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Abstract When the double pendulum crane works
in three-dimensional motion mode, it can signif-
icantly improve transportation efficiency. However,
controlling the two-stage swing angles in the three-
dimensional motion mode is complex and challeng-
ing. This paper presents a coordinated control method
for the track and trolley of the double pendulum crane
to improve the working efficiency of the crane, which
realizes the anti-swing control of the double pendulum
crane in three-dimensional movement mode. A three-
dimensional double pendulum crane model is estab-
lished, and the model is simplified by the differential
flatness theory. A sliding mode control (SMC) method
with an extended state observer (ESO) is designed to
position and two-stage swing suppression of the three-
dimensional double pendulum crane. For the actua-
tor deadband, a transition process is introduced. The
stability of the system is analyzed by the Lyapunov
method. The proposed method has strong robustness
and anti-interference ability. Theoretical and exper-
imental results show that the proposed method can
achieve fast and accurate positioning and effectively
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suppress the two-stage swing. This method is intro-
duced into a nonlinear experimental platform. Com-
pared with other technologies in the literature, the pro-
posed method shortens the transit time, improves work
efficiency, and reduces the safety risk.
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1 Introduction

The overhead crane is a piece of significant construc-
tion machinery and is widely used. Its good perfor-
mance is essential to raise working efficiency. Espe-
cially when the cranes work in the three-dimensional
motion mode, the transportation efficiency of the sys-
tem will be significantly improved. However, the load
will swing when the crane transports the load. In some
cases, the movement of the crane presents a double
pendulum effect [1]. In detail, the hook swings around
the trolley while the load swings around the hook dur-
ing the crane movement, which will reduce transporta-
tion efficiency and possibly cause safety problems. For
these reasons, the elimination of swing in the transship-
ment of load has drawn the attention of researchers.
The crane system is a typical underactuated system.
Control variables are fewer than controlled variables.
The underactuated system is nonlinear and has strong
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coupling. Therefore, the control of a three-dimensional
double pendulum crane system is challenging.

In recent years, the linear method and the sliding
mode control method are the two widely-used solu-
tions in practical applications due to the advantages
of simplicity in structure. More specifically, the linear
method refers to linearizing the crane model near the
balance point [2–7], ignoring some specific nonlinear
terms [8,9] and using various linear control methods to
handle the simplified model. Based on the root locus
and particle swarmoptimization algorithm, several PID
control methods are proposed [10,11]. However, tradi-
tional PID control is challenging to obtain expected
control performance [12–18]. Hence, it needs to be
combined with other control strategies, such as fuzzy
control [12], neural network [13], multi-objective opti-
mization algorithm [14–16], genetic algorithm [17,18],
etc. The introduction of intelligent algorithms reduces
the difficulty of parameter optimization and improves
the convergence speed, accuracy, and reliability of opti-
mization. Saeidi et al. [19] design a PID controlmethod
for a gantry crane system with precise positioning and
anti-swing performance by neural network self-tuning
technology. In addition to the above series of PID
control methods, many linear ways are applied to the
crane system. A status feedback controller is devel-
oped [20],which performswell on a crane in 3Dmotion
mode. On this basis, a linear quadratic regulator (LQR)
approach is proposed [21]. However, this method lin-
earizes the crane system model without considering
the nonlinear factors. In addition, researchers apply
the local feedback linearization method to double-
pendulum offshore boom crane system [22], three-
dimensional motion mode crane system [23,24], and
the crane system with load-lifting motion mode [25],
respectively.

Actually, excellent robustness is expected for the
crane control system when the parameters vary and
external disturbances exist. The sliding control method
has thebenefits of simple implementation, fast response,
and strong robustness to system parameter changes
[26–38]. Therefore, it is suitable for all kinds of crane
control systems such as second-order slidingmode con-
trol method of port crane system [26], sliding mode
for unmatched disturbances system [27], an adaptive
integral SMC method of port crane system [28], hier-
archical sliding mode control method of bridge crane
system [29,30], etc. In detail, a model-independent
control method is proposed for the three-dimensional

crane system [31]. It could realize the accurate posi-
tioning and swing suppression of the trolley. An adap-
tive sliding mode control is presented for two-stage
swing bridge crane system [32]. It enables the system to
enter the desired sliding surface as soon as possible and
also improves the tracking accuracy of the trolley. In
[33], a fuzzy-SMCmethod is designed for a finite time
system. In [34], a global-equivalent SMC is designed
for anti-swing control of the overhead crane. Combin-
ing the sliding control method with other control pat-
terns, the researchers propose an enhanced coupling
PD with sliding mode control method [35], adaptive
sliding mode control method [36–38], etc.

In the actual operation of the crane, many physi-
cal quantities can not be measured directly, such as
some state status of the crane, external disturbances,
and additional noise from traditional sensors in the
measurement process, which makes the closed-loop
control of the system complex. In [39], a revolving
scheme is proposed to solve the Abel Equation for a
satellite rotation cascade, providing a good control idea
to improve the crane’s anti-swing control performance.
In order to improve the anti-swing control effect of
the crane, many scholars use the observer method to
observe these state variables, which reduces the num-
ber of sensors and noise interference in the process of
sensor measurement. An observer for the length of the
sling rope is presented, which can observe the length
of the sling rope [40]. This provides an effective anti-
swing method for some workplaces where the change
of the rope length is not easy to detect. A speed observer
is designed to achieve the goal of effective positioning
and swing suppression without requiring speed feed-
back, which achieves the accurate positioning of load
when the ship crane is working at sea [41]. An extended
state observer is designed in [42], and a disturbance
observer is designed in [43].

