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Abstract The multiple dark and antidark soliton solu-
tions for a space shifted P7 symmetric nonlocal non-
linear Schrédinger (SP7NNLS) equation are con-
structed via the Kadomtsev—Petviashvili (KP) hierar-
chy reduction method and Hirota’s bilinear technique
and are presented by 2N x 2N Gram-type determi-
nants. Upon the asymptotic analysis of soliton inter-
actions, these multiple dark and antidark solitons are
classified into non-degenerate and degenerate types.
The amplitude values and collision coordinates of two-
soliton solutions are discussed theoretically and numer-
ically. We give all dark/antidark parameter conditions
of the two-soliton solutions. The four-soliton solutions
exhibit the superposition of two two-soliton solutions,
and the higher-order dark and antidark soliton solu-
tions should share similar soliton properties as the four-
soliton solutions.
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1 Introduction

Since solitary wave was observed by Scott [1,2], the
studies of solitons have developed into an important
theory of nonlinear science. Because of its irreplace-
able application in the propagation of nonlinear waves,
many remarkable methods were proposed to investigate
the soliton solutions for different fundamental physics
models. Apart from the inverse scattering transform
method [3-5] and Darboux transformation [6,7], the
KP hierarchy reduction method [8,9] and Hirota direct
method [10,11] are considered to be efficient meth-
ods in constructing the structure of soliton-type solu-
tions. Among these models, the NLS equation was
studied significantly for its essential role in physics
and mathematics. Physically, the integrable NLS equa-
tion along with its higher order ones has numerous
applications, spanning from nonlinear optical fiber-
propagation to planar waveguides, water waves, and
Bose-Einstein condensates [ 12—15]. From a mathemat-
ical perspective, solitons [16—19], rogue waves [20-23]
and breathers [24] have been obtained in the NLS equa-
tion and NLS-type equations. Besides, the dynamics of
these equations has been well introduced [25-32].
Recently, the study of nonlocal equations has attra
cted substantial attention in the field of integrable sys-
tems. It is a growing tendency that investigating novel
nonlocal equations and utilizing various methods to
derive their soliton, rogue wave and breather solutions.
As the starting point for this trend, Ablowitz and Mus-
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slimani reported an integrable nonlocal NLS equation
(33]

iqi(x, 1) = que(x, 1) + 2067 (x, Ng* (=x, 1), )]

by an innovative and remarkable integrable symme-
try reduction to the Ablowitz—Kaup—Newell-Segur
(AKNS) system [34], where g(x,t) is a complex-
valued function and o = F1 denotes the defocusing
and focusing NLS equation. The P7 symmetry prop-
erty of equation (1) takes crucial advantage of math-
ematical and physical research. The P7 symmetric
equations are invariant under the P7 operator, which
is a very concern issue in solving partial differential
equations. On the other hand, P7 symmetry is widely
employed in classical optics, quantum mechanics, and
topological photonics [35-42]. In subsequent years,
there is a surge of interest in studying P7 symmetric
nonlocal nonlinear equations, especially the P7 sym-
metric nonlocal NLS equation. Gerdjikov first inves-
tigated the complete integrability of a subset of the
nonlocal NLS equation and revealed that there are two
types of soliton solutions with the aid of Lax operator
[43]. Thereafter, Ablowitz introduced the inverse scat-
tering transform of the nonlocal NLS equation in detail
and demonstrated many important properties of this
equation, ranging from the time-reversal symmetry to
Gauge invariance, Complex translation invariance, P7°
symmetry and Galilean invariance [44]. Being moti-
vated by the study of Ablowitz, Li and Xu derived
a chain of nonsingular localized-wave solutions for a
nonlocal nonlinear Schrodinger equation with the self-
induced P7 symmetric potential via the Nth Darboux
transformation [45]. Based on these research results,
Rao derived some soliton and soliton-type solutions
for various nonlocal integrable equations [46—48].

