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Abstract Various quasi-zero stiffness (QZS) vibra-

tion isolators have been developed by using the

structures of oblique springs and bars. Towards a

practical design, this paper further theoretically and

experimentally studies the static and dynamic force of

the QZS isolator with one pair of oblique bars by

considering pre-compression of horizontal springs and

producing an extremely low-dynamic stiffness. By

designing the new parameter configuration, two sim-

ple formulations are derived on the basis of two QZS

conditions to design an improved QZS isolator with a

constant low-dynamic stiffness in a wide region

around the static equilibrium position. A detailed

comparison between the proposed and the existing

isolators is made to show the significant improvement

on isolation performance. On the basis of the derived

formulations, a prototype is fabricated and tested to

verify the theoretical formulations and constant low-

dynamic stiffness. The experimental results show that

the designed QZS isolator can achieve a much wider

QZS region to isolate vibration in a larger frequency

band and demonstrate a lower displacement transmis-

sibility for the external excitation.

Keywords Quasi-zero stiffness � QZS isolator �
Oblique bars � Low-dynamic stiffness � Vibration
isolation

1 Introduction

Quasi-zero stiffness (QZS) isolators with high-static

and low-dynamic stiffness are capable of supporting

considerable mass load and increasing frequency band

of vibration isolation and thus can solve the conflicting

issue of low frequency of vibration isolation with large

static displacements in using linear isolators [1–4].

The QZS isolators can be constructed using negative

stiffness in parallel with positive stiffness. The

positive stiffness is easily acquired using coil springs,

while the negative stiffness can be achieved using

oblique springs [5–8], oblique bars [9–14], cam-rollers
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[15–17], magnetic springs, or bionic structures

[18–23].

The majority of the existing QZS isolators have

low-dynamic stiffness with weak nonlinearity [24].

For example, the classical QZS isolator with one pair

of oblique springs was designed using the pre-

compression and nonlinearity of the oblique springs

to widen the QZS range around the static equilibrium

position [5, 6, 25]. To further increase the QZS range

and reduce nonlinearity, multiple pairs of oblique

springs and other configurations based on one pair of

oblique springs were developed [7, 8, 11, 26–28].

However, the weakly nonlinear stiffness generated

often makes a transmissibility curve bend to the right

under large displacement excitation, resulting in

narrowing the frequency band in vibration isolation.

Another classical QZS isolator is the structure

formed using oblique bars without pre-compression of

horizontal springs [9, 10], which has essentially

nonlinear stiffness. Subsequently, this type of QZS

isolator has been studied in [3, 12, 29–37]. Theoret-

ically, the QZS isolator with oblique bars is similar to

that based on one pair of oblique springs. They have a

limited QZS region around the static equilibrium

position, although different negative stiffness mech-

anisms are constructed by using springs or bars. Bio-

inspired vibration isolators were also constructed

using bars and springs in order to enlarge the QZS

region around the equilibrium position [21, 38–40].

Although a wide QZS range can be obtained, the

weakly nonlinear stiffness around the equilibrium

position remains and degrades the performance of

vibration isolation under large amplitude of excita-

tions [29, 30]. For practical applications, the QZS

isolators should have a wide QZS region with a very

low-dynamic stiffness and be able to isolate large

amplitude of vibrations. Due to their simple configu-

rations, the above-mentioned two classical QZS

isolators could be adopted in practical engineering

applications. However, it is not clear which classical

QZS isolator would have a better performance,

because these two classical isolators have not been

quantitatively compared by using the same dimen-

sionless parameters of equivalent physical meanings.

Therefore, it is necessary to further investigate the

isolation performance of these two types of QZS

isolators from the perspective of practical design.

To avoid the performance degradation of vibration

isolation induced by weakly nonlinear stiffness under

large amplitude of excitations, the QZS isolator with

very low-dynamic stiffness (constant quasi-zero

dynamic stiffness, or a constant dynamic force) around

the static equilibrium position is able to achieve better

performance of vibration isolation. There are many

structures that can achieve constant-force mechanisms

such as cam-rollers [15, 41, 42], and oblique bars

[43, 44]. The QZS isolator with one pair of oblique bars

could not exhibit a constant force unless the length of the

obliquebar tends to zero [9, 10] (where pre-compression

of the horizontal springs is not considered), which is

meaningless for practical applications. The pre-com-

pression of horizontal springs in this type of QZS

isolator plays a key role in achieving the constant force

feature, and the corresponding constant low-dynamic

stiffness can significantly widen the QZS range around

the static equilibrium position and hence enlarge the

frequency band of isolate vibration. It should be

mentioned that a large region of zero dynamic-stiffness

could not be used for vibration isolation because of the

potential unstable nature of vibration. A low-dynamic

stiffness would be desirable for vibration isolation,

especially in low-frequency range.

In this paper, the practical design of the QZS isolator

with one pair of oblique bars is theoretically and

experimentally studied by taking into account pre-

compression of the horizontal springs and imposing the

zero condition of the second derivative of stiffness. The

QZS isolator can realize very low-dynamic stiffness

(small constant stiffness) in a wide range of quasi-zero

stiffness near the static equilibrium position. Here, the

static equilibrium position is the initial loaded position

when the two oblique bars are in horizontal directions.