Besides, to reduce the swing angle, scholars also
propose many effective nonlinear control methods to
suppress swing for three dimensional crane [44–52].
A new nonlinear time sub-optimal trajectory plan-
ning method is put forward, which can realize effec-
tive control of the crane without linearizing the origi-
nal nonlinear dynamics [44]. A robust passivity-based
adaptive control method is proposed for payload tra-
jectory tracking of three-dimensional bridge cranes
with variable length sling [45]. A robust finite-time
anti-swing is designed for a 3-D crane, which works
well even with parameter uncertainties [46]. In [47],
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an important memory function is constructed featur-
ing expected damping based on passivity. A nonlin-
ear controller is delivered by enforcing the coupled
dissipation inequality to suppress the swing angle of
the crane. In [48], nonlinear motion control is estab-
lished in three-dimensional boom cranes. A partial dif-
ferential equation (PDE) model is constructed for a
three-dimensional boom crane, and a boundary con-
trol scheme for suppressing the load swing is presented
[49]. In [50], a newadaptive controlmethod is proposed
for a 3D bridge crane based on trajectory planning,
which achieves asymmetric swing elimination and trol-
ley positioning. An optimal control algorithm based on
energy is proposed [51,52]. When designing the crane
controller, the controller’s failure should alsobe consid-
ered. Generally, the input amplitude can be controlled
within the allowable range to avoid being saturated.
The control rule based on the dissipation theory can be
effectively applied to the rotating servo system, which
provides a good control idea to prevent the crane system
from getting into the saturation of the actuator [53]. For
the input of the control system, a method of the tran-
sition process is designed to avoid the situation where
the input to the system is too large, exceeding the limits
of actuator control input [42].

All of above mentioned have achieved good posi-
tioning and anti-swing performance. However, in gen-
eral, the above studies still have some deficiencies:
(1) Most of the above research objects are with anti-
swing control of single pendulum cranes in three-
dimensional motion mode or double pendulum cranes
in two-dimensional motion mode, three-dimensional
double pendulum cranes are not taken into account.
(2) Because the three-dimensional double pendulum
cranes havemore states variables, the coupling between
the state variables is very strong, which makes the anti-
swing control of the crane more challenging. (3) For
the deadband problem of the controller, the traditional
scheme is less discussed.

Given above problems, a sliding control mode
(SMC) based on an extended state observer is provided
in this paper to suppress the two-stage swing of the
three-dimensional double pendulum crane. Firstly, the
mechanics model of the three-dimensional double pen-
dulum crane is built according to the Lagrange motion
equation [54]. After that, the system is converted to
one input and one output system by differential flatten-
ing method. The extended state observer (ESO) is used
to monitor the condition of the crane. Simultaneously,

Fig. 1 Three-dimensional double pendulum crane model

the model error and system interference are estimated.
SMC is used to obtain the crane control law. Finally,
simulations and experiments verify the validity of the
proposed approach.

The contribution of this paper is summarized as fol-
lows:

(1) Not merely the double pendulum but also the coor-
dinated control of track and trolley motions are
taken into account. The proposed nonlinear control
method can accurately control the crane’s move-
ment and eliminate the load swing, which reduces
the safety risk and improves transportation effi-
ciency.

(2) Considering the actuator deadband, a transition
process is introduced. By adjusting the control
parameters, the deadband of the system’s actua-
tor could be avoided, which improves the system’s
operational performance.

(3) The method does not rely on the model parameters
and has strong robustness and adaptability. The the-
oretical and experimental results verify the effec-
tiveness of the proposed method.

The remainder of this paper is structured as follows:
section II proposes the crane dynamic model and dif-
ferential flattening. In section III, the control method is
put forward. In section IV, the stability of the system
is proved. In fifth section, a series of simulations and
experiments based on this method verify the control
performance of this method. The feasibility and valid-
ity of the control method are verified. The last section
reviews the discussion of the whole article, summa-
rizes the views of this article, and prospects the future
research.

123



394 Q. Guo et al.

Table 1 Symbols and descriptions

Symbol Description

Mx Trolley mass

My The total masses of trolley and track

m1 Hook mass

m2 Load mass

l1 Rope length between the trolley and hook

l2 String length between the hook and load

x Trolley displacement in X direction

y Trolley displacement in Y direction

Qkx External forces in the X direction

Qky External forces in the Y direction

Fx Driving force in the X direction

Fy Driving force in the Y direction

d fx Friction force in the X direction

d fy Friction force in the Y direction

g Gravitational acceleration

2 Crane model and differential flatness

2.1 Three-dimensional double pendulum crane model

During the working process of the crane, the load
is transported to the specified location by the move-
ment of the trolley, which requires not only accurate
positioning but also as little oscillation as possible. In
most crane models, the influence of friction force is
ignored. However, the friction force of the crane is
widespread in the actual construction process. Con-
sequently, to increase the model’s accuracy, a three-
dimensional double pendulum overhead crane is built
with a friction force effect. A three-dimensional dou-
ble pendulum crane model is shown in Fig.1. Table 1
shows the symbols and descriptions of the model.

To simplify the description, the following concise
symbols are used: si = sinθi , ci = cosθi ,

si− j = sin(θi − θ j ), ci− j = cos(θi − θ j ),
i, j = 1, 2, 3, 4(i �= j). Three-dimensional dou-

ble pendulum crane mechanics model is established by
Eqs. (1)–(6):

(Mx + m1 + m2)ẍ + m1

2
(−2s1c2l1θ̇

2
1 − 2c1s2l1θ̇1θ̇2

+2c1c2l1θ̈1 − 2c1s2l1θ̇1θ̇2 − 2s1c2l1θ̇
2
2

−2s1s2l1θ̈2) + m2

2
(−2s1c2l1θ̇

2
1 − 2c1s2l1θ̇1θ̇2

+2c1c2l1θ̈1 − 2s3c4l2θ̇
2
3 − 2c3s4l2θ̇3θ̇4

+2c3c4l2θ̈3 − 2c1s2l1θ̇1θ̇2 − 2s1c2l1θ̇
2
2

−2s1s2l1θ̈2 − 2c3s4l2θ̇3θ̇4 − 2s3c4l2θ̇
2
4

−2s3s4l2θ̈4) = Qkx , (1)

(My + m1 + m2)ÿ + m1(−s2l1θ̇
2
2 + c2l1θ̈2)