In 2021, a series of integrable space/time shifted
nonlocal nonlinear equations were introduced by Ablo
witz and Musslimani [49], including the space shifted
PT symmetric nonlocal NLS equation, time shifted
PT symmetric nonlocal NLS equation, and space-time
shifted P7 symmetric nonlocal NLS equation. In this
paper, we focus on the space shifted P7 symmetric
nonlocal NLS equation

iqr(x, 1) = qux (x, 1) — 207 (x, Dg*(xo — x,1), (2)

where xq is an arbitrary real parameter. Equation (2)
can be obtained by substituting

r(x,t):Gq*(XQ—x,t), (3)
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to (g, r) system

iqr(x, 1) = qex (x, 1) — 2¢%(x, Dr (x, 1),

. ) “4)
—ir(x, 1) = ryx(x, 1) = 2r°(x, t)g(x, 1),

which are well known in integrability theory and
derived by AKNS. In Ref. [49], Ablowitz and Mussli-
mani provided the Lax pair and constructed the exact
one-soliton solution for equation (2) via the inverse
scattering transform. Recently, Giirses have discussed
all cases of integrable shifted nonlocal NLS and MKdV
equations and derived one- and two-soliton solutions
by Hirota direct method [50]. The soliton and RW
solutions of the space shifted P7 symmetric nonlocal
NLS equation were derived by Darboux transformation
[51-53]. Since the KP hierarchy reduction method was
widely used to derive multiple soliton solutions and the
lack of asymptotic analysis, we consider the defocusing
nonlocal space shifted NLS equation.

This article is organized as follows. In Sect. 2,
we investigate the multiple soliton solutions by the
KP hierarchy reduction method and present them as
2N x 2N Gram-type determinants. In Sect. 3, we ana-
lyze the interactions of two-solitons and four-solitons.
The amplitude values and collision coordinates of two-
soliton solutions are calculated, and some dynamical
behaviors of them are shown in Figs. 1 and 2. It can be
seen from Fig. 3 that a four-soliton solution is super-
position of two-soliton solutions. Similarly, the higher
order multiple dark and antidark soliton solutions may
consist of some two-soliton solutions.

2 Derivation of multiple soliton solutions to the
space shifted P77 symmetric nonlocal NLS
equation

In this section, we construct multiple soliton solutions
to the SP7NNLS equation (2) by employing the KP
hierarchy reduction method and Hirota’s bilinear tech-
nique. First, we transform the SP7 NNLS equation (2)
into the system of bilinear equations

(Df—iD,)g-f:O, (5)
DIf-f =207 (f* = gg* o —x.1)), ©)
by the variable transformation
_2ip* 8
q = pe P2, (7
f
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where p is a real constant, f, g are complex-valued
functions of variables x, ¢, and the function f is subject
to the symmetry and complex conjugate condition

fx, 1) = f*(xo — x,1). (®)

Here, D is the Hirota bilinear differential operator,

0 a\"/d a\"
DI!Dlf - g=|——— —— —
«Dif -8 <8x 8x’> (81‘ 8t’)
[f(x’ [)g(x/’ [/)] x'=x,t'=t" ©
Then, we start with the following tau functions for
single-component KP hierarchy expressed in Gram-
type determinants:

(4))
ST J<s, j<m’

7, = det (m (10)

with the matrix elements being defined as

1 N
m® = o+ (_&) oty
’ Ps +4q; qj

1 _
£y = —x_1 + psx1 + plaa + &,

s

1 -
nj = —X-1+4qjx1 — qu-m +1;,
J
where C; j, ps. qj, E_S, n; are constants, M is a pos-
itive integer. According to the Sato theory [54] and
the Jacobi identity of determinants [55], the above tau
functions can satisfy the following bilinear equations

<D§l - sz) Tygl - Tp =0, (11)

(Dxl Dx_1 - 2) TpTp = _2Tn+17:nfl' (12)

Finally, the KP hierarchy (11), (12) can be reduced
to the bilinear equations (5) and (6), so we could obtain
the solutions of the SP7NNLS equation (2). To this
end, we take the following parametric conditions:

