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Abstract This paper is concerned with the global
dynamics of a continuous planar piecewise linear dif-
ferential system with three zones, where the dynamic
of the one of the exterior linear zones is saddle and the
remaining one is anti-saddle. We give all global phase
portraits in the Poincaré disc and the complete bifur-
cation diagram including boundary equilibrium bifur-
cation curves, degenerate boundary equilibrium bifur-
cation curves, homoclinic bifurcation curves and dou-
ble limit cycle bifurcation curves. Its application in a
second-order memristor oscillator is shown. Finally,
some numerical phase portraits are demonstrated to
illustrate our theoretical results.
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1 Introduction

In recent years, there has been tremendous interest in
developing piecewise linear differential systems, see
[1,3-6,21,23,26,28,30,35,39] and references therein.
In applied science and engineering, piecewise lin-
ear differential systems can model a large number of
nonlinear problems. Particularly, the global dynam-
ics of some nonlinear models can be approximated
by piecewise linear differential systems, such as some
memristor oscillators (see [7-10,18,24,31,32,36]) and
FitzHugh—Nagumo system (see [33,34,37]). Although
piecewise linear differential systems seem simple, they
have rich and complex dynamics even with the low-
dimensional spaces. Moreover, piecewise linear differ-
ential systems have not only all the dynamics of gen-
eral smooth nonlinear systems (such as limit cycles,
homoclinic loops, heteroclinic loops, strangle attrac-
tors and so on), but also special dynamical behaviors
(such as jump bifurcation, grazing bifurcation, sliding
bifurcation, singular continuous systems and so on),
see [18,19] and references therein.

This paper focuses on planar piecewise linear dif-
ferential systems. There are two types of these sys-
tems: “continuous” and “discontinuous”. For continu-
ous planar piecewise linear (CPWL) differential sys-
tems with two linear zones separated by a straight line,
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the study of their dynamics has been well considered.
For such system the existence of at most one limit
cycle was given in [20]. A necessary and sufficient
condition of the existence of limit cycles was proven
in [31]. Global phase portraits in the Poincaré disc
with single equilibrium point were shown in [25]. A
lot of effort has been devoted to characterize the global
dynamics of CPWL differential systems with three lin-
ear zones separated by two parallel straight lines, see
[8-14,19,21,27,29,31,32,35] and references therein.
However, there are still many cases that have not been
studied.

In this paper, we consider a CPWL differential sys-
tem with three linear zones in Liénard form as follows

dx dy

5 (x) =y, " g(x) —a, (1)

where
t(x —1)+t., ifx>1,

F(x) =3 t.x, if —1<x<1,
Hx+1)—1t., ifx<—1,

and
d(x—1)+d., ifx>1,

g(x) = | dex, if —1<x<1,
dx+1)—d., ifx<-—1.

The plane R? is divided into three open linear zones
S = {(x,y) e R?|x < —1},

Se :={(x,y)eR2|—1<x< 1},

S, = {(x,y) e R?x > 1}

by two parallel straight lines I'; := {(x, y) € R?|x =
—1}and T, := {(x, y) € R?|x = 1}. Note that system
(1) is analytic in R?\ {I'’;UT",} and Lipschitz continuous
in R2. Thus the classical theorems on existence, unique-
ness and continuity of solutions all hold for system (1)
with respect to initial conditions and parameters, see
[31].

In particular, when system (1) is symmetric with
respect to the origin (¢t = #;, d, = d; and o = 0),
the global dynamics of system (1) have been stud-
ied in [8,9,21,27,29] and references therein. When
the determinant for the Jacobian matrix of its central
zone vanishes (d, = 0), we call system (1) with three
zones degenerate planar piecewise linear differential
systems. The study of the global dynamics of such sys-
tems has been completely investigated when 7.f; < 0,
d, > 0and d; > 0, see [11,14,19]. The conditions of
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d, > 0 and d; > 0 mean that the dynamics of left and
right linear zones of system (1) are anti-saddles. For
the case d, > 0, d. # 0 and d; > 0, there are many
results about global dynamics for system (1), such as
the N-shaped curve (¢,4; > 0) (see [12,31,35]) and
the U-shaped curve (¢,#; < 0) (see [10,31,32]). How-
ever, there is a gap that no research concerns the global
dynamics of system (1) with three linear zones assum-
ing d,d; < 0. The condition d,.d; < 0 implies that the
dynamic of one of the left and right linear zones of sys-
tem (1) is saddle, and the remaining one is anti-saddle.
System (1) with d,d; < 0has not only the same dynam-
ics of system (1) with d > 0, d; > 0 (for example, the
existence of exactly two limit cycles), but also special
dynamical behaviors (for example, the coexistence of
limit cycle and homoclinic loop). This shows that the
dynamics of system (1) with conditiond,d; < 0is more
complex than the case d, > 0, d; > 0, even assuming
the other conditions are the same. The main purpose
of this paper is to study system (1) whose parameters
belong to the following region:

G :={(tr, t1,dr,dc,dp) € R| 1,1y > 0, dydj < 0},

For simplicity, G can be divided into the following four
parameter regions:

Gi = {(tr,t1,d,,d;,d)) € RO| 1, > 0,
>0, d >0, d <0},

Gy :={(ty. 11, dy. de, d)) € R?| 1, > 0,
4 >0,d <0, d >0},

Gs = {(tr. 11, dr, dc. d)) € R?| 1, <0,
<0, d >0, d <0},

Ga := {(ty. 1. dy. dc. d)) € R| 1, <0,
4 <0, d <0, d > 0}.

Using transformation

x, y,t tr, te, t1,dr, de, dp, @)

— (—=x, =y, 1,4, te, tr,dy, de, dy, —t)
(resp.(x, y, t, tr, te, t,dr, de, dj, @)

— (x, —y, —t, —ty, —tc, —t;,dr, dc, dj, @);
x, y,t, tr, te, 11, dr, de, dp, @)

— (—x,y,—t,—t, —te, —t,,d;, dc, dr, —t))

the vector field (F(x) — y, g(x) — «) of system (1)
is invariant and the parameter region G, (resp. G3; Ga)
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can be changed into the parameter region G;. Thus, it
suffices to discuss system (1) in the parameter region
G,. Since the value of the determinant for the Jacobian
matrix of central zone of system (1) is d., the condi-
tion d. < O (resp. d. > 0) means that the dynamic of
its central zone is saddle (resp. anti-saddle). And the
condition d, = 0 implies that system (1) has a singu-
lar continuum. Therefore, system (1) will be studied
in three cases d. < 0, d. = 0 and d. > 0. Although
the qualitative property of equilibrium point at infin-
ity is the same for system (1) in the cases d. > 0 and
d. < 0, the results for the finite equilibrium point are
utterly different. Naturally, the global phase portraits
and bifurcations of system (1) with d. > 0 are com-
pletely different from those of system (1) with d. < 0.
Owing to the length of this article, we consider two
cases d, = 0 and d. < 0in G;. For the case d. > 0 in
G1, we will study the global dynamics of system (1) in
a future paper.

An outline of this paper is as follows. We devote
Sect. 2 to a show of the main results, i.e., the bifur-
cation diagram in the ot.-plane and global phase por-
traits in the Poincaré disc of system (1) as parameters
belong to the region G; for d. < 0. Its application in a
second-order memristor oscillator is shown in Sect. 3.
We give the local dynamics of system (1) in Sect. 4. The
study of limit cycles and homoclinic loops of system
(1) is presented in Sect. 5. Proofs of the main results
are given in Sect. 6. Numerical phase portraits are then
presented in Sect. 7, illustrating the analytical results.
Finally, some concluding remarks of this paper are pre-
sented in Sect. 8.

2 Main results

In this paper, we consider the cases d. = 0and d,. < 0
for system (1) in G;. The condition t,2 —4d, < 0 (resp.
= 0; > 0) implies that the dynamic of right linear zone
of system (1) is a focus (resp. improper node; bidirec-
tional node) (see Lemma 4.1 for more descriptions).
Moreover, system (1) has the different qualitative prop-
erties of equilibrium point at infinity for the different
conditions t> —4d, < Qort>—4d, = O0ort>—4d, > 0
(see Lemma 4.2 for more descriptions). It follows from
classified discussion that we show the main results of
this paper in the following six regions:

G =t 11, dr,de,d)) €R| 1, > 0,11 > 0,

d, > 0,d. =0,d; <0,1> —4d, <0} C G,
g12 = {(trvtls drdevdl) € RS' tr > Os tl > O,

d,>0,d. =0,d; <0,t> —4d, =0} C G,
Gi3 = {(tr, 1, dr.de. d)) € RO 1, > 0,1, > 0,

d,>0,d. =0,d; <0,1> —4d, > 0} C Gy,
G = {(ty. t1.dr, dc, dp) €R’| 1, > 0,1, > 0,

d, > 0,d. <0,d; <0,t>—4d, <0} C Gy,
Gis = {(ty. t1.dr, dc, dp) €R| 1, > 0,1, > 0,

dy > 0,d. <0,d; <0,t>—4d, =0} C G,
Gi6 = {(ty. t1.dr, dc, dp) €R| 1, > 0,1, > 0,

d, > 0,d. <0,d; <0,t>—4d, > 0} C G.

In Theorem 2.1, we give the main results of system
(D) as (ty, 17, d,,d., d)) € Gq1, i.e., saddle-zero-focus.

Theorem 2.1 For arbitrarily fixed (t., 1, dr, d., d;) €
G11, the bifurcation diagram of system (1) in the at,-
plane consists of the following bifurcation curves:

(a) degenerate boundary equilibrium bifurcation curves

DB; = {(a, 1.) € R*}|a =0, 1. > 0},
DB, = {(a, 1) e R*|a = 0, 1, < O};

(b) homoclinic bifurcation curve

HL ={(a, 1) e R*a > 0, 1. = p(@)};
(c) double limit cycle bifurcation curve

DL = {(a. 1) € R?|a > 0, 1 = $ (@)},

where the function t. = () is continuous and
monotonous, the function t. = ¢(a) is continuous,

(o) < ¢p(@) < —t-(a + Vdad, + a?)/(2d,) fora >
0. Moreover, the bifurcation diagram and global phase
portraits in the Poincaré disc of system (1) in G| can
be shown completely in Fig. 1, where

I={(o, 1) e R?|a > 0, o > ()},

1= {(a, 1.) € R*|a < 0},

1l = {(a, 1) € R?|a > 0, 1, < p(a)},
IV={(a,t) e R a >0, ) <t < p@)),
0 ={(a, 1) e R*a =1, =0}
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t

DB,

/4 1

DB,
HL

(a) The bifurcation diagram in the at.-plane of
system (1) as (tr,t,dr,de,di) € Gia

(b) I (© II @ IIT

(h) DB> ) HL

® O

(4) DL

Fig. 1 The bifurcation diagram and global phase portraits in the Poincaré disc of system (1) as (¢, t;, d;, d., d;) € G
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Remark 1 In Theorem 2.1, it should be noticed that the
stable limit cycle is highlighted by red color, the unsta-
ble limit cycle is highlighted by blue color, the semi-
stable limit cycle is highlighted by yellow color, and
the homoclinic loop is highlighted by green color. So
is Theorem 2.4. Moreover, in Theorem 2.1, the stable
limit cycle involves two or three linear zones, the unsta-
ble limit cycle involves three linear zones, the semi-
stable limit cycle involves three linear zones, the unsta-
ble homoclinic loop involves three linear zones (see
Lemmas 5.2 and 5.3 for more descriptions). Besides,
the global phase portrait in the Poincaré disc of the
region / shown in Fig. 1b means that system (1) has
two finite equilibrium points £; and E,, where E; is a
saddle and E, is an unstable focus. The stable mani-
fold of E; in the upper half plane connects the unstable
focus E, and the unstable manifold of E; in the upper
half plane connects the stable manifold of /. The sta-
ble manifold of E; in the lower half plane connects the
unstable manifold of /, and the unstable manifold of
E; in the lower half plane connects the stable manifold
of I . The global phase portrait in the Poincaré disc of
the region /I displayed in Fig. 1c implies that system
(1) has neither finite equilibrium points and nor limit
cycles. The global phase portrait in the Poincaré disc of
the region [I1 illustrated in Fig. 1d means that system
(1) has two finite equilibrium points E; and E, and a
unique limit cycle thatis stable, where E; is a saddle and
E, is an unstable focus. The stable manifold of E; in the
upper half plane connects the unstable manifold of 7,
and the unstable manifold of E; in the upper half plane
connects the stable manifold of /. The stable mani-
fold of E; in the lower half plane connects the unstable
manifold of /7 and the unstable manifold of Ej in the
lower half plane approaches the stable limit cycle. And
the unstable focus E, also approaches the stable limit
cycle. Due to similarity, we omit the introductions of
the remaining global phase portraits in the Poincaré disc
of Theorem 2.1 and so are Theorems 2.2, 2.3, 2.4, 2.5
and 2.6.