+m2(−s2l1θ̇
2
2 + c2l1θ̈2 − s4l2θ̇

2
4 + c4l2θ̈4) = Qky ,

(2)
m1

2
(−4l1

2c2s2θ̇1θ̇2 + 2l1
2c2

2θ̈1 − 2s1c2l1θ̇1 ẋ

−2c1s2l1θ̇2 ẋ + 2c1c2l1 ẍ) + m2

2
(−4l1

2c2s2θ̇1θ̇2

+2l1
2c2

2θ̈1 + 2c1−3(θ̇1 − θ̇3)c2s4l1l2θ̇4

−2s1−3s2s4l1l2θ̇2θ̇4 + 2s1−3c2c4l1l2θ̇
2
4

+2s1−3c2s4l1l2θ̈4 − 2s1−3(θ̇1 − θ̇3)c2c4l1l2θ̇3

−2c1−3s2c4l1l2θ̇2θ̇3 − 2c1−3c2s4l1l2θ̇3θ̇4

+2c1−3c2c4l1l2θ̈3 − 2s1c2l1θ̇1 ẋ

−2c1s2l1θ̇2 ẋ + 2c1c2l1 ẍ) − m1

2
(−2s1c2l1 ẋ θ̇1

−2c1s2l1 ẋ θ̇2) − m2

2
(−2s1−3s2s4l1l2θ̇2θ̇4

−2c1−3s2s4l1l2θ̇2θ̇3 + 2c1−3c2s4l1l2θ̇1θ̇4

−2s1−3c2c4l1l2θ̇1θ̇3 − 2s1c2l1 ẋ θ̇1

−2c1s2l1 ẋ θ̇2) + (m1 + m2)gl1s1c2 = 0, (3)
m1

2
(2l1

2θ̈2 − 2c1s2l1θ̇1 ẋ − 2s1c2l1θ̇2 ẋ − 2s1s2l1 ẍ

−2s2l1 ẏθ̇2 + 2c2l1 ÿ) + m2

2
(2l1

2θ̈2

−2s1−3(θ̇1 − θ̇3)s2s4l1l2θ̇4

+2c1−3c2s4l1l2θ̇2θ̇4 + 2c1−3s2c4l1l2θ̇
2
4

+2c1−3s2s4l1l2θ̈4 − 2c1−3(θ̇1 − θ̇3)s2s4l1l2θ̇3

+2s3−1c2s4l1l2θ̇2θ̇3 + 2s3−1s2c4l1l2θ̇3θ̇4

+2s3−1s2s4l1l2θ̈3 − 2c1s2l1θ̇1 ẋ − 2s1c2l1θ̇2 ẋ

−2s1s2l1 ẍ − 2s2c4l1l2θ̇2θ̇4 − 2c2s4l1l2θ̇
2
4

+2c2c4l1l2θ̈4 − 2s2l1 ẏθ̇2 + 2c2l1 ÿ)

−m1

2
(−2l1

2c2s2θ̇
2
1 − 2c1s2l1θ̇1 ẋ − 2s1c2l1θ̇2 ẋ

−2s2l1 ẏθ̇2) − m2

2
(2c1−3c2s4l1l2θ̇2θ̇4
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+2s3−1c2s4l1l2θ̇2θ̇3 − 2l1
2c2s2θ̇

2
1

−2s1−3s2c4l1l2θ̇1θ̇4 − 2c1−3s2c4l1l2θ̇1θ̇3

−2c1s2l1θ̇1 ẋ − 2s1c2l1θ̇2 ẋ − 2s2c4l1l2θ̇2θ̇4

−2s2l1 ẏθ̇2) + (m1 + m2)gl1c1s2 = 0, (4)
m2

2
(2c3−1(θ̇3 − θ̇1)s2s4l1l2θ̇2 + 2s3−1c2s4l1l2θ̇

2
2

+2s3−1s2c4l1l2θ̇2θ̇4 + 2s3−1s2s4l1l2θ̈2

−2s1−3(θ̇1 − θ̇3)c2c4l1l2θ̇1 − 2c1−3s2c4l1l2θ̇1θ̇2

−2c1−3c2s4l1l2θ̇1θ̇4 + 2c1−3c2c4l1l2θ̈1

−4s4c4l2
2θ̇3θ̇4 + 2c4

2l2
2θ̈3 − 2s4c3l2 ẋ θ̇4

−2c4s3l2 ẋ θ̇3 + 2c4c3l2 ẍ)

−m2

2
(2s1−3s2s4l1l2θ̇2θ̇4 + 2c1−3s2s4l1l2θ̇2θ̇3

−2c1−3c2s4l1l2θ̇1θ̇4 + 2s1−3c2c4l1l2θ̇1θ̇3

−2c4s3l2 ẋ θ̇3 − 2s4c3l2 ẋ θ̇4) + m2gl2c4s3 = 0,

(5)
m2

2
(−2s1−3(θ̇1 − θ̇3)s2s4l1l2θ̇2 + 2c3−1c2s4l1l2θ̇

2
2

+2c3−1s2c4l1l2θ̇2θ̇4 + 2c3−1s2s4l1l2θ̈2

+2c1−3(θ̇1 − θ̇3)c2s4l1l2θ̇1 − 2s1−3s2s4l1l2θ̇1θ̇2

+2s1−3c2c4l1l2θ̇1θ̇4 + 2s1−3c2s4l1l2θ̈1 + 2l2
2θ̈4

−2s4c3l2 ẋ θ̇3 − 2c4s3l2 ẋ θ̇4 − 2s4s3l2 ẍ

−2s2c4l1l2θ̇
2
2 − 2c2s4l1l2θ̇2θ̇4 + 2c2c4l1l2θ̈2

−2s4l2 ẏθ̇4 + 2c4l2 ÿ)

−m2

2
(2c3−1s2c4l1l2θ̇2θ̇4

+2s1−3c2c4l1l2θ̇1θ̇4

−2c1−3c2s4l1l2θ̇1θ̇3 − 2s4c4l2
2θ̇23 − 2s4c3l2 ẋ θ̇3

−2c4s3l2 ẋ θ̇4 − 2c2s4l1l2θ̇2θ̇4

−2s4l2 ẏθ̇4)

+m2gl2s4c3 = 0. (6)

where Mx is the trolley mass, My is the sum of the
masses of the trolley and the track,m1 is the hookmass,
m2 is the load mass, x and y represent the trolley dis-
placement in X and Y direction, l1 refers to the rope
length between the trolley and the hook, and l2 is the
string length between the hook and load.

Qkx and Qky represent the crane system external
forces in the X and Y directions.

Qkx = Fx − d fx , (7)

Qky = Fy − d fy , (8)

where Fx , Fy are the system driving force in the X and
Y directions, and the friction forces d fx and d fy are of
the following form [3,4].

d fx = fr0 tanh(ẋ/ξ) + k f ẋ + kr |ẋ | ẋ , (9)

d fy = fr0 tanh(ẏ/ξ) + k f ẋ + kr |ẏ| ẏ, (10)

where fr0, k f and kr are friction-related parameters
and ξ ∈ R is a static friction coefficient. Suppose the
crane has the following traits:

(1) Hook and load can be regarded as particles, and the
masses and tension of the suspension rope and sling
are negligible.

