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Abstract The paper investigates the event-triggered
sub-optimal control problem for two-time-scale sys-
tems with unknown slow dynamics. Specifically, a
composite event-triggered optimal controller design
is proposed for the decoupled slow and fast subsys-
tems with different triggering conditions. To handle the
unknown dynamics, the actor and critic networks are
utilized to approximate the optimal controller employ-
ing tuning laws applied to the weights. The results
indicate that a system employing the proposed event-
triggered mechanism can achieve asymptotic stability
and afford a sub-optimal controller. Furthermore, Zeno
behavior is excluded with rigorous proof, and several
simulation examples and comparative studies demon-
strate the method’s effectiveness.
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1 Introduction

In many practical systems, such as electric circuits [1],
power systems [2], and spacecraft systems [3], slow and
fast dynamics coexist and are coupled. These systems
can be modeled as two-time-scale systems (TTSSs),
where the optimal control objective of TTSSs is to
minimize a predefined performance index concerning
the control energy, state variables, or other indicators.
Such problems have always been a hot topic in the
control field for TTSSs. To address these issues, it is
often required to deal with Hamilton—Jacobi—Bellman
(HJB) equations, which are hard to solve analytically.
As a result, methods focusing on finding an approx-
imate solution have become popular to realize near-
optimal control for practical needs [4,5]. Another con-
cern is that applying a traditional optimal control of
single-time-scale systems directly to TTSSs may pose
ill-conditioned numerical and high-dimensional issues.
Therefore, some effective methods have been proposed
[6-14]. For instance, when the fast dynamics decay
rapidly, the controller can be designed solely based
on the slow dynamics [6]. However, when the fast
dynamics are not globally asymptotically stable, we
can decompose the original problem into two reduced
subproblems with separate time scales and then design
acomposite control strategy [7—13]. In [14], the authors
proposed a feasible alternative to utilizing a fixed-point
iteration method.
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The optimal control methods for TTSSs mentioned
above [7,8,10-12,14] assume that the system’s dynam-
ics are completely known. However, precisely param-
eterized system models are always hard to obtain in
real applications. Based on the practical background of
industrial thickening and flotation processes, model-
free optimal operational [15,16] and optimal tracking
[17] control strategies have been suggested. Utilizing
prior model identification, the unknown system dynam-
ics are estimated through a multi-time-scale dynamic
neural network, and then the near-optimal controller is
designed [18,19]. However, this method is still based
on precise modeling. To directly obtain the optimal
solution with unknown slow dynamics, an adaptive
composite near-optimal control strategy is designed
in the framework of adaptive dynamic programming
[20]. Nevertheless, the controllers are continuously
updated in real-time [15-20], posing implementation
challenges due to the physical devices and communi-
cation limitations.

To overcome the difficulty of continuous updat-
ing, the event-triggered mechanism has been proposed
so that the controller updates when necessary [21],
enhancing the efficient usage of restricted resources.
The event-triggered optimal control (ETOC) offers a
tradeoff between performance and resources. Thus,
a sub-optimal performance is obtained if selecting a
less-resourced oriented controller, such as an event-
triggered controller [22]. Furthermore, the upper bound
of the performance index [23,24], unmatched uncer-
tainties [25] and double-channel communication [26]
have also been studied within the scope of ETOC.
The case of nonlinear stochastic systems is consid-
ered in [27]. However, related works on ETOC are
mainly about single-time-scale systems. For example,
considering the unknown dynamics, an event-triggered
adaptive dynamic programming method has been pro-
posed based on the policy and value iteration algo-
rithms [28]. The adaptive neural network (NN) con-
trol or the adaptive fuzzy control is also a valid tool to
deal with nonparametric uncertainties [29,30]. Addi-
tionally, a model-free Q-learning-based algorithm has
been designed where the Q-function is considered a
parametrization for the state and the input [31]. Finally,
some related works concern event-triggered mecha-
nism (ETM) for TTSSs [6,9,32,33], but optimality and
unknown dynamics have not been simultaneously con-
sidered.
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Based on the above discussions, ETOC for TTSSs
with unknown dynamics is still an open issue to be
investigated, as methods for single-time-scale systems
[23-25,31,34] do not apply to TTSSs directly. The
main challenge is that the errors of the slow and the
fast states are always coupled, which is not the case in
single-time scale systems.

This paper considers unknown slow dynamics and
proposes a Q-learning ETOC algorithm for TTSSs.
The Q-learning method is an adaptive dynamic pro-
gramming method using the actor-critic structure. An
action-depend function that estimates the expected
performance under a given action and a given state
through the collected input/output data selects the opti-
mal action based on the previous observations. A sig-
nificant advantage of such a strategy is that it does
not require accurately modeling the systems. The main
contribution of this paper is twofold: (1) Considering
the event-triggered sub-optimal control for TTSSs, as
existing event-triggered controllers for TTSSs mainly
focus on stabilization [6,9,32,33] and neglect perfor-
mance indicators during the control process, or focus
on using a continuous-time optimal controller without
an event-triggering mechanism [18-20]. (2) Proposing
an online approach without knowing the system’s slow
dynamics, thus not requiring prior offline training [20]
or identifying unknown dynamics [18, 19]. The optimal
controller can be approximated directly with the state,
input information, and partially known dynamics.