We give the mainresults of system (1) as (¢,, #;, d;, d.,
d;) € Giz in the following theorem, i.e., saddle-zero-
improper node.

Theorem 2.2 For arbitrarily fixed (., t;, dy, d., d;) €
G12, the bifurcation diagram of system (1) in the
atc-plane consists of degenerate boundary equilib-
rium bifurcation curves DB| and DBy. Moreover, the
bifurcation diagram and global phase portraits in the

Poincaré disc of system (1) in G12 can be shown com-
pletely in Fig. 2, where

V= {( 1) € R?a > 0},

VI = {(a, t.) € R?|a < 0},

0 ={(a, 1) e R’ = 1. = 0O}.

In Theorem 2.3, we give the main results of sys-
tem (1) as (¢, 1, d,,d., d;) € Gi3, i.e., saddle-zero-
bidirectional node.

Theorem 2.3 For arbitrarily fixed (t., 1, dr, d., d)) €
G13, the bifurcation diagram of system (1) in the
ate-plane consists of degenerate boundary equilib-
rium bifurcation curves DB1 and DB,. Moreover, the
bifurcation diagram and global phase portraits in the
Poincaré disc of system (1) in G13 can be shown com-
pletely in Fig. 3, where

VIl = {(a, 1;) € R?|a > 0},

VI = {(a, ) € R?|a < 0},

0 = {(a, 1) e R*|a = 1. = 0}.

We give the mainresults of system (1) as (¢, #;, d, d.,
dj) € G4 inthe following theorem, i.e., saddle—saddle-
focus.

Theorem 2.4 For arbitrarily fixed (t., t;, d,, d., d;) €
G14, the bifurcation diagram of system (1) in the ot,-
plane consists of the following bifurcation curves:

(a) boundary equilibrium bifurcation curves
BE; = {(a, t.) € R*|a = —d,},
BE; = {(.10) € R?| o = d.);
(b) homoclinic bifurcation curves
HL, = {(a, 1) € R*|d, < a < —d,, t. = h(a)},
HL3 = {(o.10) € R?| o > —de. te = p(@));
(c) double limit cycle bifurcation curve
DLy = {(e. 1) € R?|@ > —~de, 1c = (@)},

where the function t. = h(a) is continuous satisfy-
ing h(a) < 0, the function t, = @(«) is continuous
and monotonous and the function t. = ¢(«) is con-
tinuous satisfying (o) < ¢(a) < —t. (¢ — d. +
Vaad, + (a —d.)?)/(2d,) for « > —d.. Moreover,

the bifurcation diagram and global phase portraits in
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2

DB,

44 V

DB,

(@) The bifurcation diagram in the at.-plane of
system (1) as (tr,t;,dr,dec,d;) € G2

(b) Vv (e) DB,

® DB,

Fig. 2 The bifurcation diagram and global phase portraits in the Poincaré disc of system (1) as (¢, t;, d,, d;, dj) € G2
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1

DB,

4114 v

DB,

(a) The bifurcation diagram in the at.-plane of
system (1) as (t,,t;,dr,dc,d;) € Gi3

by VII e VIII

(e) DB

) DB2

Fig. 3 The bifurcation diagram and global phase portraits in the Poincaré disc of system (1) as (¢, #;, dr, dc, d) € G13
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the Poincaré disc of system (1) in Gia can be shown
completely in Fig. 4, where

R = {(a. 1) € R¥| a0 > —de, te > (o)},

Ry = {(a, 1) € R?|d. < o < —d,, t. > h(a)},
Ry = {(a. 1c) € R*| o < dc},

Ry = {(o, 1) € R?|d, < o < —d,, t. < h()},
Rs = {(a. 1) € R*| a0 > —dc, 1 < (@)},

Re = {(a. 1c) € R*| a0 > —de, (@) <t < p(a)},
BEy = {(a.t0) € R*|a = —d,, t. > h(@)},
BEp;; = {(a. 1) € R*|a = —d_, t. = h(@)},
BE3 = {(a, 1) € R?|a = —d_, t. < h(a)).

Remark 2 In Theorem 2.4, the stable limit cycle
involves two or three linear zones when o > —d.
and involves two linear zones when d, < o < —d,,
the unstable limit cycle involves three linear zones, the
semi-stable limit cycle involves three linear zones, and
the homoclinic loop involves three linear zones (see
Lemmas 5.2, 5.3 and 5.6 for more descriptions). More-
over, the homoclinic loop is unstable when o > —d,
and is stable when d. < o < —d.. Notice that global
phase portraits in the Poincaré disc of H L3, DL, Ry,
R3, Rs5 and Rg of Theorem 2.4 are the same with global
phase portraits in the Poincaré disc of HL, DL, I, II,
III and IV of Theorem 2.1, respectively.

In Theorem 2.5, we give the main results of sys-
tem (1) as (¢, 17, d,, d., d;) € Gis, i.e., saddle-saddle-
improper node.

Theorem 2.5 For arbitrarily fixed (t,, 1, d,, d., d)) €
G1s, the bifurcation diagram of system (1) in the at,-
plane consists of boundary equilibrium bifurcation
curves BE| and BE>. Moreover, the bifurcation dia-
gram and global phase portraits in the Poincaré disc
of system (1) in G5 can be shown completely in Fig. 5,
where

R7 = {(a, 1) € R*a > —d,},
Rs = {(a, 1) € R*|d, < o < —d,},
Ry = {(a, 1) € R?|a < d,}.

Remark 3 Note that global phase portraits in the
Poincaré disc of R7 and Rg of Theorem 2.5 are the

@ Springer

same with global phase portraits in the Poincaré disc
of V and VI of Theorem 2.2, respectively.

We give the mainresults of system (1) as (¢,, #;, d;, d.,
d;) € Gie in the following theorem, i.e., saddle—saddle-
bidirectional node.

Theorem 2.6 For arbitrarily fixed (t., 1, d;, d., d;) €
Gi6, the bifurcation diagram of system (1) in the at,-
plane consists of boundary equilibrium bifurcation
curves BE| and BE>. Moreover, the bifurcation dia-
gram and global phase portraits in the Poincaré disc
of system (1) in G16 can be shown completely in Fig. 6,
where

Rio = {(@, 1.) € R*|a > —d},
R = {(@, 1) € R*d. < a < —d},
Ri2 = {(@,1.) € R*|a < d,}.

Remark 4 Notice that global phase portraits in the
Poincaré disc of Rig and Ry of Theorem 2.6 are the
same with global phase portraits in the Poincaré disc
of VII and VIII of Theorem 2.3, respectively.

3 Application to a second-order memristor
oscillator

Memristor is a two-terminal circuit element, for which
anonlinear relationship links charge and flux, presented
by Chua [16]. For the realization of memristor, see
[2,38,40] and references therein. In 2011, Corinto et al.
gave a mathematical model for a second-order memris-
tor oscillator in [17]. Here, we use our main results in
Sect. 2 to analyze a second-order memristor oscillator
with a flux-controlled memristor, see Fig. 7 or [17].
Firstly, we recall the mathematical model of a
second-order memristor oscillator with a flux-controlled
memristor. In this circuit, the values of L and C
for the impedance and capacitance are positive con-
stants, while the resistor R has a negative value. Two
Kirchhoff’s Current Law linearly independent equa-
tions and two Kirchhoff’s Voltage Law linearly inde-
pendent equations for this circuit are as follows

ig(t) —ip(t) =0,

iL(t) —ic(t) —im() =0,

vR(#) +vL(t) +vc () =0,

ve(t) —vm () =0, (2)
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BE; ! BE,

R R, Il R

Ry R DL,

HL;

' Rs

(a) The bifurcation diagram in the at.-plane of
system (1) as (tr,t;,dr,de,d;) € Gia

(b) Ru (c) Rz (d) Rs (e) Ra

) Rs

(j) BE1s (k) BE, () HL, (m) HIL3

(n) DL

Fig. 4 The bifurcation diagram and global phase portraits in the Poincaré disc of system (1) as (¢, t;, dy, d;, dj) € G1a
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te

BE; BE,

Ry Ry

[ e e

(a) The bifurcation diagram in the at.-plane of
system (1) as (tr,t,dr,dc,d;) € Gis

(b) R~

(f) BE-

Fig. 5 The bifurcation diagram and global phase portraits in the Poincaré disc of system (1) as (¢, t;, d,, d;, d;) € G5
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te

BE; BE;

R12 Rll

I
I
I
1
1
1
1
1
1
I
I
1
|
1
1
|
I
I
I
I
1
1
1
1
1
1
I
i
r
|
'
1
|
I
1
1
1
1
|
|
'
|
I
I
1
|
1
1
1
1
|
1
I
|
1
|
1

(a) The bifurcation diagram in the at.-plane of
system (1) as (tr,ti, dr,de,di) € Gis

Fig. 6 The bifurcation diagram and global phase portraits in the Poincaré disc of system (1) as (¢, t;, d,, d;, dj) € Gi6
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where i and v denote current and voltage of the corre-
sponding element of this circuit, respectively. Integrat-
ing both sides of each equation in (2) from time instant
1o to time instant 7, we obtain

qr@) —qr(t) = 01,

qr(t) —qc(t) —qm(t) = Qo,

or(1) + oL (1) + @c (1) = Dy,

ec(t) —om(t) = P2, 3)
where g and ¢ represent charge and flux of the corre-
sponding element of this circuit, respectively, and let
Q1 = 0y = & = ®, = 0 as explained in Section
IT of [17]. Besides, the constitutive equations of the

involved bipoles for this circuit are as follows

qam (1) = qm(@nu (1)),

d
qc(t) = Cawc(t),
@r(t) = Rqgr(1),
d
oL (t) = LacIL(t), “4)

where g, stand for the flux-charge characteristic of the
memristor. It follows from (3) and (4) that we get

d 1
e = C’CC(” = Zla®) — qu (©)]

1
— E[qL(t) — gm (pc (1)1,

d 1
S = “L(” = [-0r(® — gc (0]

1
= Z[—RqL(I) —oc@)].