(2) When the crane is transporting goods, the goods
oscillate around the equilibriumpoint, which swing
angles are small enough, then the following assump-
tions can bemade: cosθi ≈ 1, sinθi ≈ θi , θiθ j ≈ 0,
θ̇i θ̇ j ≈ 0, and θi θ̈ j ≈ 0 (i, j = 1, 2, 3, 4) [2–9].

3) The coordinates of the starting point and endpoint
of the crane are known.

Thus, the simplified model is Eqs. (11)–(16):

(Mx + m1 + m2)ẍ + m1l1θ̈1 + m2(l1θ̈1 + l2θ̈3) = Qkx ,

(11)
(My + m1 + m2)ÿ + m1l1θ̈2 + m2(l1θ̈2 + l2θ̈4)

= Qky , (12)
m1(l1

2θ̈1 + l1 ẍ) + m2(l1
2θ̈1 + l1l2θ̈3 + l1 ẍ) +

(m1 + m2)gl1θ1 = 0, (13)
m1(l1

2θ̈2 + l1 ÿ) + m2(l1
2θ̈2 + l1l2θ̈4 + l1 ÿ)

+(m1 + m2)gl1θ2 = 0, (14)
m2(l1l2θ̈1 + l2

2θ̈3 + l2 ẍ) + m2gl2θ3 = 0, (15)
m2(l2

2θ̈4 + l1l2θ̈2 + l2 ÿ) + m2gl2θ4 = 0. (16)

2.2 Differential flatness determination

Substituting Eqs. (13) and (15) into Eqs. (17) and (18)
yields:

ẍ + l1θ̈1 + m2l2
m1 + m2

θ̈3 + gθ1 = 0, (17)

ẍ + l1θ̈1 + l2θ̈3 + gθ3 = 0. (18)

Define the displacement signal in the X direction as
xz ,

xz = x + l1θ1 + l2θ3. (19)

Combine Eq. (18) with Eq. (19), we can get

θ3 = − ẍz
g
. (20)
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Further,

θ̇3 = − x (3)
z

g
, (21)

θ̈3 = − x (4)
z

g
. (22)

Substituting Eqs. (20), (21), and (22) into Eqs. (17)
and (18), we can get

θ1 = − ẍz
g

− m1l2
(m1 + m2)g2

x (4)
z . (23)

Then,

θ̇1 = − xz (3)

g
− m1l2

(m1 + m2)g2
x (5)
z , (24)

θ̈1 = − xz (4)

g
− m1l2

(m1 + m2)g2
x (6)
z . (25)

Substituting Eqs. (20) and (23) into Eq. (19), hori-
zontal travel x can be achieved as follows,

x = xz + (l1 + l2)

g
ẍz + m1l1l2

(m1 + m2)g2
x (4)
z , (26)

and then,

x (i) = xz
(i) + l1 + l2

g
x (i+2)
z + m1l1l2

(m1 + m2)g2
x (i+4)
z .

(27)

Similarly, the displacement signal in Y direction can
be defined as yz ,

yz = y + l1θ2 + l2θ4. (28)

Further,

θ4 = − ÿz
g
, (29)

θ̇4 = − y(3)
z

g
, (30)

θ̈4 = − y(4)
z

g
, (31)

θ2 = − ÿz
g

− m1l2
(m1 + m2)g2

y(4)
z , (32)

θ̇2 = − yz (3)

g
− m1l2

(m1 + m2)g2
y(5)
z , (33)

θ̈2 = − yz (4)

g
− m1l2

(m1 + m2)g2
y(6)
z , (34)

y(i) = yz
(i) + l1 + l2

g
y(i+2)
z + m1l1l2

(m1 + m2)g2
y(i+4)
z .

(35)

Any system of state variables can be expressed as alge-
braic forms xz and yz and their different order deriva-
tives algebraic combinations. At this point, Eqs. (27)
and (35) are single input single output (SISO) systems,
where the system is not underactuated.

3 Control method

In the second section, the crane model is simplified,
which may affect the model’s accuracy. In this section,
ESO will be introduced to observe the crane system’s
conditions. The initial conditions of the system are
zero initial state. The error caused by inaccurate model
and external interference will be equivalent to the total
interference of the system for estimation. The error is
compensated in the controller. In common control sys-
tem, the error is directly referred to e = v − y, where v

is the output of TD, and y stands for the system output.
This error methodmakes the initial error very large and
easy to overshoot, which is unreasonable. Depending
on the carrying capacity of the controller, we organize
a reasonable transition process. It can effectively solve
the contradiction between the rapidity and overshoot of
the control system, which is also an efficient means of
improving the robustness of the regulator. For transi-
tion process, TD can produce a tracking and differential
signal and filter out noise.On this basis, SMC is utilized
to overcome system uncertainty.

According to the analysis in second section, the
crane kinematics equations in the X and Y directions
have the same structure, so this section only discusses
the control strategy in the X -direction. The crane con-
trol system is displayed in Fig. 2. Figure 3 shows the
sequence of the steps of the proposed method.

3.1 Design of ESO

Most control objects can be described as Eq. (36),
{
x (n) = f (x, ẋ, ...x (n−1), x (n), w(t), u, u̇, · · · , u(n), t) + bu
y = x(t).

(36)

where w (t) refers to an unknown outer disturbance; u
stands for plant input; the systemorder isn;b represents
the control gain, b > 0; y denotes the system output;
x, ẋ, . . . , x (n−1), x (n) represent the system state vari-
ables and the n-order derivative of the value of the sta-
tus; the f (x, ẋ, . . . , x (n−1), x (n), w(t), u, u̇, · · · ,

u(n), t) link to the outer disturbance denotes real-time
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Fig. 2 Crane control system

Fig. 3 Flowchart of the controller design

action, the system status and its derivatives are catego-
rized as global disruption. For sake of expression, we
shorten it as f (X, ω).

Next, a state of expansion x1, x2, · · · , xn+1 satisfy:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x2
ẋ2 = x3
...

ẋn−1 = xn
ẋn = f (X, ω) + bu
y = x1,

(37)

X = [x1, x2, · · · , xn+1]T, e is observation error.
An ESO can be established as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

e = z1 − y1
ż1 = z2 − β1e
ż2 = z3 − β2e
...

żn−1 = zn − βn−1e
żn = −βne + bu.