The novelties and main contributions are:

(1) The design parameters of the improved isolator

with one pair of oblique bars have the same

physical meaning as the isolator with one pair of

oblique springs. Thus, these two classical QZS

isolators have the same non-dimensional param-

eters and can be quantitatively compared for the

performance of vibration isolation. Results

show that the designed isolator can easily

realize constant quasi-zero stiffness in a wide

region around the equilibrium position, while

the isolator with one pair of oblique springs only

has a narrow QZS range.

(2) The pre-compressions of the horizontal springs

are considered in the type of QZS isolator with
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one pair of oblique bars to significantly improve

isolation performance of the corresponding

isolator in [9, 10]. Utilization of pre-compressed

horizontal springs can produce a large range of

constant low-dynamic stiffness which is bene-

ficial for vibration isolation.

(3) The second derivative of stiffness is set to be zero

in determining the theoretical values of the

system parameters for the designed QZS isolator,

and then, two simple formulations are derived on

the basis of two QZS conditions to design the

QZS isolator. This condition provides a bound-

ary/guideline for designing the system parame-

ters. There is no need to meet this ideal condition

in practical design. In fact, it is very difficult to

satisfy this theoretical criterion by using off-the-

shelf mechanical components. As long as the

physical parameters are selected in a small

neighbourhood of this theoretical boundary, the

QZS isolator can achieve superior performance.

(4) On the basis of the derived formulations, a

prototype is fabricated and tested to verify the

theoretical formulations and show superior

isolation performance of the designed QZS

isolator with one pair of oblique bars. The

parameters are selected from a small neighbour-

hood of the theoretical guideline, and the

springs are not specifically designed/manufac-

tured but are available off the shelf.

(5) The designed QZS isolator in this paper can

easily realize constant quasi-zero stiffness,

which means that a very low-dynamic stiffness

is achieved in a wide region around the

equilibrium position. However, the existing

isolator with one pair of oblique bars and the

classic isolator with one pair of oblique springs

cannot achieve the constant quasi-zero stiffness

around the equilibrium position.

2 Static analysis

2.1 New structure configuration for the improved

QZS isolator

Figure 1a and b shows the improved QZS isolator with

one pair of oblique bars and the previous design in

[9, 10]. Figure 1c and d illustrates non-dimensional

force and stiffness of the proposed and previous

isolators, respectively, clearly indicating the signifi-

cant enhancement on QZS features. The advantages of

the improved design are twofold:

(a) By using the pre-compression of the horizontal

springs, the improved design shown in Fig. 1a

could realize a constant quasi-zero stiffness (i.e.

a constant low-dynamic stiffness in a large

range), or zero dynamic stiffness under ideal

conditions. On the contrary, the previous design

only demonstrates a small range of quasi-zero

stiffness.

(b) In the improved design, the second derivative of

stiffness is set to be zero, and thus, two simple

formulations of obtaining low-dynamic stiffness

(or zero dynamic stiffness) are derived. Then, a

constant quasi-zero stiffness can be easily

achieved for practical design and realized by

using mechanical structures.

In the improved design shown in Fig. 1a (the

system is at the initial unloaded position), two oblique

bars intersect at a point O and the negative stiffness in

the vertical direction will be generated when force f is

applied on the top of the oblique bars and the

horizontal spring will generate the restoring force on

the bottom of the oblique bar. The horizontal spring

restoring force is generated by an elastic element with

linear stiffness coefficient k1 and pre-compression d.
The elastic element can be either compression or

extension springs. The negative stiffness is parallel

with the linear positive stiffness k2 to generate QZS.

At the initial unloaded point O, the vertical spring

(linear spring) is in its free position. The displacement

from the initial position is defined as x, and the

displacement from the static equilibrium position is

denoted by y. The distance from the initial position to

the static equilibrium position is h as shown in Fig. 1a.

The horizontal distance of the oblique bar at the initial

position is referred to as a. When a suitable mass is

loaded on point O, the isolator will be at the static

equilibrium position where the oblique bars are in

horizontal direction.

2.2 Force analysis

For the isolator shown in Fig. 1a, the applied force f

and displacement x from the initial position can be

derived by using the principle of virtual work:
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f þ f 2 þ 2f 1xð ÞDx ¼ 0 ð1Þ

in which,

f 2 ¼ �k2x

f 1x ¼ �f 1
h� x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

8

<

:

ð2Þ

where f 2 is the vertical force generated from the

vertical spring having the stiffness of k2. f 1 denotes the

axial force provided by the oblique bar, and f 1x is the

vertical force component from the oblique bars. The

horizontal force f h, generated by the pre-compression

of the horizontal springs, can be derived as:

f1 ¼ fh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p 2 � h� xð Þ2

q

fh ¼ k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p 2 � h� xð Þ2

q

� aþ d

� �

8

>

>

>

>

<

>

>

>

>

:

ð3Þ

The horizontal force f h of the previous design

[9, 10] without pre-compression is given by:

f h ¼ k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p 2

� h� xð Þ2
q

� a

� �

ð4Þ

By combining Eqs. (1)–(3), force f of the improved

design can be derived as:

f ¼ k2xþ 2k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p 2

� h� xð Þ2
q

� aþ d

� �

h� x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p 2

� h� xð Þ2
q

ð5Þ

For the understanding of the force around the static

equilibrium position, Eq. (5) can be expressed as:

f ¼k2h

þ k2y�2k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2þh2
p 2

�y2
q

�aþd

� �

y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2þh2
p 2

�y2
q

0

B

@

1

C

A

ð6Þ

where y is the displacement of the isolator from the

static equilibrium position, which satisfies the rela-

tionship of y ¼ x� h. Equation (6) has two compo-

nents. The first term is equivalent to the constant mass

load of mg. The second term is the dynamic force

generated around the static equilibrium position.

(a) (b)

(c) (d)

Fig. 1 The QZS isolator with one pair of oblique bars a the improved design, b the previous design [9, 10], c force–displacement curves

of the previous and improved designs, d stiffness–displacement curves of the previous and improved designs
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If the pre-compression d is zero, Eq. (5) or (6)

degenerates to the force formulation of the previous

design. Equation (5) can be further expressed in a non-

dimensional form by dividing k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

:

bf ¼ bx þ 2ap1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� p1
2

p

� ba þ bd
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� p1
2

p ð7Þ

Due to by ¼ bx �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ba2
p

and h
ffiffiffiffiffiffiffiffiffi

a2þh2
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ba2
p

,

Eq. (7) can be rewritten in terms of coordinate by as:

bf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ba2
p

þ 1� 2a

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� by2
q

� ba þ bd
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� by2
q

0

B

@

1

C

A

by ð8Þ

Equation (8) can also be derived by dividing

k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

on both sides of Eq. (6). The first term

in Eq. (8) is the constant mass load. The second term is

the dynamic force. Thus, Eqs. (7) and (8) are same in

essence, although different coordinates are used in the

equations. In which, bf ¼ f

k2

ffiffiffiffiffiffiffiffiffi

a2þh2
p , bx ¼ x

ffiffiffiffiffiffiffiffiffi

a2þh2
p ,

by ¼ y
ffiffiffiffiffiffiffiffiffi

a2þh2
p , a ¼ k1

k2
, ba ¼ a

ffiffiffiffiffiffiffiffiffi

a2þh2
p , bd ¼ d

ffiffiffiffiffiffiffiffiffi

a2þh2
p ,

p1 ¼ q1 � bx, q1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ba2
p

. bx is the non-dimensional

displacement of the isolator from the initial position; a
refers to the stiffness ratio between the horizontal

springs and the vertical spring; ba indicates the non-

dimensional length of oblique bars in the horizontal

direction, and its value is in the range of 0 1ð Þ; bd
denotes the non-dimensional pre-compressed length

of the horizontal spring or non-dimensional extended

length of the horizontal extension spring, and its value

is in the range of 0 1½ �. The non-dimensional

stiffness bK can be derived by differentiating bf of

Eq. (7) with respect to bx as:

bK ¼ 1� 2a 1þ bd � ba
� �

1� p1
2

� ��1
2

� �

� 2ap1
2

bd � ba
� �

1� p1
2

� ��3
2 ð9Þ

Equation (9) can also be expressed in terms of

coordinate by as:

bK ¼ 1� 2a 1þ bd � ba
� �

1� by2
� ��1

2

�

þby2 bd � ba
� �

1� by2
� ��3

2

� ð10Þ

Equation (10) can also be derived via differentiat-

ing bf of Eq. (8) with respect to by. Thus, Eqs. (9) and

(10) would give the same value of the dynamic

stiffness, although different coordinates are involved

in these equations.

If the pre-compression is zero, Eq. (9) or Eq. (10) is

simplified into the stiffness formulation of the isolator

in [9, 10] with only two independent parameters a and

ba. The non-dimensional stiffness bK in Eq. (10) for the

improved design has three independent parameters of

ba, bd and a, two of which can be eliminated by using

two QZS conditions. The first QZS condition is bK ¼ 0

at the static equilibrium position by combining with

Eq. (10), and the following parameter relationship can

be derived as:

a ¼ 1

2 1� ba þ bd
� � ð11Þ

The second condition to realize a wider QZS range

is d2bK

dbx
2 ¼ 0 at the static equilibrium position by

combining with Eq. (10), and the second parameter

condition can be derived as:

bd ¼ ba ð12Þ

For the previous design shown in Fig. 1b without

the pre-compression, the condition of d2bK

dbx
2 ¼ 0 leads to

6aba ¼ 0, which is impractical in physics, and thus, the

previous design without pre-compression of the hor-

izontal springs cannot achieve the condition of

d2bK

dbx
2 ¼ 0. Substituting Eq. (12) into (11) yields:

a ¼ 0:5 ð13Þ

The simple formulations in Eqs. (12) and (13) show

that the optimal parameters of the improved isolator

can be easily designed. The previous design in [9, 10]

only utilized the QZS condition of bK ¼ 0, and the

dynamic stiffness of this type of isolator could realize

QZS stiffness only in a narrow region around the static

equilibrium position.
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2.3 Parameter study on the constant quasi-zero

stiffness

For the improved isolator shown in Fig. 1a, the

influences of parameters on the dynamic stiffness are

studied in this section. The constant quasi-zero

stiffness around the static equilibrium position is an

important feature for vibration isolation, which can not

only decrease the resonant frequency but also widen

frequency range of vibration isolation under high

excitation amplitudes.