Denote x := ¢c(t) and y := g (¢). Then, we have

& @y ol R
w-ocC qm(x) + y1, A vl )

where ¢, (x) may be described by the following Lur’e
model (see [17])

L(D)x(1) = —qm(x(1)),

and
2, R 1 2

Ly~ DXLt er  CLD®+CRD+1

— 1 R - :

c(D+1) LD+ R

Instead of the symmetric piecewise linear function
bx—1)+a, ifx>1,

qm(x) = § ax, if —1<x<1,
bx+1)—a, ifx<-—1

@ Springer
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Fig. 7 A second-order memristor oscillator with a flux-
controlled memristor

considered in [17,24], we adopt here a more general
model for the nonlinear flux-charge characteristic of
the memristor, namely

ai(x —v)+av, ifx>v,
gm(x) = § axx, if —u<x=<wv, (6
a3(x +u) —aru, ifx < —u,

where v and u are positive constants.

Secondly, we change system (5) with (6) into system
(1). We first use the time scaling transformation ¢ —
Ct to change system (5) into

o4y, 2o Chirn @
dr qmX) T Y dr Lx Y-

Second, under the linear transformation X — x, y —
—y — RCx/L, system (7) can be written as

dx’ - RC_. _ ~ o~
P —qm(X) — T A= Fn(X) =,
dy RC - C . -
i Tq'"(x) + Tr = g(x), (¥
where
bi(X —v) +byv, ifX >,
Fn(X) = | baX, if —u<X<v,
b3(X +u) — bou, ifx < —u,
bs(X —v) +bsv, ifX > v,
gm(X) = | bsX, if —u<X<v,
be(X +u) — bsu, ifx < —u,
and
RC
by = —aj — — .
1 ai 7
RC
by = —ay — ~—
2 @ -7
RC
by = —ay — —,
3 a3 — —
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b RC, €
= —Ad —,
YL
o RC €

= —a —,
ST L
b RC. . C

=—a3+ —.
=TT L

Third, with the translation transformation ¥ — x +
(—u+v)/2, Y = ¥+ ba(—u+v)/2, system (8)
becomes

Y Fo-7 Zomo ©)
ar dr  &m
where

by (¥ — 1Y) 4+ RU -y s oy
Fu(x) = { b, if — 4 <¥ <y,
ba(¥ 4 442) — RUEDifx < 1y

by(x — “3Y) + bsv, if X > 432,
8m(x) =

bsX + b5(72u+v) if — 4ty o5 < utv
be(X + “52) — bsu,

Finally, by the scaling transformationx — (u + v)x/2,
y— (u+v)y/2, T — t,system (9) can be written as
system (1) with

tr =b1, te=by, 1t =bs,

and
u—v
u+v

We are now able to apply our main results in Sect. 2
in a convenient way, and we do not attempt to address
all statements, but only the most important cases. Con-
sider the case of a non-symmetric second-order mem-
ristor oscillator with three linear zones in the situation
corresponding to ¢, > 0,# > 0,d, > 0,d; < 0, which
is not considered in [17,24]. The conditions ¢, > 0,
1 >0,d, > 0,d; <0 mean that a; € (—oo, —1/R),
a3 € (—1/R,—RC/L) when R?*C > L holds. If
a; = —1/R in system (5), we have d. = « = 0 in
system (1). A direct application of Theorem 2.1 gives
the following result.

dr =by, d.=bs, dy=bs, o=b;s

Proposition 3.1 Consider a second-order memristor
oscillator with a flux-controlled memristor, as mod-
eled by system (5) with (6). Under the design con-
dition R*C > L, if the additional hypotheses a; €
(=00, —1/R), a» = —1/R, a3 € (—1/R,—RC/L)
are fulfilled, then the circuit exhibits no limit cycles.

If aa > —1/R of system (5), we have d. < 0 and
—d. < a < d, in system (1). A direct application of
Theorem 2.4 gives the following result.

Proposition 3.2 Consider a second-order memristor
oscillator with a flux-controlled memristor, as mod-
eled by system (5) with (6). Under the design con-
dition R*C > L, if the additional hypotheses a; €
(=00, —1/R), ap € (—1/R,+400), az € (—1/R,
—RC/L) are fulfilled, then the circuit exhibits a stable
limit cycle if and only if ay € (—RC /L — h(a), +00),
where o := (RCax/L + C/L)(u —v)/(u + v) and
h(a) < 0 is a continuous function on t, ‘= —ap —
RC/L.

4 Local dynamics of system (1)
4.1 Finite equilibrium point

Lemma 4.1 When d. < 0 in Gy, system (1) exhibits
no equilibrium point if « < d.; one continuum of
non-isolated equilibrium points CE (resp. one iso-
lated equilibrium point E¢) if « = d. = 0 (resp.
o = d. < 0); two isolated equilibrium points E. and
E,ifd. <o < —d. and d. < 0; two isolated equi-
librium points E¢; and E, if « = —d. > 0; and two
isolated equilibrium points E; and E, if « > —d,.
The qualitative properties of these equilibrium points
are shown in Table 1, where E.; : (—1, —t.) lies on
the left switching line T';; Eq @ (1,t.) lies on the
right switching line T'y; E; @ (@ +d;)/d; — 1, t7(o +
d.)/d; — t.) liesin S;; E. : (a/d, tea/d;) lies in S;;
E:((a—d)/d +1,t,(x —d:)/d, + 1) lies in S,;
and CE : {(x,y) € R2| y=tx, —1<x <1} lies
inT; US, UT,.

Proof Solving x = y = 0 for system (1), the number
of equilibrium points of system (1) is determined by
the relationship between « and d,, as shown in Table 1.
Notice that the Jacobian matrices at E;, E. and E, have,
respectively, the following forms

n —1 t. —1
e = |:dz 0 ] e = [dcc 0 }

w1
=13

Then, we have trJg, = 1, trJg, = t., ttJg, = 1y,
detJg, = d;, detJg, = d. and detJg, = d,. Hence, we
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Table 1 The qualitative properties of finite equilibrium point of system (1) with d. < 0 in G;

Possibilities ¢, t., d,, d,, o

Number, stability and type

a<0
d.=0 a=0 <0 1,2 — 4d,
1,2 —4d,
4% —4d,
te=0 2 —4d,
4% —4d,
1,2 — 4d,
te>0 12— 4d,
2 — 4d,
% —4d,
a>0 1,2 — 4d,
% — 4d,

d,
d. <0 o =d, 4% —4d,
% — 4d,
12 — 4d,
d. <o < —d, 1,2 —4d,
12 — 4d,
o = —d, 1,2 —4d,
12 — 4d,
o> —d, 2 — 4d,
2 — 4d,

0
<0 1, CE generalized cusp (see Fig. 9a)
= 1, CE generalized saddle-noddle (see Fig. 9b)
>0 1, CE generalized saddle-noddle (see Fig. 9¢)
<0 1, CE generalized cusp (see Fig. 9d)
=0 1, CE generalized saddle-noddle (see Fig. 9e)
>0 1, CE generalized saddle-noddle (see Fig. 9f)
<0 1, CE generalized cusp (see Fig. 9g)
= 1, CE generalized saddle-noddle (see Fig. 9h)
>0 1, CE generalized saddle-noddle (see Fig. 9i)
<0 2, E; saddle, E, unstable focus
>0 2, E; saddle, E, unstable node
0
<0 1, E. cusp (see Fig. 8a)
=0 1, E., saddle-node (see Fig. 8b)
>0 1, E., saddle-node (see Fig. 8c)
<0 2, E. saddle, E, unstable focus
>0 2, E. saddle, E, unstable node
<0 2, E.; saddle, E, unstable focus
>0 2, E; saddle, E, unstable node
<0 2, E; saddle, E, unstable focus
>0 2, E; saddle, E, unstable node

can easily obtain the topological type and stability of
E;, E. and E,, as indicated in Table 1.

We secondly study the equilibrium points of system
(1) that lie on the switching line x = 1 or x = —1 when
d. < 0. The equilibrium point E.,, as seen from S is
a saddle, but when seen from S, is a focus (resp. node)
fort,2—4d, <0 (resp. > 0). According to the fact that
solutions of system (1) satisfy the existence, uniqueness
and continuity with respect to initial conditions and
parameters, it follows that the qualitative property of
E., is a cusp (resp. saddle-node) for #,> — 4d, < 0
(resp. > 0), as displayed in Fig. 8a (resp. b—c). The
equilibrium point E,; as seen from both §; and S, is a
saddle, it follows that E; is a saddle.

We finally investigate the continuum of non-isolated
equilibrium points C E. Note that the left endpoint of
segment C E in & is a half of a saddle and the right end-
point of segment CE in S, is a half of a focus (resp.
improper node; bidirectional node) for 7,2 — 4d, < 0
(resp. = 0; > 0). All orbits and the singular contin-

@ Springer

uum y = 0 are parallel to each other in the region
{(x,y) € R?| =1 < x < 1} when t, = 0. It fol-
lows that the qualitative property of CE is illustrated
in Fig. 9d-f when . = 0. When ¢, # 0, all orbits
which lie above y = f.x with |x| < 1 are the neg-
ative horizontal direction and those orbits which lie
under y = t.x with |x| < 1 are the positive horizontal
direction. Therefore, the qualitative property of CE is
displayed in Fig. 9a—c, g-i when #, < 0 and ¢, > O,
respectively. The proof of Lemma 4.1 is complete. O

4.2 Equilibrium point at infinity

We investigate the qualitative property of equilibrium
point at infinity, which reflects the tendencies of x or y
in a large domain. Despite system (1) is not a polyno-
mial dynamical system, we can still study the equilib-
rium point at infinity with the Poincaré transformation
(for the validity of the Poincaré transformation, one can
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Fig. 8 The qualitative

ES
% .8
»o
sV
)
S
53]
o
° 3
>
£
2=
o~
al

4d, >0

t,2

)

(C) te < 0

4d, <0

t.2

)

(a) te < 0

0, t,2 —4d, >0

® t.

(@) te >0, t,2 —4d, >0

=0

(h) t. >0, t,% — 4d,

2 —4d, <0

t

)

(@ t.>0

d. =0in G

Fig. 9 The qualitative property of CE of system (1) with «

pringer

éas



3554

M. Jia et al.

Fig. 10 The equilibrium
points at infinity in the
Poincaré disc of system (1)

in G

(@) for Ay <0

refer to the Poincaré compactification in Chapter 2.9 of
[29D).

Lemma 4.2 The equilibrium points at infinity in the
Poincaré disc of system (1) are shown in Fig. 10 when
parameters belong to the region G, where A := tr2 -
4d,.

Proof With a Poincaré transformation x = 1/z, y =
u/z, system (1) is changed into

du dy+d t+1 d; —d,
— = - u+ -z
dr 2 2 2

fn—t te — 1
- %uz +u? — CTlull + z|sgnz
t,—t d. —d
- = Cu|1—z|sgnz+ 02 l|1+z|sgnz
d, —d
+ r2 C|1—z|sgnz,
%__tr‘i‘tlz_tl_trzz
dr 2 2
te — t, — 1
— 1 — 1— .
+uz 5 [T+ zllz| 5 1 —zllz|
(10)

Since we only need to investigate the qualitative prop-
erty of equilibrium point of system (10) that lies on the
u-axis, we write system (10) as

du dr+d1+dr—d1
-— = sen
dr 2 ) B
- —tr +tlu —tl _trus ng
2 p B
d; — d, 2d. —d, — d;
+< 5 a)z—kflzl
f—t t,+1 —2t
— 12 ruz+u2+(%>ulzl,
dZ_ L+ 1 =1t 5

E——TZ—TZ +uz
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(¢) for Ay >0

tr + 1 — 2t,
2

zlzl, (11)

by|l+z|=1+4zand |l —z] = 1—zasz — 0. When
7z — 0% and z — 07, system (11) becomes

du

5 =4 u? + (—dy +d. — @)z + (1, — to)uz,
dZ 2

a =—4z+tuz+ (tr - tC)Z ) (12)

and

du
o =d -t u? + (d — de — @)z + (=1 + tp)uz,
dz
a = _[[Z + uz + (_tl + [C)Zz’ (]3)

respectively. According to the fact that solutions of sys-
tem (1) satisfy the existence, uniqueness and continu-
ity with respect to initial conditions and parameters,
we turn to investigate the qualitative property of equi-
librium point of systems (12) and (13) that lies on the
u-axis to obtain the qualitative property of equilibrium
point of system (11) that lies on the u-axis.