The remainder of the paper is organized as fol-
lows. Section 2 presents the background concerning the
decomposition of slow and fast modes and the optimal
control theory for TTSSs. Section 3 designs the event-
triggered sub-optimal control with an unknown slow
dynamic and analyzes the stability of the original sys-
tem. Section4 demonstrates the efficiency of the pro-
posed strategy using numerical examples, and finally,
Sect. 5 concludes this work.

Notation: I, denotes the identity matrix of dimen-
sion n, || - || represents the Euclidean norm for vec-
tors or the spectral norm for matrices, R is the
set of positive real numbers, and N, denotes the
set of positive integers. For a matrix A € R,
vec(A) = [alT, azT, ol a,,Tl]T, where a; € R" is the
ith column of A, i = 1,2,...m.tr(A) = > |, aii
indicates the trace, ® indicates the Kronecker prod-
uct, A(R), A(R) denote the maximum and minimum
eigenvalue of matrix R, respectively, and O(:) is the
order of magnitude defined in [10]: vector function
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f(t,e) € R"issaid to be O (¢) over an interval [z, 7]
if there exist positive constants k and ¢* such that

| £z, &)l <ke Ve el0,e*], Vt € [11, 12].

2 Problem formation

Consider the following linear continuous-time TTSSs
described by
X(1) = Apx(t) + Appz(t) + Buu(r), x(10) = x°
ez(t) = Anx(t) + Anz(1) 4+ Bau(t), z(to) = 2° (1)
y(®) = Cix(t) + Coz(t)
where x(t) € R™ is the slow state vector, z(¢) € R'*2
is the fast state vector, u(¢) € R™ and y(t) € RP
are the input and output, respectively. € represents a
small positive singular perturbation parameter. Aj; €
Rnlxnl’ A]2 c Rnlxnzy Az] c anxnl, A22 c
anxnz’ Bl c Rnlxm’ 32 e Rixm
The objective is adjusting u to minimize the perfor-
mance index

L[ 7 T
J=§ (y'y+u’ Ru)dt,R > 0. )
0
A AlZ] [ B ]
Let A = . B = s C =
|:%A21 1Ay 1B,

[C1, Ca]. X = [’Z“ ],and the initial state X (f) = Xo =

0
x . .
. From the optimal control theory, the exact opti-
Z()

mal control for the original system (1) with a perfor-
mance index (2) is

uopr = —R'BT PX, 3)
where matrix P is the solution of the following Riccati
equation

0=-PA-A"P+PBR'B'P-C'cC, @)
and the corresponding performance index is Jop; =
1xIPxo.

However, the traditional method cannot solve (4)
directly due to numerical illness. An effective way is
to divide the original system into two separate time-
scale subsystems and design the controllers separately.
Additionally, to reduce resource waste and consider
the triggering factor, the controller only updates at the
triggering instants, i.e., {t)’j} and {té‘}, k € Ny, for the
slow and fast subsystems, respectively. The input is
written as

u=uy =KX+ Ksz, )

where K; € R™"_ K, € R™*"2, and the sampled
states X, z are defined as

(@) = x5, vreld, M

X

2(t) = z2(tX), vr ek

The errors between the sampled states and the real
states are defined as

e1(t) = x(t) — x(1),
er(t) = z(t) — z(1).

For convenience, we denote £ = (elT e2T )7, K =
(K1 K2).

Assumption 1 Aj; is nonsingular.

Under Assumption 1, the following Chang transforma-
tion [8] will be used to decouple the slow and the fast
modes.

1-[:)

I, —eML —eM

L Ln
decoupled slow and fast dynamics of the original sys-
tem, respectively. L € R"*™ and M € R"*"2 are
the solutions of the following equations,

Axp +eLAj — ApL —eLAppL =0,
eAMIM —eApLM + Ay — MAy —eMLA; =0,
where A1y = Aj1+B1Ky, A = Ap+B1Ka, Ay =
Az1 + B2Ky, A = A + B2K».

Following the Chang transformation, the dynamics

of the original system (1) with the input (5) can be
transformed into

L= ]3]
en | 0 Ap +eLAp||n

By — M(By +¢LBq)
By 4+ eL B

where T = ] & and n denote the

™
]KE.

Let
E=X fH=Li+32, ef=n—n=>Lei+e. (8
With transformation (6), the input u#4 can be divided

into two parts, uy = usq + u 4, concerning & and 7,

respectively
usa =Kok = Kok + Koer + O(e)€ + O(e)n, ©)
upg =Ko,

where Ko and K, will be separately designed for
the slow and fast subsystems, respectively. By sub-
stituting &, n with x and z by (6) and compare the
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parameters in (5), we obtain K1 = K¢ + K> L. From
(7], L = Ay (Ay + B2Ko) + O(e). Let Ay =
A — A12A2_21A21, By = By — A12A2_21 By, Ayg =
Ao + BoKp. In [9] and [10], it is pointed out that for
O(e) approximations, Aj; — Aj2L can be approxi-
mated by Ap and L can be approximated by A2_21A21.
Along with (6), the transformed variables &, n can be
approximated by

E@) =x@) + O(e)x(t) + O(e)z(2),

. (10)
N0 = 20) + A3 Azx (D) + O(&)x(0).