2.3.1 Stiffness feature under the condition of bK ¼ 0

Parameter a in Eq. (11) is derived from the first QZS

condition of bK ¼ 0 for the improved QZS isolator

with one pair of oblique bars shown in Fig. 1a.

Figure 2a shows the relationship of parameters a and

ba. A greater value of bd leads to flattening the a� ba

curve. a decreases with an increase of bd as shown in

Fig. 2b. The influence of ba on a is opposite to that of bd
on a.

There are two independent parameters bd and ba

under the QZS condition of bK ¼ 0 at the static

equilibrium position. The two independent parameters

bd and ba should ensure a positive a and positive

dynamic stiffness around the static equilibrium posi-

tion. However, not all combinations of ba and bd can

obtain positive stiffness around the static equilibrium

position as shown in Fig. 3. For example, a combina-

tion of ba ¼ 0:85 and bd ¼ 0:9 results in negative

stiffness, and thus, it is not practical to load mass for

vibration isolation.

Mathematically, the two independent parameters bd

and ba under the QZS condition of bK ¼ 0 are in the

ranges of bd 2 0 1½ � and ba 2 0 1ð Þ, and the

dynamic stiffness bK near the static equilibrium

position must be positive. The red line of 45-degree

angle is the critical threshold for the positive stiffness

as shown in Fig. 4a. When the independent parameter

bd is less than the independent parameter ba, the positive

stiffness around the static equilibrium position can be

obtained. If bd is larger than ba, the stiffness near the

static equilibrium position is negative. When ba ¼ bd, a
straight line of stiffness curve can be obtained, as

shown in Fig. 4. This straight line gives zero dynamic

stiffness and separates the parameters into two

regions. For vibration isolation purpose, a perfect

zero dynamic stiffness may induce unstable vibrations,

instead a small and constant value of low-dynamic

stiffness is preferred in the practical design.

A surface of parameter a for the improved QZS

isolator with one pair of oblique bars can be calculated

by using Eq. (11), and the positive stiffness condition

is shown in Fig. 5. There are many parameter com-

binations to generate the QZS feature around the static

equilibrium position. However, the parameter combi-

nations may lead to QZS with a third-order nonlin-

earity for the QZS isolator if only the first QZS

condition of bK ¼ 0 is considered.

2.3.2 Stiffness feature under the condition of d2bK

dbx
2 ¼ 0

When the parameter values of the improved design

satisfy the condition of d2bK

dbx
2 ¼ 0, the relationship of

(a) (b)

Fig. 2 Influence of

parameters bd and ba on a for

the improved QZS isolator

composed of one pair of

oblique bars, a under the

fixed values of bd, b under

the fixed values of ba
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parameters ba and bd is bd ¼ ba as given in Eq. (12). In

this subsection, the condition of a ¼ 0:5 as given in

Eq. (13) is not imposed. A constant positive or

negative stiffness will be produced. For the given

values of ba and bd, the curves of bK � by for different

values of a are horizontal lines with positive or

negative values, and the corresponding curves of bf � by

are the inclined lines with positive or negative slopes

as shown in Fig. 6.

For the values of a (a 6¼ 0:5), the curves of bK � by

for different values of ba=bd are the same horizontal

lines with positive or negative values, and the

corresponding curves of bf � by are the inclined line

with positive or negative slopes, as shown in Fig. 7.

Parameter a does not influence the load capacity of the

static equilibrium position, and parameters ba and bd do

not affect the value of the constant dynamic stiffness.

In this situation, a constant quasi-zero stiffness can be

obtained in a large range for vibration isolation.

(a) (b)

(c) (d)

Fig. 3 Stiffness and force

curves under the first QZS

condition of bK ¼ 0, a
stiffness–displacement

curves under ba ¼ 0:95, b
force–displacement curves

under ba ¼ 0:95, c stiffness–
displacement curves under
ba ¼ 0:85, d force–

displacement curves under

ba ¼ 0:85

(a) (b)

Fig. 4 Parameter range and

stiffness curves, a regions of

independent parameters bd
and ba for positive stiffness,

b stiffness curves under ba ¼
0:9 and different values of bd
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2.3.3 Stiffness feature under the conditions of bK ¼ 0

and d2bK

dbx
2 ¼ 0

Equation (11) derived from bK ¼ 0 and Eq. (12)

derived from d2bK

dbx
2 ¼ 0 are both used to design the

improved isolator. Thus, a ¼ 0:5 and ba ¼ bd are

simultaneously satisfied, and then, there is only one

independent parameter ba to design the QZS isolator. In

this case, stiffness bK is zero in the displacement range

of �1 1ð Þ, and the bf � by curves are always

horizontal lines with positive values in a range of

0 1ð Þ, as shown in Figs. 8a and b, respectively. Zero
dynamic stiffness cannot be used for vibration isola-

tion; instead, constant quasi-zero stiffness shown in

Fig. 7a and b having a wider QZS range is beneficial

for vibration isolation. The constant quasi-zero stiff-

ness (i.e. a very low-dynamic stiffness) can be easily

realized for the QZS isolator with one pair of oblique

bars when ba ¼ bd, a\0:5, and a is close to 0.5.

