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Abstract Exact solutions of higher-dimensional non-
linear equations takes a major place in the study of
nonlinear phenomena observed in nature. In this arti-
cle, some new kink type solutions are investigated
for the new (3+1)-dimensional Boiti-Leon-Manna-
Pempinelli(BLMP) equation. Firstly, a variety of solu-
tions are obtained by Hirota’s bilinear form, which
include kink type wave solution, periodic solitary wave
solutions and singular solitary wave solutions using
extended homoclinic test approach. Secondly, solutions
with three wave form are obtained by generalized three
wave method. The extended homoclinic test approach
is also used to construct solutions with a tail which
explain some physical phenomenon. Moreover, some
figures of the solutions are shown behind.
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1 Introduction

Nonlinear science is a vital discovery in the area of
natural science since the 20th century, and its rapid
development has made it one of the popular topics in
mathematical physics. In recent decades, researches
on soliton solutions [1],rogue waves solutions [2],
periodic wave solutions [3], interaction solutions [4]
and lump solutions [5] of nonlinear partial differential
equations (NLPDEs) have received increasing attention
from experts and scholars.

Recently, nonlinear evolution equations (NLEEs)
has wide application in various fields. Various methods
have been proposed to explore nonlinear phenomena.
For example, three-wave method [6,7], tanh method
[8], Bicklund transformation [9], Darboux transfor-
mation [10], Exp-function method [11], Hirota bilin-
ear method [12], homogeneous balance method [13],
the generally projective F-expansions [14], (G’/G)-
expansion method [15], auxiliary equation method
[16], Riccati equation method [17], simplest equation
method [18,19], etc.

Wazwaz proposed a new (3+1)-dimensional Boiti-
Leon-Manna-Pempinelli (BLMP) equation which has
time dependent coefficients. It’s written as the form
[20]

F@)(uy +uy +uz)e +G@)(uy +uy + tz)xxx
+H () (ux(ux +uy +uz))e =0. (1.1)
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It comes from one of the most typical NLEEs, which
is the (3+1)-dimensional BLMP equation

(y +uz)e + Uy +uz)xx + (Ux(uy +uz))y = 0,
(1.2)

which includes three expressions which consist the
derivatives uy + u;. The Eq. (1.1) has the additional
derivative u, to every expressions.

Let F(t) = 1,G(t) = 1,H(t) = 1, Eq.(1.1)
reduces to the a equation mainly discussed in this paper
with constant coefficients

(ux +uy +uz)e + Uy + ty + ) xxx
+(ux(uy +uy +uz))y =0. (1.3)

These equations describe a kind of physical phe-
nomenon in the natural world, that is, the propagation
of waves in incompressible fluid. To confirm its inte-
grability, the Painlév analysis is used by Wazwaz to
obtain the compatibility condition. By the simplified
Hirota’s method and the complex Hirota’s criteria, the
multiple soliton solutions and multiple complex soliton
solutions are determined. [20]

Based on the new (3+1)-dimensional BLMP equa-
tion given by Wazwaz, scholars have obtained many
new research achievements. Liu and Wazwaz further
get breather wave solutions, lump type solutions of
equation (1.3) in Ref. [21]. Yuan presented more kinds
of the interaction solutions, including lump and N-
soliton solutions. The breather-wave solution is stud-
ied in Ref. [22]. Han and Bao investigated the equation
(1.1) with time-dependent coefficients on the basis of
the Hirota bilinear method, and obtained the mixed
high-order lump N-soliton solutions and the hybrid
solutions in Ref. [23]. To construct test functions, Qiao,
Zhang and Yue used a specific bilinear neural network
framework. Three kinds of periodic-type solutions of
Eq. (1.3) are given in Ref. [24].

The paper is structured as follows, Sect. 2 obtains
kink-shaped solitary wave solutions, singular solitary
wave solutions, periodic wave solutions and periodic
kink wave solutions by using the extended homoclinic
test approach. In Sect. 3 a three-wave method is used to
find three-wave solutions. We get periodic kink wave
solutions, periodic cross kink wave solutions and peri-
odic wave solutions. Section 4 obtains kink-shaped
solitary wave solutions with tails, by using the extended
homoclinic test approach. Section 5 is dedicated to giv-
ing the conclusion.
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2 Extended homoclinic test approach

The new (3+1)-dimensional BLMP equation with con-
stant coefficients has been written as