Remark 1 Note that although the anti-diagonal ele-
ments of the system matrix are zero in (7), the errors e
and e coexist in the dynamic of £ and 7, respectively,
posing difficulties in the design of ETM.

When the inputs are updated continuously, £ = 0,
and if Assumption 1 holds, the transformed system (7)
can be approximated by two subsystems. Then, the
original optimal control problem of system (1) with
performance index (2) can be converted to two sub-
problems as follows [20].

(1) For the approximated slow subsystem
Xg = Aoxs + Boug,
s 0Xs ols (1 1)
¥s = Coxs + Dous,

where Co = C; — C2A2_21A2], Dy = —C2A2_21 B;. The
objective is adjusting u; to minimize the performance
index

o0
Js = / re(t)dt
0]

1 o0
= Ef el coxs +2x! ¢l Dous
0]

+ uST Rouy)dt.
The reward r,(¢) can also be written in a standard
quadratic form

1
re(t) = 5(x{ Gyxs + ul Rouse), (12)

where Ry = R + DI Dy, Gy = CI(I — DoRy ' DY)
Co, use = s+ Ry ' DY Cox,. Note that I — DRy ' DY
= +DoR'N)H)7! > 0.

We define the value function as

1 o0
Vo) = 5 f T Gyxs +ul Rouse)dr.  (13)
t

Let A, = Ag — BoRalDOTCO. From the optimal
control theory [11], if the Riccati equation

AT P+ P A, — PiBoRy "Bl P, + G, =0 (14)
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has a positive semidefinite stabilizing solution Pj, then
the optimal control can be constructed by
ul, = —Ry ' Bl Pyx;.

Accordingly, the optimal control of the slow subsys-
tem (11) is
ul = —Ry (D Co + B Po)xs. (15)

Since the system (11) is linear, under the optimal
control u;‘, the optimal value function can be denoted
in a quadratic form, that is

* 1 T
VS (x5(1)) = Exs(t) Pyx(2).

For the approximated slow subsystem, we define
Hamilton function as

oV (xg
H; (xs(t)7 ug(xg), #((f)))

Vs (xs)T (10
T ()
Under the optimal control u} (¢), it has
AV (xs)
dxs (1) )
From the form of u} in (15), it can be deduced that
A
i)

L 7 T
_ 55 (PsAg + Aj Py + O(e))é

Xg(t) 4+ 1g(2).

H; (xs (), u;k(xs)’

H (E(t),uf(é‘),

a7
+&T P Bou + %choTcos +&7C§ Dou
+ %u;‘TRou;‘ =0.
(2) For the approximated fast subsystem
ezy = Anzy + Bouy,
yvr = Cazy.
The objective is adjusting u s to minimize the per-

formance index

1 [
Jr = E/(‘) (z;;Gfo + u?Ruf)dt,

(18)

where Gy = C2TC2.
If the Riccati equation
AL P+ PpAy + PrBoR'BIPf — Gy =0 (19)

has a positive semidefinite stabilizing solution Py, then
the optimal control of the fast subsystem (18) is u? =

—R7'BI'Pszy.
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Since the system (18) is linear, under the optimal
control u’}, the optimal value function can be denoted
in a quadratic form, that is

1
Viey ) = Jez (07 Przs ().

Similarly, the Hamilton function of the fast subsys-
tem is defined as

Vi(zy)
Hyp\zp(@),up(zy), Tz,

13V}" 1

zf+2uf Ruf

e dzy
1 7

+ Ezf Grzy.

Then under the optimal control u? @)

Vi)
an(t)

1
= EUT(PfAZZ +ApPr+Gy

Hy (n(t), wy (n),

(20)

1
T * x T *
+ 0@ +n" PyByuy + Suy" Ruy = 0.

With the obtained Py and Py by solving the above
two subproblems, the optimal composite input of the
original system (1) with the performance index (2),
operating on the actual states x and z is

u=—[I - R*‘B{PfA;;Bz)Rgl(Dgco o
+ B Po) + R7'BI PrAS) Agilx — R7'BT Koz

Assumption 2 Thetriples (Ao, By, Cp) and (A2, B2,
C»,) are stabilizable-detectable.

Lemma 1 [7] Forthe dynamics of the transformed sys-
tem (7)with E = 0 and approximated by reduced order
subsystems (11) and (18), the approximated states sat-
isfy () = x5(t) + O(e)x + O(e)z, n(t) = z7() +
O (e)x. If Assumptions I and 2 hold, then (14) and (19)
have unique positive semi-definite solutions Py and Py,
respectively. The composite feedback control u} in (21)
is O(¢g) close to uyp, defined in (3). Further, J., the
value of the performance index obtained by (2) with
the controller u?, satisfies

Je = Jopt + O(?). O

A brief proof of Lemma 1 is presented in the
appendix part.