Cyj =¢8(s, ), psqs = P, (13)

fors,j =1,---, M and §; ; is the Kronecker delta,
which further constrain the tau functions (10) meeting
the following dimension reduction:

1
Ox Ty = ?%rn. (14)

Then, the bilinear equation (12) would become:
(D2 = 20%) - 10 = ~20P 0017, (15)

Since the bilinear equations (5) and (6) do not involve
derivatives with respect to x_j, we take x_; = 0 for
simplicity. Under this dimension reduction, after taking

the following variable transformations in the above tau
functions (10):

X =X, Xp=—Ift. (16)
further assuming the following symmetry and complex
conjugate condition:
Tﬂ(xo_xvt)szn(xat)v (17)
the bilinear equations (11), (12) of KP hierarchy
would become the bilinear equations (5), (6) of the
SPTNNLS equation (2) for rp = f, 11 = g, 71 =
g*(xg — x, t). To constrain the tau function satisfy the
symmetry and complex conjugate condition (17), we
take the following parametric conditions:
M =2N. qj=pj. & =pjkj. 0j=q;kj
CN+4s = _Cj’ DPN+s=—Ds, knys=—(x0+ k),
(18)
then we have

n
1 *
(n) . Ps E5+E7
m. . (x,t) =csé(s, J) + —— ] e,
) O F P\ pj

(& +&) @.n
= (ps + PPx —i(p; = P + psks + Pik;.
(Enes + & )0 —x.1)
= —(ps + P} xo — x) —i(p; — pi
+ps(xo +ks) + pj(xo + k)
= (5 +&) @0,

(n)
M s N+ (0 =X, 1)

n
1 . *
= —c¥8(s, j) — e
ps+p; pj

1 pi (=n) . *
= — (e p + i (_755) P66
pj+ps\ Dy

_ (—n) *
_—<mj’s (x,t)) .
Similarly, we can obtain

Q) _ (=n) *
mN+s’j(x0_x»t)—_ mN+j,X(x’t) s
_ *
mi\ (0 —x, 1) = — (mg-,,(f)ﬂ(x, t)) ,
hence

Ty (xp — X, 1)

n) (n)
mi,j(xo—x,t) ml)vﬂ’j(xo—x,t)
ME7z)v+,-(x0 —Xx,1) mxfl+s,N+j(x0 — X, 1)

(=n) (=n) *
My N 1) my 5 (X, 1)

s m e

=¥, (x,0).

m
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In summary, we can present the multiple soliton
solutions to the SP7NNLS equation (2) by the fol-
lowing Theorem.

Theorem 1 The SPTNNLS equation (2) admits the
following multiple dark and antidark soliton solutions

_2ip* 8
u = pe =, (19
7 )
where
1 .
g =|esd(s, j) + - (-p*) 5t )
ps+pj Pj 1<s,j<2N
P IO ——) ,
ps +Pj 1<s,j<2N
(20)
and
& = psx — ipfl + psks. (21)

Here, N is a positive integer, the complex parameters
cs, ps and real parameters kg, xq, p satisfy the follow-
ing constraints

|Ps|2=/02’ CN+s = —Cj, (22)
DN+s = — Ds, knys = —(x0 + ky),

fors =1,2,---  N.

3 Dynamics of multiple dark and antidark soliton
interactions

In this section, we focus on the dynamics of collisions
between the multiple dark and antidark solitons in the
SPTNNLS equation (2).