In the force–displacement curves shown in Fig. 8b,

the values of bf vary with ba. In general, a greater value

of ba leads to a smaller loading mass, which makes a

higher natural frequency of the corresponding linear

isolator and a wider frequency band of vibration

isolation of the QZS isolator. Themaximum value of ba

is 1.

In order to satisfy Eqs. (11) and (12) to realize

constant quasi-zero stiffness for the improved isolator

with one pair of oblique bars, the physical parameters

shown in Fig. 1a should be studied to fabricate the

isolator. The oblique bar has a length of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

,

Fig. 5 Parameter surface a ba; bd
� �

for the QZS isolator

composed of one pair of oblique bars based on the conditions

of bK ¼ 0 and positive stiffness

(a) (b)

(c) (d)

Fig. 6 a stiffness–

displacement curves under

ba ¼ bd ¼ 0:95, b force–

displacement curves under

ba ¼ bd ¼ 0:95, c stiffness–
displacement curves under

ba ¼ bd ¼ 0:85, d force–

displacement curves under

ba ¼ bd ¼ 0:85

123

3320 F. Zhao et al.



where a is the horizontal length of the oblique bar at

the initial unloaded state. From the initial unloaded

position to the static equilibrium position, the change

of the horizontal length of the oblique bar is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

� a
� �

, which is also the compression

length of the horizontal spring on the base of d. If
the compressible length of a metal coil spring is Lc, its

pre-compressed length is d. For the horizontal spring,

the sum of the compression length
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

� a
� �

and the pre-compressed length d should be smaller

than the compressible length:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

� aþ d\Lc ð14Þ

Based on the QZS conditions in Eqs. (11) and (12),

Eq. (14) becomes:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

\Lc ð15Þ

Therefore, Eqs. (11) and (12) can be used for

practical design of the QZS isolator. A low-dynamic

(a) (b)

(c) (d)

Fig. 7 Stiffness–

displacement and force–

displacement curves, a
stiffness curves under

a ¼ 0:4, b displacement

curves under a ¼ 0:4, c
stiffness curves under

a ¼ 0:8, d displacement

curves under a ¼ 0:8

(a) (b)

Fig. 8 Stiffness–

displacement and force–

displacement curves for ba ¼
bd and a ¼ 0:5 a bK � by curve
for different values of

ba ¼ bd, b bf � by curves for

different values of ba ¼ bd
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stiffness can be easily realized when the length of the

oblique bar is smaller than the compressible length of

the horizontal spring. For example, a coil spring with

the free length of 90 mm has the compressible length

of 50 mm, which is available for most of metal coil

springs. Its pre-compression length d is 40 mm, and

the value of a is 40 mm according to the QZS

condition of Eq. (12), that is ba ¼ bd. The length of the

oblique bar is assumed to be 45 mm, and thus

ba ¼ bd ¼ 0:89, and h ¼ 20:62 mm. Therefore,

Eqs. (11) and (12) are satisfied on the basis of

Eq. (15) by using widely available metal coil springs

and bars. Subsequently, a constant quasi-zero stiffness

can be easily realized for the QZS isolator when ba ¼ bd
and a is slightly less than 0.5.

2.3.4 Practical design for ultra-low frequency

of vibration isolation

Practical design for engineering applications is always

useful. Ultra-low frequency of vibration isolation is

desirable for a wide range application of QZS

isolators. As shown in Fig. 9a, for a value of a that

is less than 0.5, the QZS isolator can achieve a very

low-dynamic stiffness in a wide region. The inclined

force–displacement curves can support various mass

loads in a certain range as shown in Fig. 9b. Here, the

supporting load is related to the value of bf at by ¼ 0.

The practical design for the ultra-low frequency of

vibration isolation can be realized by using the QZS

with a small constant value. If the loaded mass is m kg

at the static equilibrium position, and the dimensional

constant value of QZS is k2KQZS. (Here, KQZS is the

dimensionless low-dynamic stiffness.) Thus, the fre-

quency of vibration isolation is 1
ffiffi

2
p

p

ffiffiffiffiffiffiffiffiffiffi

k2KQZS

m

q

. If the

desired value of ultra-low frequency of vibration

isolation is x�, then the vibration isolation can be

realized by using

1
ffiffiffi

2
p

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2KQZS

m

r

�x� ð16Þ

The design constant valueKQZS of QZS is critical to

realize ultra-low frequency of vibration isolation and

can be found by:

KQZS �
2p2mx�2

k2
or KQZS �

2p2x�2

x2
0

ð17Þ

2.4 Comparison with the QZS isolator with one

pair of oblique springs

Same or equivalent parameters are used for isolation

performance comparison of the improved QZS isola-

tor with one pair of oblique bars shown in Fig. 1a, and

the similar QZS isolator with one pair of oblique

springs [5, 25, 28] as shown in Fig. 10. For the

improved QZS isolator shown in Fig. 1a, the horizon-

tal length of oblique bar can be changed in a range of

½a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

� in the working state. However, the

horizontal length a of the QZS isolator with one pair of

oblique springs does not change in the working state.