Consider system (12). Notice that the number of
equilibrium point of system (12) depends on the roots
of the equation

uz—tru—i-dr:O.

Therefore, system (12) has no equilibrium point when
A1 < 0, aunique equilibrium point A : (#,/2, 0) when
A1 = 0, two equilibrium points B : ((t, ++/A1)/2, 0)
and C : ((t — +/A1)/2,0) when A| > 0. Clearly, A,
B and C all lie on the positive u-axis. Let IX, IZ{ and
Ig be the corresponding equilibrium point at infinity
of A, B and C in the xy-plane, respectively. Then, I:,
I;‘ and Ig' in the first quadrant in the Poincaré disc
because of z — 0.
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K

W

O Oy

(@) A of system (12)

Fig. 11 The qualitative property of A, B, C, E and F

Consider system (13). We define
Ay = (1)) — 4d,.
It is obvious that A, > 0. It follows from the equation
u2 —tu+d; =0
that system (13) has two equilibrium points E : ((t; +
VA2)/2,0) and F : ((t; — v/A2)/2,0). Evidently, E
and F lie on the positive and negative u-axis, respec-
tively. Set I; and I, be the corresponding equilibrium
point at infinity of E and F in the xy-plane, respec-
tively. Due to z — 07, Iz and Iz lie in the third
quadrant and the second quadrant in the Poincaré disc,
respectively.

We now study the qualitative property of A, B, C,
E and F in turn. First, consider A. For simplicity, we
change system (12) into

du 2
i (de +dr — o — t;1:./2)7 + (tr — to)uz +u”,
dz

- = —t,2/2 +uz + (t — 1.)2%, (14)

by the translation transformationu — u-+1./2,z — z.
It means that A is moved to the origin of system (14).
Note that the Jacobian matrix at the origin of system
(14) has a non-zero eigenvalue and a zero eigenvalue.
Solving (d, +d, —a —t,1./2)z + (t, — t)uz +u* = 0,
we obtain

2
°T trte +2(a — dy — d;)
by the implicit function theorem. Substituting (15) into
the second equation of system (14), we get
dz t,

2 3
dz _ _ 0.
T e —d —dy" TowW)

u> + 0w (15)

2

(b) B and C of system (12)

\_J
m

S i

(¢) E and F of system (13)

According to Theorem 7.1 of [41, Chapter 2], the origin
of system (14) is a saddle-node and so is A, as shown
in Fig. 11a.

Second, consider B. By the translation transforma-
tion u — u + (t, + V/A1)/2,z2 — z, system (12)
becomes

d
d =vVAwu+[—-d-+d. —«
dt
+ (ty — 1)ty + /A1) /202 + (t — to)uz + u?,
dz

5 =t VANZ/2 +uz + (ty — 1.)22, (16)

which implies that B is moved to the origin of system
(16). The Jacobian matrix at the origin of system (16)
has the following form

5o [ VAL —dr e —at (tr — 1)t + VAD/2
Lo (—tr + VAD/2 '

Due to detJ; = /A{(—t, +/A1)/2 < 0, the origin
of system (16) is asaddle. Sois B, as shown in Fig. 11b.

Third, consider C. In order to move C to the origin,
we can rewrite system (12) as

W At —dy +d
ar = u r c—
+ (1 — 1) (tr — /A1) /212 + (8 — t)uz + u?,
d
d—f = (—ty — JADZ/2 4+ uz + (ty — 1)7%, (17)
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by the translation transformation u — u + (¢t —
vA1)/2,z — z. It is simple to obtain the Jacobian
matrix at the origin of system (17) as follows

I = VA —dr +de — o+ (tr — 1)ty — /AY)/2
S (—tr — VA2 '

Evidently, tr/o, = —/A[ + (—t, —/A1)/2 < 0,
detly = —VAi(—t, —/AD/2 > 0, (rh)? —
4detJ> > 0. Thus, the origin of system (17) is a stable
node. So is C, as shown in Fig. 11b.

Then, consider E£. With the translation transforma-
tionu — u + (t; + /A2)/2, z — z, system (13) can
be changed into

du
EZ\/A2U+[dl_dc_a

(=11 + 1) (1 + /D) 2]z + (=1 + t)uz + u?,

dz

5 = G VA 2wzt (i + t)z>. (18)
It means that E is moved to the origin of system (18).
We easily have the Jacobian matrix at the origin of
system (18) as follows

e [md, —de — o+ (=1 + 1) (0 + «/A_z)/Z}
TLoo (—11 +/A2)/2 '

It follows from trJ3 = /Ay + (—t; + V/A2)/2 > 0,
det/s = /Ax(—t; ++/A3)/2 > 0 and (trJ3)> —
4detJ3 > 0 that the origin of system (18) is an unstable
node. So is E, as shown in Fig. 11c.

Finally, consider F'. We can change system (13) into

du
P —vMou+ld —d. —«a
+ (=t + 1)t — v/ D2) /212 + (=1 + to)uz + u?,

dz (19)

5 = = VA2 b uz+ (—n 102
by the translation transformation u — u + (f; —
VA2)/2,z — z. It implies that F is moved to the
origin of system (19). Obviously, the Jacobian matrix
at the origin of system (19) has the following form

5o [TV = de —a + (—1 +10) (4 — B)/2
A (11 = /A2)/2 '

Since trJy = —+/Ay + (=t — /A2)/2 < 0, detJy =
— VA (=11 — J/A2)/2 > 0and (trJy)? —4detJy > 0,
the origin of system (19) is a stable node. So is F, as
shown in Fig. 11c.
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In order to analyze equilibrium point at infinity on
the y-axis, we use another Poincaré transformation x =
v/z, y = 1/z to change system (1) into the form

dv =t
-
ar + > v+ 2 Z
dy—d dr+d
+<Ol— I2 r)UZ— r;‘ lvz
te— 1
+ 5 v + z|sgnz
Ir — 1, d.—d
+ = C|v—z|sgnz— < l|v+z|vsgnz
bodey_y
— v_
2 z|vsgnz,
%_ a_dl_dr z_dr-l-dlv
dr 2 ¢ ;7 %
d.—d d-—d
— Sl = T =zl 20)

It is obvious that (0, 0) is not an equilibrium point of
system (20). It means that the corresponding points at
infinity of system (1) on the y-axis are not equilibrium
point at infinity. By the aforementioned analysis, we
obtain the equilibrium point at infinity of system (1) in
the Poincaré disc, as shown in Fig. 10. This completes
the proof. O

5 Nonlocal dynamics of system (1)

In this section, we study limit cycles and homoclinic
loops of system (1) in the case d. < 0 when parameters
belong to the region G . From Lemma4.1, we know that
system (1) has no equilibrium point for ¢ < d. < 0,
a unique continuum of non-isolated equilibrium point
CE for ¢« = d. = 0, a unique equilibrium point E,
fora = d. < 0, two equilibrium points for ¢ > d,
and d. < 0. It follows from Lemma 4.1 that CE lies
inI'; US, UT, and is a half of a saddle in S;, which
means that system (1) has two invariant lines in &;.
Then it implies that there is no limit cycle surrounding
CE. By Lemma 4.1 again, we obtain that E., lies on
the right switching line I', and is a half of a node in S,
for tr2 —4d, > 0, which implies that system (1) has at
least one invariant line in S,. Then it means that there is
no limit cycle surrounding E, as 2 —4d, > 0. When
tr2 — 4d, < 0, assume that there exists limit cycle
surrounding E.,. Then, any limit cycles must intersect
with y = yg,, where yg, represents the ordinate of

cr?
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E.,. However, we have y| Y=yE, > 0. This is a contra-
diction implying that there is no limit cycle surrounding
E.r as 1,2 —4d, < 0.

By the aforementioned discussion, we only need to
study limit cycles and homoclinic loops of system (1)
withd, < 0and @ > d,. in Gj.

In what follows, consider d. < 0 and « > d. in Gj.
Denote

o —d,
dy
Evidently, e > 0 because of « > d, and d, > 0. Then,
the coordinate of E, of system (1) can represent as
(e + 1, tre + t.). Using the translation transformation

e =

xX—>x+e+1, y—>y+te+t,,

system (1) is changed into

P Yz 1)
—=Fx)-y, —=3g©x),

dt Y dr &

where

tx, if x > —e,
F(x) = tex + (tc — t;)e,

Hx+e+2)—te—2t, ifx<—e—2,

and
drx, if x > —e,
/g\(x) = dcx + (d(? — dr)e,

d(x+e+2)—de—2d.,, ifx<—e—2,

which means that E, of system (1) is moved to O :
(0, 0) of system (21), while E. of system (1) is moved
to N : ((dy/d. — 1)e, (t.d,/d. — t.)e) of system (21)
ifd. < o < —d. and d. < 0; E of system (1) is
moved to Ng : (—e — 2, —tre — 2t.) of system (21)
if« = —d. and d. < 0; E; of system (1) is moved to
Ny 2 ((dr/dy—1)e+2d./d; =2, (ydy [d) — 1) e — 2t +
2t1d./dy) of system (21) if ¢ > —d,. and d. < O.

The plane R? can be divided into three open linear
zones

Sp={(x,y) € R’|x < —e -2},
Se={(x,y) eR}|—e—2<x < —e),
S ={(x,y) e R¥x > —¢}

by two straight lines I'; = {(x, y) € R?|x = —e — 2}
and I'> = {(x, y) € R?|x = —e}. For notations sim-
plicity, for system (21) we still use F and g to represent
F and 3, respectively.

Since system (21) is topologically equivalent to sys-
tem (1), it suffices to study limit cycles and homoclinic
loops of system (21) to obtain the corresponding results

if —e—2<x < —e,

if —e—2<x< —e,

of system (1) by a translation transformation. System
(21) exhibits two equilibrium points O and N; when
d. < 0and @ > —d, or O and N (resp. N.) when
d. < 0and ¢ = —d, (resp.d, < o < —d.). Applying
Lemma 4.1, we obtain that N;, N.; and N, are saddles;
O is an unstable node for 7,2 — 4d, > 0 or an unstable
focus for 7,2 — 4d, < 0. By [41, Chapter 4], we know
that the index of a saddle is —1, the index of a node is
1, the index of a focus is 1, and the sum of the indices
of all equilibrium points surrounded by a limit cycle
is 1. Therefore, limit cycles of system (21) must only
surround O ifitexists. According to the location of sad-
dle point of system (21), we divide our study into two
subcasesd, < 0, > —d.andd, <0,d., < a < —d..