3.1 Collisions of two dark/antidark solitons

By taking N = 1, Theorem 1 yields the two dark/anti
dark solitons solution to the SP7NNLS equation (2).
The explicit form of the two dark/antidark solitons solu-
tion is expressed as :

(23)
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where
c+ 1p*e$1+§‘1* p_l 5118
f=| P areg _ 01 e |
—p+p* p+p*
1 x 1 5
|e— %Pﬂy*e&-&-él —L2_1_fitE
8= | _p_ 1 ots _ P _ 1 otE |
p* —p+p* p* p+p*
(24)
with

Ei=px —ip’t+pk, & =—px —ip’t + p(xo — k).
For simplicity, we take p = pe'?, then the functions
/> g of solution (23) can be rewritten as

1
f=—lcl|1+ et et
2pc cos O 2pc* cos O
1 2
4+ — elS1te ,
p |c| sin 26
2i60 2i6
g=—lc*|1— < e — < e
2pccosf 2pc* cos O
2i0 2
(Y e
o |c| sin 20 ’
where

g1 =2pcosO(x + 2ptsinb + k),
L =2pcosB(xg —x + 2tpsind + k).

To reveal the collision properties of the two dark/anti
dark solitons solution, we consider the asymptotic
behaviors of the two solitons. Without losing gener-
ality, we assume 6 € (0,%) and p > 0 and define
the soliton moving along the line {; =~ 0 as soliton
1, and the soliton along the line ¢> ~ 0 as soliton 2.
The asymptotic forms for the two dark/antidark soli-

tons solution are expressed as:

(i) Before collision (t — —o0):
Soliton 1 (¢ & 0, & & —00)
_ 200
AT~ petirt £ U (25)
¢+
Soliton 2 (¢ &~ —00, { ~ 0)
2ipz,c* — 20y,

c*+v (26)
2

Ay x> pe
{1 9
where vy = Zpecose » 2= 2;0059 :
(i) After collision (t — +00):
Soliton 1 (¢ &= 0, & & +00)
2i6
2ip2t+2i0 € — € "3 27)

AT ~ —pe
1 P c+v3
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Soliton 2 (41 ~ +00, & ~ 0)
et — 20y,
A2+ ~ _peZzp t+210*— (28)
c* + vy

€61 vy = €82
2p sin? 6 cosH’ 4= 2psin? 6 cosh

. — + . .

Since A; )(;j) = A; )(;“j — 2log(sin#)) for j =

1, 2 and here log is natural logarithms, the two solitons
occur elastic collisions. Further more, the properties
of two solitons including shapes, velocity, amplitudes
remain same after collision except for an finite phase
shift. Along the centers of the two solitons

where v3 =

2

¢; —1og(2p |¢| cos f) — 2log sin H(j —i)=0,
i=l1

we can obtain the intensities of the two solitons are:

\Aj|1nten = Fj + 0, (29)
where

. ; )
[; = [sin@ + (—1)/ cos b tan S|P (30)
for j = 1,2, and ¢'% = 157+ According to the val-

ues of I'j, the soliton j is classified into three pat-
terns: an antidark soliton for I'; > 0, a dark soliton
for I'; < 0 and vanishing one for I'; = 0. Since
the system of equations, I'y = 0 and I'; = 0, has no
real roots, the two dark/antidark solitons cannot vanish
in the same time. Hence, the combination of the two
dark/antidark solitons possesses 2> patterns: antidark—
dark soliton when I'} > 0, I'; < 0, antidark-vanishing
soliton when I'y > 0, I', = 0, antidark—antidark soli-
ton when I'y > 0,2 > 0, vanishing-dark soliton
when I'y = 0,2 < 0, vanishing-antidark soliton
when I'y = 0, ', > 0, dark—dark soliton when I'; <
0, I'; < 0, dark-vanishing soliton when I'y < 0, T, =
0 and dark—antidark soliton when I'j < 0,1, > 0,
namely, four types of non-degenerate soliton and four
types of degenerate soliton (See Table 1). Fig. 1 shows
five patterns of two dark/antidark solitons solutions.
The three patterns of the non-degenerate soliton are dis-
played in the first line of Fig. 1, namely, the dark—dark
soliton (see Fig. 1(a)), the antidark—antidark soliton
(see Fig. 1(b)) and dark—antidark soliton (see Fig. 1(c)).
The two patterns of degenerate soliton are exhibited
in the second line of Fig. 1, namely, the vanishing-
antidark-soliton solution (see Fig. 1(d)) and the dark-