From the initial unloaded position to the static

equilibrium position, the length of oblique bar does

not change for the improved QZS isolator, whereas the

length of the oblique spring changes for the isolator

with one pair of oblique springs.

By using the same parameters at the initial

unloaded position and the same non-dimensional form

between the two isolators shown in Figs. 1a and 10,

force, stiffness and transmissibility of the two isolators

(a) (b)

Fig. 9 Stiffness–

displacement and force–

displacement curves for ba ¼
bd and a ¼ 0:49 a bK � by
curve for different values of

ba ¼ bd, b bf � by curves for

different values of ba ¼ bd
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can be quantitatively compared to show the superior

performance of the improved QZS. For the isolator

with one pair of oblique springs, the force and stiffness

formulations under the pre-compression of oblique

springs are given by

f̂ ¼ x̂þ 2aC D� 1ð Þ
K̂ ¼ 1þ 2a 1� â

D
P2

� �

C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� â2
p

� x̂

D ¼ bd þ 1
� �

=P

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x̂2 � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� â2
p

x̂þ 1
p

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

ð18Þ

The parameters ba, bd and a in Eqs. (18) are the same

as those of the improved isolator with one pair of

oblique bars. For the isolator with one pair of oblique

springs, according to the QZS condition of bK ¼ 0 at

the static equilibrium position, one parameter rela-

tionship is obtained as

a ¼ ba

2 1� ba þ bd
� � ð19Þ

Under the same condition of bK ¼ 0, Eq. (19) is

different from Eq. (11) which is derived from the

improved isolator shown in Fig. 1a.

The second condition of d2bK

dbx
2 ¼ 0 could not be

imposed for the isolator with one pair of oblique

springs [8] because d2bK

dbx
2 ¼

6a 1þbd
� �

ba
3 is always positive.

This indicates the isolator with one pair of oblique

springs is unable to achieve a wider QZS range (a

constant value of QZS) around the static equilibrium

position. On the contrary, the improved isolator with

one pair of oblique bars can exhibit a wider constant

QZS range.

Based on Eqs. (7), (9) and (18), the force–

displacement and stiffness–displacement curves of

the two isolators shown in Figs. 1a and 10 are plotted

in Fig. 11 using the parameter values in Table 1 of

Sect. 4. The force of the isolator with one pair of

oblique springs in Fig. 10 to the third-order term is

calculated as:

f third-order ¼ 0:1091þ 0:2477yþ 0:7942y3 ð20Þ

Equation (20) is plotted in Fig. 11a and will also be

used for calculating the transmissibility. It can be seen

from Fig. 11 that the improved isolator with one pair

of oblique bars can realize a low-dynamic-stiffness in

a wide region around the static equilibrium position

and thus has a wider QZS range. Therefore, it can

achieve better isolation performance as compared to

the isolator with one pair of oblique springs in Fig. 10.

3 Dynamic analysis

3.1 The equation of motion and displacement

transmissibility

Generally, if a suitable magnitude of mass is placed on

a QZS isolator at the initial position, the isolator will

move to its static equilibrium position after the

supported mass is loaded. The equation of motion of

the supported mass is written as [12]

m€zþ c _zþ f ¼ mg ð21Þ

If the dynamic stiffness of the QZS isolator is kept

up to the third-order nonlinear term, under the

harmonic excitation of displacement, the equation of

motion of the QZS isolator can be further expressed as

[45]:

m€zþ c _zþ kLzþ kNLz
3 ¼ mx2Zecos xtð Þ ð22Þ

where z ¼ ze � y denotes the relative displacement; y

is the absolute displacement from the static equilib-

rium position; ze represents the displacement excita-

tion; Ze is the amplitude of ze; x is the excitation

frequency of ze; c denotes the damping;kLz and kNLz
3

are the linear and nonlinear terms of the Taylor series

of dynamic force.

By dividing k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h21

q

, Eq. (22) can be rewritten

in non-dimensional form as:

ð23Þ

where, x0 ¼
ffiffiffiffiffiffiffiffiffiffiffi

k2=m
p

, X ¼ x=x0, s ¼ x0t,

f ¼ cx0=2k2, l1 ¼ kL=k2, l2 ¼ kNL=k2,

Fig. 10 The isolator with one pair of oblique springs [6, 25]
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bZe ¼ Ze=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h2
p

, bz ¼ z=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ h21

q

, z ¼ bz= bZe,

, . Here, x0 is the natural

frequency of the corresponding linear isolator; X
(¼ x=x0) is the normalized excitation frequency;m is

the loaded mass; and f is the damping ratio. l1 and l2
denote the non-dimensional linear and nonlinear

stiffness, respectively.
Assuming z ¼ bZcos Xsþ /ð Þ and using the harmonic

balance method to solve Eq. (23) yields:

3

4
Z2
el3Ẑ

3 þ l1 � X2
� �

Ẑ ¼ X2 cos/

�2fXẐ ¼ X2 sin/

8

<

:

ð24Þ

where bZ is the relative displacement transmissibility,

and / is the phase difference between the excitation

and response. By squaring both sides of Eqs. (24) and

then adding the two resultant equations, the following

polynomial equation can be derived:

3

4
Z2
el3 bZ

3 þ l1 � X2
� �

bZ

� �2

þ 2fX bZ
� �2

� X4 ¼ 0

ð25Þ

For the proposed constant QZS isolator, the non-

linear stiffness coefficients of l3 are zero. For the

traditional QZS isolator, a smaller value of l3 makes

transmissibility lower. The absolute displacement

transmissibility of the QZS isolator is given by [45]:

Ta ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2 bZcos/þ bZ
2

q

ð26Þ

3.2 Comparison of the theoretical transmissibility

3.2.1 Transmissibility comparison

between the improved and previous designs

Under the same mass load of the improved and

previous isolators shown in Figs. 1a and b, the force

and stiffness curves are given in Fig. 12. The stiffness

is always zero (or a small constant value) for the

improved isolator with considering the pre-compres-

sion of the horizontal springs. The QZS range of the

previous isolator without considering the pre-com-

pression of the horizontal springs is narrow.

On the basis of the theoretical parameter values of

ba ¼ 0:4 for the improved and previous isolators, the

performance of vibration isolation is theoretically

compared by computing the displacement transmissi-

bility. The Taylor expansion of the force formulation

of the previous isolator according to Eq. (7) and bd ¼ 0

is

bf ¼ 0:9165þ 0:3333by3 ð27Þ

By combining Eqs. (26) and (27), the displace-

ment transmissibility of the improved and previous

isolators is theoretically calculated as shown in

Fig. 13. Figure 13 indicates that Ta\1 for the

improved isolator. Due to the small value (nearly

zero) of dynamic stiffness of the improved isolator,

vibration isolation can be achieved in a full frequency

band, showing much better performance than the

previous QZS isolator with the weakly nonlinear

stiffness.

(a) (b)

Fig. 11 Force–

displacement and stiffness–

displacement curves of the

isolators with oblique bars

and oblique springs as

shown in Figs. 1a and 10,

respectively

Table 1 Parameter values of the experimental prototype of the

improved isolator composed of one pair of oblique bars having

a constant QZS in a wide range

h(mm) a(mm) d(mm) k1(N/mm) k2(N/mm)

6 54.67 50 0.76 1.86
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3.2.2 Theoretical transmissibility of the isolators

with oblique bars and springs

On the basis of experimental parameter values in

Table 1 of Sect. 4, the absolute displacement trans-

missibility of the isolators shown in Figs. 1a and 10 is

theoretically calculated by employing Eqs. (26) and

(20) and is shown in Fig. 14. For the isolator with one

pair of oblique springs, the frequency band of

vibration isolation is reduced under high excitation

amplitude due to the weakly nonlinear stiffness.

Figure 14 shows that the improved design of the

isolator with one pair of oblique bars has a much wider

frequency band of vibration isolation.

4 Static tests of a prototype of the improved

isolator

A prototype of the improved QZS isolator with one

pair of oblique bars is designed and fabricated as

shown in Fig. 15. One end of the oblique bars is

articulated with the mass load platform, and the other

end of the oblique bars is hinged with the inner end of

the horizontal movable rod. The horizontal rod can

move horizontally inside the inner bearing which

(a) (b)

Fig. 12 Stiffness and force

curves of the improved and

previous designs under the

same mass load

Fig. 13 Displacement transmissibility of the improved and

previous isolators

Fig. 14 Transmissibility of the improved isolator with one pair

of oblique bars and of the isolator with one pair of oblique

springs for the same parameter values in Table 1

Fig. 15 The prototype of the improved isolator tested by a

universal testing machine (1) a plate to fix the QZS isolator, (2)

strut frame to support the horizontal bars, (3) the vertical spring

to generate positive stiffness and support the loaded mass, (4)

the horizontal rods and springs to generate the horizontal force,

(5) oblique bars to obtain negative stiffness in the vertical

direction, (6) mass load platform, (7) universal testing machine

(model WAW300, force measurement accuracy ± 0.5%)
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provides the guideway for the horizontal springs. The

horizontal springs are compressed and elongated along

the horizontal movement of the rods. The oblique bars,

horizontal rods and springs are assembled to generate

negative stiffness. The negative stiffness is counter-

acted by the positive stiffness provided by the vertical

spring. The vertical spring is guided by the fixed

vertical rod which also provides guideway for the

vertical movement of the mass load platform.

