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Abstract The paper describes the use of active
structures technology for deformation and nonlinear
free vibrations control of a simply supported curved
beam with upper and lower surface-bonded piezo-
electric layers, when the curvature is a result of the
electric field application. Each of the active layers
behaves as a single actuator, but simultaneously the
whole system may be treated as a piezoelectric
composite bender. Controlled application of the
voltage across piezoelectric layers leads to elongation
of one layer and to shortening of another one, which
results in the beam deflection. Both the Euler—
Bernoulli and von Karman moderately large defor-
mation theories are the basis for derivation of the
nonlinear equations of motion. Approximate
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analytical solutions are found by using the Lindst-
edt—Poincaré method which belongs to perturbation
techniques. The method makes possible to decompose
the governing equations into a pair of differential
equations for the static deflection and a set of
differential equations for the transversal vibration of
the beam. The static response of the system under the
electric field is investigated initially. Then, the free
vibrations of such deformed sandwich beams are
studied to prove that statically pre-stressed beams
have higher natural frequencies in regard to the
straight ones and that this effect is stronger for the
lower eigenfrequencies. The numerical analysis pro-
vides also a spectrum of the amplitude-dependent
nonlinear frequencies and mode shapes for different
geometrical configurations. It is demonstrated that the
amplitude—frequency relation, which is of the hard-
ening type for straight beams, may change from hard
to soft for deformed beams, as it happens for the
symmetric vibration modes. The hardening-type non-
linear behaviour is exhibited for the antisymmetric
vibration modes, independently from the system
stiffness and dimensions.

Keywords Piezoelectric actuation - Piezoelectric
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Curved beam
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1 Introduction

Large deflection and large amplitude vibration prob-
lems of thin structures such as beams, plates and shells
have received attention of several authors. It is well
known that the description of dynamic behaviour of
such structures should include effects of geometrically
nonlinear deformation. Modal analysis with large
displacement effects is governed by using nonlinear
differential equations which do not have exact solu-
tions. Such problems are solved numerically or by
using an iterative series of linear approximations. The
approximation approaches and especially methods of
perturbations were vastly reported by Nayfeh in his
book [1]. Awrejcewicz and Krysko [2] investigated
not only geometrical, but also physical and material
nonlinear properties with thermoelastic features to
achieve the most accurate description of a real
behaviour of thin structural members within the
dynamical systems theory. A very early work of
Woinowsky—Krieger [3] concerning free oscillations
of a simply supported beam is treated as a source of the
basic results for comparison with those obtained by
using different mathematical models. Azrar et al. [4]
proposed a semi-analytical approach, based on the
harmonic balance method, applied to free vibrations of
beams with different supports preventing longitudinal
displacements. Furthermore, the improvement in the
solution based on the Pad¢ approximants was also
presented. The variety of results based on the exact
solution and, additionally, by using a different number
of terms for power-series expansions of the exact
solution were compared with those reported in the
literature.

Many slender elastic structures in engineering
applications are prone to large static bending defor-
mation inducing structural nonlinearities and thus
leading to nonlinear vibration phenomena. Therefore,
the nonlinear vibrations of structural elements with
initial deflection, as e.g. curved beams, have been
considered over the last two decades. Hughes and Bert
[5] studied the nonlinear vibrations of statically
deflected simply supported beams. The authors proved
that due to the stiffening effect of the induced axial
tension force, the geometrically nonlinear beam
loaded by its own weight had the greater linear
fundamental natural frequency at small amplitude than
that of the linear beam. Dependently on the length to
the radius of gyration ratio, both softening and
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hardening effects in the frequency—amplitude rela-
tionship occurred. The nonlinear vibrations of a
slightly curved beam having arbitrary rising function
and restricted in axial direction by elastic supports
were examined by Sarigiil [6]. The beam, resting on
the Winkler foundation, was carrying an arbitrarily
placed concentrated mass. The natural frequencies for
different control parameters such as the concentrated
mass location and the elastic foundation coefficient
were presented and discussed. Analysis of the fre-
quency—amplitude curves led to a conclusion that the
slide and fixed supports had some raising effects on the
nonlinear frequencies, but the simple supporting cases
tended to reduce the frequencies. Lacarbonara et al. [7]
analysed the nonlinear planar vibrations of a clamped-
clamped buckled beam about its first post-buckling
configuration by using approximate solutions based on
the method of multiple scales discretized via the
Galerkin procedure. The authors performed an exper-
iment to obtain frequency-response curves for the
directly excited first mode, the results of which were in
a good agreement with those obtained with the direct
approach and in disagreement with those obtained
with the single-mode discretization approach. Ye et al.
[8] investigated the nonlinear transverse vibrations of
a slightly curved beam with nonlinear boundary
conditions. It was concluded that the linear frequency
and vibration modes of the beam, as well as the
nonlinear response, were highly sensitive to the initial
curvature and to the linear and nonlinear boundary
conditions. An increase in the curvature changed the
characteristics of the nonlinear vibrations gradually,
exhibiting hardening-type behaviour only to coexis-
tence of both softening and hardening features. The
studies concerning the coupled vibration of curved
beams of different geometrical and physical parame-
ters using numerous analytic theories and assumptions
may be found in [9-12]. Chaotic dynamic phenomena
of slender systems with geometrical nonlinearity were
studied in [13-15]. Awrejcewicz et al. examined the
chaotic vibrations of Euler—Bernoulli and Timoshenko
one-layer beams [13] as well as multi-layered beams
[14] under control parameters, i.e. the amplitude and
frequency of an external loading. Different boundary
conditions for beam models were taken into account to
illustrate the nonlinear dynamics phenomena includ-
ing periodicity, bifurcations and chaos. The order of
chaos was quantitatively estimated by using Lyapunov
exponents. Krysko et al. [15] considered the nonlinear
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dynamics of beams made of a material with an
optimized microstructure exhibiting non-homogeneity
in two directions. The dynamic behaviour was illus-
trated for different values of both the material’s
length-dependent parameter and temperature. In par-
ticular, the influence of the scale size parameter on the
chaotic beam dynamics was investigated.

Discovery of piezoelectricity around 1880, i.e. a
phenomenon constituting the relations between
mechanical strains in solids and their resulting elec-
trical behaviour or vice versa, led to enormous
applications of new types of electromechanical sys-
tems by integrating the piezoelectric actuators and
sensors in macro- and micro-scale devices. Piezoelec-
tric active elements are incorporated among others in
beams, plates and shells for shape control purposes
and are also extensively used for active and passive
structural vibration attenuation. A vast literature
overview concerning the vibration control from
macro- to nanoscale systems with the use of piezo-
electric transducers may be found in [16, 17]. The
static and dynamic behaviour of multilayer beam
bending actuators was thoroughly documented by
Ballas [18], who stated that a piezoelectric bending
actuator that consists of given number of layers may be
modelled as a sandwich beam. Dunsch and Breguet
[19] presented a theoretical approach for the static
modelling of different piezoelectric bender actuators
under any lateral loads. The model was established for
a triple-layer sandwich beam. A controlled voltage
application made that one piezoceramic layer was
biased to expand and the other was biased to contract.
Therefore, the beam deflection could be adjusted what
was proved experimentally. A very similar active
buckling control of an imperfection sensitive com-
posite column utilizing piezoceramic actuators was
examined theoretically and experimentally by Thomp-
son and Loughlan [20]. The actuators were surface
bonded at mid-heights on both sides of the column.
Due to material and geometric imperfections, the
axially loaded column without actuation deflected at
high levels. Application of the controlled voltage to
the actuators induced a reactive moment that removed
the lateral deflections and enforced the column to
behave in a perfectly straight manner. Vasques and
Rodrigues [21] numerically investigated vibration
attenuation of a three-layered cantilever piezo-beam
composed of two piezoelectric surface layers and a
metallic core. The authors made a comparison