5.1 Limit cycles and homoclinic loops of system (1)
withd, < 0and @ > —d. in G|

We first give the nonexistence of limit cycles and homo-
clinic loops of system (1) in the following lemma, when
d. <0and @ > —d, in Gj.

Lemma 5.1 Whend, <0, @ > —d, in Gy, system (1)
exhibits neither limit cycles nor homoclinic loops, if
one of the following statements holds:

(a) tr2 —4d, > 0;

®) 2 —4d, < 0 and t. > t¥, where t¥ =

_Ir (‘x—dc“!‘\/ 4adr+(a’_dc)2)
2d, .

Proof Consider 2 — 4d, > 0. Then, N; of system
(21) is a saddle and O of system (21) is an unstable
node. System (21) has at least one invariant line in S
implying that any orbit passing the switching line I'»
has no intersections with the switching line I'; again.
Hence, system (21) exhibits neither limit cycles nor
homoclinic loops. So is system (1).

Consider #,2 — 4d, < 0. Then, N; of system (21)
is a saddle and O of system (21) is an unstable focus.
In order to prove the nonexistence of limit cycles and
homoclinic loops of system (21), we set a generalized
Filippov transformation

z(x) :=/ g(s)ds,
0

and x1(z) and x»(z) be the branches of the inverse of
z(x) for x > 0 and x5, < x < O, respectively, where
xn, = (d,/d; — 1)e +2d./d; — 2. By system (21), we
can calculate that
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d’zxz , if x > —e,
z(x) = ﬁ(x—i—e)z—d,ex—’17’62, if —e—2<x<—e, (22)
F(x+e+ 2)2 — (dre + 2d.)x — %’ez —2d. —2dce, ifxy <x<—e—2.
Then Fl/(z) — FZ/(Z)
[0, 4-00), ifx >0, _ ty/d?e? — dyd.e? + 2d.z + t./2d, 2 0
0, & R if —e<x <0, - =

2
zZ(x) €
) [ 2dc +2de + 42, if —e-2=x = e,

Qd. +2dre+ %2 2y, ifxy <x < —e—2,

where zy, 1= 2d.+2d,e+d e? /2—(dye + 2d.)*/ (2d)).

It follows from (22) that

2
x1(z) = = ifx >0, (23)
\ d:

and
2z if 0
— - U —e<x <y,
x2(z) = § dr—do)e—n/d?e?—d,dce*+2d .z Cif—e—2
A
<x < —e.

(24)

Define Fi(z) = F(x1(z)) and F2(z) := F(x2(2)).
Our purpose is to prove Fi(z) > F2(z) forz € (0, zy,)
implying that there are no limit cycles and homoclinic
loops, see [32, Section 6]. Based on (23) and (24), we
derive

Vd?ze? —d,d.e? +2d.z - /2d,z

when ¢, > 0 and

trJd2e? —d,d.e? + 2d.z+t./2d, 2
Vad2e? —d,d.e?+2d.z - /2d,z
> O(resp. = 0; < 0),

F{(2) — F3(z) =

if z < zo(resp.z = zo; 2 > 20),

when ¢t < 0, where zo = t,2(drdce2 — drze2)/
Q(t*d, — t*d,)). For z € (2d. + 2d,e + d,€*/2, zn)),
by the monotonicity of Fi(z) and F>(z), we have
F1(2) > F1(2dc + 2dre + dye*/2),
F>(2d, + 2dve + dye®)2) > F>(2).

By the aforementioned discussion, when z € (0, zy,),
itis clear that F(z) — F2(z) > 0 is equivalent to

(FiL@) = Py oy

_, \/451(, +4dye + dye?
r

2
Fi@) =t |=. ifz>0, (25) dr
dr + 2t. + tre > 0. 27
and
—1 31—5’, if0<z< ,
F(z) = (26)

¢ d(,‘

dre—r/d2e*—d,d.>+2d, o de? 2
1 NG TGO e, if HE < 7 < 2d, + 2dye + YL

2

Further, by (25) and (26), we have

A
Fi(z2) — F2(z) = , % , dye— /drzez_drdgez+2dcz
ry a c @

. ‘2
1f0<z<d'Te,

drez

tire, if 4L <z <2d.+2dre + LE

Evidently, Fi(z) — F2(z) > 0 when z € (0, d,e2/2).
Forz € [d,eZ/Z, 2d. +2d,e + d,ez/2], a routine com-
putation gives rise to
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Solving (27), we have 7. > t}. According to [32,
Section 6], it follows that system (21) exhibits neither
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limit cycles nor homoclinic loops when #. > . So is
system (1). This completes the proof of Lemma 5.1. O

Based on Lemma 5.1, we only need to consider the
existence of limit cycles of system (1) when d. < 0,
a>—d.,t,>—4d, <0andt, < t¥in G.

Lemma 5.2 Considering d. < 0, « > —d,, t,2 —
4d, < O0andt. <t} in Gy, system (1) exhibits at most
two limit cycles.

Proof When d, < 0, & > —d_, t,> — 4d, < 0 and
t. <t} in Gy, system (21) has two equilibrium points
O and N;, where O is a unstable focus and N; is a
saddle. Since limit cycles of system (21) only surround
O by the index theory of [41, Chapter 4] and O lies
in &7, it follows that limit cycles of system (21) can
be small limit cycle involving two linear zones (Sz and
&S7) or large limit cycle involving three linear zones if
it exists. The existence and uniqueness of small limit
cycles of system (21) have proved in [31, Theorem 2]
or [12, Theorem 2.2]. Therefore, we can arrive at the
conclusion that system (1) has at most one small limit
cycle when d, < 0, « > —d,, 2 —4d, < 0 and
t. <t} in G;. Moreover, the small limit cycle is stable
if it exists.

It remains to study the number, stability and hyper-
bolicity of large limit cycles of system (21). Take any
two large limit cycles of system (21) denoted as I'; and
['>, where ' and I'; are adjacent to each other, 'y is
the inner most one, A;, B;, C;, D;, E;, F;, G; and H;
are points on I';, the abscissa of D; and H; is —e and
the abscissa of E; and G; is —e — 2 fori = 1,2, as
shown in Fig. 12a. Our purpose is to prove
?{ F'(x)dr > f F'(x)dz. (28)

I 'y

Let yl/(x\) and y» (x) represent the orbit segments C/lfl
and C, E», respectively. Therefore,

fA F/(x)dt

C1Eq

/—8—2 F/(x)
= ——dx
0 F(x) — y1(x)

_ /_6_2 (F'(x) = yj(x)) + yi(x)dx
0 F(x) —ynx)

—e—2
= —d(F(x) —
/0 Fo) — ) (F(x) = y1(x))

—e—2 /7
¢ yi(x)
——d
) e

‘F(—e—Z)—yl(—e—Z)‘
F(0) = y1(0)

2 )
* /0 Fo -y
F(—e —2) = yi(—e — 2)\
F(—e—2) - n(0)
F(—e¢ —2) — y1(0)
F(0) — 71(0)

—e—2 4
yl(x)
— d
+/0 Fo)— i

= /62 —yi(x) dx
0 F(—e—2) — yi(x)
y1(0) — F(—e —2)
y1(0)

—e—2 /
yi(x)
—d
+/0 Fo) —mm

_ /—6-2 Y1) (F(=e = 2) = F(x)) N
o (F(=e=2)— y1(0) (F(x) — y1(x))
y1(0) = F(—e —2)
y1(0)
_ /—6—2 g(x) (F(=e=2) - F(x)) N
0 (F(=e—=2) = yi(x) (F(x) — yi(x))?
y1(0) = F(—e —2) ‘ .

=ln‘

+ln‘

+1In

+ In

+ In
y1(0)

Further,

/A F'(x)dt — /A F/(x)dt

CrE, C1E;
» y2(0)—F(—€—2)‘
=In
»2(0)
| y1(0) — F(—e —2)‘
—In
y1(0)

—e—2
+ /0 g(x) (F(—e—2)— F(x))

1
((F(—e —2) — »2(x)) (F(x) — y2(x))?
- ! 2) dx
(F(—e —2) — y1(x)) (F(x) — y1(x))
=0 (29)

because of 0 > F(x) — y1(x) > F(x) — y2(x) and
F(—e —2) — F(x) > 0 for x € (—e — 2,0) which
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implies that / 2 F) d
= e EE— O B 8
20) = Flze=2) y@=Flze=2 0 F(x) = y2(x)
¥2(0) y1(0) B /—e—z F(x) "

and 0 F(x) = yi(x)
0> ! _ [T FO®G®-yw)

(F(—e—2)— yz()i)) (F(x) — y2(x))? 0 (F(x) = y1(0)) (F(x) — 72(x)) ’

> 5
(F(=e—=2) = y1(x)) (F(x) = y1(x))

Similarly, we have

/A F'(x)dr — /A F'(x)dt > 0. (30)

GrAr G144
Using p = F(x) to rewrite system (21) in the region
{(x,y) € R?|x > 0} is as the following form
y__dr
dp  2(p—y)
Further, with a coordinate tgriformation pP—> up,y —>
wy with w = yg,/yB,, A2B2C> be an orbit segment
which crosses through By of system (31),1i.e., A; B Cj.
Therefore, we have

//\ F/(x)dt—//\ F'(x)dt = 0. (32)

ArBrC>o A1B1Cq

. pe 0, +00). 31)

Consider the following system without switching lines

d—); =H(x+e+2)—te—2t.—y ::7(x)—y,
dy _
I =d(x+e+2)—de—2d. . =gx), 33)
where {(x,y) € R2|x < 0}. Evidently, system (21)
and system (33) are the same in the region {(x, y) €
R2|(d,/d; — 1)e + 2d./d} —2 < x < —e — 2}.
For simplicity, we turn to study two orbit segments
Eﬁz\Gz and Eﬁ’l\Gl in system (33), as shown in
Fig. 12b, where P; and Q; represeﬂt\he first inter-
section point of the orbit segment E; F;G; and y-axis
for i = 1,2 as t decreases and increases, respec-
tively. On the one hand, proceeding as in the proof
of fAﬁaz\Cz F’(x).dt = fAﬁh\Q F’(x)dt in system (21),
we can also obtain that

//\ F'(x)dt = //\ F/(x)dt (34)

PyF> 0> P1F10)

in system (33). On the other hand, we have

//\ F (x)dr — //\ F (x)dr

P Ey PLE)
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(35)

where y1(x) and y2(x) represent the orbit segments
P1Ey and P> E> which lie above y = F(x), respec-
w Denot/ez\_l (x) and zZz(x) as the orbit segments
G1Q1 and G, Q7 which lie below y = f(x), respec-
tively. We can similarly obtain

/A F'(x)dt — //\ F'(x)dt < 0. (36)

G20 G110

It follows from (34), (35) and (36) that

fA F'(x)dt — //\ F'(x)dt > 0. (37)
E2F2Go E1F1G

In conclusion, we proved (28) by (29), (30), (32) and
(37). The next thing to do in the proof is to discuss the
existence of large limit cycles of system (21) by the
following two cases.

Case (a) system (21) exhibits a unique small limit
cycle, which is stable.
Case (b) system (21) exhibits no small limit cycles.