(ux + uy + uz)e + (uy + uy + Uz)xxx

+(ux (uy + uy + uz))y =0. 2.1)
According to the function transformation
ulx,y,z,t) =6[n f(x,y,z,t), (2.2)

the Hirota bilinear form of Eq. (2.1) is

[D} + D,D} + D,D} + D, D, + D, Dy
+D;D./1f - f=0. 2.3)
Then Eq. (2.1) becomes

3fex’ +3fecfon +3feyfox = fifs = fifs = fi b
=3 fx faxz = 3Sx faxy = Sofaxx
—fyfoxx =4 fx foxx + F(fz + for + S

+fxxxz + fxxxy + fxxxx) = 0. (2.4)
Let f take the form
f = kicos(§1) + kz exp(§2) + exp(—&2), (2.5)

where §; = a;x+b;y+ciz+dit, ki € R, a;, b, ci,d; €
C(i = 1, 2)are undetermined constants.

Substituting Eq. (2.5) into (2.3) and setting coeffi-
cients of

cos(§1) exp (—&2), cos (§1) exp (62),
sin (§1) exp (—§2), sin (1) exp (52)
and the constant term to zero, we obtain a set of alge-
braic equations (2.6) withrespectto k; and a;, b;, c;i, d;,
(i=1,72).
ki(—al — (b1 + cn)ai + 3ax(ca + 243 + bo)a}

+1Gb1 +3c1)a3 +dilar
— a3 + (—c2 — b2)a3 — azdy + (by + c1)d

—da(ca +b2)) =0,
ki((—c2 — 4az — ba)ai = 3az(by + c1)ay

+[4a3 + Gez + 3b2)a3 + dalay
+ (b1 + cD)a3 + diaz + (c2 + ba)dy + da(by + 1)) =0,
kika(@af + (b1 + c1)ai — 3ax(c2 + 2az + by)ai

—[B3b1 +3c1)a3 +dilay
a3 + (c2 + b2)a3 + azdy + (—by — c1)dy + da(cz + b2)) =0,
kika((—ca — day — ba)a} — 3az(by + c1)a?

(2.6)

+[4a3 + (Bcz + 3b2)a3 + dalay
+ (b1 +c1)a3 +dyaz + (c2 + ba)dy + da(by + 1)) = 0,

— (a1 4 b1 + c1)(—4a3 + d)k3 + (a2 + by + ¢2)(4a3 + da)dky = 0.

Solving Eq. (2.6), we have following conclusion.
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2.1 Solution in the situation k; = 0

If k1 = 0, we have some cases.

Case 1
I.
ki =0, ap = —c2 — by, 2.7

where ay, by, ba, c1, c2, dy, da, and k; are free param-
eters.
II.

ki =0, dy = —4a3, (2.8)

where a1, az, b1, ba, c1, 2, d and kj are free parame-
ters.

Substituting Eq. (2.7-2.8) into Eq. (2.5) and Eq.
(2.2), we obtain the solutions in the case of i = 1 and
i = 2. The corresponding solutions are given by

krebi — e~ Si
=C; e e ,
ko eli +e~ti
where
1 =(—c2—b2)x + bay + 2z + dat,
0 = —axx — by — caz +4a3t, C1 = —6(c2
+by), Cr = 6a;.

u i=1,2, 2.9)

In particular, solutions Eq. (2.9) can be expressed as

11 = C; tanh (Ci + %ln/q) , kh>0,i=1,2,
(2.10)
up = Cj coth ((i + %ln(—kz)) , ka<0,i=1,2,
(2.11)

where

{1 =(—c2— b)) x + by + 2z + dat,
0 = —arx — by — ¢z + 4ast,
Ci=—6(co+by), Cy =06ay.

Itis easy to know that u1, u; are kink-shaped solitary
wave solutions.

To simplify the results, the sign of k> will not be
discussed in each case later.

2.2 Solution in the situation kp = 0

If ko, = 0, we have
Case 2

bl = —a) —Cy, d1 :a% — 3a1a%, dz

=3d?a — a3, ky =0, (2.12)

where ay, az, ba, c1, c2, and k; are free parameters.
Substituting Eq. (2.12) into Eq. (2.2) and Eq. (2.5),
the solutions are yielded that
—kyay sin (¢1) — az e
ki cos (¢1) + €52
where {| = (a1x +(—ar—c1)y+ciz+ (a13 —3ay
a22) t), L) = —arxx — byy — 2z — (3a12a2 - (123) t.
In particular, solution Eq. (2.13) can be expressed as
—kyay sin (1) — az (cosh &y + sinh &)
"= ki cos (¢1) + cosh ¢ + sinh &

where ¢ = (alx +(—ay—cp)y—+ciz+ (a13 — 3a,

(2.13)

,(2.14)

a22) t), L = —arx —byy — ¢z — (36112612 - a23) t.
Case 3

The case of complex solutions.