between classical control strategies and optimal con-
trol strategies in order to investigate their effectiveness
to suppress vibrations. Kerboua et al. [22] considered
an optimal design and location of piezoelectric patches
to passively reduce the transversal vibrations in a
simple cantilever beam. The results proved that the
control efficiency is sensitive to the location of the
piezoceramic patches and the accuracy of the shunt
circuit tuning. The study of the optimal location of
actuators and sensors for active vibration control was
carried out by Kumar and Narayanan [23] for different
boundary conditions of beams such as cantilever,
simply supported and clamped conditions. The active
control of the linear and nonlinear vibrations of
sandwich piezoelectric beams based on a proportional
and derivative feedback potential control, as well as on
a complex nonlinear amplitude equation, was inves-
tigated by Belouettar et al. [24]. The authors presented
analytical relationships of the nonlinear frequency—
amplitude and nonlinear loss factor amplitude and the
adequate results for sandwich beams with various
boundary conditions. Azrar et al. [25] performed a
modal analysis for linear and nonlinear vibrations of
deformed sandwich piezoelectric beams with initial
imperfections. The authors studied the subcritical and
particularly the under critical frequency behaviours
related to deformed beams, showing the transition
from softening to hardening effects for various levels
of active voltage, static response and imperfection
amplitudes.

The vast spectrum of literature on the vibration of
curved beams, rings and arches concerns the structures
free of stress in the initial static equilibrium state. The
stress in those structures arises during vibrations
which is a right assumption for different engineering
applications. Nevertheless, there are structures which
under the static loads yield initial stress directly
affecting their dynamical behaviour, as documented in
[26-30]. Cornil et al. [29] presented a compelling
comparison between an initially straight beam that
was deformed by a static force and a beam with initial
shape identical to the statically deformed beam. The
major difference between these two beams was that
initially deformed beam had internal stresses, while
the naturally curved beam was stress-free. The vibra-
tion characteristics were different as ones were
affected by the initial stresses. Chang and Hodges
[31] stated that the linear theory is adequate for free
vibration analysis of initially curved beams, but when
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a beam is brought into a state of high curvature by
active loads, one must linearize the equations of
nonlinear theory about the static equilibrium state.

In this paper, static and dynamic responses of a
geometrically nonlinear piezo-beam system with both
ends preventing longitudinal displacements subjected
to bending actuation are discussed. A piezoelectric
sandwich beam in the form of a triple-layer bender
configuration consists of two piezoelectric layers and a
mechanically relevant passive layer in-between. A
controlled voltage application makes that one piezo-
electric layer is stimulated to expand and the other is
stimulated to contract, which makes that the beam
deflection appears. Hence, the electric field when
driving actuators generates also the initial stress and
initial displacement of the whole beam. The effects of
the existing stress caused by the static deformation
and, additionally, by a dynamic tension on the
vibration characteristics are analysed. Due to applica-
tion of the Lindstedt—Poincaré method, the problem is
decoupled into two interrelated issues: determining
equilibrium configuration under static load caused by
piezoelectric actuation and finding the corresponding
free vibration frequency.

2 Problem description
2.1 Structural model

For vibration control of piezoelectric beams, the
actuators may be bonded to or embedded in the
structure. In this work, a simply supported sandwich
beam with a pair of piezoceramic layers of identical
geometrical and material properties perfectly bounded
at the top and bottom surfaces is considered. An elastic
passive layer sandwiched between two external layers
is made of aluminium, as shown in Fig. la. An electric
circuit diagram for driving piezoelectric actuators is
presented in Fig. 1b. Since the piezo-layers have the
same polarization, application of the voltages makes
the upper layer expanded, whereas the second one is
contracted and, as a result, the beam deflection appears
associated with an initial static tension. It should be
noted that contemporary piezoceramic materials may
operate at high electric field up to 9.0 kV/mm (see e.g.
NOLIAC [32]). Moreover, some of these materials
indicate linear relationship between the applied elec-
tric field and the strain up to 5.5 kV/mm.
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The primary purpose of this work is to explain how
the vibration characteristics of the beam are affected
by the initial stresses and initial curvature. In order to
do so, a curvilinear equilibrium shape of the beam with
a related internal tension must be determined initially.
Then, the effects of the initial curvature and the
tension force on the linear frequency and nonlinear
response of the system will be examined. Since the
considered beam is slender, the Euler—Bernoulli beam
theory is used. The nonlinear kinematics assumptions
include the moderately large deformation of the mid-
plane stretching and transverse deflection that are
defined by using the von Karman relations.

2.2 Mathematical model

With the assumption that piezoelectric patches are
polarized along z-axis as shown in Fig. 1b, the
problem is formulated with the use of the linear
constitutive piezoelectric relations:

oy = Epe(x) £ e31V/hy, (1)

DZ = e31& + é33V/hp (2)

where E, denotes the Young’s modulus of the
piezoelectric material [N/mz], &(x) is the axial strain,
ez is the piezoelectric constant [C/m?], V is the
voltage applied to the piezo-element [V], A, is the
piezoelectric layer thickness [m], D, is the transverse
electric displacement and &35 represents the dielectric
constant coefficient [F/m].

The nonlinear von Karman strain—displacement
relationship and curvature of beams undergoing
moderately large deflections are

o(x) = aUa(i, 7 % <awa(;c, z)>2,

B 0*W(x,1)
Ox?

where W(x, 1) and U(x, 1) are the transversal and axial
displacements, respectively.

Governing equations for the considered system
may be written on the basis of a derivation presented in
[33]. In that study, the Hamilton’s principle was
applied with implementation of Egs. (1-3) for an n-
segmented Bernoulli-Euler beam with piezoceramic
actuators bonded to its top and bottom surface and
subjected to an external load. Consequently, the

(3)

K(x) =
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Fig. 1 Slender beam with piezo-layers attached to its top and bottom surface a, deflected beam axis after piezoelectric actuation b

governing equations for the nonlinear free vibrations
of simply supported initially straight beams with upper
and lower surface-bonded piezoelectric layers are as
follows:

4
EJa W(x, t)

PW(x, PW(x, t
Vi) g W0 Wi

o A= =%

(4)

S(r) = EA (5)

U1 1 (oW (1) :
Ox 2 Ox

where EJ = EpJy + 2E,J,, pA = pAp + 2p)A,, EA
= EpAp + 2E,A,, in which EjJ, and E,J, denote the
bending stiffness of a beam and piezoceramic layers,
respectively, subscript b indicates the core beam,
whereas p concerns the piezoelectric actuator, J stands
for the area moment of inertia, # is the time, S(¢) is the
axial tensile force appearing during system’s static or
dynamic deflection, p is the material density and A is
the cross-sectional area.