From Lemma 1 and considering the triggering fac-
tor, the optimal control for the slow subsystem w7, is
according to (15)

ul, (&) = —Ry (DI Co + BL P, (22)

and the optimal control for the fast subsystem u*f 418

wh(n) = =R~ B3 Psi), (23)

Hence, the event-triggered sub-optimal composite
control is

ug = gy (&) +u’p (). (24)

For consistency with the standard quadratic form,
we define ugyq. for the slow subsystem, which is an
adaption form of u. in (12) as follows

wsac(€) = usq + Ry ' DI Coé.

3 Main results

In this part, we consider the situation where the slow
dynamics are unknown, i.e., Aij, A2, By in (1) are
unknown. So the solution of the Riccati equation (14)
cannot be obtained directly. To deal with this problem, a
Q-learning method based on available data is proposed.
For convenience, denote B(’) = B1—M(By+¢LBy).
Referring to the time-triggered Hamiltonian function
(16), (7) and their approximations, the event-triggered
Hamiltonian functions are rewritten as follows.

aV*
H, (sm,usd(s), s &) KE)

AE(r)
vl @),
Tf§+ 5 Cocf

1
+ gTCgDOusd + EMSTdROusd

1
= EET(PSAO + AJ Py + 0(e))E + &" Py(BoKo
1
+ B,KE) + EchOTcos
1
+ %'TCgDousd + EusTdROuSd‘

Combining (9) leads to

AN KE)
0E(r)

1 T T T
= 2&" (PiAo+ A Py + Cj Co+ 0(e))E

(S(t), usa (),

+&T(PyBy + CI Do)usa + T PyBYKE

@ Springer
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T [
—&° PyBoKoer + Eustousd
+0(e)eT PyBoM. (25)
Similarly,
H (1) (n) SV;(n) KE
r} yUfd 77 s T A N
! T o @)
8V}“(Tl)
= o ((Ap2 + BoKy +sLApR)n + (B
1 1r
+eLB)KE)+ Zufd Ruyq + 2}7 Gsn
1
= 5nT(PfAzz + AnPr+ Gy + 0(e)n

+ nTPfBgufd + nTPfBzKlel
T 1 T
—n' PrByKyLey + Eufd Rugq.
With the derivation results in (25), define a Q function
Q(Ev “sdv KE)
*

aV.
= Vy*(%-) + HS(§5 uSda a_ga KE)
s E,MS, ok

1
= ng(PS + PsAg+ Al P+ Cl Co + O(e))&

+&T(PyBy + C¢ Do)usa + 7 PsBLKE

T 1 T
— & PyBoKoer + Slsd Routsg.
(26)
Let
1
&, =6 @& u, ®" KET @&,
—(KJenT ®&"],
vec(Ps + PsAg + As Py + CLCo + 0(e))
vec(PsBy + C! Do)

vec(P;B)
vec(Ps Bo)

W, =

Then (26) can be written as
1
0, usq, KE) = O; W, + EMSTdROMSLL

Since the vector W, is an unknown constant vector,
an approximated critic weight vector W, € RAi+3mm
is utilized. Accordingly, we define the following func-
tion Q to estimate Q.

~ ~ 1
Ox, usq) = O We + EMSTdROMSd-

@ Springer

Similarly, the actor weight W, € R™ is introduced to
construct the controller

usg = Wy (1), @7
the tuning laws of W, and W, will be introduced later.

Remark 2 Note that the unknown parameters are all
integrated in W, so Q(&, usq, KE) is considered as
two separate parts, i.e., unknown and available informa-
tion. Additionally, the second part of W, vec(P; By +
COT D), contains all the unknown information needed
in the optimal controller in (22).

The overall controller is

ug = WS &) + Kaf. (28)

As for the fast subsystem, the optimal controller, i.e.,
K> = —R™'BI Py, is chosen.

According to the performance index defined in (12)
and the Hamilton function (17), under optimal control
(24), it can be obtained that

QE@), uzy)
* 1 ! T ~T
= Q@ —T),ug,) — 5 /t_T(é Cp Coé

4267l Doug 4 ul Rouy)dr,

where T denotes a small fixed time interval.
Define the error related to the critic network as

ec = Q(x(1), fisa (1)) — O(x(t — T), fisq(t — T))

2
= W (®s(t) — Dyt — T))
] t
+ _/ (éeré + Usge Rugac)dr.
2 Ji-r

Define the error related to the actor as

ea=WIEh) + Ry WD eh), (29)

1 t
+ _/ (ETGSS + usq Rugq)dt
t—T

where ch = Wc(n%+1 : n%+mn1). Leto = &,(t)—
Dyt = T), Ke = 5llecl?, Ka = 3lleall®.

The tuning law for the weight of the critic network
is designed as

Vé/ 1 0K,

= —lp———————————F= —F

BT (30)
o T

= _ac(l +O'TO')zec )
where the convergence speed can be adjusted through
e € R+.



Event-triggered sub-optimal control for two-time-scale

2493

Due to the event-triggered mechanism, the con-
troller only updates at triggering instants. The tuning
law for the weight of the actor is designed as

Vi\/a =03
“ n 1 0K
wWr=w, -« .
@« TN TN A+ EMTEWD) oW, GD
=W, — § T 4k

Qg————e, t =1,
(1+EMTE@)

where «, € R presents the convergence speed.
Let Vi(§) = 35" P&, Va(n) = gen’ Py,

oo _Log 1r,;
Vi§) =56 P + 58 P&

=%$T<PSAO + AL P, + 0(e))E

+ &7 PyBoKo& + &7 PyB{KE.