I.

by = (b2a + bap + boe + b2g),

3ai(ai? + @?)
dy = 4a?, dr =+ (3 ia13 + 3ia1a22) + 36126112

—a’, ky =0, (2.15)

whereay, as, by, c1, c2, and ky are free parameters. and

by, = 3a13C2 —3ay alzb] —3ay a]2c1 + 4a a23

+3a1 ay’cy + ar’by + ax’cy,
by = (a1(£Bia® + 3ia1 a2?) + 3ar a1> — ar’),
bye = (£(3iar’ 4 3ia) a2?) + 3azr ar> — ax’)by,
byg = (:I: (3 ia;® + 3ia azz) +3ara;® — a23> c1),

I
ay = fiay, by = Fiay — ¢y,
di = F4ia3, by = —ar — 2, kr =0, (2.16)
where as, c1, ¢2, dy and k; are free parameters.
Substituting Eq. (2.15-2.16) into Eq. (2.5) and Eq.
(2.2), weobtaina™ = a;,i = 1 and a™ = Fiay, i = 2,
respectively. The corresponding solutions are given by

_ kia*sin (¢;) + az e’
- ki cos (&) + e

=1,2, 2.17)

where ¢ = a1x + b1y +c1z + 4a,3t, N = —arx —
byy —cz — (£ (3 ia? +3 ia1a22) +3ara;% — a23)t,
0 = (F)ax + (F)ay — 1)y + c1z + 4 (Fi) a3t,
m = —axx — (—az — c2) y — 22 — dat.
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Fig. 2 The singular solitary wave solution us atay = 1, by = 1,bp = 1,k; = 1,x =0,at = —-5,br =0,ct =5

Here, the form of b; is shown in Eq. (2.15). In par-
ticular, solution Eq. (2.17) can be expressed as

kia* sin(g;) 4+ ap (cosh n; + sinh ;)
B ki cos(¢;) + cosh n; + sinh n;

=1,2, (2.18)
where ¢ = a1x + b1y +c1z + 4a;3t, N = —arx —
byy —cz — (£ (3 ia;® +3 ialazz) +3aar? — a’)t,
0 = (F)arx + (F)az — c1) y + c1z + 4 (Fi) a3t,

Uy =

Ny = —axx — (—az — ¢2) y — c2z — dat.
Case 4
a1=0,d =0, d=—a3, kp =0, (2.19)

where az, by, ba, c1, c2, and k; are free parameters.
Substituting Eq. (2.19) into Eq. (2.2) and Eq. (2.5),
the solutions are yielded that

6a, et
= — , (2.20)
kicos(bry + c1z) + et
where ¢ = a23t — ax — byy — c2z. In particular,

solution Eq. (2.20) can be expressed as
6z cosh ¢1 + sinh ¢}
ki cos (b1y + c1z) +cosh ¢y +sinh ¢y’
(2.21)

us = —

where ¢] = a3t — arx — byy — c2z.
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2.3 Solution in the situation k1 %= 0 and k # 0

If k1 # 0 and ky # 0, we have following conclusion.

Case 5
a1 =0,d =0, b =—ar —ca, dry = —a%, (2.22)
where a», by, c1, ¢2, k1 and k; are free parameters.
Substituting Eq. (2.22) into Eq. (2.2) and Eq. (2.5),
the solutions are yielded that
kpebl —e 01
a ,
k1 cos(&r) + kp ebt + e 01
where {1 = ax + (—ax —2)y + 2z — ad’t, & =
b1y + c1z.
In particular, the solution Eq. (2.23) can be expressed

u =6

(2.23)

as
sinh (;1 +1m k2)
ki cos(¢2) + 2+/ky cosh <§1 + % In kz)
(2.24)

where ¢ = axx + (—ax — )y + 27 — 023t,§2 =
b1y +ci1z.