The governing equations are associated with
boundary conditions that for the considered beam
with both pinned ends are:

O*W(x,1)
W(x,1)| =g = W(x, 1)],_,= 0, a2
x=0
OPW(x,t
_OWenl -y
o |,

(6a —d)
In the above boundary conditions, M, is the

piezoelectric bending moment which initiates the
beam deflection, whose magnitude and direction are a

function of the applied bias voltages V. Assuming that
both piezoelectric layers have the same thickness and
are applied with an equal electric field E = V/h,, the
piezoelectric moment after Preumont [34] may be
given as:

M,, = —b€31 VE (7)

where d is a distance measured between the mid-
planes of piezoelectric layers, as in Fig. 1b, and b is
the common width of the beam and piezoelectric
wafers.

For the generalizations of analysis, the following
non-dimensional quantities are introduced:

* Wix, S(t)L?
E=—, w(, T):M, k(f)zzL’
L L EpJy + 2E,J,
P20 A (B 2BA, )L
Eyly, +2E,J,’ EyJy +2E,J,
M, - L
i =0

" = Epdy + 2B,
(8a—g)

where L is the total beam length and Q is the system
natural frequency.

Substitution of the non-dimensional parameters
into the governing Eqgs. (4), (5) and boundary condi-
tions (6a-d) yields

@4w(f, 7) 262w(§, 7) n
ot il

) 62w(éf, )
o2

— k('E) = 07

©)
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! w1 (&, 1) *wy (&, 1) *wy (&, 1)
y! 0 2 1\S, 2 1(6&, 2 1(6&,
k(t)*= —/ { w(f,‘c)} dé (10) e ko o2 + oy o2
? 0 o 2 dwo(€)
SLIGA=: (163)
*w(¢,7)
W(@T)‘g:o: W(577)|5:1:07 sz ]
¢=0 dwy(&) ow (&,
Pw(E, ) () = / jé ). 162 ) 4 (16)
=72 | T
0 lemi 0
(Ila—d) 0(82)
2.3 Approximate solution 64w2(§, 7) 2 szz(f , 17)
664 0 652
In order to obtain approximate solutions to the 5 azm,z(g7 7) ) ®wy (&,7)
problem, the Lindstedt—Poincaré method has been + 0 oz ki (1) o (17a)
selected, which belongs to perturbation methods 2 2
discussed in detail by Nayfeh [1]. According to the +K3( )d Woz(é) — %a Wé (f’ %)
method, the dimensionless transversal displacement, d¢ t
the axial force parameter and the vibration frequency ’
are expanded into power series with respect to a small (1) = A ow1(&,7) 2+ ) dwo(&) owa (¢, 1) dé
amplitude parameter é&: 2 =5 ¢ d¢ o0&
0
W& D) =wo(@) + Y ewa(E ) O (12) (178)
J=1
0(83) :
2_ g2 np2
k :k0+28 kn(l') +O(8N) (13) 64W3(é, ‘E) 262W3(«f, ’L') 262W3(f, ‘E)
= T — ko >t 2
a¢ os ot
" *wa (&, 1) 0*wi(&,7)
w? = v} + &"w* + 0(¢" 14 = ki (7) — =t k5(7) —
0 jzil: n ( ) ( ) 1 agZ 2 a€2
Pwy (& *w &t w &t
Substituting expansions (12)—(14) into equation of + k%(f) dgz( ) - w% 621(2 ) - w% 611(2 )
motion (9) and axial force (10) and then separating all (18a)
a

terms for each order of &, one obtains an infinite
sequence of these equations, from which the first four
pairs are:

0(80) :
d*wo(& dwo(&
ng )@ ;ng( )_o (15a)
, | 2
%=;/{W$®]% (15b)
0
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1
= [ (o tnfe o) omeo),

(18b)

Introducing expansions (12)—(14) into boundary
conditions (11a-d) yields at order &:

0(50) : W0(5)|§:0: W0(§)|¢:1: 0,
Pwo(d)|  _ wo(é)
0 o0&
whereas for the higher powers of ¢ parameter, these

conditions take the form:

(19a — d)

= —mp
¢=1
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O) : wi(& )] ,_g=mi(& )],
_PwiE] _@wié)
o&? g:()_ g

=0, j=1,2,3..

=1

(20a —d)

The solution of dynamic Egs. (16)—(18) requires
the separation of space and time variables which may
be done according to the following formulas:

wi(&, 1) = i (iv;})(f) cos(i—1)r, j=1,2, 3.
- (21)
JHL (i-1)

(&)=Y k(& cos(i-l)r, j=1,2,3..
h (22)

In order to find the approximate analytical solu-
tions, the sequence of nonlinear problems at each
order of & must be taken into consideration. The
solution of Eq. (15) regards the static problem, and the
consecutive solutions of Egs. (16)—(18) are used for
determination of the particular terms of the natural
frequency, the dynamic force and mode shapes of the
vibrating system. The effect of nonlinearity begins at
order &” as the axial force component k3 () depends on
the vibration amplitude. The effect of nonlinearity on
the vibration frequency arises at the order of &
perturbation series.

2.3.1 Solution at small amplitude parameter £*—
static analysis

The solution to Eq. (15a) represented by

wo (&) = Agcosh(ko&) + Bosinh(ko&) + Coé + Dy
(23)

is substituted to boundary conditions (19a-d), which
gives the system of four inhomogeneous algebraic
equations for unknown integration constants. That
system cannot be solved due to the unknown axial
force parameter kj,. The fifths supplementary tran-
scendental equation is obtained after substituting
Eq. (23) into Eq. (15b). As the piezoelectric bending
moment m, acting on the beam is represented in
boundary conditions (19c-d), numerical calculations

make possible to find force ky appearing in the bent

beam as a result of voltage V application. As a
consequence, the beam’s deflected axis described by
Eq. (23) may also be determined.

2.3.2 Solution at small amplitude parameter &'—the
first term of system’s natural frequency wg

After obtaining the static solution, the natural vibra-
tion frequency equations may be established on the
basis of Egs. (16a-b) and boundary conditions (20a-d)
with the space and time variables separation according
to Egs. (21) and (22). The governing equations of
motion and the axial force at cost are:

EWE)  pd ()

e LU
(24a)
1) law @) oV
2 _ 0 Wl(f)
K= A/ PR d¢ (24b)

The form of Eqgs. (24a-b) imposes two different
solutions regarding symmetric and antisymmetric
modes of vibration. The first derivative of function
wo(&), expressing the static beam deflection caused by
identical piezoelectric moments acting at beam ends,
multiplied by the first derivative of any antisymmetric

mode specified by é\l? (&) is always equal to zero.
Therefore, the antisymmetric modes of vibration of the
considered system have a zero dynamic tension term
(1)
(k3 = 0).
Taking that into account, the general solution of the
differential Eq. (24a) has the following forms:

e for symmetric modes:

é&?(f) = A cosh(o1 &) + By sinh(a; &)
+ Cj cosh(B &) + Dy sinh(B &)+
(1)

