a(a; + az + a3) + aaq)
as = ay # —a3,
Viay (a(ar + ax + a3) + aay) (a2 + az)
4 = Yrai(@la1 +ay +a3) +aay) (@ +a3)
0 a(a) +ax + az) +aay '
ayaz (a(ar +az + az) + aay)
a] = — , ap 7é —as,
Vaay (a(ay + ax + az) + aas) (a2 + a3)
aaz (a(ar + az + az) + aay)
ag = — ,az # —as,
VAay (a(ay +ax + az) + aag) (a2 + az)
otz(al2 +ajar + ara3) + ar(as + a3)? + raas(as + az) + aaaas
a9 = 9
av/Aay (a(a) + az + az) + aas)
3 (a* — 6a*b? + b*) (a(af + araz + a1a3) + Aaz + a3)* + aayas) aj en
an = )

16 (a(a) + ara3) + aas)?

which needs to satisfy

a(ay + azaz) + aaq # 0, and
Aai(a(ay + azaz) + aay) > 0, (22)

to obtain a well-defined function f(x, y, z,t) and its
positiveness. We can furnish a class of lump solutions

where f, g, and h are given earlier in (20). Note that
the obtained lump solutions u(x, y, z,¢) — 0 if and
only if g2 + h? — oo.

For example, selecting

a=l,aa=2,a3=1,a4=2,a10=2,a =6,

to Eq. (17) by using u(x, y, z, t)) as follows b=2r=4a=1, 24)
b* — 6a2b? + b gives
M(x,)’,ZJ):_ 2(a2—b2) 4 3 4 2
as = Z,d6 = 7,47 = —5,d8 = — 3,
X (ln(f(-xs ys 2, t))XXa ‘3‘.9 2 273 3 3
(b* — 6a’b* + b*) a9 = —,aj = —. (25)
= - 2@ — b2 12 16
2 + ad) f — Marg + agh)? The lump solution follows as
X ) (23)
f2
L 11138412 + (90720x + 16128y + 8064z + 120960) 7 + 18144x2 — 32256y% — 32256yz — 806422 + 48384x — 63000 26)

(22912 + 1801x — 321y — 1612 + 36x2 + 64y2 + 64yz + 1622 + 240 + 96x + 253)°
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Using the parameters as given earlier, and substitut- Case 2.
ing z = 1, ¢t = 2 leads to (Figs. 1, 2, 3) We next select
a) =ay,ay =daz,az =daz, ds = ds, de = de, d7 = dj, dg = dag, a0 = a0,
__alai+artas)(@f+ad)+hai(@r+a3)* —hai (ar+ag)*+2hag (a2+a3) (ar+as)
a4 = a(ai’+ag?) ’
__ afagtar +ag)(a}+a})+2ra) (ar+az)(ar+ag)—ras(ar+az)*+ras(ar+as)” (28)
ag = a(a1’+as?) ’
3@ =622 +b*) (a2 +a2)]
AN = 165 @rar+aras—arag—azag)’’
504(36x2 — 64y2 + 456x + 1255) where a # 0, A # Q, to derin: a well-defined function
u(x,v,z,t) = ex? L 6a T 456 632 f(x,y,z, t) as furnished earlier. A class of lump solu-
(36x% + 64y= + 456x + 163) tions to the Eq. (17) is furnished by using u(x, y, z, 1))
@7 as follows
25

-10 720

1o ©

X

10 20

Fig. 1 Profile of the lump solution for (27), —20 < x, y < 20

Fig. 2 Profile of the contour plot for (27), —40 < x, y <40
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4_ 6,212 14
u(x$ y7 Zv t) = _%(ln(f(xs ys Z’ t))xxa
_ _d*—6ap?4p* [ 2ajtag) f—4aigtach)®
2(a2—b2) f2 )
(29)

where f, g, and & are given earlier in (20). Note that
the obtained lump solutions u(x, y, z,¢) — 0 if and
only if g2 + h? — oo.