Case 6
by =—ai—c, di=a}, aa =0, dy =0,

ueg = 12/ kaan

(2.25)
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Fig. 3 The periodic kink wave solution ug atap = 1,b; =1,c; =1,co =1,k =1, ko =1, x =0,ar = =5,bt =0,¢ct =5

Fig. 4 The periodic solitary
wave solution u7 at a; =
I,bp=1,ci1=1,c0=
1,k1 = l,kz = 1,32:
0,t=0,bx=0,t=0

(b)

Fig. 5 The periodic kink wave solution ug ati = 1,ap = 2,by = l,c1 = 1l,cp =2,dp =2,k1 = 1, kp =2,z =0,at = —5,bt =
0,ct=5

where ay, by, c1, ¢2, k1 and k; are free parameters. 2.27)
Substituting Eq. (2.25) into Eq. (2.2) and Eq. (2.5),

. . where | = ajx + (—a1 —c)y + ciz +ait, & =
we obtain the solution

. byy + c2z.
u = —6kia; z ( )ST(IEI)Q gy (2.26) Case 7
1 cos(ty 2¢ ¢ 3 by = —ay; —c1, ap = —cp — by, (2.28)
ZV};?T cClzz ax + (Car—e)y Faztat & = where a1, by, c1, ¢2,dy, d2, k1 and k, are free parame-
2 22.
. . ters.
In particular, the solution Eq. (2.26)can be expressed Substituting Eq. (2.28) into Eq. (2.5) and Eq. (2.2),
as we obtain
sin(¢p) —k i —cy — b)) (b ef2 — e~ 82
u7 = —6k1a; _ 1ai sin(gp) + (—c2 2) (kpe e °2)
ki cos(£1) + 2/kz cosh (¢ + 5 Inkz) u="6 (1 cosC) + B ol 4o .(2.29)
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where {1 = aix + (—a1 —c)y tciz +dit, & =
(—c2 = b)) x + by + 22 + dot.

In particular, the solution Eq. (2.29) can be expressed
as
—kyay sin(¢)) + (—ca — by) (zmsinh (gz + %lnkz))

ki cos(¢1) + 24/k; cosh ({2 + % In k2)

ug =

(2.30)

where {| = ajx + (—a1 —c))y +ciz+dit, & =
(=c2 —b2)x + by + coz 4+ dat.

Case 8

Compared with the case7, the solution obtained is
complex solutions.

a) = +iay, dy = Fhia3, dy = —4a3, (2.31)

where az, by, ba, c1, c2, k1 and k; are free parameters.
Substituting Eq. (2.31) into Eq. (2.2) and Eq. (2.5),
we obtain
v 6¢iazk1 sin(¢1) + ax(kp 2 — e7%2)
ki cos(¢y) +kyef2 +e~ 02

. (2.32)

where ¢] = :I:ia2x+b1y+clz:|:4ia23t, O = —dar’3t+
arx +byy + coz.

In particular, the solution Eq. (2.32) can be expressed
as

__Fiazkisin(¢r) + a (2v/kz sinh (&2 + % Inky))
k1 cos(¢1) + 2+/kz cosh ({2 + % In kz)

. (2.33)

u9

where | = tiarx+byy+cizF4iar’t, ¢ = —4art+
arx +byy + oz

3 Three wave method

Now, the equation (1.3) is considered by three wave
method. We assume it has three wave solutions, which
takes the form

fx,y,z,1) = exp (1) + 81 cos (§2) + 82 cosh (£3)
+83exp (—1) . (3.1
where
§ = Pix + Qiy+ Riz
+wit; §; € Ry R, Qi, Ri,wi e R =1,2,3)
are undetermined constants.

Substituting Eq. (3.1) into Eq. (2.5) and setting coef-
ficients of

cosh (&3) exp (££1), cos (§2) exp (£1), sinh (§3) exp (£§1),
sin (§2) exp (££1), cos (62) cosh (§3), sin (§2) sinh (&3),

@ Springer

and the constant term to zero, a set of nonlinear alge-

braic equations Eq. (3.2).