_ k3 K3[Ag cosh(ko¢) + By sinh(ko&)]

2
Wy

(25a)

e for antisymmetric modes:
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(1)
1

w1 (&) = A cosh(a; &) + By sinh(a; &)

+ Cycosh(f, &) + Dy sinh(f,E)  (25Db)
where constants o and f3; are:

o = [k~ (K} +4wg)%/zf;
o (26)
B = 16+ (ki +408) /2]

By introducing Eq. (25a) into boundary conditions
(20a-d) with separated time and space variables
according to Egs. (21)-(22), one obtains the system
of four inhomogeneous linear algebraic equations with
respect to integration constants A, By, C;, D;. The
system must be accompanied by the fifths transcen-
dental equation resulting from inserting Eq. (25a) into
Eq. (24b). In the case of antisymmetric vibration
modes, Eq. (25b) is substituted into the same bound-
ary conditions to get the system of four homogeneous
linear algebraic equations. Numerical solution of one
of those systems determines the first term of natural
frequency wq of the particular mode. For both the
symmetric and antisymmetric modes of vibration,

(1
term is independent from the dynamic tension & and

the vibration amplitude.

To find the amplitude—axial force and the ampli-
tude—vibration frequency relations, a normalization
condition must be introduced. In the studies of Foda
[35] and Evensen [36], the dimensional amplitude was
taken in relation to the radius of gyration r of the
considered beams (r = \/j/vAv). To refer to those
works, the dimensionless amplitude in this study is
multiplied by the non-dimensional slenderness param-
eter A expressed by Eq. (8e). Therefore, the normal-
ization condition has the form:

Vi (0) = Ay (27)

where ( is the abscissa of a particular mode maximum.
For the symmetric modes { = 0.5, whereas for the
antisymmetric modes { = 1/(2n), where n is a number
of the antisymmetric mode (n = 2, 4, 6...). The values
of amplitude A,, are selected a priori. In the most
studies, A,, includes inside the range (0, 3). For those
values, all nonlinear vibration parameters are deter-
mined during calculations.

@ Springer

2.3.3 Solution at small amplitude parameter &—axial
dynamic forces

As the solutions to the problem must be valid for any
value of time, the separation of time and space
variables according to Eqs. (21)—(22) in Eqs. (17a-b)
leads to the following sets of equations at particular
time functions:

(cosro):

(0) (0)

Fwa(Q) L) 1 d () L e m(©)

d€4 0 d€2 2 1 déz déQ
(28a)
1 2
g__ﬁ/°g,dﬁkﬁ> Ldwl@) )] .
2_20 2| ac dé dé
(28b)
(cost)
(1 (1)
d* d?
-G - b
1) 2
e SO (299
) ldW (1)
L 0(¢) dwa($)
kz/LO/ 3 3 dé (29b)
(cos(27))
2) 2)
d* d?
=0 g il
W @
- %k?d ;2'2(5) i ;Vg;f) (30a)
2
ARy gL 0] pREEL TG
2’20 2| d¢ dé de
(30b)

The solutions to Egs. (28a-b) and (30a-b) make

possible to determine two further components of the
(0) 2

axial dynamic force, i.e. k% and k%, respectively.

Independently from the type of modes, those two
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components depend on the vibration amplitude as both

are expressed as a function of 512 (&).

The second term m; of the vibration frequency
occurs in Eq. (29a). That term may be determined on
the basis of the orthogonality condition introduced by
Keller and Ting [37]. As the linear operators of the
left-hand sides of Eqs. (24a) and (29a) are identical
and both equations are subjected to the same type of
boundary conditions, Eq. (29a) will have a nontrivial

solution v%(é) if it is orthogonal to all the solutions
1
évi (&) of the adjoint Eq. (24a). That may be denoted as

(1) (1)

1
(1) d4 d2 )
/ wi(®) ;Vg}f)_kg ;ng(@—wév‘é(z) az

1
2
/w] [ dWOZ(@er%év‘i(g) dé
0

(31)

Finally, after performing all mathematical elabora-
tions with making use of the boundary conditions
expressed by Egs. (20a-d) and the axial force compo-
nents explicit by Eqgs. (24b) and (29b), the integrated
right-hand side of Eq. (31) gives

" /1[“) }dézo (32)

For the nontrivial vibration modes, Eq. (32) is
fulfilled for w; =0, i.e. when the first nonlinear
vibration term equals zero.

2.3.4 Solution at small amplitude parameter & —the
second term of nonlinear frequency w»

After separation the time and space variables in
Egs. (18a-b) and collecting all coefficients of the
cos(7) terms, one obtains the following equations:

(1) (1)

dws(E) P wi(E)
d€4 *k(% diz *60%W3(ﬁ)
_@w© | 1eme)| | @w© (W 19
I TS S act \? 27
(l)dzw & )
+k§ dfoz( )+ %Wl(f)
(33)
Q_, / dwo(&) dW(E) () (4 14t
3T dé dé dé d¢ 2 de
0
(34)

An analogically formulated orthogonality condi-
tion as in the previous section in regard to solutions

(1) (1) . .
wi (&) and w3 (&), when applied to Eq. (33), results in

the following expression for the first nonzero ampli-
tude-dependent vibration frequency term:

O Laba (e , 148 9 19\ Lawel
Zklf ac <(1( tia )déJr i +3k3 f{ dc"} d¢

Ofl {wﬂ(é)} ae

Equation (35) is valid for both symmetric and
antisymmetric modes with an additional condition that
(1)
for the antisymmetric modes k} = 0.
After w, determination, the nonlinear frequency
according to Eq. (14) is considered as the square root
of two terms:

Wy =/ 0F + Ew3 (36)

It is customary in practice to restrict the natural
frequency determination to terms up to an order of two
in expansion (14) for vibrations in lower modes as it
was done by Evensen [36] and Aravamudan et al. [38].
Only responses at higher modes should be examined
with the higher-order terms.

At each stage in the process of solutions, the
obtained algebraic and transcendental equations are
solved numerically.

2 _
Wy =

(35)
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3 Exemplary results and discussion

The application of the voltage across piezoelectric
layers for controlling both the piezoelectric beam
deflection and its nonlinear free vibrations with
respect to the deflected beam axis is the subject of
numerical calculations. The material of the core beam
is an aluminium alloy of Young’s modulus E,.
=70 GPa and the mass density p, = 2720 kg/m>.
For the active layers, P-41 piezoceramic material is
chosen, for which the physical data according to its
manufacturer [39] are: E, =83.33 GPa, p,
= 7450 kg/m> and piezoelectric strain constant
e3; = -8.333 C/m>.

The top and bottom layers have the same thickness,
and the same voltage is applied to both wafers. Two
configurations of the system shown in Fig. 1 are
chosen—the first reference one (beam A), for which
the thickness of the core beam is equal to that of two
piezoelectric layers (hy/2h, = 1.0), whereas in the
second configuration (beam B), the core beam has its
thickness three times greater than in the case (A);
therefore, h,/2h, =3.0. As a result, the bending
rigidity of beam B is 7.6 times greater than that of
beam A.