Apply (17) to replace PyAg + Al Py

. 1
Vi) = —55T<cofco +0(e)E —ET(PsBy
+ COTDQ + O0(e)ui — luz‘TRou;‘

+&" PBoKot +&" P.B{KE.

From (9), (12) and the equation £ P;By = —u;‘CT
Ry, it can be rewritten as

. 1 1
Vi) = —55T<Gs + 0(e)E — EM?CTROM?C
— T PyBou* + €7 Py Bo(usq — Koe

+0(e)Mn) + " PyB)KE
1 1
= =567 (G + 0())E — Su," Rou,
+ M:CTR()M: — M:fCTROMsd — éTPA-B()K()el
+EPBYKE + O(e)&T PyBoMn
1

= _EéT(GS + 0(8))§ + %(”:e - usdc)TRO

* 1 T
X (usc — Ugde) — EuschOMsdc
— e PyBoKoe1 + EP;B,KE

+ 0(e)&T PyBoM.
(32)

The performance index of the fast subsystem satis-
fies

) 13V
Va(n) = Ea_nz((Azz + O(e)n + (B2 + O(e))Kan
+ BKE).
1 T T
=37 (PrAxn 4+ A% Pr+ O(e)n

+n" PyByKon+n" PyBKE.

Similarly, for V,, apply (20) to take the place of
PrAxn + AL Py

. 1
vy = —EUT(Gf + 0(e))n

1
+ E(tf} — Mfd)TR(u? —ugq)

1 T T
—zudeufd-l—n Py BKoe

" (33)
= —JMGy+ o) lInl?
1- _
+ SAR)IR 'BI Prlllesl?
1 2 T
- EA(R)IIMdeI +n' PrBKoe.
Since ey = Le; + e3, then
Vi+ V)
1 7 1 2
< —5&"(Gy + 0(e))E — AR lusac
1- _
+ <5k(Ro)||R0 "Bl Py
. _ 34
FARILIPIR™ BY PrI2) fler | oY
+&T(PyB\K\ — PsBoKo)er +n' PyBrKoe
1 T 1 2
= 51" G+ 0@ = AR usal

+ARR™'B] PrlPlleall* + £ PyByKaen.

When ¢ is small enough, there exist Gy — O(¢) >
G,>0,Gyr—0() > G/f > 0. Let

N

|7

<1,

Ry (BY P+ D Co)| <12,

| R3BE P, <l (5

<l |RyB Py

L PNy
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By applying following inequalities to (34)
1 , o 5
< — P
I§Nlerll < o &N+ = lexll”,

1 ) 5
[ —
”5””32” = 20[2 ”'i"” ) ”32” 5

el < — — et~
Inlillenll < s 111~ + =~ llexl

lerl? = ILer +eall® < 2% ler||* + 2lleall*.

where a1, a2, a3 and o4 are parameters to be designed
later.
Choose c1, ¢, c¢3 and ¢4 which satisfies

1 .
€1 SE&(GQ) — l1A(Ro)

MROBAIT+1 3(Ro)lals

201 20

AMR)a\ /17 + 13 + 1212

o1 ’
2 (I + I3)A(Ro) + azh(R)ls\/I? + 12 + M(R)I*ls
+ a1 AR/ 17 + 15 + 1212
at(MRo)3/ 17 + 13
+

)

2
1 MR J1? + 12
¢3 <sA(Gy) - ——— 2,
2 ’ o3
- A(Ro)lal
cs >1si(R) + %

(36)

c1, 2, ¢3, cq are assumed positive and ¢, c3, and
c4 can be positive by adjusting the value of a1, a2, o3,
and 4. The positivity of ¢; will be easy to obtain after
proving that /1 tends to zero as W, tends to the origin.

Theorem 1. Consider the two-time-scale system (1)
and suppose that Assumptions 1, 2, and (35) hold. The
weights of the networks tune as (29)-(31) and the con-
troller is designed as (28). As long as the corresponding
controller updates when either of the following condi-
tions is satisfied,

2¢1 111 + A(Ro) llusacll?

ller)? > o : (37)
2¢31m012 4 A(R) llu 411
leall? > - faz (38)

then, there exists ¢* > 0, such that for all £ € (0, &*]
and any bounded initial conditions xY, 0, the states

@ Springer

Get &, 7 from (8)

-

Update the
weights of the
slow subsystem

by (30) and (31)

(37) satisfied?

Update é
and calculate
Usq by (27)

(38) satisfied?

Update 7
and calculate
ufq by (23)

\—> Input u = usq + uga

¥

x, z convergent?

Fig. 1 Flowchart of the proposed method. ((37) and (38) are
the triggering conditions for the slow and the fast dynamics,
respectively)

of (1) converge asymptotically to the origin, and the
controller is sub-optimal. In addition, the optimal cost
is guaranteed by
J(Xo, u3) = J(X L r
(o, u) = 90X top) + 3 [ i
x R(uy — uy,,)dt.