Table1 The classification of two dark/antidark solitons solution

Parametric condition Soliton 1 Soliton 2
—x2(0) <6y < —x1(0) Antidark Dark
0o = —x2(0) Antidark Vanishing
[6o|> x2(0) Antidark Antidark
o = —x1(0) Vanishing Dark
0o = x2(6) Vanishing Antidark
6ol < x1(6) Dark Dark
bo = x1(0) Dark Vanishing
$1(6) < 60 < x2(0) Dark Antidark

The classification of two dark/antidark solitons solu-
tion under different parametric  conditions, where
x1 = 2arctan (1382) ) = Darctan (1282) o =1

cos cos 6

vanishing-soliton solution (see Fig. 1(e)). We also cal-
culate the amplitude values of two-soliton solutions
in Fig. 1 and express it as (|A1|7nren » |A2]1nten)- We
default p = 1,6 = ¢, 600 = Z.k=0,x=0,][c|= 1.
By setting x9 = 0, k = 0 and comparing the coor-
dinates of two solitons before and after the collision

(i) Before collision
X0 t_10g(2p|c|cos€)—p(xo+2k) cos 6
T2 22 sin 26

(i1) After collision

s

X0 [_log(plclsin 260 cos0) — p(xg + 2k) cos O
20 2p?sin 26
we find the exact interaction should occur from point

Ne
log(¥3 ) . )
<O, 0e(y) ) to point (0, M). This interaction pro-

’

2v3 243
cess is shown in Fig. 2(a). Notice that, the angle
between Soliton 1 and Soliton 2 is 8 =2 arctan(2p
sin @), which will increase while 6 changes from 0 to
% (See Fig. 2(b)). Besides, we can change the colli-
sion point by choosing different parameter values (See
Fig. 2(c)).

3.2 Collisions of four dark/antidark solitons

In Theorem 1, for N = 2, we have four dark/antidark
Solitons solutions

@ Springer
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Fig. 1 (Color online) The
first line is non-degenerate
types:afy =0.b 6y = 5?”.

¢ 0p = 5. The second line ERY

is degenerated types: d 0l

(Soliton 1 vanished) 20 '

6o = 3. e (Soliton 2 0
vanished) 6p = 5. In the N—" 0
above five two-soliton X 20 99

t
(a) Dark-dark soliton

cases, the amplitude values
are (4, 5), (1++/3,2 +

V3,81 B (1,2
and (0, 1), respectively

X

(d) Vanishing-antidark-soliton

0

20 20 0 x 20 20 0
t

(¢) Dark-antidark soliton

20 20
t

(€) Dark-vanishing-soliton

L&+ L &+8 L &+& L E+&f
e 1 51752 51753 517154
1t f i pi+p3 . P1—p} i P1—p
L_ o828 o 4 L _ohats L__o5+8; L 6+E)
f — p2+pi . D . 2—DP] . - .
L &3+E] L &63+E c* L__p83+5; L &3+E; ’
—p1+p] . p2+p; . P1+D] . p1+p; .
1 €§4+§| 1 - e$4+§2 1 e$4+53 C* 1 - €S4+§4
—p2+py —p2+p; p2+pi p2+p;
1 p1&+E _ 1 p1E+E 1 _p&+E 1 p1&+E
— e 1 — e 2 —=e 3 —=e 4
L oapT ot p1+Dp5 P5 p1—D} P p1—p5 D>
__ 1 p &+ _ 1 p2E+E 1 p2E6+E] L P2 6r+&y
¥ %€ (&) * %€ — = %€ —F e
_ p2tpy Pl p2tp; P P2—P1 Py 2—Py Py
8= 1 pikstE L Prps+es  _oxy 1 pister L Pl E+E ’
¥ %€ %€ ¢+ ¥ %€ ¥
—P1+py Py —P1+p; P P1+py Py P1+p; Py
1 P2 6a+8f _ 1 P&t _ 1 P2 EatE _ox 1 P2 EatE]
—p2+py Py —p2+p; P p2+py Py p2+p5 Py
where of two-soliton solutions. We call u; and u; as A-two-
2 X soliton and B-two-soliton, respectively. Letting
§1 = pi1x —ipj 2+ piki, b1 = pe®. pt = peifi
& = —p1x —ipjt + p1(xo — k1), PR 7
2 p2 = pe'®, pi=pe'®
. = , h = >
& = pax —ip5t + poka, i3 "
S 2 cr =lcile’™, ¢ =lezle’™,
§4 = —pax — ipyt + pa(xo — k2).