For both configurations, three different lengths of
the system are studied, i.e. L = 0.20 m, 0.35 m and
0.50 m. The common width of the core beam and
piezoceramics is b = 20 mm. As the thickness of each
piezoelectric layer equals , = 0.5 mm, the maximum
voltage which can be applied to a single layer is
Vonax = 1000 V. That value results from the material
data revealing that the maximum operating electric
field, for which the linear dependence between the
voltage and strain is maintained, may be as large as
2000 V/mm.

3.1 Shape control under piezoelectric actuation

At the first stage of analysis, the static response of the
system under the electric field is investigated. The
influence of the applied voltage on both the tensile
force and the system’s midpoint deflection for both
configurations and three different lengths is presented
in Figs. 2 and 3, respectively.

On the basis of results presented in Fig. 2, it might
be stated that regardless of the configuration, the
longer the beam and the higher the applied voltage, the
greater the tensile force is generated by the
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piezoelectric moment m,,. For beam A (Fig. 2a), the
increase in the axial force is especially significant up
to 0.35 V..., and then, it becomes almost linear. For
the system of greater bending stiffness (beam B), the
tensile force for L = 0.5 mis nearly the same as for the
reference beam A of L = 0.2 m.

Comparing the courses of curves illustrating the
midpoint deflection of beams in Fig. 3a and b, one
may notice that for beam A these curves cross each
other, whereas for beam B they are clearly separated.
As shown in these figures, the increase in the applied
voltage increases the system’s lateral displacements.
Identifying the dimensional deflection according to
Eq. (6b), the differences in Wy(L/2) for both config-
urations are substantial, i.e. for beam A of length
L =0.5 m: Wo(L/2) = 1.733 mm, whereas for beam
B of the same length, Wy(L/2) = 1.501 mm. The same
quantities for L = 0.2 m are: for beam A, Wy(L/2) =
0.771 mm and for beam B, Wy(L/2) = 0.344 mm.

The influence of beam’s length for both configura-
tions on the midpoint deflection at maximum operat-
ing voltage (V.. = 1000 V) is presented in Fig. 4,
where L,,,, = 0.5 m.

As shown in Fig. 4, the increase in the midpoint
deflection for beam B is monotonic up to L/L,,,, > 0.6
and then it weakens as L increases. For beam A, the
midpoint deflection is initially increasing to reach the
maximum value and then it decreases. Identification of
this effect has a direct impact for the shape control of
piezoelectric sandwich beams.

3.2 Modification of natural frequency
by piezoelectric actuation

The influence of the electric field applied to the
piezoelectric layers on the first term of natural
vibration frequencies of the system is shown in
Figs. 5, 6, 7 and 8 in regard to the first, second, third
and fourth frequency, respectively. Small icons in
these figures indicate particular symmetric and
antisymmetric vibration modes. As @, term is inde-
pendent from the vibration amplitude, it is treated as
the linear frequency term. All results for V=0
presented in the consecutive figures, i.e. wg = nz,
4712, 972 and 16n2, are the bending natural frequencies
for rectilinear pinned—pinned beams which are easily
identified in the existing literature. In the considered
case, an initially straight beam is deformed by
piezoelectric actuation which creates also the beam’s
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Fig. 4 Variation of the midpoint deflection with the beam’s
length for beams A and B under actuation voltage V = V..

tension. Generally, the vibration characteristics are
affected by the internal stresses which was pointed out
by e.g. Cornil et al. [29]. Additionally, when the
geometries of an initially curved beam and a beam
loaded by moments at its end are the same, the
obtained natural frequencies demonstrate significant

wo(&).

The curves of the fundamental frequency and the
next three frequencies sketched in Figs. 5, 6, 7 and 8
versus the applied voltage for different beam’s lengths
and two configurations indicate that the increased
voltage causes the increase in vibration frequencies
with an increase in the deflection of the beam. The
main differences in the obtained results arise from
geometrical and physical parameters of the studied
piezo-beam systems. In the case of beam B of greater
flexural stiffness, the effect of piezoelectric actuation
on the frequency is insignificant, especially for short
beams of L = 0.20 m (Figs. 5b, 6, 7 and 8b). Under the
maximum voltage, the first natural frequency rises by
3.31% in relation to the non-actuated straight beam,
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Fig. 5 The effect of the
applied voltage on the
fundamental non-
dimensional frequency for
beam A a and beam B b

Fig. 6 The effect of the
applied voltage on the
second non-dimensional
frequency for beam A a and
beam B b

Fig. 7 The effect of the

applied voltage on the third
non-dimensional frequency
for beam A a and beam B b
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“o Mode 4
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) Mode 4

Fig. 8 The effect of the applied voltage on the fourth non-dimensional frequency for beam A a and beam B b

the second one by 0.28%, the third one by 0.13% and
the fourth one by 0.07%.

For the reference beam A of the smaller bending
rigidity, the influence of the electric field on the
vibration frequencies considerably increases, as it is
shown in Figs. 5a, 6, 7 and 8a. For beams of length
L =0.20 m, activated by the maximal operating
voltage, the first natural frequency rises by 54.35%
with regard to zero voltage case, the second one by
5.71%, the third one by 2.70% and the fourth one by
1.46%. The analogical results for the same beam of
L = 0.50 m are as follows: 195.35%, 31.28%, 17.68%
and 8.67%, respectively.

In spite of the indicated changes in the non-
dimensional vibration frequencies, one may conclude
that regardless of the beam length, the greatest effect
of the piezoelectric actuation is observed for the first
vibration frequency.

3.3 Amplitude—nonlinear frequency relationship

The nonlinear free vibration behaviour of piezoelec-
tric beams is presented in terms of backbone curves.
The backbone curves provide information about the
measure of amplitude dependence of natural frequen-
cies. In Figs. 9 and 10, the ratio of the nonlinear to the
linear natural frequency as a function of the vibration
amplitude for different values of the applied voltage is
sketched for beam A and beam B, respectively. Each
beam has length L = L,,,,, = 0.5 m.

It results from the performed calculations that if the
beam’s deflection created by a small voltage and the

vibration amplitude are of the same order, the studied
system has characteristics similar to those of a straight
beam. The nonlinear frequency—amplitude relation-
ship in the case of simply supported rectilinear beams
on the basis of different mathematical models was
thoroughly studied e.g. by Azrar et al. [4] and Rao
et al. [40]. The present results concerning the natural
frequency of the first symmetric mode obtained for
V =0 are compared in Table 1 with those given in
both papers. The results obtained by using the present
method match very well with those obtained by the
Pade approximants [4] and the coupled displacement
field method [40].