8283[P{ + (Ry + Q1) P} +3P3 (R3 + 03 +2P3) P}
+ ((3R1 +301) P32 + U)1) Py

+ P§ 4+ (03 + R3) P +w3Ps + (R + Q1) wy
+w3 (03 +R3)] =0,

8183[P! + (Ry + Q1) P{ =3P, (Ry + Q2 +2Py) P}
+((=3R1 =301 P} +w1) Py

+ P§ + (02 + Rz)P23 —waPy + (R + Q0w
+wy (Ry + 02)] =0,

$263(R3 + Q3 +4P3) P +3P3 (R + Q1) P}
+ (4P3-” + 3Ry +303) P2 + w3> P

+ (R + Q1) P +wi P+ (R3 + 03) wy
+w3 (R +0D]=0,

8183[(Ry + Q2 +4P2) P{ +3Py (R + Q1) P{
+(=4P5 + (-3R2 =302) P +wn) Py

+ (=R — Ql)Pf +w P+ (Ry + 02) wy
+wy (R1 + Q] =0,

8[P} + (R) + Q1) P +3P3 (R3 + Q3 +2P3) P}
+ ((3R1 +301) P2+ wl) P

+ P§ 4+ (03 4+ R3) Py +w3Py + (R + Q) wy
+w3 (03 + R3)] =0,

811P} + (Ry + Q1) P} =3Py (Ry + Q3 +2Py) P}
+((—3R1 —3Q1)P22+w1)P1 (3.2)

+ PY+(Q2+ Ry) P3 —wp Py + (Ry + Q1) wy
+wy (Ry + 02)]1 =0,

8((R3 + Q3 +4P3) P{ +3P3 (R + Q1) P}
+ (4}333 + (3R +303) P} + wg) 2

(R + Q1) P33 +wiP3+ (R3+ Q3) wy
+w3 (R + Q1) =0,

81((Ry + Q2 +4Py) P} + 3P (R + Q1) P}
+(4P3 + (=3Ry = 302) P} + ) Py

(=R; — Q1) PZF’ +w P+ (Ry + Q2) wy
+wy (R + Q1)) =0,

8162(P) + (Ry + Q2) P3 — 3Py (R3 + Q3 +2P3) P}
+((=3Ry =302) P} —w2) P2

+ P§ 4 (03 + R3) P3 —w3Ps + (—Ry — Q2)wa
+ w3 (R3 + 03)) =0,

818((—R3 — Q3 —4P3) P3 —3P3 (Ry + Q2) P3
+(4P] + GR3 +303) P} +w3) Py

+(Ry+ Q) P§ +waP3 + (R3 + Q3) wy
+ w3 (Ry + 02)) =0,

(—4P3 +w2) - (Ry + Py + 02) =0,

(4P3 +w3) - (R3 + P3 + 03) =0,

@Py +w))- (R + P+ Q) = 0.
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Solve Eq. (3.2), we have following conclusion.

In general, we only consider the case where the free
parameters are real numbers, and let §; # 0,82 # 0
and 83 # 0.

In addition, if 6 = 0, Eq. (3.1) has the same form

as Eq. (2.5).

Case 1
Ri=—P1—Qi1, Ro=—-02— P2, R3

=—Q3 - P3, (3.3)
where Q1, 02, Q3, P1, P>, P3, w1, w and w3 are free
parameters.

Substituting Eq. (3.3) into Eq. (2.2) and Eq. (3.1),
we obtain the solution

6 Py el —§1 Pysin(np) + 8 P3 sinh(n3) — §3P; e M (3 4)
u= .
el 4 81 cos(nz) + 6 cosh(nz) + 63~

where 9y = Pix + Q1y + (=01 — P1)z+wit.m =
Prx+Qoy+ (=02 — P2) z+wat.n3 = P3x+ Q3y+
(— 03 — P3) z + wat.

In particular, solution Eq. (3.4) can be expressed as

—81 Py sin(i2) -+ 2 Ps sinh(173) + 2Py /33 sinh (m +1m g)

up =
81 cos(12) + 8 cosh(n3) + 24/83 cosh (771 +31m i)

3.5)
where ny = Pix + Q1y + (=01 — P z+wit.m =

Pyx+Qoy+ (=02 — P2) z4+wat.n3 = P3x+ 03y +
(— 03 — P3) 7z + wat.

Case 2
P = —Jwi, R =—01+ Jwi, P = Jwy,
Ry =—Qr— Jwy, 3=0, w3 =0, (3.6)

where Q1, Q2, O3, R3, w and w; are free parameters.
Substituting Eq. (3.5) into Eq. (2.2) and Eq. (3.1),
we obtain the solution
B 6—3/w_16’“ — 81wy sin(n2) + 83 Jwie” M
ST 81 cos(12) + 82 cosh(nz) + 83e~Mm ’
(3.7

where n; = —Jwix+ Q1y+(—01 + Jwi) z4+wit,
m = Jwax + @2y + (— Q2 — Yw2) z + wat, 3 =
03y + Rsz.
In particular, solution Eq. (3.7) can be expressed as
—81 /w3 sin(2) — 2.3/w7 /33 sinh (m +1m %)

81 cos(n2) + 8> cosh(n3) + 24/83 cosh (m + % In %)

uy =

(3.8)

where ) = —Jwix+ Q1y+(— Q1 + Jwi) 2+ wit,
m = Jwix + @2y + (=02 — Jwa) z + wat, 3 =
03y + R3z.