After performing a row-column elementary transfor-
mation on f and g, we get

N
S = ~

where u; = pe and ur, = pe . Since u
and u» are both in the form of a first-order (N = 1) solu-
tion, a four dark/antidark solitons solution consists of
two two-dark/antidark solitons solutions. Higher order
soliton solutions also share the similar superposition

~ ~

81
~ 82

’

o]

2ip%r g1 2ip%r &2
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we get the amplitude values of A-two-soliton and
B-two-soliton under the condition 6; # 6,,0; €

(0.3),7=12
(i) A-two-soliton

1 — sin(20; 4 (—=1)/+163)
|Aj |Inten=

14 (=1)/tlsin 63
=T +p,

€19}

. (%
Ff: sin 01 +(—1)’ cos 6, tang3 —p, j=1,2,
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1.36 1.36
1 1
El E]
0.36 0.36
-20 0 20 -20

1.36
1
E
—1t=-0.48
12032 036
20 -20 0 20

10

(b) Angle change

-10
t
-20 20
X 0 X 0
20 20
-20 0 20 -20 0

-20 \ -20
- / * x 07%
20 20
20 -20 0 20 -20 0 20
t t

(¢) Phase shift

Fig. 2 (Color online) a The time evolution of dark—antidark-soliton, the collision point is (0, —0.08). b 6_ are 54.7°,90° and 125.3°,
respectively. ¢ (xo, k) are (0, 0), (104/3, 0), (—10+/3, 104/3) and (0, 10+/3)

(i1) B-two-soliton

8], = 1—sin(20,4+(—1)7+16y)
JlInten™ 14+(—=1)/*+1 sin 6y (32)

_1rB
=¥ +p,

; 0.
Ff: sin6,+(—1)’ c:os@ztani4 —p, j=1,2.

According to |Aj ilnten and |Bj |Imen, there are 64 pat-
terns of A-two-soliton and B-two-soliton, theoretically.
Some of them are displayed in Fig. 3.

4 Conclusion

This paper has constructed the general high-order
soliton solutions to the SP7NNLS equation with a
plane background. The derivation of the general high-
order solitons solution employs the bilinear KP hierar-
chy reduction method and Hirota’s bilinear technique.
These soliton solutions are expressed in the form of
2N x 2N determinants. Therefore, the general soli-
ton solutions we have obtained are all in pairs. The
two dark/antidark-soliton solutions are classified into
non-degenerate soliton solutions and degenerate soli-
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(e ®
Fig. 3 (Color online) The four dark/antidark solitons solutions
with parameter values p = 1,6, = %,92 = %,kl =ky =
0,x0 =0, le1]=le2l=1:a605 = 4T, 64 = T . b 63 = 0,6, =

Zoct3=060,=0d0:=2,0,=2.e03=%0;=2.f

ton solutions. We have investigated the dynamics of
the two kinds of solutions. Under different parametric
conditions, we obtained eight different types of soli-
ton solutions in Table 1. Besides, it has been revealed
that the four dark/antidark solitons exhibit the super-
positions of two dark/antidark-soliton solutions with
64 patterns. Some particular types of these patterns are
shown in Fig. 3.

A natural extension of the present paper might be
constructing rational solutions and semi-rational solu-
tions via the bilinear KP-reduction method and Hirota’s
bilinear technique.
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