(38)

zi is the estimated value of x (i−1)
z . βi is the index of

gain of the observer.
Once the control object presented in Eq. (36) is con-

firmed, the above function is available, and its deriva-
tive ḟ (X, ω) is obtained. Therefore, system state is
depicted as Eq. (37).

Introducing the matrix,

A =

⎡
⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
0 0 0 · · · 0
0 0 0 · · · 1
0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎦ ,B = [

0 · · · 0 b 0
]T
,

X = [x1, x2, · · · , xn+1]T.
Then, Eq. (37) can be expressed as,

Ẋ = AX + Bu. (39)

3.2 Design of TD

Develop a TD for flat input xzd .
From Eq. (19),

xzd = xd + l1θ1d + l2θ3d . (40)

In Eq. (38), xd is the expected horizontal movement
of the crane; θ1d is the oscillating angle for the first
stage, θ3d stands for the desired second stage flip degree
for the system, θ1d and θ3d are set to zero; therefore,
Eq. (40) may be reduced to Eq. (41),

xzd = xd . (41)

As a result, we can determine the formula for TD. It
is designed as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇1 = v2
v̇2 = v3
v̇3 = v4
v̇4 = v5
v̇5 = v6
v̇6 = −r(r(r(r(r(r(v1 − v0) + 6v2) + 15v3)
+20v4) + 15v5) + 6v6).

(42)

In Eq. (42), v0 = xzd is the setting value of the dis-
placement control, and v1 corresponds to the transition
process implemented by TD; v2 refers to the differen-
tial of v1; v3 stands for the 2nd derivative of v1; v4 is
the 3rd derivative of v1; v5 represents the 4th deriva-
tive of v1; v6 is the 5th derivative of v1; r denotes an
adjustment to TD’s performance according to system
requirements.
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3.3 Design of SMC

The nonlinear factors ignored in modeling will affect
the control effect of the system in practice, especially
for external disturbances and parameter perturbations.
SMC is robust to outer disturbances and parameter
uncertainties. For the differential equation of motion
Eq. (37), where the function f (X, ω) is known, and the
coordinate of the system state variable (x1, x2, . . . , xn)
is the phase coordinate variable (x, ẋ, . . . , x (n−1)),
then the tracking error and its derivatives are:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1 = x1 − x1d
e2 = x2 − x2d
e3 = x3 − x3d
e4 = x4 − x4d
e5 = x5 − x5d
e6 = x6 − x6d
ė1 = ẋ1 − ẋ1d
ė2 = ẋ2 − ẋ2d
ė3 = ẋ3 − ẋ3d
ė4 = ẋ4 − ẋ4d
ė5 = ẋ5 − ẋ5d
ė6 = ẋ6 − ẋ6d .

(43)

x1d , x2d , x3d , x4d , x5d , and x6d are ideal state variables.
The sliding surface can be designed:

s = c1e1 + c2e2 + . . . + cnen , (44)

where ci must satisfy the Hurwitz condition, then
ci > 0 (i = 1, 2, ..., n). In general, cn = 1 [55].

Combining Eqs. (37) and (44), one can get

ṡ = c1ė1 + c2ė2 + . . . + cn ėn

=
n∑

i=2

ci−1xi + f (X, ω) + bu (45)

The traditional slidingmode uses the discrete switch
function. Some improved control strategies change
the switch function to the saturation function, which
reduces the amplitude of chattering brought by the
saltation of the switch function to a certain extent.How-
ever, there is still a large amount of buffeting. The role
of the hyperbolic tangent replaces the switching pro-
cess to minimize the amplitude of oscillations caused
by the switching function. The change of the procedure
is smooth, and there is no sudden change, which weak-
ens the high-frequency vibration of the sliding mode to
a certain extent. The hyperbolic tangent function can
be expressed as

tanh(αx) = eαx − e−αx

eαx + e−αx
. (46)

α is the weight factor and a positive value. The
smaller α is, the greater the boundary layer thickness
is, the slower the system convergence is, and the worse
the system robustness is. When α → +∞, it will be
converted to the switching process, which will cause
greater buffeting. In this paper, α = 2 can meet the
requirements of the accuracy and robustness of the sys-
tem.

Then, the control rate u can be obtained:

u = −
∑n

i=2 ci−1xi + f (X, ω)

b
− tanh(αs)

b
. (47)

4 Stability analysis

To simplify analysis, we indicate the corresponding
observation value xi (i = 1, 2, . . . , n + 1) as x̃i
(i = 1, 2, . . . , n + 1).

˙̃X = AX̃ + Bu + L(X − X̃). (48)

A stands for extended observer observation vector.
B is the optional observer’s constant gain matrix.

L =

⎡
⎢⎢⎢⎣

l1 0 · · · 0
l2 0 · · · 0
...

...
. . .

...

ln+1 0 · · · 0

⎤
⎥⎥⎥⎦

(n+1)×(n+1).

(49)

Subtract Eq. (48) from Eq. (39):

Ẋ − ˙̃X = (A − L)(X − X̃). (50)

For the observation error to be close to zero, the
above system should meet the stability requirements.
According to the stability condition of linear constant
system, all the eigenvalues of the system matrix are in
the left half-open complex plane [56]. That is, all the
eigenvalues of matrix [A− L] have negative part of the
real roots, and the observer state X̃ will progressively
approximate the actual state X .

Theorem 1 With the control rate in Eq. (47), the sys-
tem is uniformly asymptotically stable at the equilib-
rium point.

Proof From Eqs. (44) and (45), the Lyapunov function
is defined as
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Table 2 System model
parameters Mx [kg] 20 My[kg] 30 m1[kg] 5 m2[kg] 5 xd [m] 1.5

l1[m] 1 l2[m] 0.5 g[m/ s2] 9.8 yd [m] 2 fr0 4.4

k f 0.05 kr 0.45 ξ 0.01 – – – –

V = 1

2
s2, (51)

V̇ = sṡ
= s(c1ė1 + c2ė2 + . . . + cn ėn)

= s

(
n∑

i=2
ci−1xi + f (X, ω) + bu

)
.