The first frequency curves presented in Figs. 9a and
10a show both hardening- and softening-type beha-
viours for the symmetric vibration modes of both
beams. The type of that behaviour depends on the
applied voltage. For beam A of smaller bending
stiffness, the transition from hardening to softening
characteristics occurs at the voltage of value 0.055 V/
V,nax» Whereas for beam B, that value is greater and
equal to 0.37 VIV,

The graphs plotted in Figs. 9b and 10b concern the
nonlinear frequencies versus amplitude for the second
antisymmetric mode for beams A and B, respectively.
Those graphs show only hardening-type behaviour for
the whole range of the applied voltage. A wider range
of the nonlinear frequency modifications with increas-
ing voltage is observed for beam A than for beam B.
That limitation to the hardening behaviour is caused
by the fact that the antisymmetric modes of vibration
of the piezoelectrically bent beam have a zero
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Fig. 9 Nonlinear (a) (b)
frequency—amplitude
relation of the first 4, 4,
symmetric mode a and of the 3.0 3.0
second antisymmetric mode
b for beam Aa, [
20+ 20+
1.0 1.0+
0.0+ 00+
Fig. 10 Nonlinear (a) (b)
frequency—amplitude
relation of the first 4, 4,
symmetric mode a and of the 3.0 3.0
second antisymmetric mode
b for beam B |
20 20+ V/V
1 0.0
, ———03
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Table 1 Comparison of the first nonlinear (®,)-to-linear nat-
ural frequency (wy) ratios for a simply supported straight beam

Wn/ o

A,, Raoetal. [40] Azrar et al. [4] Present results (V = 0)

0 1 1 1

1 1.0889 1.089724736 1.089724735
2 1.3183 1.322875656 1.322875655
3 1.6260 1.639359631 1.639359631

dynamic tension term expressed by Eq. (24b). The
similar characteristics concerning the nonlinear fre-
quency—amplitude relationship for the first and second
modes were reported by Oz et al. [41] for a slightly
curved beam resting on a nonlinear elastic foundation.

The role of piezoelectric actuation in modification
of the amplitude—frequency relationship for the third
and fourth modes for beam A of length L = 0.5 m is
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presented in Fig. 11. Seeing the curves for the third
symmetric mode in Fig. 11a, it can be concluded that
this system is characterized by both hardening and
softening behaviours, as it happens for the first
symmetric mode (Figs. 9a and 10a). Nevertheless, in
contrary to the first mode, the softening response
occurs at very high voltages, greater than the threshold
value V.. acceptable for the chosen piezoceramic
material without the risk of depolarization. In the case
of the fourth antisymmetric mode, it is clear from
Fig. 11b that an increase in amplitude only increases
the value of the nonlinear vibration frequency and
even a very large voltage V = 5V, does not change it
qualitatively. Hence, the hardening effect occurs for
antisymmetric vibration modes only.

The nonlinear/linear frequency ratios versus
dimensionless amplitude of beams A and B are plotted
in Fig. 12a, b for the first symmetric mode and
different beam’s lengths L changing from 0.1 m to
Ly = 0.5 m. The presented results obtained for
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Fig. 11 Nonlinear frequency—amplitude relation of the third symmetric mode a and of the fourth antisymmetric mode b for beam A

Fig. 12 Nonlinear (a)
frequency—amplitude

relation of the first
symmetric mode for
different lengths for beam
A a and for beam B

V = 0.5V, indicate that, depending on values of L,
the nonlinear behaviour may switch from softening to
hardening. Generally, there exists a threshold value of
the length above which the relation becomes soften-
ing, whereas it is hardening below.

The change in the nonlinear-to-linear frequency
ratio versus the beam’s length for amplitude A,, = 3
and three values of the voltage are depicted in Fig. 13a,
b for beams A and B, respectively. The greater the
voltage, the changes in the nonlinear frequency are
more distinctive. For beam B that is stiffer than beam
A, an increase in the length decreases monotonically
the nonlinear/linear frequency ratio. That is especially
observable for greater voltages. For beam A actuated
by voltages greater than 0.5V, the increase in length
L initially reduces the frequency ratio and then causes
it to increase.

4 Conclusion

A simply supported beam with a pair of piezoelectric
layers perfectly bounded to the top and bottom
surfaces has been considered. The piezoelectric layers
are treated as actuators applied by equal and opposite
sign voltages to generate bending moments at both
beam’s ends. The immovable pinned ends cause
stretching during the static bending and free vibrations
with respect to a deflected beam’s axis.

Due to the von Karman nonlinearity, the Lindstedt—
Poincaré method which belongs to perturbation tech-
niques has been used for approximate analytical
solutions. The obtained set of equations for increasing
power of the perturbation amplitude parameter is
solved sequentially in order to predict the nonlinear
static and dynamic behaviours of the piezoelectric
beam. The first pair of static nonlinear equations for
the beam are solved analytically to obtain the static
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Fig. 13 The change in the (a) (b)
nonlinear-to-linear
frequency ratio versus the w, h, w, h 5,
beam’s length for amplitude o | h 1.0 4,=3 “o | 2h,
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deflection caused by the piezoelectric actuation. Then,
the vibration equations with coefficients regarding
static tensile force, static deflection and dynamic
tension are solved for consecutive perturbation param-
eter. The solution includes both the symmetric and
antisymmetric vibration modes. The nonlinear term of
the frequency is found on the basis of the orthogonality
condition of particular solutions.

Numerical tests performed on the basis of analytical
solutions have been used to illustrate the nonlinear
static and dynamic responses of sandwich beams with
layer actuators. It is shown that both the static tensile
force and beam deflection generated by the electric
field depend on the applied voltage and are diversified
by the beam’s transversal stiffness and its length.
Those factors caused by the applied voltage, i.e. the
internal prestress manifested by the tensile force and
the associated deflection curvature, strongly affect
vibration frequencies for the symmetric and antisym-
metric modes; however, the greatest impact is
observed for the first vibration frequency.

It has been certified after studying the amplitude—
nonlinear vibration frequency characteristics for the
symmetric modes, that dependently on the applied
voltage, nonlinear frequencies may decrease with
increasing vibration amplitudes for softening-type
curves or may increase with increasing amplitudes
for hardening-type curves. Dependently on the
transversal stiffness and the beam’s slenderness, the
transition from softening to hardening effects occurs at
various levels of active voltage. For the antisymmetric
modes, which are characterized by zero dynamic
tension, only hardening behaviour has been observed.
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On the basis of obtained results, it is revealed that
the piezoelectric actuation may be used as an efficient
tool for modifying static and dynamic responses of
slender mechanical systems.

Acknowledgements This article is an extended version of the
paper originally presented at 16th International Conference
“Dynamical Systems—Theory and Applications”, DSTA 2021,
1.6dz, Poland.

Authors’ contributions Jacek Przybylski and Krzysztof
Kulinski contributed to methodology, investigation and
numerical calculations, provided resources, supervised the
study, wrote the original draft and was involved in editing.

Funding The authors declare that no funds, grants, or other
support was received during the preparation of this manuscript.

Availability of data and material The datasets supporting
the results of this article are included within the article and its
additional files.

Declarations

Conflict of interest The authors have no relevant financial or
non-financial interests to disclose. The authors declare that they
have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work
reported in this paper.

Ethical approval This chapter does not contain any studies
with human participants or animals performed by any of the
authors.

Consent to participate Not applicable. The article involves
no studies on humans.



Nonlinear vibrations of a sandwich piezo-beam system under piezoelectric actuation

705

References

10.

11.

12.

13.

14.