Case 3
Py =—=Jwi, Ri==01+ Jwi, =0, wy=0,
Py = —Jw3, Ry =—03+ Jws, (3.9)

where 01, Q2, 03, Ry, w1 and w3 are free parameters.
Substituting Eq. (3.9) into Eq. (2.2) and Eq. (3.1),
we obtain the solution

o=V wie" — 8 Yws sinh(12) + 8 e

el + 81 cos(n3) + 82 cosh(mz) + d3 e~
(3.10)

’

where ny = —JYwix + O1y + Riz + wit, g2 =

—Yw3x+Q3y+(—03 + Jw3) z+wst, n3 = Qay+
Ro>z.
In particular, solution Eq. (3.10) can be expressed as

— 8 /w3 sinh(y2) — 2. 3/W7 /53 sinh (m +1m %)

uz = ’
81 cos(n3) + 83 cosh(12) + 24/83 cosh (m + % In %)
3.11)
where n1 = —Jwix + Q1y + Riz + wit, m =

—Yw3x+Q3y+(—03 + Jw3) z+wst, n3 = Qay+
Roz.
Case 4

P =—-Ywi, Ri =—-Q1+ Jwi, =0, wp =0,
Py=0, ws =0, (3.12)

where Q1, Q2, 03, Ry, R3, and w; are free parame-
ters.

Substituting Eq. (3.12) into Eq. (2.2) and Eq. (3.1),
we obtain the solution

3 M _ §2e~M
w=—6 vwi(eh — e ) Aa.13)
e + &1 cos(nz) + 62 cosh(nz) + 83 e

where ) = —Jwix+ Q1y+ (=01 + Jwr) z4+wit,
m = 02y + Rpz,n3 = Q3y + Raz.

In particular, solution Eq. (3.13) can be expressed as

24/83./wy sinh (m +1m %)

81 cos(12) + 82 cosh(n3) + 24/83 cosh ('71 . %ln i)
(3.14)

where ) = —Jwix+ Q1y+ (=01 + Jwr) z4+wit,

m = 02y + Rz, m3 = O3y + Rsz.

Case 5
Pl ZO’ wi =0’ P2=\3/w_7 R2=_Q2_«3/w_2’
Py = —Jws, Ry = =03+ Jws, (3.15)

where Q1, 02, O3, Ry, wy and w3 are free parameters.

uy = —6
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Fig. 6 The periodic kink wave solution uy até; = 1,8 = 1,83 =1,01 =1,0, =1, 03 =1, P =1, =1, =1,w =

2,wy =2, w3 =2,z=0,at =-5,bt =0,¢cr =5
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Fig. 7 The periodic cross kink wave solutionup at8; = 1,60 =1,83=1,01=2,0:=1,03=1,Rz3 =1, wi=lL,wy =1,z =

0,at = -5,br =0,ct =5
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Fig. 8 The periodic kink wave solutionuz at§1 = 1,8, = 1,83 =1, 01 =1, 0, = 1,03 =3, R =1, R, = l,w; = l,w =

l,ws3=1,x=0,at =-5,bt =0,ct =5

Substituting Eq. (3.15) into (2.2) and Eq. (3.1), we
obtain the solution
81 Y/wa sin(n1) + 82 /w3 sinh(n2)
e + 81 cos(n1) + 82 cosh(igp) 4+ 831’
(3.16)

where 1 = Jwax + Qay + (— Q2 — Jw2) z + wat ,

M = —Jw3x+ 03y + (—03 + Jw3) z+wat, n3 =
O1y + Riz.

@ Springer

In particular, solution Eq. (3.16) can be expressed as
d1/wasin(n) + 82 Jws3 sinh(172)
81 cos(n1) + 83 cosh(n2) + 24/83 cosh (n3 + % In %) )
(3.17)

us = —-6

where 0 = Jwax 4+ Qay + (= Q2 — Jw2) 2+ wat ,
n = —Jwsx + 03y + (—03 + Jw3) z+wat, n3 =
01y + Riz.
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Fig. 10 The periodic cross kink wave solutionus até; = 1,6, =1,63=1,01=1,02=1,03 =2, R =1, =1, w3 =1,x =