Consider Case (a). Note that system (21) exhibits a
unique small limit cycle. Denote as y;. Since y is sta-
ble, we have 55}/] F’(x)dt < 0. Combining the stability
of y1 and (28), we can directly obtain that system (21)
exhibits at most two large limit cycles. Assume that
system (21) exhibits two large limit cycles y» and y3,
where y» lies in the interior of y3. Moreover, we have

% F'(x)dt =0, % F'(x)dr > 0.
V2 V3

In other words, y» is semi-stable and y3 is unstable. We
claim that the assumption is invalid. For a; < ap, we
can calculate

‘F(x)|tc=a1 -y &)
F(X)lti,=ay —y §(x)
=0, for x > —e,
(x +e)gx)(a; —ap) <0, for
= —e—2<x < —e,
—2g(x)(a; —ap) <0, for %

—e—2<x<—e—2,
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where equality clearly cannot hold for entire closed
orbit of system (21). Thus, the vector field (F(x) —
v, g(x)) of system (21) is rotated about . by [22, Defi-
nition 1.6] or Definition 3.3 of [41, Chapter 4]. By The-
orem 3.4 of [41, Chapter 4], the semi-stable limit cycle
y2 will bifurcate into at least one unstable large limit
cycle y»1 and one stable large limit cycle y»7, when ¢,
varies in the suitable direction. It implies that there are
at least three large limit cycles. This is a contradiction.
Suppose that system (21) exhibits one large limit cycle
y4. We claim that y4 is unstable. Otherwise, y4 is stable
or semi-stable. If y4 is stable, then there exists an large
limit cycle that is unstable by the Poincaré—Bendixson
theorem between y and y4. This is contradictory. If y4
is semi-stable, then system (21) exhibits at least two
large limit cycles when 7, varies in the suitable direc-
tion. This is a contradiction. The assertion is proved.
In conclusion, system (21) has at most one large limit
cycle in the Case (a). Moreover, the large limit cycle
is unstable if it exists.

Consider Case (b). Notice that O of system (21) is
an unstable focus. Based on (28), system (21) exhibits
at most three large limit cycles. Denote as I'1, ', and
I'3, where I'1, I'; and I'3 are adjacent, I'; is the inner
most one and I'3 is the outer most one. Moreover, we
have

f F'(x)dr <0, f F'(x)dr =0, yg F'(x)dr > 0.
I Iy I3

By the same arguments, system (21) exhibits at least
four large limit cycles when ¢, varies in the suitable
direction. This is a contradiction. Thus, system (21)
has no large limit cycles or a stable large limit cycle
or two large limit cycles in the Case (b), where one
of the two large limit cycles is stable, the other one is
unstable, and the stable one lies in the interior of the
unstable one. This finishes the proof of Lemma 5.2. O

Based on Lemma 5.1, it suffices to investigate the
existence and uniqueness of homoclinic loops of sys-
tem (1) withd, < 0, @ > —d,, ;2 — 4d, < 0, and
te < t¥in Gy.

Lemma 5.3 When d, < 0, ¢« > —d,, tr2 —4d, <
0, t. < t¥ in Gy, system (1) has a uniqgue homoclinic
loop and a unique limit cycle when t. = ¢(«), where
the function t. = ¢(«) is continuous and monotonous
satisfying ¢ (a) < t}. Moreover, the homoclinic loop is
unstable and the limit cycle is stable.

Proof First of all, we prove the existence of homoclinic
loops of system (21). Denote W]‘\Z as the stable man-
ifold of the right-hand side of N; of system (21), and
Wy, as the unstable manifold of the right-hand side of
N; of system (21). Since there is no equilibrium point at
infinity in the right half plane by Lemma 4.2, the mani-
folds Wszr, and Wy, must intersect the curve y = F(x).
Denote the first intersection points of W/'\z and Wy,
with the curve y = F(x) as A : (x4, F(x4)) and
B : (xp, F(xp)), respectively. It is clear that system
(21) has a homoclinic loop if and only if x4 —xp = 0.
To prove the existence of homoclinic loops of system
(21), it suffices to prove that x 4 — x p has different signs
for the two different cases f. = ¢} and 1, — —oo0.

Consider t. = ¢}. It follows from statement (b)
of Lemma 5.1 that system (21) exhibits neither limit
cycles nor homoclinic loops, which implies x4 —xp #
0. Note that O of system (21) is an unstable focus.
We claim that x4 — xp < 0, as shown in Fig. 13a.
Otherwise, there exists at least one limit cycle by the
Poincaré—Bendixson theorem, which contradicts the
nonexistence of limit cycles of system (21). The asser-
tion of x4 — xp < 0 is proved.

Consider t, — —o0. Define M : (—e — 2, F(—e —
2)) as the intersection point of the curve y = F'(x) and
the left switching line I';; and P (resp. Q) be the first
intersection point of the positive (resp. negative) orbit
passing through M and the curve y = F'(x). Note that
there is no equilibrium point at infinity in the right half
plane by Lemma 4.2. Therefore, when . — —o0, we
obtain that P lies on the right-hand side of Q, as shown
in Fig. 13b. According to the continuous dependence of
the solution on parameters and initial values, it follows
that A also lies on the right-hand side of B. In other
words, x4 — xp > 0, as shown in Fig. 13b.

By the aforementioned discussion and the contin-
uous dependence of the solution on parameters and
the mean value theorem, there are some values ¢, €
(—o00, 1)) so that x4 — xp = O for system (21), as
shown in Fig. 13c. Therefore, we proved the existence
of homoclinic loops of system (21).

Secondly, we show the uniqueness of homoclinic
loops of system (21). We claim that the manifolds W;,Ll
and WZ;] of N; of system (21) rotate clockwise when ¢,
increases and ¢,, t;, dy, d., d;, o are fixed. For simplic-
ity, by the transformation

X — X, y—>y+1?(x),
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r=F)

(@) Assume two large limit cycles of system (21)

Fig. 12 The discussion of large limit cycles of system (21)

system (21) is changed into

dx dy
- I = gx) + f(x)y, (38)
where

t,, ifx > —e,
te, if —e—2<x<—e,
f, ifx<—e—2.

f) =F(x) =

It means that O of system (21) is moved to O : (0, 0)
of system (38), and N; of system (21) is moved to
Ny @ ((dr/dp — 1)e 4 2d./d; — 2, 0) of system (38).
Obviously, system (38) is topologically equivalent to
system (21), which implies that all aforementioned dis-
cussions which hold for system (21) are also available
for system (38). Therefore, we can assume that sys-
tem (38) exhibits a homoclinic loop for a certain value
t. € (—o00,t}), which has one intersection point P in
the positive x-axis, two intersection points Q1 (up) and
Q> (down) in the left switching line I';; and two inter-
section points M (up) and N (down) in the right switch-
ing line I';, as shown in Fig. 13d. Fix t,, t;, d;, d¢, dj,
and take 7. — 1. + €, where |¢| is sufficiently small. It
can easily be seen that systems (38) and (38)|;. .+ are
the same in the region {(x, y) € R?|x < —e—2}, which
means that the orbit segment Q1/NTQ2 will not change
when we perturb the parameter 7. Assume that the orbit
segments MO, Q1 and Q2N are changed into the orbit
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(b) E2F>Gs and E1Fy G, in system (33)

segments m and @, respectively, when we per-
turb the parameter ¢., where the point M is below the
point M, the point N> is below the point N, and M1 and
N3 are the points of the orbit after perturbation start-
ing from Qp and Q; and intersecting with the right
switching line I'7 for the first time as ¢ decreases and
increases, respectively, as shown in Fig. 13d. We claim
thate > 0. We will repeat this argument briefly later on.
According to the fact that systems (38) and (38)|;, — 7.+«
are the same in the region {(x, y) € R*|x > —e} and
the solutions of systems (38) and (38)|;, .+ satisfy
the existence, uniqueness and continuity with respect
to initial conditions and parameters, it follows that we
can directly obtain that the orbit segments P M PM and
N P are changed into the orbit segments P1 M; and
Nz P, respectively, when we perturb the parameter 7.,
where the orbit s segments Py 1 P1 M and N2 P, are below the
orbit segments P M and N P, respectively, and P; and
P> are the points of the orbit after perturbation start-
ing from Q1 and Q; and intersecting with the positive
x-axis for the first time as ¢ decreases and increases,
respectively, as shown in Fig. 13d. Moreover, by the
continuous dependence of solution on initial value and
parameters, the points P} and P> must exist and be in
a small neighborhood of the homoclinic loop.

We now prove ¢ > 0. Set d(x) := y.(x) — yo(x),
—e —2 < x < —e be the vertical distance between
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the orbit segments @ and @, where Y =De (x)
2£d\y = yo(x) represent the orbit segments M Q1 and
M Q1, respectively. Then we obtain from system (38)
that

di(x) = di(x) —di(—e =2)
= {ye(x) = yo)}L,_,
/x (—a + (e +8)yels)  —a+ tcyo(S)) ds

—e—2 —ye(s) —yo(s)
= H{(x) + Hy(x) (39)

forall x € (—e — 2, —e), where

Hi(x) = —e(x + e+ 2),

Hy(x) = /x di(s)Hz(s)ds and
_e__za

e ($)y0(s)
It follows from (39) that

di(x)H3(x) = Hy(x)H3(x) + Hy(x)H3(x),

H3(x) =

which implies that
dH(x)

dx
Solving H(x) from the first-order linear differential
equation (40) by the formula of constant variation and
the initial condition H>(—e — 2) = 0, we have

= Hi(x)H3(x) + Hy(x) H3(x). (40)

Hy(x) = / 21111<s>1L13<s>exp{ / H3(n)dn}d8-
@1)

Further, by (39) and (41) we have

X

di(x) = Hi(x) +/

—e—2

exp {/x Ha(n)dn} ds

= Hi(x) —/ 2H1 (s)d

ool v

= H](—@-Z)@XP{/ 2H3(7’)d77}

+/ H{(s) exp {/ H3(77)d17} ds
—e—2 K

=—¢ /x exp {/X H3(17)d77} ds
—e—2 K

Hy(s)H3(s)

<0 (resp. > 0), ife >0 (resp.¢ <0). (42)
Let da(x) = z¢(x) — z0(x), —e — 2 < x < —e be
the vertical distance between the orbit segments @
and @]\\7, where y =2 (x) alﬁl = zo(x) represent
the orbit segments Q> N, and O, N, respectively. It is
similar to prove that

dr(x) = —¢ /X exp {/x H4(n)dn} ds
—e—2 K

< 0 (resp. > 0), ife > O(resp.e¢ <0). (43)

for all x € (—e — 2, —e), where

—o
2e(5)z0(s)
Therefore, the assertion of ¢ > 0 is proved by (42)
and (43), which means that both the stable mani-
fold Wy, and the unstable manifold Wy of N; of
system (21) rotate clockwise when f. increases and
tr b, dy, de, d;, a are fixed. Hence, we obtain the
uniqueness of homoclinic loops of system (21) by the
aforementioned discussion. In other words, there is a
continuous and monotonous function ¢(«) on z. such
that system (1) exhibits a unique homoclinic loop when
t. = ¢(a), where () < 1.

Thirdly, we prove the stability of homoclinic loops
of system (21). Although system (21) is piecewise lin-
ear and Lipschitz continuous in R? and Theorem 3.3
of [15] holds for a system satisfying C2, we can easily
show that Theorem 3.3 of [15] holds for system (21).
Regarding the saddle N; of system (21), its eigenvalues
are denoted by A_ and A4, where A_ < 0 < A4 and
A_ + Ay = 1. Since #; > 0, the homoclinic loop of
system (21) is unstable by Theorem 3.3 of [15].