(52)

Substituting Eq. (47) into Eq. (52):

V̇ = sṡ

= s

(
n∑

i=2
ci−1xi + f (X, ω)

−b

⎛
⎝

n∑
i=2

ci−1xi+ f (X,ω)

b + tanh(αs)
b

⎞
⎠

⎞
⎠

= −s ∗ tanh(αs)
b ,

(53)

V̇ = sṡ = −s ∗ tanh(αs)

b

⎧⎨
⎩

< 0, s > 0
= 0, s = 0
< 0, s < 0

. (54)

According to Lyapunov stability theory [57], one
may obtain from Eqs. (47) and (54) that the system is
uniformly asymptotically stable at equilibrium point.

�	

5 Simulations and experiments

In this section, some simulations and experiments are
conducted to evaluate the effectiveness and robustness
of the proposed method. For this purpose, the system
parameters of the crane are set, and a set of control
parameters of a three-dimensional double pendulum
overhead crane are established. Based on these control
parameters, the comparative simulation experiments of
the crane are carried out. A comparative simulation
experiment is established to study the error between
the simplifiedmodel and the originalmodel. The results
indicate that the error between both models is less than
1%. Next, four robust experiments are conducted to
evaluate the robustness and anti-interference ability.
Then, a DSP-based experimental platform is developed
to verify the proposed methods.

Table 3 Controller parameters

c1 c2 c3 c4 c5 rx ry wo

32 80 80 40 10 1.5 1.5 102

5.1 Simulation conditions

A simulation is conducted to estimate the controller
control effectiveness in MATLAB/Simulink environ-
ment. Table 2 sets out the parameters of the system
model.

In view of system control performance, the param-
eters of crane control system are shown in Table 3.

c1–c5 are the parameters of sliding mode controller,
rx and ry are the parameters of TD, andwo is the band-
width of ESO, respectively.

5.2 Simulation comparison

In this part, the proposed control method is compared
with two other typical control schemes. The PID con-
trol parameters are kpx = 6.667, kix = 0.0665,
kdx = 18.97, kpθ1 = 0.2778, kiθ1 = 6.606, kdθ1 =
12.54, kpθ3 = 0.334, kiθ3 = 1.333, kdθ3 = 1.81,
kpy = 3.33, kiy = 0.067, kdy = 19.06, kpθ2 =
−0.036, kiθ2 = 6.22, kdθ2 = 20.83, kpθ4 = 0.334,
kiθ4 = 1.999, kdθ4 = 1.808.

The comparative simulation results are shown in
Fig. 4. In Fig. 4, the maximum swing angles of sev-
eral crane control methods are less than 10◦, which
verifies the correctness and rationality of hypothesis
2 in Sect. 2.1. From the results in Table 4, the control
methodproposed for the three-dimensional double pen-
dulum crane in this article can reach a quick and precise
position, and the two-stage swing is suppressed from
the system. Even though the control structure of PID
is relatively simple, the number of control parameters
that need to be optimized is excessive, which leads to
difficulty in choosing the optimal set of control parame-
ters. However, due to its simple structure, PID is widely
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Fig. 4 Comparative control
results: a X -direction; b
Y -direction

(a) (b)

Table 4 Comparative control results

Control method θ1max θ2max θ3max θ4max θres ts

proposed 0.7759 1.096 0.8095 1.143 < 0.1 8.32

SMC 1.713 2.146 1.801 2.254 < 0.1 9.27

PID 2.439 2.541 2.611 2.707 < 0.1 10.13

used in industrial situations where the requirements of
the swing angles are not very strict. The sliding mode
control method has fewer parameters than PID, but the
effect of sliding mode control is not as good as that of
the strategy presented in this paper for swing elimina-
tion.

The crane model is simplified to reduce research
difficulties, which may introduce model error. The
extended state controller is introduced to estimate sys-
tem state and model error. In order to investigate the
relationship between simplified and original models,
an experiment is conducted. The same control method
and control parameters are used for experiments on
both models in the simulation experiment. In Fig. 5,
the error between the simplified model and the original
model is below 1%.

From Fig. 5, the proposed control method achieves
almost the same control effect on the original model as
the simplified model, which manifests that the control
method also applies to the nonlinear model. Therefore,
the subsequent simulation experiments are based on the
original model to study the proposed method’s robust-
ness.

By changing the parameter r of the TD, the influ-
ence of r on the control effect is studied. Fig. 6
shows the crane motion and its swing angles when
r = 1.2, r = 1.5, r = 1.8. The simulation results

indicate that the system’s response speed increases as
well as load swing with the rises of r . In addition, the
control F varies with the adjustment of r . Therefore, r
can be adjusted according to the actual control system
requirements, such as controller deadband, maximum
load swing angle limit, etc.

5.3 Robustness analysis

To investigate the robustness of the system when sys-
tem parameters change, the following four groups of
experiments are performed:

(1) When the load mass of the crane changes, the load
mass increases from 5 to 10kg and then to 20kg.

(2) The rope length of the cranemay change, increasing
or decreasing by 50%.

(3) Change in the masses of track, trolley and hook on
the crane.

(4) The crane may be interfered by external forces dur-
ing operation, the system is disturbed by 10N exter-
nal forces in two directions.

In practice, the crane may transport the loads of dif-
ferent masses. Figure 7 shows the results of the sys-
tem with varying the load mass. Even if the load mass
increases fourfold, the proposed method can achieve
accurate positioning and swing elimination for differ-
ent loads masses without changing the control param-
eters. The results show that the crane can effectively
prevent load swing when the mass of the load changes.

The rope length may change in different working
places. In experiment 2, the influence of rope length
change of crane on load anti-swing positioning is stud-
ied. Figure 8 shows the effect of the system when the
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(a) (b) (c)

Fig. 5 Comparative simulation results between the proposed method with original model: a simplified model; b original model; c
model error

Fig. 6 Crane motion and
swing angles when
parameter r changes: a
X -direction; b Y -direction

(a) (b)

rope length changes. The results indicate that the sys-
tem can effectively reduce load swingwhen rope length
varies.

In most cases, the masses of track, trolley and hook
of a crane system are fixed. To verify that the proposed
control strategydoes not dependon cranemodel param-
eters, the parameters shown in Table 2 are changed.
Taking into account the following two situations:

S1: Mx = 20kg, My = 30kg, m1 = 5kg, m2 =
5kg.

S2: Mx = 30kg, My = 40kg, m1 = 10kg, m2 =
5kg.