Fig. 3 Profile of the density plot for (27), =50 < x, y <50



Painlevé integrability and lump solutions for two extended

3629

3 Extended (2 + 1)-dimensional nonlinear KP
equation

Setting y = 0,2 = 0 and & = 0 in (2), the 3 + 1)-
dimensional Painlevé integrable (2) reduces to the (2 +
1)-dimensional equation

a* — 6a*b* + b* 3(b* — az)( 2
AU xy 16 Uxxxx 4 U )xx
Foauxy + ,BMxy +nuyy = 0, (30)

where a, b, o, B and n, are real parameters, a # 0, and
u = u(x,y,t) is a sufficiently differentiable function
with respect to the spatial and the temporal variables
x,y,andz.

3.1 Painlevé analysis

Following the Painlevé analysis that we employed ear-
lier for the (3 + 1)-dimensional structure (2) shows that
the (2 + 1)-dimensional equation (30) is completely
Painlevé integrable. Moreover, the resonance points
were derived as —1, 4, 5, 6, the same as obtained for
the (3 + 1)-dimensional model (2).

into the linear terms of (30) gives the dispersion relation
as

_ —(a* —6a’b? + bk} + 16(ak} + Bkir; +nr})

16ak;
i=1,2,...,N, (32)

Ci

that gives the phase variable as

0; = kix +r;jy
—(a* — 6ab? + bYk} + 16(ak? + Bkir; + nr?)
- 16ak;
fi=1,2,...,N, (33)

follows immediately. We next use the transformation

a* — 6a%b? + b*
W(ln Sy, ),

(34)

u(x,y, t) =—

into Eq. (30), where the auxiliary function f(x, y, t) is

fo,y, ) =1+¢"
T y— —(a*—6a? b2 +b4K} +16(k? +k i +0rD) ,
=14V 16ak; '(35)

and hence, the single soliton solution reads

—(a*~6a2b?+bM K +16(@k? +ky ry +1rd) ,

(a* — 6a%b* + b4)k%ek1x+rly_

T6aky

(36)

ulx,y, t)y=—

2(a% — b?) (1 + ekJX+r1y—

—(a*~6a2b2 +b )} +16(k? +k) i +0rD) z)2

Téaky

3.2 Multiple soliton solutions
Substituting

u(x,y, t) = ekixtriv=ct, (31)

3(a* — 6a%b? — bHKK3 (k1 — k) + 160 (k112 — kary)?

For the two soliton solutions, the auxiliary function
reads

f,y, ) =1+e" +e” 4+ apeh %, (37

that will lead to the following phase shifts

a2

3@t — 6a2b? — bYKIS (ki + k)2 + 16n(kiry — karp)?

(38)

3(a* — 6ab? — bk (ki — kj)? + 16n(kirj — kjr;)?

which can be generalized as

aji = ,
Y 3@t — 6a2b2 — DY (ki + kj)* + 16n(kirj — kjri)?

<i<j<3, (39)
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where the phase shifts (39) depend only on the param-
eters a, b, and 7, and on the spatial coefficients k,,, and
rp,n = 1,2,3. Substituting (38) and (37) into (34)
gives the two soliton solutions. In addition, the three
soliton solutions can be obtained as employed earlier.

3.3 The (2 + 1)-dimensional model: lump solutions

The bilinear equation of the KP equation (30) can be
set as

4_6 2b2+b4
Gma—i—%;——
f-f=0, (40)

DY +aD? 4+ BD.Dy + an)

where D;, D, and D, are the Hirota’s bilinear deriva-
tive operators. To ease computational works, we sub-
stitute « = B, in (2 + 1)-dimensional KP equation (30)
to obtain

a* — 6a%b* + b* 3(b% — az)( 2
AU xy 16 Uxxxx 4 U )xx
Fo(Uyy + Uyy) + iy, =0. 41

Consequently, Eq. (40) is transformed to

a(ffee — feft)
_%(ffxxxx - 4fxxxfx + 3(fxx)2)
+o ((ffxx = fafo) + (ffxy - fxfy))
+'7(ffyy - fyfy) =0,
(42)

where we applied

b* — 6a%b* + b*

2@ by Sy D)