Figure 1 illustrates a flowchart of the implementa-
tion process, where (37) and (38) are the two triggering
conditions for the slow and fast subsystems, respec-
tively. Once they are triggered, the input controller will
be updated.

Proof First, we prove that the system is asymptotically
stable. According to previous analysis,

Vi)
1 1
= —EfTG;§ + 5(”:0 - usdc)TRO(M:C — Usdc)
1 n
—EusTdCRousdc — TP ByW/[ e

+0(e)E" PsBoMn + £ P.BYK E
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1- / 2 1- T T 2
< —3HG) I + S (Ro) |Wie—wle|
1 R
—52(Ro) lusacll* — &7 PsBoW ] ey
+0(e)&" PsBoMn + & P.BKE.

The performance index of the fast subsystem satis-
fies

y 1 / 2 1 2
Va(n) < = S1(GInl* = SA(R) Jugal
1 .
+ 515,\(R)||ef||2 + 0T PrBW] ey

Note that the sum of terms concerning errors in
Vi, V» satisfies

— TP BoKoer + EPBOKE +n' PyBaW e

< (X(Ro)zg,/lf + 13+ 20 (R)an /17 + 13 + mg)

&N exll

+ MR alslIE ezl + 22 (R)sy/ 13 + Z1nlller |-

Then (34) can be rewritten as
y y 2 1 2 2
Vi+Va<—calél” — —A(Ro)llusdcll +c2llerll

— c3lnll® ——?»(R)Ilufdll + calleal.

If the system triggers when (37) or (38) is satisfied,
then V1 + V2 < 0, and thus the states of the original
system asymptotically converge to the origin.

Next, we prove that the parameters are convergent.

We define the weight estimation errors as

W, = —(PyBo + CI Do)Ry ' — W,

Wc =W, — Wc»
Wep = PyBo + C{ Do — Wep.

Then
2 o'gT ~
We —acch,
< < EDET (1) P
W, =W, - (W + Wep Ry (40)

TR ET(E®)

We set Vg(Wa) = %tr{WaTWa} and define AV3 =
V3(Wa+ ) — V3(W,). Then from the dynamic of W, in
(40)

AV3
_ T§€T~_~T§ET~ 1
_ozatr< W, T ere Ve~ Wa 1 grg WerRo
da o (56T
2 1 (14£T¢)?
(320 S —
+0[,1Wa (1 +5T5)2WC[’R0
%a =z —I\T (SfT)z o —1)
5 WerRo D' g War Ry ' ) -
Since tr(AB) = tr(BA), it gets
&l R A
Vs =g W — WepRy' W[
a, lIEN2 S
21+||$||2( Wi+ 2Wep Ry Wa

+ WepRy ' (Wep Ry DTS
By utilizing the following inequalities

HE
el ="
%-T

1 T
7 EWCPWCP

+s Wa(RTDT RGWI ) &,

T p—lyT
=& WepRy W, &

IA

where B, can be arbitrary positive real number.
Then, it can be deduced that

aallBpr(Ry)?

ol (1=
1+$ Eé ( (1 2

ag \ ~ ~ M —aall | @z 10\ =71
2>WW +< 7 +7A(R0) WepWe, | €.

Choosing proper «,, Bp toensure 1 —
221

— 5+ > 0, then AV3 < 0 when W, is beyond a certaln

AV <

l11—cq ||m<Ra‘>2

range than ch. Since ch, as part of W,, converges
to the origin, then &7 (% +% MRy DO W, WD )E
tends to converge to the origin. So W, is near optimal. In
addition, it implies that /; becomes smaller and ¢; > 0
in (36) is easier to satisfied.
Third, we prove that Zeno behavior is excluded.
For the slow mode, from (37), the triggering condi-

tion satisfies llfél((tt))\lll > El For convenience, we denote

s(t) = ””2‘((1’))””. From the dynamics of the subsystems

(7), since the parameters are bounded, F; € R sat-
isfy [EOI <= F1EOI + ller(®) + lle2(H)]l) and
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. . 20
ler@l = FrdlEDI 4 llex @I + lle2()1)). Then, it SR O S
is further deduced that 8 }
ds el (1) e (t 3. 1 T2
45 s, <1+ les @11 lea (@) 5 s
dt el ) el oL L e
k k+1 o 5 10 15 20 25 30 35
re [tx ’ tx ) Time(sec)
As the states are convergent, it has C; € R satisfying %
llex @1y llea @] dt 1 PR e
> Hert)l a < 1 o
Cr = Ful+ Fg) S then 5 < oire- ¢
Since s(t) changes from O to a number larger than % <. 2 2
. . . . . © S ¥
between the two triggering 1r}l?tants, then the triggering 20 ) f;iggermg time =1

; — sk+1 k &) 1
interval Ty = 1,7 — 1y > [ mds > 0.

Similarly, for the fast mode, F>,C2 € R4 sat-

isfies (O = Fadln@OI + llea()D, lea(®)l =

F(IED] + lea)]]) and €y = Fa(1 + 1600 IO
a3
o>

the triggering interval v, = rF1 —
mds > 0. Thus Zeno l?ehavior is exclluded.