From Fig. 9, the proposed method can effectively
reduce the load swing when model parameters change
considerably, which indicates that the method is insen-
sitive to the model parameters.
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Fig. 7 Robust
performance—crane motion
and swing angles when
parameter load mess varies:
a X -direction; b Y -direction

(a) (b)

Fig. 8 Robust
performance—crane motion
and swing angles when
parameter rope length
varies: a X -direction; b
Y -direction

(a) (b)

External interference may occur during the opera-
tion of the crane. Considering the harsh working con-
ditions, when the crane runs in the X direction, and
at the 5th second, it is subject to intensity external
interference of 0.1 s and 10N. Running in the Y direc-
tion, and at the 6th second, it is subject to external
interference of 10N for 0.1 s. Under such conditions,
the anti-interference ability of the proposed control
method is studied. Figure 10 shows the crane’s opera-
tion under external impact in different directions and
at other times. The result shows that the crane is not
disturbed by the outside environment, proving that the
proposed method has a solid anti-interference ability.

Ninegroups of simulations are carriedout in this sec-
tion. A comparative experiment is conducted to eval-
uate crane operation performance among PID, SMC,
and the method proposed in this article. The three con-
trol methods can realize no residual swing control of
the crane. Compared with PID and SMC, the max-
imum swing angle of the proposed scheme can be

reduced by 62% and 41%, and 17.88% and 10.24%,
respectively, which can reduce the transportation time.
These improve the crane’s operational performance and
reduce thepossible risks.Comparing theoriginalmodel
with the simplified model, the control method func-
tions well in the nonlinear and strongly coupled sys-
tem. From the result, the error between the simplified
model and the original is less than 1%, which indicates
the simplification process is correct. The influence of
parameter r in the TD on the system is studied. The
parameter r can be adjusted according to actual con-
trol system requirements, such as controller deadband,
maximum load swing angle limitation, etc. In addition,
a series of robust experiments are established to prove
that the proposed method has a solid anti-interference
ability and high robustness.
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Fig. 9 Robust
performance—crane motion
and swing angles when the
crane main parameters vary:
a X -direction; b Y -direction

(a) (b)

Fig. 10 Robust
performance—external
interference to the system: a
X -direction; b Y -direction

(a) (b)

5.4 Experiments and results analysis

As shown in Fig. 11, experiments are conducted in
a three-dimensional double pendulum overhead crane
platform (230cm long×180cm wide×120cm high).
The maximum length of lifting rope l1 is 0.6m and
l2 is 0.3m. The maximum moving speed of the track
and trolley is 0.4m/s, the farthest displacement of track
is 210cm, and the farthest displacement of trolley is
160cm. The trolley and track driving motor are Ino-
vance Servo Motor (AC 220V, 3000 rpm), a 20-bit
incremental encoder, and the servo driver is Inovance
IS620P servo drive. The main mechanical part of the
three-dimensional double pendulum crane is composed
of a truck and a trolley. The truck consists of a track and
a trolley. Two AC motors provide driving forces in X
andY directionswhen transporting a load, respectively.
The data feedback includes the position information
and the hook and load swing angles. The encoder of
the drive motor records the position information, and

Fig. 11 Prototype crane

the angle sensorsmeasure the swing angles information
of the hook and the load.

The core of the whole control system is DSP
(TEXAS INSTRUMENTS: TMS320F28335), which
uses the communication protocol based on RS485
MODBUSRTU to communicatewith the server drivers
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Fig. 12 Anti-swing module

Table 5 Experimental platform parameters

Mx [kg] 4.17 My[kg] 22.32 m1[kg] 2.5

m2[kg] 5 xd [m] 1.5 yd [m] 2

l1[m] 0.6 l2[m] 0.3 g[m/ s2] 9.8

and the computer. Fig. 12 shows the anti-swingmodule.
The main experimental steps are:

(1) The driver identifies the motor;
(2) Input crane and load parameters;
(3) Input the target point of the crane (take the current

position of the crane as the coordinate origin) and
enable the anti-swing module;

(4) The speed, displacement and swing angles of the
crane in the experimental platform are fed back
to the anti-swing module, which calculates and
outputs the driving torque and maximum moving
speed.

Table 5 sets out the parameters of the experimental
platform. In Sect. 5.3, Fig. 9 shows that the proposed
method can effectively reduce the load swing when
model parameters change considerably. Therefore, the
control parameters of the experimental platform use the
parameters in Table 2.

To further evaluate the performance of the proposed
controller, a control effect comparison among PID,
SMC, energy-based control method [58], and the pro-

Table 6 Comparative control results

Control method θ1max θ2max θ3max θ4max θres ts

Proposed 0.98 1.04 1.33 1.41 < 0.1 9.04

SMC 1.53 1.61 1.67 1.77 < 0.1 10.12

PID 2.08 2.13 2.37 2.55 < 0.1 11.21

Reference [58] 1.38 1.42 1.73 1.82 < 0.1 8.92

posedmethod is depicted in Fig. 13. From the results in
Table 6, the proposed method in this article can reach a
quick and precise position, and the swing angles are
the smallest among the four methods. Although the
energy-based control method [58] achieves the shortest
transportation time, in some industrial situations where
the limit of load swing angle is stringent, such as the
transportation of high-temperature molten metal, the
transport speed requirements are relatively minor.

Twoexperiments corroborate the proposedmethod’s
robustness, including the change of rope length and
load mass. From Figs.14 and 15, under the experimen-
tal platform, without adjusting the control parameters,
the proposedmethod can suppress the load swingwhen
the load mass and rope length vary.
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Fig. 13 Comparative
experimental results of
different methods: a
X -direction; b Y -direction

(a) (b)

Fig. 14 Robust
performance
experiment—crane motion
and swing angles when
parameter load mess varies:
a X -direction; b Y -direction

(a) (b)

Fig. 15 Robust
performance
experiment—crane motion
and swing angles when
parameter rope length
varies: a X -direction; b
Y -direction