0,at = —-5,bt =0,¢ct =5

Case 6

P =0, wi =0, P, =Jwy, Ry =—02— Jwo,
P; =0, w3 =0, (3.18)
where Q1, 02, O3, Ry, R3 and w, are free parameters.
Substituting Eq. (3.18) into Eq. (2.2) and Eq. (3.1),
we obtain the solution
81wy sin(ny)
e + 81 cos(n1) + 8> cosh(nz) 4+ 8312’
(3.19)

where 111 = Jwax + 02y + (=02 — Jw2) z + wor,
mn = Q1y+ Riz,n3 = 03y + Raz.
In particular, solution Eq. (3.19) can be expressed as
81 .J/wa sin(n1)
81 cos(n1) + 82 cosh(n3) + 24/83 cosh ('72 + % In %) '
(3.20)

where 01 = Jwax + Q2y + (= Q2 — Jw2) z + wat,
n2 = 01y + Rz, n3 = O3y + R3z.
Case 7

Pi=0, wi =0, P,=0, wp =0, P3 =—Jws,

ug = —6

Ry = — 03 + Jws, 3.21)

where Q1, 02, O3, R1, Ry and w3 are free parameters.
Substituting Eq. (3.21) into Eq. (3.1) and Eq. (2.2),
we obtain the solution

82./w3 sinh(11)
e 4 81 cos(n3) + 8> cosh(ng) + 83e"2’
(3.22)

where 1 = —Jw3x + Q3y+(— 03 + Jw3) 2+ wst,
m = 01y + Riz,n3 = 02y + Rz,
In particular, solution Eq. (3.22) can be expressed as

82 /w3 sinh(n1)
81 c03(13) + 82 cosh() + 2/ cosh (12 + S 1n L)
(3.23)

u7 = —6

where 01 = — Jw3x + Q3y+ (=03 + Jw3) z+wst,
m = Q1y+ Riz,n3 = Q2y + Rz

The figure of u7 is similar to the figure of u4, and it
is a periodic cross kink wave solution.
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Fig. 11 The periodic wave

solution ug at §; = 1,6, =
Ls=1L01=10=
1,03=1,Ri=1,R3 =

l,w, =1,az=0,t =

0,bx =0,t=0 3

4 Non-traveling wave solutions

In this section, we use the extended homoclinic test
approach in Ref. [25] to get non-traveling wave solu-
tions, which in form

ux,y,z,t) =@, 1) +q(2), 4.1

where § = x+my-+nt+0(z), m, nare two nonzero con-
stants, ¢(&, 1), g(z) and 6(z) are three functions unde-
termined. Substituting Eq. (4.1) into (2.1), we obtain
(1 +m+ 9/(Z)) Qeeee + (n +mn +n6'(z)

+4'(2)) e

+(2+2m +260'(2)) e + (1 +m +6'(2))

psr = 0. (4.2)
To simplify Eq. (4.2), we let
n+mn+n6'(z) +q'(z) =0. 4.3)

From Eq. (4.3), we get

2)=— | [(n+mn+nb'(z)dz] + ¢

q(z) / ( () 4.4)
= —nl(z) — (nm +n)z+c.

where c is the integral constant. Therefore, in the con-

dition of (1 +m + 6/(z)) # 0, Eq. (4.2) reduces to

Peeee + 205 @ee + @ = 0. (4.5)

Integrating Eq. (4.5) once with respect to . Let con-
stant ¢ = 0, we get

eee + (96) + ¢ = 0. (4.6)
Let

VE D = 500, @.7)
Substituting Eq. (4.7) into (4.6), one gets

Yeee — 32+ = 0. (4.8)
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(b)

In order to solving Eq. (4.8), a nonlinear function
transformation of dependent variable are used

Y = —-2(In¢)g, 4.9)

where ¢ (€, 1) will be determined later. Substituting Eq.
(4.9) into Eq. (4.8), one can get a bilinear equation

(DgD,—i—Dé)qb-qb:O. (4.10)
Let the solution in the form
¢ = ki cos(¢1) + kaexp(£2) + exp(—22), 4.11)

where ¢; = a;&€ +bit, ki € R;a;,b; € C(i = 1,2) are
undetermined constants.