. Nayfeh, A.H.: Perturbation methods. Wiley, Weinheim

(2008)

. Awrejcewicz, J., Krysko, V.A.: Elastic and Thermoelastic

Problems in Nonlinear Dynamics of Structural Members.
Springer, Berlin (2020). https://doi.org/10.1007/978-3-030-
37663-5

. Woinowsky-Krieger, S.: The effect of an axial force on the

vibration of hinged bars. J. Appl. Mech. Am. Soc. Mech.
Eng. 17, 35-36 (1950). https://doi.org/10.1115/1.4010053

. Azrar, L., Benamar, R., White, R.G.: Semi-analytical

approach to the non-linear dynamic response problem of
S-S and C-C beams at large vibration amplitudes Part I:
General theory and application to the single mode approach
to free and forced vibration analysis. J. Sound Vib. 224(2),
183-207 (1999). https://doi.org/10.1006/jsvi.1998.1893

. Hughes, G.C., Bert, C.W.: Effect of gravity on nonlinear

oscillations of a horizontal, immovable-end beam. Nonlin-
ear Dyn. 3(5), 365-373 (1992). https://doi.org/10.1007/
BF00045072

. Sarigiil, M.: The effects of elastic supports on nonlinear

vibrations of a slightly curved beam. Uludag Univ. J. Fac.
Eng. 23(2), 255-274 (2018). https://doi.org/10.17482/
uumfd.315108

. Lacarbonara, W., Nayfeh, A.H., Kreider, W.: Experimental

validation of reduction methods for nonlinear vibrations of
distributed-parameter systems: analysis of a buckled beam.
Nonlinear Dyn. 17(2), 95-117 (1998). https://doi.org/10.
1023/A:1008389810246

. Ye, S.Q., Mao, X.Y., Ding, H., Ji, J.C., Chen, L.Q.: Non-

linear vibrations of a slightly curved beam with nonlinear
boundary conditions. Int. J. Mech. Sci. 168, 105294 (2020).
https://doi.org/10.1016/j.ijmecsci.2019.105294

. Ding, H., Chen, L.Q.: Nonlinear vibration of a slightly

curved beam with quasi-zero-stiffness isolators. Nonlinear
Dyn. 95(3), 2367-2382 (2019). https://doi.org/10.1007/
s11071-018-4697-9

Sari, M.E.S., Al-Qaisia, A.: Nonlinear natural frequencies
and primary resonance of Euler-Bernoulli beam with initial
deflection using nonlocal elasticity theory. Jordan J. Mech.
Indust. Eng. 10(3), 161-169 (2016)

Outassafte, O., Adri, A., Rifai, S., Benamar, R.: Geometri-
cally nonlinear free vibration of Euler-Bernoulli shallow
arch. J. Phys. Conf. Ser. 1896(1), 012013 (2021). https://doi.
org/10.1088/1742-6596/1896/1/012013

Nayfeh, A.H., Kreider, W., Anderson, T.J.: Investigation of
natural frequencies and mode shapes of buckled beams.
AIAA J. 33(6), 1121-1126 (1995). https://doi.org/10.2514/
3.12669

Awrejcewicz, J., Krysko, A.V., Dobriyan, V., Papkova,
LV, Krysko, V.A.: Chaotic and synchronized dynamics of
non-linear Euler-Bernoulli beams. Comput. Struct. 155,
85-96 (2015). https://doi.org/10.1016/j.compstruc.2015.02.
022

Awrejcewicz, J., Krysko, A.V., Zhigalov, M.V, Saltykova,
0O.A., Krysko, V.A.: Chaotic vibrations in flexible multi-
layered Bernoulli-Euler and Timoshenko type beams. Latin
Am. J. Solids Struct. 5(4), 319-363 (2008)

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

Krysko, A.V., Awrejcewicz, J., Pavlov, S.P., Bodyagina,
K.S., Zhigalov, M.V, Krysko, V.A.: Non-linear dynamics
of size-dependent Euler-Bernoulli beams with topologically
optimized microstructure and subjected to temperature
field. Int. J. Non-Linear Mech. 104, 75-86 (2018). https://
doi.org/10.1016/j.ijnonlinmec.2018.05.008

Moheimani, S.R., Fleming, A.J.: Piezoelectric Transducers
for Vibration Control And Damping. Springer, Callaghan
(2006). ISBN-13: 978-1849965828, ISBN-10: 184996582X
Jalili, N.: Piezoelectric-Based Vibration Control: From
Macro to Micro/Nano Scale Systems. Springer, Boston
(2009)

Ballas, R.G.: Piezoelectric Multilayer Beam Bending
Actuators: Static and Dynamic Behavior and Aspects Of
Sensor Integration. Springer, Darmstadt (2007). Softcover
ISBN: 978-3-642-06910-9, eBook ISBN: 978-3-540-
32642-7

Dunsch, R., Breguet, J.M.: Unified mechanical approach to
piezoelectric bender modeling. Sens. Actuators A 134(2),
436-446 (2007). https://doi.org/10.1016/j.sna.2006.06.033
Thompson, S.P., Loughlan, J.: The active buckling control
of some composite column strips using piezoceramic actu-
ators. Compos. Struct. 32(1-4), 59-67 (1995). https://doi.
org/10.1016/0263-8223(95)00048-8

Vasques, C.M.A., Rodrigues, J.D.: Active vibration control
of smart piezoelectric beams: comparison of classical and
optimal feedback control strategies. Comput. Struct.
84(22-23), 1402-1414 (2006). https://doi.org/10.1016/].
compstruc.2006.01.026

Kerboua, M., Megnounif, A., Benguediab, M., Benrahou,
K.H., Kaoulala, F.: Vibration control beam using piezo-
electric-based smart materials. Compos. Struct. 123,
430442 (2015). https://doi.org/10.1016/j.compstruct.2014.
12.044

Kumar, K.R., Narayanan, S.: Active vibration control of
beams with optimal placement of piezoelectric sensor/ac-
tuator pairs. Smart Mater. Struct. 17(5), 055008 (2008).
https://doi.org/10.1088/0964-1726/17/5/055008

Belouettar, S., Azrar, L., Daya, E.M., Laptev, V., Potier-
Ferry, M.: Active control of nonlinear vibration of sandwich
piezoelectric beams: A simplified approach. Comput.
Struct. 86(3-5), 386-397 (2008). https://doi.org/10.1016/].
compstruc.2007.02.009

Azrar, L., Belouettar, S., Wauer, J.: Nonlinear vibration
analysis of actively loaded sandwich piezoelectric beams
with geometric imperfections. Comput. Struct. 86(23-24),
2182-2191 (2008). https://doi.org/10.1016/j.compstruc.
2008.06.006

Krysko, V.A., Awrejcewicz, J., Kutepov, L.E., Zagniboroda,
N.A., Papkova, L.V., Serebryakov, A.V., Krysko, A.V.:
Chaotic dynamics of flexible beams with piezoelectric and
temperature phenomena. Phys. Lett. A 377(34-36),
2058-2061 (2013). https://doi.org/10.1016/j.physleta.2013.
06.040

Przybylski, J., Kulinski, K.: Stability and free vibration
analysis of compound column with piezoelectric rod. Mech.
Syst. Signal Process. 148, 107178 (2021). https://doi.org/10.
1016/j.ymssp.2020.107178

Przybylski, J.: Stability of an articulated column with two
collocated piezoelectric actuators. Eng. Struct. 30(12),