(a) (b)
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6 Conclusion

In actual industrial production, the double pendulum
crane is widely used. Effective control of load swing
during transportation significantly improves industrial
production safety. The research on coordinated motion
control of track and trolley of a double pendulum
crane is of great significance to further improve the
transportation efficiency of the crane. This paper pro-
poses a sliding mode control based on an extended
state observer to suppress the load swing for three-
dimensional double-pendulum overhead cranes. Com-
pared with other technologies in the literature, the pro-
posed method shortens the transit time, improves work
efficiency, and reduces the safety risk. The method
is insensitive to the model parameters and has strong
robustness. The proposed method is applied to a non-
linear experimental platform, and the theoretical and
experimental results verify the effectiveness of the
proposed method. The introduction of TD effectively
solves the contradiction between the rapidity and over-
shoot of the control system. The problem of con-
troller deadband saturation can be effectively solved.
By adjusting the control parameters of TD, the problem
of the system output caused by the observer delay error
in the initial time can be effectively reduced. Restricted
by experimental conditions, the effectiveness and accu-
racy of the proposed controlmethod are validated in the
laboratory at the present stage. The experiment has not
been carried out under actual factory conditions. The
anti-swing effect under factory conditions remains to
be further studied. Currently, we are cooperating with a
drive manufacturer to make the proposed control strat-
egy for the general inverter and industrialize the pro-
posed anti-swing strategy.
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Appendix A : Observation effect of state observer

The overhead crane is a powerful engineeringmachine,
and its working environment has unknown external
interference and noise interference, which will affect
the operating performance of the crane. In section III,
an extended state observer is designed to observe these
disturbances. The observations of these disturbances
are introduced into the controller to enhance the anti-
interference ability and robustness of the crane control
system. The accuracy of the observed results directly
affects the control effect of the controller. An experi-
ment is performed on the ESO designed to detect the
observer’s observation effect in this section. The crane
works in a noisy environment and, at the 5th second,
suffers an external impact of 20N duration of 0.1s.
Fig. 16 shows the observer’s observations of a crane
subjected to external disturbances of a size of 20N and
duration of 0.1s. Fig. 17 shows the observer’s ambient
noise results. The ESOdesigned in this paper can effec-
tively observe external disturbance and environmental
noise from the observer’s calculation speed and estima-
tion accuracy. The introduction of the ESO enhances
the stability and robustness of the system.

Fig. 16 Observation of external disturbance
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Fig. 17 Observation of ambient noise

Appendix B : Crane System Modeling

A three-dimensional double pendulum crane model is
shown in Fig. 1. In theXYZ coordinate system, the trol-
ley is located on the plane of XOY, trolley’s coordinate
is (xM , yM , zM ), hook’s coordinate is (xm1 , ym1 , zm1),
and load’s coordinate is (xm2 , ym2 , zm2), where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xM = x
yM = y
zM = 0
xm1 = x + l1 sin θ1 cos θ2
ym1 = y + l1 sin θ2
zm1 = −l1 cos θ1 cos θ2
xm2 = x + l1 sin θ1 cos θ2 + l2 sin θ3 cos θ4
ym2 = y + l1 sin θ2 + l2 sin θ4
zm2 = −l1 cos θ1 cos θ2 − l2 cos θ3 cos θ4.

(55)

From the Eq. (55), the speed of the trolley is VM ,
the speed of the hook is Vm1 , and the speed of the load
is Vm2 , where

VM =

⎡
⎢⎢⎣

∂
∂t x (t)

∂
∂t y (t)

0

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
ẋ

ẏ

0

⎤
⎥⎥⎦ , (56)

Vm1 =

⎡
⎢⎢⎣

∂
∂t x (t) +l1 c2 (t) ∂

∂t s1 (t) +l1 s1 (t) ∂
∂t c2 (t)

l1
∂
∂t s2 (t) + ∂

∂t y (t)

−l1 c1 (t) ∂
∂t c2 (t) − l1 c2 (t) ∂

∂t c1 (t)

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣
ẋ + l1 c2 c1 − l1 s1 s2

l1 c2 + ẏ

l1 c1s2 + l1 c2 s1

⎤
⎥⎥⎦ ,

(57)

Vm2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂
∂t x (t) + l1c2 (t) ∂

∂t s1 (t) + l1s1 (t) ∂
∂t c2 (t)

+l2c4 (t) ∂
∂t s3 (t) + l2s3 (t) ∂

∂t c4 (t)

l1
∂
∂t s2 (t) + l2

∂
∂t s4 (t) + ∂

∂t y (t)

−l1c1 (t) ∂
∂t c2 (t) − l1c2 (t) ∂

∂t c1 (t)

−l2c3 (t) ∂
∂t c4 (t) − l2c4 (t) ∂

∂t c3 (t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎣
ẋ + l1c2c1 − l1s1s2 + l2c4c3 − l2s3s4

l1c2 + l2c4 + ẏ

l1c1s2 + l1c2s1 + l2c3s4 + l2c4s3

⎤
⎥⎥⎦ .

(58)

From Eq.(56), Eq.(57), and Eq.(58), the system
kinetic energy, T , is obtained as follows:

T = M

2
V 2
M + m1

2
V 2
m1

+ m2

2
V 2
m2

= Mx + m1 + m2

2
ẋ2 + My + m1 + m2

2
ẏ2

+m1

2
(l21 θ̇

2
2 + l21c

2
2 θ̇

2
1

+2c1c2l1 ẋ θ̇1 − 2s1s2l1 ẋ θ̇2

+2c2l1 ẏθ̇2) + m2

2
(l21 θ̇

2
2

+2c1−3l1l2s2s4θ̇2θ̇4

+2s3−1l1l2s2s4θ̇2θ̇3 + l21c
2
2 θ̇

2
1

+2s1−3l1l2c2s4θ̇1θ̇4

+2c1−3l1l2c2c4θ̇1θ̇3 + 2c1c2l1 ẋ θ̇1

+l22 θ̇
2
4 + c24l

2
2 θ̇

2
3

+2c3c4l2 ẋ θ̇3 − 2s1s2l1 ẋ θ̇2 − 2s3s4l2 ẋ θ̇4

+2l1l2c2c4θ̇2θ̇4 + 2c2l1 ẏθ̇2

+2c4l2 ẏθ̇4). (59)

Taking trolley’s plane as the zero potential energy
plane, V which refers to the system’s potential energy
is obtained as follows:

V = −(m1 + m2)gl1c1c2 − m2gl2c3c4. (60)

The Lagrange equation is a system of second-order
differential equations,{

L(q, q̇) = T (q, q̇) − V (q, q̇)
d
dt (

∂L
∂q̇k

) − ∂L
∂qk

− Qk = 0,
(61)

where L refers to Lagrange function; T represents sys-
tem kinetic energy; V is system potential energy; q
stands for Lagrange variable; Qk refers to external
forces.

Substituting Eq.(59) and Eq.(60) into Eq.(61), the
three-dimensional double pendulum crane model
(Eq.(1) - Eq.(6) ) can be obtained.
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