Finally, we prove the coexistence of limit cycle and
homoclinic loop of system (21). By the aforementioned
analysis, we know that the homoclinic loop of system
(21) is unstable when it exists. Recall that O of system
(21) is an unstable focus. Therefore, it clear that there
exists limit cycle in the interior of the homoclinic loop
by the Poincaré-Bendixson theorem. According the
fact that system (21) exhibits at most two limit cycles by
Lemma 5.2, we claim that there exists a unique limit
cycle that is stable in the interior of the homoclinic
loop. Otherwise, there exist two limit cycles in the inte-
rior of the homoclinic loop. Then, the two limit cycles
consist of a stable one and a semi-stable one by the
Poincaré—Bendixson theorem. We know that the vec-
tor field (F (x)—y, g(x)) of system (21) is rotated about

Hy(x) =
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t. by the proof of Lemma 5.2. Hence, when ¢, varies
in the suitable direction, system (21) exhibits at least
three limit cycles. This is a contradiction. The asser-
tion is proved. Therefore, there exists a unique limit
cycle that is stable in the interior of the homoclinic
loop. According to Theorem 3.5 of [41, Chapter 4], it
follows that the stable limit cycle lying the interior of
the homoclinic loop of system (21) expands when ¢,
increases. So is system (1). The proof is completed. O

We have proved the existence of limit cycles of sys-
tem (1) in Lemma 5.2, and then we now can give the
uniqueness of limit cycles and the exactly two limit
cycles of system (1) based on Lemma 5.3, whend, < 0,
o> —d,, 2 —4d, <0, and te < tfin G.

Lemma 5.4 Considerd, <0,a > —d., t>—4d, <0,
te <t} in Gy. There is a continuous function t. = ¢ (o)
such that the following statements hold, where ¢ (o) <

d(a) <t

(@) When t. € (—o00,¢(a)), system (1) exhibits a
unique limit cycle, which is stable.

(b) Whent. € (p(a), ¢p(a)), system (1) exhibits exactly
two limit cycles. The inner limit cycle is stable and
the outer one is unstable.

(c) Whent. = ¢ (o), system (1) exhibits a unique limit
cycle, which is semi-stable.

(d) When t. € (¢ (), t}¥), system (1) exhibits no limit
cycles.

Proof According to Lemma 5.3, it follows that system
(1) exhibits a unique homoclinic loop that is unsta-
ble when 7. = ¢(«) as shown in Fig. 14b, where
the function ¢(«; ¢, 1, d;, d., d;) is a continuous and
monotonous function on f., and ¢(a) < t¥. Denote
ng as the stable manifold of the right-hand side
of E; of system (1), and Wy, as the unstable mani-
fold of the right-hand side of E; of system (1). By
the proof of Lemma 5.3, we know that the mani-
folds W;l and WE[ rotate clockwise when f. increases
and t., 1, d;, d., d;, a are fixed. If the homoclinic loop
breaks, then the relative location of the stable man-
ifold Wb‘fl and the unstable manifold WE_z will occur
two cases, as shown in Fig. 14a, ¢, where ¢ > 0 is
sufficiently small.

Firstly, we prove conclusion (a). When 7. € (—o0,
¢(a)), the relative location of the stable manifold WE+,
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and the unstable manifold W, is as shown in Fig. 14a.
Hence, we can construct the outer boundary curve.
Since E, is an unstable focus, we can construct the
inner boundary curve in a small neighborhood of E,.
By the Poincaré-Bendixson theorem, there exists at
least one limit cycle surrounding E,. We have known
that system (1) exhibits at most two limit cycles by
Lemma 5.2. Assume that there exist two limit cycles
surrounding E,. Then, the two limit cycles consist of
a stable one and a semi-stable one by the Poincaré—
Bendixson theorem, which leads to the conclusion that
system (1) exhibits at least three limit cycles when z,
varies in the suitable direction. This is a contradiction.
Hence, there exists a unique limit cycle, which is sta-
ble. Moreover, the stable limit cycle expands when z,
increases. Conclusion (a) is proven.
Secondly, we prove conclusions (b) and (c¢). When
t. € (p(a), +00), the relative location of the stable
manifold Wg'] and the unstable manifold WEI is as
shown in Fig. 14c. We have shown that system (1)
exhibits a unique limit cycle that is stable in conclusion
(a) when 7, € (—00, ¢(a)); a unique limit cycle that
is stable and lies in the interior of the unstable homo-
clinic loop in Lemma 5.3 when ¢, = ¢(«). Combining
Lemma 5.2 and the Poincaré—Bendixson theorem, we
claim that system (1) exhibits two limit cycles when
t. € (p(a), p(a)+¢), where the inner limit cycle is sta-
ble and the outer one is unstable. Otherwise, system (1)
has no limit cycles when . € (p(«), ¢(a)+¢); astable
homoclinic loop when ¢, = ¢(«). This is contradictory.
Hence, system (1) has exactly two limit cycles when
t. € (p(o), () + €). Moreover, the attracting limit
cycle expands and the repelling one contracts when f,
increases. Therefore, by the continuous dependence of
solutions on parameters and the mean value theorem,
we further obtain that there exists a continuous func-
tion ¢ («; tr, 1, dy, d., d;) such that when 1. = ¢ («)
system (1) exhibits a unique limit cycle that is semi-
stable, where ¢ () < ¢ (a) < t}. Then, system (1) has
two limit cycles when p(«) < #. < ¢ («). Conclusions
(b) and (c) are proved.
Finally, we prove conclusion (d). When ¢ () <
t. < t¥, the semi-stable limit cycle disappears. Hence,
system (1) hasno limitcycles. Conclusion (d) is proved.
O
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(a) system (21) when t. = ¢;

v

<

(¢) the homoclinic loop of system (21)

'
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'

(d) system (38) when t. € (—o0,t;)

Fig. 13 The discussion of the existence and uniqueness of homoclinic loops of system (1)

E, E; E
(a) when t. = ¢(a) (b) when t. = p(a) —¢ (C) when t. = p(a) + ¢

Fig. 14 The homoclinic loop bifurcation of system (1)
5.2 Limit cycles and homoclinic loops of system (1)

withd, <Oandd, < o < —d. in G

The following lemma is to give the nonexistence of
limit cycles and homoclinic loops of system (1), when
d. <0andd, <a < —d, in Gj.

Lemma 5.5 Considering d. < 0, d;, < o < —d, in
G\, system (1) exhibits neither limit cycles nor homo-
clinic loops, if one of the following statements holds:

(a) tr2 - 4dr >0;
() 1,2 —4d, <0andt, > 0.

Proof Consider 1,2 — 4d, > 0. O of system (21) is an
unstable node by Lemma 4.1, which implies that system
(21) has at least one invariant line in S7. Thus, any orbit
passing the switching line I'; has no intersections with
the switching line I'7 again. Moreover, limit cycles of
system (21) must only surround O if it exists. Thus,
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system (21) exhibits neither limit cycles nor homoclinic
loops. The condition (a) is proved.

Consider 7,2 — 4d, < 0 and 7. > 0. From
Lemma4.1, we know that O of system (21) is an unsta-
ble focus, N, (resp. N;) of system (21) is a saddle if
d. < a < —d, (resp. « = —d.). In order to study
the nonexistence of limit cycles and homoclinic loops
of system (21), construct an energy function along the
vector field of system (21) as follows

X y2
E(x,y):= / g(s)ds + —.
0 2

Then, we have

W = g(¥)F(x) > 0 (resp. = 0),

if x # 0 (resp.x = 0),

when t. > 0 and d. < o < —d. in the region
{(x,y) € R?|x > (d,/d. — 1)e}. We claim that system
(21) exhibits neither limit cycles nor homoclinic loops
in this case. Otherwise, we have

fldE = % gx)F(x) >0,
r r

for any limit cycle or homoclinic loop I of system (21),
which contradicts the fact 551“ dE = 0. This completes
the proof. O

Based on Lemma 5.5, we give the existence and
uniqueness of limit cycles and homoclinic loops of sys-
tem (1), whend, < 0,d, < o < —d,, 1> —4d, <0
and 7, < 0in Gy.

Lemma 5.6 Consider d, < 0, d. < o < —d,
tr2 —4d, < 0andt. < 0in Gy. There is a continuous
function t. = h(o) such that the following statements
hold, where h(a) < 0.

(a) System (1) exhibits a unique limit cycle that is stable
if and only if t, < h(w).

(b) System (1) exhibits a stable homoclinic loop if and
only if t, = h(w).

(c) System (1) exhibits neither limit cycles nor homo-
clinic loops if and only if t, > h(a).

Proof In[31], Llibre, Ponce and Valls studied the limit
cycles of the following Liénard piecewise linear differ-
ential system

dx ~ dy o
—=Fx)-y, —=g), (44)
dr dr
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where
Tr(x —v) 4+ Tcv, ifx > v,
F(x) =3 Tcx, if —u<x<ov,
Tr(x +u) —Tcu, ifx < —u,
r(x —v)+v, ifx>v,
gx) = 1 x, if —u<x<v,
I(x+u)—u, ifx < —u,

and the constants # and v are positive. When T =
Tc #0and r = 1, F(x) and g(x) of system (44) can
be simplified as the following form

F()C) ) Tgx, if x > —u,
T\ To(x +u) — Tru, ifx < —u,
and
20) = X, if x > —u,
gx) = I(x+u)—u, ifx<—u.
Assuming d, > 0 and applying
1y t de

=, T = —F — u=e, (45)
Ja. 'V d,

we obtain that F. (x) and g(x) of system (44) can be
further simplified to

i . _

f(x): ﬁx, if x > —e,
j—‘i(x +e) — \/’—’Fe, ifx < —e,

and

Z() = X, if x > —e,

g§X) = j—i(x—}—e)—e, if x < —e.

By the scaling transformation y — y//d,, T —
Jdyt, system (44) becomes

i—): =F(x) -y, % = g(x), (46)
where,
Fx) = {Z)(C)’c +e) —tre, gi i :Z
and
dpx, if x > —e,
g0 = {dc(x +e)—dre, ifx < —e.

Using Lemma 4.1, we know that system (21) has
two equilibrium points O and N, when d, < o <
—d.; O and N, when ¢« = —d. > 0. Moreover, O
of system (21) is an unstable focus for t,z —4d, <
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0, N, and N, of system (21) are saddles. It is clear
that the above equilibrium points all lie in the region
{(x,y) € R%|x > —e — 2}. Based on the index theory,
limit cycle of system (21) lies in the region {(x, y) €
RZ|x > —e — 2} if it exists. It is important to note
that system (21) and system (46) are the same in the
region {(x, y) € R?|x > —e — 2}. Moreover, systems
(44) and (46) are topologically equivalent. Therefore,
we can directly obtain some results of limit cycles and
homoclinic loops of system (1) by using the known
results of limit cycles and homoclinic loops of system
(44) (see [31)).

Consider T = T¢c > 0, |T¢c| <2, T, <0,r =1
and / < O in system (44). By (45), we have #, > 0,
te <0,d, > 0,d. < 0andt?>—4d, < 0insystem (46).
System (46) has two equilibrium points, M : (0, 0) and
N : ((d;/d. — V)e, (t.d,/d. —t;)e). M of system (46)
is exactly O of system (21) when d, < o < —d,,
N of system (46) is exactly N, of system (21) when
d. < a < —d.; and N of system (46) is exactly N
of system (21) when o« = —d, > 0. If Tp = T¢ > 0,
|Tc| <2,Tr <0,r =1and! < 0hold, we recall that
system (44) has a unique limit cycle surrounding the
origin that is stable if and only if ™" Y i +Yl <0;a
stable homoclinic loop if and only if ™7 Yfr +v. =0;
neither limit cycles nor homoclinic loops if and only if
emv Yfr +YL >0 by Theorem 3 of [31], where

Tc \/4_ TCZ'

w=—————,

V= —F—
J4—T? 2
Te _TLi,/Tg—41

= — Sy —m ————
TT T % 21 :

w
2. s
Ve = 2 et (x/(o P TR £ (o — 8¢>>
YL = u - exp(Eyya)y/ (0 — 81)2 + 2.