@ Springer


https://doi.org/10.1007/978-3-030-37663-5
https://doi.org/10.1007/978-3-030-37663-5
https://doi.org/10.1115/1.4010053
https://doi.org/10.1006/jsvi.1998.1893
https://doi.org/10.1007/BF00045072
https://doi.org/10.1007/BF00045072
https://doi.org/10.17482/uumfd.315108
https://doi.org/10.17482/uumfd.315108
https://doi.org/10.1023/A:1008389810246
https://doi.org/10.1023/A:1008389810246
https://doi.org/10.1016/j.ijmecsci.2019.105294
https://doi.org/10.1007/s11071-018-4697-9
https://doi.org/10.1007/s11071-018-4697-9
https://doi.org/10.1088/1742-6596/1896/1/012013
https://doi.org/10.1088/1742-6596/1896/1/012013
https://doi.org/10.2514/3.12669
https://doi.org/10.2514/3.12669
https://doi.org/10.1016/j.compstruc.2015.02.022
https://doi.org/10.1016/j.compstruc.2015.02.022
https://doi.org/10.1016/j.ijnonlinmec.2018.05.008
https://doi.org/10.1016/j.ijnonlinmec.2018.05.008
https://doi.org/10.1016/j.sna.2006.06.033
https://doi.org/10.1016/0263-8223(95)00048-8
https://doi.org/10.1016/0263-8223(95)00048-8
https://doi.org/10.1016/j.compstruc.2006.01.026
https://doi.org/10.1016/j.compstruc.2006.01.026
https://doi.org/10.1016/j.compstruct.2014.12.044
https://doi.org/10.1016/j.compstruct.2014.12.044
https://doi.org/10.1088/0964-1726/17/5/055008
https://doi.org/10.1016/j.compstruc.2007.02.009
https://doi.org/10.1016/j.compstruc.2007.02.009
https://doi.org/10.1016/j.compstruc.2008.06.006
https://doi.org/10.1016/j.compstruc.2008.06.006
https://doi.org/10.1016/j.physleta.2013.06.040
https://doi.org/10.1016/j.physleta.2013.06.040
https://doi.org/10.1016/j.ymssp.2020.107178
https://doi.org/10.1016/j.ymssp.2020.107178

706 J. Przybylski, K. Kulifiski
3739-3750  (2008). https://doi.org/10.1016/j.engstruct. 36. Evensen, D.A.: Nonlinear vibrations of beams with various
2008.07.001 boundary conditions. AIAA J. 6(2), 370-372 (1968). https://

29. Cornil, M.B., Capolungo, L., Qu, J., Jairazbhoy, V.A.: Free doi.org/10.2514/3.4506

30.

31.

32.
33.

34.

35.

vibration of a beam subjected to large static deflection.
J. Sound Vib. 303(3-5), 723-740 (2007). https://doi.org/10.
1016/j.jsv.2007.02.016

Treyssede, F.: Vibration analysis of horizontal self-weigh-
ted beams and cables with bending stiffness subjected to
thermal loads. J. Sound Vib. 329(9), 1536-1552 (2010).
https://doi.org/10.1016/.jsv.2009.11.018

Chang, C.S., Hodges, D.: Vibration characteristics of
curved beams. J. Mech. Mater. Struct. 4(4), 675-692 (2009).
https://doi.org/10.2140/jomms.2009.4.675
http://www.noliac.com/?id=582 Accessed 25 January 2022
Przybylski, J., Gasiorski, G.: Nonlinear vibrations of elastic
beam with piezoelectric actuators. J. Sound Vib. 437,
150-165 (2018). https://doi.org/10.1016/j.jsv.2018.09.005
Preumont, A.: Vibration Control Of Active Structures (Vol
2). Kluwer Academic Publishers, Cham (1997). https://doi.
org/10.1007/978-3-319-72296-2

Foda, M.A.: Influence of shear deformation and rotary
inertia on nonlinear free vibration of a beam with pinned
ends. Comput. Struct. 71(6), 663—-670 (1999). https://doi.
org/10.1016/S0045-7949(98)00299-5

@ Springer

37.

38.

39.

40.

41.

Keller, J.B., Ting, L.: Periodic vibrations of systems gov-
erned by nonlinear partial differential equations. Commun.
Pure Appl. Math. 19(4), 371-420 (1966). https://doi.org/10.
1002/cpa.3160190404

Aravamudan, K.S., Murthy, P.N.: Non-linear vibration of
beams with time-dependent boundary conditions. Int.
J. Non-Linear Mech. 8(3), 195-212 (1973). https://doi.org/
10.1016/0020-7462(73)90043-7
http://www.annon-piezo.com/pzt-materials_17663_o.html
Accessed 25 January 2022

Rao, G.V., Saheb, K.M., Janardhan, G.R.: Concept of cou-
pled displacement field for large amplitude free vibrations
of shear flexible beams. J. Vib. Acoust. 128(2), 251-255
(2006). https://doi.org/10.1115/1.2159038

Oz, HR., Pakdemirli, M., Ozkaya, E., Yilmaz, M.: Non-
linear vibrations of a slightly curved beam resting on a non-
linear elastic foundation. J. Sound Vib. 212(2), 295-309
(1998). https://doi.org/10.1006/jsvi.1997.1428

Publisher’s Note Springer Nature remains neutral with

regard to jurisdictional claims

in published maps and

institutional affiliations.


https://doi.org/10.1016/j.engstruct.2008.07.001
https://doi.org/10.1016/j.engstruct.2008.07.001
https://doi.org/10.1016/j.jsv.2007.02.016
https://doi.org/10.1016/j.jsv.2007.02.016
https://doi.org/10.1016/j.jsv.2009.11.018
https://doi.org/10.2140/jomms.2009.4.675
http://www.noliac.com/?id=582
https://doi.org/10.1016/j.jsv.2018.09.005
https://doi.org/10.1007/978-3-319-72296-2
https://doi.org/10.1007/978-3-319-72296-2
https://doi.org/10.1016/S0045-7949(98)00299-5
https://doi.org/10.1016/S0045-7949(98)00299-5
https://doi.org/10.2514/3.4506
https://doi.org/10.2514/3.4506
https://doi.org/10.1002/cpa.3160190404
https://doi.org/10.1002/cpa.3160190404
https://doi.org/10.1016/0020-7462(73)90043-7
https://doi.org/10.1016/0020-7462(73)90043-7
http://www.annon-piezo.com/pzt-materials_l7663_o.html
https://doi.org/10.1115/1.2159038
https://doi.org/10.1006/jsvi.1997.1428

	Nonlinear vibrations of a sandwich piezo-beam system under piezoelectric actuation
	Abstract
	Introduction
	Problem description
	Structural model
	Mathematical model
	Approximate solution
	Solution at small amplitude parameter epsilon 0---static analysis
	Solution at small amplitude parameter epsilon 1---the first term of system’s natural frequency omega 0
	Solution at small amplitude parameter epsilon 2---axial dynamic forces
	Solution at small amplitude parameter epsilon 3---the second term of nonlinear frequency omega 2


	Exemplary results and discussion
	Shape control under piezoelectric actuation
	Modification of natural frequency by piezoelectric actuation
	Amplitude--nonlinear frequency relationship

	Conclusion
	Authors’ contributions
	Availability of data and material
	References