(43)

ulx,y,t) =—

The quadratic soliton solutions for Eq. (41) can be
obtained by using the assumptions

g =aix +axy +azt +ay,
h = asx + agy + a7t + ag, (44)
f=g*+h*+ao,

where aj, 1 < j < 9 are real parameters that we will
be derived. Substituting (44) in (42), we get a polyno-
mial of the variables x, y, and 7, where the parameters
aj, 1 < j <9, can be obtained as furnished earlier:

@ Springer

Case 1.
In this case, we select
ae/an
ay = ,
o
aas
a) = ——,
o
asago
a4 = ,
aas
(45)
aaz./an
as=—""5
o
ag
a7 =——o,
a
o — 2n (ochl%(a4 — 6a%b® + b4)(a2a§ + a2a§))
1604 ’
where
a,az,a #0, (46)

to obtain a well-defined function f(x, y,?), and to
strengthen the localization of #(x, y, ¢) in all directions
in the space. Hence, lump solutions to the KP equation
(41) read

4 212 4
ux, y. 1) = —E5E B (n(f (x, . 2. ),
b —6a?b? b 2ai+ad) f—4(aig+ash)’
- 2((427[12) f2 ’
47)
where f, g, and & are given earlier in (44).
For example, selecting
az=1,a6=2,a8 =2,a=6,b=2,n=2,
a=11t=2, (48)

gives the lump solution as

u(x,y,t)
) 2 2
— 1008 x 24 /2x—124121y+72x%2—-36 y 60442.
(24 VX2 —121y+72 x2436 y2+6052)
(49)
Case 2.

We next choose

ap = ay,az = az,d4 = a4, ds = ds, de = de, dg = 4g,



Painlevé integrability and lump solutions for two extended

3631

alar + az)(a% + a%) + n(ala% — alaé + 2azasag)

a(al2 +a52) ’
a #0,
v = _a(as + aﬁ)(a% + a52) + nQRayarae — a5a% + asag)
a(a% + a52) ’
a#0,
%zxf—m%MwWﬁ+@ﬂ’ (50)

16n(aias — azas)?

where a # 0, n # 0, and the determinant condition

ap az
as de

A = (aja6 — azas) =

£0, (51)

to secure a well-defined function f(x, y, t), and local-
ization of u(x, y,t) in all spatial sides, respectively.
This gives lump solutions to the (3 + 1)-dimensional
KP equation (41) as

4 212 4
u(x, y, 1) = =505 (In( f (x, 3, 1)),
4 _6a2b2 4 b 2(a}+a?) f—4(a1g+ash)?
__b 6a><b +b 2(&2 _ b2) ajtas = ajg+as ,

(52)

where f, g, and h are given earlier in (44).
For example, selecting the same values of the param-
eters as in the previous case the lump solution as

u(x,y,t)
35000 x2+(56000 y—8400)x+16800 y2—2240 y—9187892
(50 x2+80 xy+40 y2—12 x—16 y+13127)*

(33)

4 Conclusions

We gave two extended (3 + 1)- and (2 + 1)-dimensional
Kadomtsev—Petviashvili (KP) equations in shallow
water waves. Shallow water waves play an important
role in the study of fluid dynamics, which involves
the development of ground water resources, sea water
intrusion, marine engineering, and many other fields.
The two extended KP equations were proposed to
explore new multiple solitons solutions and more lump
solutions as well. We used the Painlevé analysis method
to ensure the integrability of each extended equation
and to confirm that the newly added linear terms did
not end the integrability feature. The Hirota’s method
was employed to exhibit multiple soliton solutions for

each examined equation. Two sets of lump solutions
were derived for proposed model. The results are help-
ful to understand the dynamic properties of extended
KP equations in fluid mechanics.
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