Regarding the performance index employing the
proposed event-triggered mechanism, [24] provides a
similar proof. Under a precise optimal control u,,
in (3) and the sub-optimal event-triggered control u;,
the performance indexes have the relation described in
(39).

This completes the proof. O

4 Simulation

This part conducts three simulation examples involving
a four-dimensional system, a practical motor example,
and a comparison study. The slow mode dynamics are
assumed unknown, which means that A{;, A2, By are
unavailable.

(1)The effectiveness of the proposed method
Consider a four-dimensional system, the parame-
004 0 O
ters are Ay = [O 0 :|,A12 = [0.3450],1421 =
0 —0.524 —0.465 0.262 T
By =[01]". Wesete = 0.1,C = Cy = [11],
R = 1. The initial states are x(0) = [6 S]T, 7(0) =

[4 2]T and o, = 0.5,a. = 2. The trajectories of
the states, triggering time, and inputs are depicted in
Fig. 2. Furthermore, to highlight the approximate opti-
mality of the proposed method, the optimal control is
also presented in Fig.2. By solving the Riccati equa-
tions of the slow and fast subsystems (14), and (19)
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Fig. 2 State trajectories and inputs

respectively, we obtain u): = [—2.0000 — 2.5632]x +
[—0.5953 — 0.5205]z from (21). The solid line depicts
the case under the proposed event-triggered control
with unknown slow dynamics, while the dotted line
illustrates that under optimal control. From Fig.2, we
observe that the states converge asymptotically to the
origin. The minimum triggering intervals for the slow
and fast dynamics are 0.6730 s and 0.0320 s, respec-
tively, and the average triggering intervals are 1.0288 s
and 0.3182 s.

(2) A DC-motor example

In this simulation case, a practical DC-motor exam-
ple is considered, as described in [20], where the elec-
tromagnetic transient is regarded as a fast mode, while
the torque response is rather slow. The dynamics of
such systems can be modeled as

dw

JmE = —ba)+kml,
di )
L;— = —kpw — Roi +u,
dt

where J,, is the equivalent moment of inertia, w is
the angular speed, b is the equivalent viscous fric-
tion coefficient, and k,, and k; are the torque and
back electromotive force, respectively. i, u and Ry
represent the armature current, voltage, and resis-
tance, respectively, L; is a small inductance constant,
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Fig. 3 The error of the actor network weight and the triggering
condition

and the system parameters are as follows: J, =
0.093 kgmz, kym = 0.7274 Nm, kp = 0.6 vs/rad, L; =
0.006 H, Ry = 0.6 2, b = 0.008. Rewriting the latter
formula in the form of (1), the parameters are ¢ = 0.06,
A = —0.086,A;p = 7.82,A2 = —0.6,An =
—0.6,B1 =0,B, =1.LetC; =2,C, = 1. We set
o, = 0.5, . = 20. The calculated optimal control for
the slow mode is u}.(§) = —0.4741&, and the initial
values of the states are chosen as x1 (0) = 6, x(0) = 2.
Att =0.75 s, Wa = —0.4769. The error between the
actor network weight with the proposed method and
the one using the optimal control, tunes as Fig. 3 shows,
indicating that W, is near the origin after 0.75 s, sug-
gesting that the control gain is near-optimal. The trig-
gering condition is also depicted in Fig. 3.

(3) Comparing ETM and the proposed method
This simulation aims to compare our work and
[9]. The system parameters are the ones in the first
case. In [9], the controller is also in the form of (5)
where the control gains are K1 = [—0.6861 —1.1784],
K, = —R*IBzTPf = [—0.5953 —0.5205]. Accord-
ingly, Ko = [—0.2 — 0.1]. The triggering condition is
designed as |le; (2)|| > co + c1e”*" where i = 1,2,
e1(t) and e;(t) denote the error between the sampled
and the real states of the slow and fast modes, respec-
tively. Here ap = 0.1, ¢ = 0.05 and ¢; = 0.2 as [9].
Regarding the proposed method, to be consistent
with the basic parameters in [9], the initial control

Table 1 Data of the two methods

Triggering Minimum trig- Average
number gering interval  triggering
interval
Slow dynamics 45 1.4480 s 2.0001 s
with the
method
proposed
Fast dynamics 72 0.0090 s 1.2488 s
with the
method
proposed
Slow dynamics 164 0.0090 s 0.5388 s

with the
method in [9]

Fast dynamics 98
with the
method in [9]

4.1237x1075 s 0.8732s

20
» 10 —
Q
T 0PN
172}
E o 21 with the proposed method 21 with ETM in [9] )
020 | 2o with the proposed method - 2 with ETM in [9] |7
30 | T T T T T T T
0 10 20 30 40 50 60 70 80
Time(sec)
20 T T
” ]
]
8
123
ugi- 21 with the proposed method 2z with ETM in [9] )
- 29 with the proposed method - 2y with ETM in [9] |7
20 30 40 50 60 70 80
Time(sec)

10 0 0b00000d0000060000500000000d00000000050004
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Fig. 4 Comparison of the states, triggering time, and perfor-
mance index

gains, Ko, K1, and K> are equal. Table 1 compares
the triggering numbers, minimum triggering intervals
and average triggering intervals between the proposed
method and [9] for 90 s. The trajectories of the states
and the triggering time are depicted in Fig. 4 along with
the performance index. The latter figure highlights that
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in 90 s, although the triggering numbers of the pro-
posed method are much smaller than ETM in [9], the
suggested method has a lower cost. In [9], because of
the triggering mechanisms, after some time, the thresh-
old of the triggering condition has a minor change. The
states influence the error’s rate of change, posing a crit-
ical impact on the triggering frequency (Fig.3), while
in the proposed method, the thresholds change together
with the states. The triggering frequency in [9] is rela-
tively high at the beginning and reduces when time goes
to infinity, while for the proposed method, the change
of the triggering frequency is rather gentle.