Therefore, if t, > 0,1t < 0,d, > 0,d. < 0 and
t,z —4d, < 0 hold, system (46) exhibits a unique limit
cycle that is stable surrounding the origin if and only if
ery Yi + Y% < 0; a stable homoclinic loop if and only
if ™V Y_{_ +Y! = 0; neither limit cycles nor homoclinic
loops if and only if e™” Yi + YL > 0, where

t 4d, —1?

YT -2 O

C2Jd

1 5y = /d, te + /12 —4d,
2@a + = r ch ’

Y4+ = 2 - arctan @ )
VO =022 + @2 + (0 —82)
YL = 4e-exp(xy i)/ (0 — 81)% 4 2.

Besides, for a; < a», we can compute

'F(x)|tc=a1 -y g(x)
F(X)t=ay — y §(x)

for x > —e,

=0,
- {(x +e)gx)(a —ay) <0, forx < —e,

where equality clearly cannot hold for entire closed
orbit of system (46). Hence, the vector field (F(x) —
v, g(x)) of system (46) is rotated about 7. by [22, Def-
inition 1.6] or Definition 3.3 of [41, Chapter 4]. This
implies the result. O

6 Proofs of Theorems 2.1-2.6

Proof of Theorem 2.1 Tt follows from Lemma 4.1 that
system (1) exhibits a continuum of non-isolated equi-
librium points CE when « = 0 in Gy;. If @ = ¢ and
& > 01is small, CE will vanish and an unstable focus
E, and a saddle E; will appear. Moreover, it is evident
that there is no limit cycle by the qualitative property of
CE. Therefore, DBy and DB; are degenerate boundary
equilibrium bifurcation curves.

Applying Lemma 5.3, we know that system (1)
exhibits a unique homoclinic loop that is unstable when
a > 0and t, = ¢(«) in Gy, where the function ¢ ()
is a continuous and monotonous function on 7. and
¢(a) < t}. Therefore, homoclinic bifurcation curve
H L is obtained.

According to Lemma 5.4, it follows that system (1)
exhibits a unique limit cycle that is semi-stable when
o > 0and t, = ¢(a) in Gy, where ¢ («) is a con-
tinuous on f. and ¢(a) < ¢(a) < tf. If ¢ > O,
te = ¢(a) + ¢ and ¢ > O (e is small), the semi-stable
limit cycle will vanish. However, there are two limit
cycles accompanied by the vanish of the semi-stable
limit cycle if ¢ < 0. Hence, DL is called as double
limit cycle bifurcation curve.

By the aforementioned discussion and Lemma 4.2,
we obtain that there is no limit cycle when parameters
belong to the region /I (see Fig. 1b for its global phase
portraits in the Poincaré disc) or II (see Fig. 1c for its
global phase portraits in the Poincaré disc); one stable
limit cycle when parameters belong to the region 111
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-2 0 2 4 6 8 -3 -2 -1 0 1 2 3 4 5 6 7

(a) when (o, tc) = (1,—0.3) (b) when (o, tc) = (1, —0.426)

-3 -2 -1 0 1 2 3 4 5 6 7 -3 -2 -1 0 1 2 3 4 5 6 7
(c) when (a,t.) = (1,—0.51) (d) when (a,t.) = (1, —0.5285)
Jf

2 0 2 n 6 s
(e) when (o, t.) = (1,—1.6)

Fig. 15 Numerical phase portraits of system (1) with (¢, #;, d,-, d., d;) = (0.1, 1,0.5,0, —1) € Gy
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(see Fig. 1d for its global phase portraits in the Poincaré
disc); two limit cycles when parameters belong to the
region IV (see Fig. le for its global phase portraits in
the Poincaré disc). This completes the proof. O

Proof of Theorem 2.2 Proceeding as in the proof of
Theorem 2.1, we have the degenerate boundary equi-
librium bifurcation curves DB; and DB; in Gi;. By
Lemma 4.1, system (1) exhibits no equilibrium point
when o < 0 in Gj7; two equilibrium points E; and E,
when @ > 0 in Gy, where E; is a saddle, E, is an
unstable node. Hence, system (1) has no limit cycles.

Based on the aforementioned discussion and Lemma4.2,

we obtain the global phase portraits in the Poincaré disc
of the regions V (see Fig. 2b) and VI (see Fig. 2c). The
proof is completed. O

Remark 5 Since the proof of Theorem 2.4 is similar
with the proof of Theorem 2.1 and the proofs of The-
orems 2.3, 2.5 and 2.6 are similar with the proof of
Theorem 2.2, we omit the corresponding proofs.

7 Numerical results

In order to illustrate our theoretical results, we give
some numerical phase portraits of system (1). Let
(tr, 41, dr,de,d)) = (0.1,1,05,0,—-1) € Gp1. By
numerical simulations, system (1) exhibits no limit
cycles for (a,f.) = (1,—0.3) (see Fig. 15a); one
semi-stable limit cycle for (o, 7.) = (1, —0.426) (see
Fig. 15b); two limit cycles for («, 7.) = (1, —0.51) (see
Fig. 15c¢); one unstable homoclinic loop and one stable
limit cycle for («, t.) = (1, —0.5285) (see Fig. 15d);
and one stable limit cycle for (¢, #.) = (1, —1.6) (see
Fig. 15e).

Set (ty,1,d,,d.,d;) = (0.1,1,0.5,-0.1,—1) €
G14. By numerical simulations, system (1) exhibits no
limit cycles for («, 7.) = (1, —0.3) (see Fig. 16a); one
semi-stable limit cycle for (o, 7.) = (1, —0.476) (see
Fig. 16b); two limit cycles for (e, t.) = (1, —0.5) (see
Fig. 16c); one unstable homoclinic loop and one sta-
ble limit cycle for (¢, #.) = (1, —0.55) (see Fig. 16d);
and one stable limit cycle for (o, #.) = (1, —1) (see
Fig. 16e). And system (1) has no limit cycles for
(o, t.) = (0, —0.1) (see Fig. 16f); one homoclinic loop
for (e, t.) = (0, —0.12799) (see Fig. 16g); and one sta-
ble limit cycle for («, #.) = (0, —0.3) (see Fig. 16h).

8 Concluding remarks

In this section, we compare the global dynamics and
techniques of this paper to those of known papers.
Based on all results in this paper, global phase portraits
in the Poincaré disc and the bifurcation diagram of sys-
tem (1) were given completely for the case #.#; > 0,
drd; <0,d. <0.

When t.1; > 0 and d,d; > 0, the global dynamics of
system (1) are completely different compared with this
paper, see [12,31,35] and references therein. For exam-
ple, consider system (1) with #,4; > 0,d, > 0,d, > 0,
d; > 0, and then system (1) has a unique equilibrium
point that lies in an open linear zone or a switching line.
However, the results of this paper for the finite equi-
librium point are utterly different and more complex,
where system (1) has two isolated equilibrium points
for « > d.; one equilibrium point (one continuum of
non-isolated equilibrium point asd. = 0 or oneisolated
equilibrium pointasd, < 0)fora = d,;noequilibrium
point fora < d., see Lemma4.1 for more descriptions.
Naturally, the global phase portraits and bifurcations of
system (1) in this paper are completely different from
those of system (1) with t,y > 0,d, > 0,d. > 0,
d; > 0. Since d,d; < 0, it means that the dynamic of
the one of the exterior linear zones is saddle and the
remaining one is anti-saddle. Therefore, the results of
this paper have the special dynamical behavior that is
the coexistence of limit cycle and homoclinic loop.

Llibre et al. [31] proved the existence and unique-
ness of homoclinic loop involving two linear zones for
system (1) with some restrictions. In this paper, we
show the existence and uniqueness of homoclinic loop
involving three linear zones for system (1) by using
new techniques. To explain why, we recall the tech-
niques used to prove the existence and uniqueness of
homoclinic loop in [31]. When #; = t., d; = d, or
t, = t., dr = d. system (1) becomes a continuous
piecewise linear system with only two different linear
zones. Without loss of generality, we consider the case
) = t¢, di = d, and then system (1) becomes

g e (47)
- = xX)—Yy, —_— = X)) — A,
dr Y dr g
where
=11, ifx >,
Fx) = {tcx, ifx <1,
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(a) when (o, t.) = (1,-0.3)

(b) when (a, tc) = (1, —0.476)

(c) when (a,tc) = (1, —0.5)

(d) when (a,t.) = (1,—0.55)

(e) when (a,t.) = (1,-1)

(f) when (o, tc) = (0,-0.1)

Fig. 16 Numerical phase portraits of system (1) with (¢, t;, d,, d¢, dj) = (0.1, 1,0.5, —=0.1, —1) € G4
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(2) when (a,t.) = (0,—0.12799)

Fig. 16 continued

and

_ dr(x — 1) +d.,
gx) = {dcx,

Without loss of generality, consider system (47) with
t, < 0,0 <t <2,d <0,d. >0,a < d, see
the section 4 of [31] for more descriptions. Firstly, they
computed the stable manifold and the unstable mani-
fold of the left-hand side of saddle point of system (47)
by the Jacobian matrix of saddle point. Let A and B be
the intersection points of the stable manifold and the
unstable manifold of the left-hand side of saddle point
with the switching line x = 1, respectively. Secondly,
they calculated the orbits y; and y» starting from A
and B in the region {(x, y) € R?|x < 1}, respectively.
Finally, they obtained the conclusion of the existence
and uniqueness of homoclinic loop for system (47) if
y1 and y» intersect each other.

Now, look at the problems we face. Without loss of
generality, consider system (1) with d, > 0, d, < 0,
d <0,t >0, <ty >0, ¢ > —d. and
t? —4d, < 0. It then follows from Lemma 4.1 that sys-
tem (1) has two equilibrium points E; and E,, which
are lie in §; and S;, respectively. Since E; is a sad-
dle, the homoclinic loop involves three linear zones
if it exists. Although we know that the dynamics of
the left and right linear zones of system (1) are saddle
and focus respectively, it is quite difficult to study the
existence and uniqueness of homoclinic loop involv-
ing three linear zones by the above techniques because
of complex computations. In other words, we have to

ifx > 1,
ifx <1.

(h) when («,t.) = (0,—0.3)

adopt new techniques to solve our face problems, see
Lemma 5.3 for more descriptions. Denote the first inter-
section points of the stable manifold and the unstable
manifold of the right-hand side of saddle point of sys-
tem (1) with the curve y = F(x) as A : (xa, F(x4))
and B : (xp, F(xp)), respectively. First, we prove that
xga—xp < Ofort, =t7andxg—xp > Ofort. — —oo.
By the zero point theorem, we obtain the existence of
homoclinic loop of system (1), i.e., x4 — xp = 0 for
some values #.. Second, we show that the stable man-
ifold and the unstable manifold of the right-hand side
of saddle point of system (1) rotate clockwise when f,
increases and ¢, 17, d,, d., d;, a are fixed. Therefore,
we know that the homoclinic loop of system (1) is
unique if it exists. By the aforementioned two steps, we
give the existence and uniqueness of homoclinic loop.
Finally, we prove the coexistence of limit cycle and the
above homoclinic loop by reduction to absurdity, , see
Lemma 5.3 for more descriptions.
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