Substituting Eq. (4.11) into (4.10) and setting coef-
ficients of cos?(£1), cos(Z1) exp(£2), cos(¢1) exp(—22),

sin’(¢1), sin(¢1) exp(&2), sin(¢p) exp(—¢2) and the
constant term to zero, a set of nonlinear algebraic equa-

tions with respect to a;, b; and k;, (i = 1, 2) are given
K} (4af — a1by) =0,

kika(aj + a3 — 6atas + axby — ajby) =0,
/’q(ai1 + ag — 6a%a§ + arby —a1by) =0,
ka(16a5 + 4azby) =0,

kika(4a1a3 — 4aiar + ayby + axby) = 0,

kl(—4a1ag + 4a13a2 —aiby —axby) = 0.

4.12)

Solving Eq. (4.12), we have the following results.
Casel

ki =0, by = —4a3, (4.13)

where ay, ap, by and k are free parameters.
Collecting Eq. (4.1), (4.4), (4.7), (4.9), (4.11),
(4.13), we obtain the solution
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Fig. 12 The exact kink-like solution withtailuj atx =y =0,a0 = L, ko =1, n=3,m=1,c¢ =0,a6(z) = z,b0(z) = 22,¢0(z) =

23

ket — e M

U= 6a)———
koert + e

—nb(z) — (nm +n)z +c.
4.14)

whered| = ap (x + my + (n — 4a§)t + 9(1)) .
In particular, solution Eq. (4.14) can be expressed as

1
u; = 6ap tanh <)q + 3 lnkz)
—nb(z) —(mm+n)z+c, k>0 4.15)
1
up = 6ay coth <A1 + 3 In (—k2)>

—n0(z) — (nm +n)z+c, ka <0 (4.16)

wherel| = ay (x + my + (n — 4a%)t + 9(z)) .
Case 2

3342
ay = 6\/_((ﬂ:i) £ Daz, by
2.3342
= Tf«ﬁ) + 1)aj,
by = —4a3, ky =0, (4.17)

where a, and kj are free parameters.
Collecting Eq. (4.1), (4.4), (4.7), (4.9), (4.11),
(4.17), we obtain the solution

3332 ((£i) + 1) ky sin ko + 6973
—da
2 k1cosAy + e~ @23

El

(4.18)

3

where Ay = 346ﬁ (Fi) £ 1) a2(4a22t + my + nt +

0(z) + x)and A3 = —dar’t +my +nt +6 () + x.
In particular, solution Eq. (4.18) can be expressed as

334/2 (i) + 1) k1 sin Az + 6 (cosh (—azi3) + sinh (—a223))
2 ki cos Ay + cosh (—azA3) + sinh (—aA3) ’

u3 = —

(4.19)

R

where Ay = 3>6ﬁ ((F1) £+ l)az(4a22t + my + nt +
0(z) + x) and A3 = —4ar?r + my + nt + 0 (z) + x.
Case 3

a1 =0, by =0, by =—a3, ko =0, (4.20)

where a; and k| are free parameters.
Collecting Eqgs. (4.20, 4.11, 4.9, 4.7, 4.4) with Eq.
(4.1), we obtain the solution
—A4

u = —6a T n6(z) — (nm+n)z + c,

ki + e+
4.21)

where A4 = ap (x +my + (n — a3) t +0(2)).
In particular, solution Eq. (4.21) can be expressed as
(cosh (—A4) + sinh (—X4))
a
2k1 + (cosh (—A4) + sinh (—14))
—nf(z) — (nm + n)z + c, 4.22)

Uy = —

The figure of u4 is similar to the figure of u1, and it
is a kink-like solution with tail.

5 Discussion and conclusions

In this work, we mainly investigate the new (3+1)-
dimensional BLMP equation, which is firstly proposed
by Wazwaz. In Sect. 2, it is devoted to use the extended
homoclinic test approach to construct solutions. If k1 =
0, a kink-shaped solitary wave solution is obtained, if
ko = 0, different kinds of singualr solitary wave solu-
tions are obtained; if k; 7 0and ky # 0, we get 2 kinds
of periodic kink wave solutions and periodic solitary
wave solution. In Sect. 3, we use the three wave method
to construct three wave solutions. It is obviously that,
if 8o = 0, the form of the solution constructed is the

@ Springer



694

X. Chen et al.

same as extended homoclinic test approach. In this sec-
tion, we let the free parameters are real numbers and
let §1 # 0, 8> # 0, and §3 # 0. And the periodic kink
wave solutions, periodic cross kink wave solutions and
periodic wave solutions are obtained. In Sect. 4, we
also use the extended homoclinic test approach to con-
struct kink-shaped solitary wave solutions, what is dif-
ferent from the second part is that these solutions have
a tail. These results reflect that the methods used in
this paper are effective for seeking solutions of higher
dimensional NLEEs.
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