5 Conclusion

This paper presents an event-triggered sub-optimal
control for TTSSs with unknown slow dynamics. Based
on the singular perturbation theory, a composite event-
triggered controller is designed. Additionally, we uti-
lize a Q-function as a critic network in the form of the
product of available information and unknown param-
eters. The controller is constructed using an actor net-
work and is updated to be sub-optimal under the pro-
posed event-triggered mechanism. Furthermore, we
prove that the triggering time intervals are strictly pos-
itive, and thus, Zeno behavior is excluded. Moreover,
the system’s global asymptotic stability is guaranteed.
Future work will address TTSSs with actuator failure
or fully unknown parameters for more general applica-
tions.
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Appendix

Proof of Lemma 1 For the dynamics of the trans-
formed system (7) and approximated reduced order
subsystems (11) and (18), the approximated states sat-
isfy £(t) = x;(t) + O(e)x + O(e)z, n(t) = zf(t) +

@ Springer

O (¢)x.If Assumptions 1 and 2 hold, then (14) and (19)
have unique positive semi-definite solutions Py and Py,
respectively. The composite feedback control u in (21)
is O(¢) close to u,y, defined in (3). Furthermore, J,
the value of the performance index J defined in (2) of
system (1) with control input (21), satisfies

Je = Jopt + O(%).

With the substitution Ko = R, ' (D§ Co + B Py),
K> = —R_IBQT Py, the closed loop of the system (1)
with the feedback controller (21) is

-x — A* é
L2 U
where A* =

[An+ B+ KzAEZI By)Ko + BleAEZI Az
(Az2 + B2 K2) A5y (Ao + BaKo) /e

With the transformation (6), from [10], it has

4105 ]

_877 B 0 Ar+ BrK> n

where Ay, = Ag — €A12A2_21L(A1] — AplL), By =
By —8A12A£21LBl, Ar=Ap+eLAp, By =B+
eLBj. Compared to (11) and (18), if K, are designed
such that ReA(Ax + ByK») < 0, the states & and
Xg, 1 and z ¢ are starting from the same bounded initial
conditions, respectively. Then there exists ¢* > 0, Ve €
[0, %], £() = x5(1) + O(e)x + O(e)z and (1) =
Zf(t) + O(e)x hold for all finite t > 1.

Then we prove the condition of the existence of
P, Py.

It has been proved in [35] that the stabilizing
solution Py, Py of the Riccati equation (14), (19)
exist if (A, By, C‘o) and (Ap, By, Cy) is stabilizable-
detectable, respectively, where C‘()T Co=G, = clua-
DoRy ng )Cy. Since (Ay, Bp) is stabilizable if and
only if (Ao, Bo) is stabilizable, I — DR lDOT =
I + DOR_INOT)_1 > 0, then there exists a non-
singularly Qg such that (QoCo)” (QoCo) = Gy. So,
(Ag, QpCp) is detectable if and only if (Ag, Cp) is
detectable.

Finally, we give a brief proof about the performance
between the composite control and optimal control
from [7].

With (19), the composite controller (21) can be
rewritten as

uec =—R""(B] Pux + B] PIx + B] Ps2)

=-R'BT LI;ST ng} =-R'BIM.X
m

Ap + B1K> }
(Ap + By K>) /e ]’

(41)
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where P, = [Py(BiR7'BT Py — Ap) — (AL Py +
CTC)1(An — BoR™'BI Py~
The solution of the Riccati equation (4) concern-
ing the exact optimal control P (e) possesses a power
. . . P P,
series expansion at ¢ = 0, thatis P = |:€ PIZT i P§:|
(@) @)
i | P eP.
DR 1(i)T 2<i>
ePy” &Py
deduced that
Py =Ps, P =Py, P3=Py. (42)

Since Jopr = 3Xo” PXo, Jo = $XoT P.Xo where
P, is the positive definite solution of the following func-
tion P.(A — SM.) + (A — SM.)T P. = —MI'SM,. —
cTc, let P. — P = W. Comparing it with (4),
deduces that W(A —SM.)+(A—SM)TW = —(P —
MCT)S(P —M_). W can also be written in a power series

(@) (@)

formate =0, W = ) 2 f—: Wb)r 8W2(l.)
eW, " eW;

from (41) and (42), (P — MI)S(P — M,.) = O(&?).

Then W{” = 0 and Wi = 0,j = 1,2,3. Then

W = O(g?), which implies that J. = Jopr + 0(?).o

and bring it to (4), it can be

, then
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