By adjusting the structural and physical parameters

on the basis of Eqs. (11) and (12), the prototype can

achieve QZS with a constant quasi-zero stiffness to

isolate vibration with low frequency, by decreasing the

horizontal length a of the oblique bar or increasing the

stiffness k1 of the horizontal spring to increase the

negative stiffness. Table 1 lists the design parameter

values. The experimental force–displacement curves

by using the universal testing machine (model

WAW300) are shown in Fig. 16. As the theoretical

design, the force–displacement curves are straight line

with a slightly positive stiffness because the negative

stiffness and perfect zero stiffness are not meaningful

for vibration isolation of the loaded mass. Thus, a

constant QZS is achieved from this physical model.

The length of the straight line from the initial position

is about 40 mm. According to Eq. (7), the theoretical

force–displacement can be calculated as shown in

Fig. 16 with a straight line. It is clearly shown that the

experimental results are consistent and are in good

agreement with the theoretical prediction.

The theoretical force–displacement curve in

Fig. 16 has the non-dimensional stiffness of 0.2598,

which is used to calculate the theoretical displacement

transmissibility in the following section. The loaded

massm in the dynamic test is 1.636 kg, and the natural

frequency of the corresponding linear isolator is

5.37 Hz. The QZS prototype is excited by a vibration

table to verify its vibration isolation performance.

5 Dynamic tests to verify performance

of the improved isolator

The prototype of the improved QZS isolator with one

pair of oblique bars was fixed on the electric vibration

table (Su Shi Testing Instrument Co Ltd) as shown in

Fig. 17. A suitable mass was attached on the isolator

so that the isolator was at the static equilibrium

position. The electric vibration table was excited by

harmonic excitations with the frequencies of 2, 3, 4,…,

11 Hz and the amplitude of 5 mm. The laser vibration

metre (Polytec PSV-400) was used to collect the

response signals of the QZS prototype. The corre-

sponding linear isolator without the two horizontal

springs was also tested to collect its response signals

under the same excitations. The displacement

response of the electric vibration table was also

acquired under the same frequencies by using the

laser vibration meter. The root mean square (RMS) of

Fig. 16 The tested and theoretical force–displacement curves

for the prototype of the QZS isolator composed of one pair of

oblique bars

Fig. 17 Dynamic tests and instruments (1) electric vibration

table, (2) prototype of the QZS isolator composed of one pair of

oblique bars (including the vertical spring leading to positive

stiffness, one pair of oblique bars generating negative stiffness

in the vertical direction, and the isolation platform), (3) the

loaded mass, (4) iron wire for protecting isolator under large

response amplitude, (5) accelerometer for electric vibration

table, (6) Polytec PSV-400 scanning head, (7) the excitation

signal controller of the electric vibration table, (8) vibrometer

controller (Polytec PSV-400)
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the amplitudes of the displacement responses was

utilized to calculate the transmissibility.

The Polytec PSV-400 scanning head generates one

laser point to the surface of the measured body. The

laser point can be adjusted in a range of the measured

surface by using the vibrometer controller. When the

laser point is on the top surface of the electric vibration

table, the vibrometer controller will record the output

responses of the electric vibration table. When the

laser point was on the top surface of the isolator, the

vibrometer controller would record the responses of

the isolator. Thus, the responses of the isolators and

output responses of the electric vibration table could

be measured by using the Polytec PSV-400 system.

The displacements of the electric vibration

table measured by Polytec PSV-400 at 4 Hz, 6 Hz,

8 Hz and 10 Hz are shown in Fig. 18. The input

signals for the electric vibration table are harmonic

excitations with the amplitude of 5 mm. The ampli-

tudes of the output signals of the electric vibration

table measured by Polytec PSV-400 in Fig. 18 are

calibrated to calculate displacement transmissibility.

The displacement responses of the QZS isolator and

the corresponding linear isolator are, respectively,

acquired by using the laser vibrometer under the same

displacement excitations as shown in Fig. 19, which

shows that the improved QZS isolator has much better

performance of vibration isolation than the corre-

sponding linear isolator.

The absolute displacement transmissibility of the

improved QZS isolator and that of the corresponding

linear isolator measured by experiment are shown in

Fig. 20. The values of the experimental transmissibil-

ity are calculated by the ratio of the RMS amplitudes

between the measured displacement responses of

isolators and the measured displacement output of

the electric vibration table under different excitation

frequencies. The theoretical displacement transmissi-

bility can be calculated using Eq. in (26) [45]. The

transmissibility of the improved QZS isolator is

calculated using Eq. (26).

The displacement transmissibility of the improved

QZS isolator has the initial frequency of vibration

isolation lower than 4 Hz, and the initial frequency of

vibration isolation of the corresponding linear isolator

is about 7.5 Hz. The frequency band of vibration

isolation of the QZS prototype is 3.5 Hz wider

(towards low frequency) than the corresponding linear

(a) (b)

(c) (d)

Fig. 18 Displacements of

electric vibration

table measured by Polytec

laser vibrometer under the

input excitation amplitude

of 5 mm of the electric

vibration table a 4 Hz,

b 6 Hz, c 8 Hz, d 10 Hz
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isolator. The transmissibility of the QZS prototype

measured by experiment indicates that high damping

effect in low frequency of resonance leads to small-

amplitude response and small damping effect in high

frequency generates small-amplitude response for the

QZS isolator. In the resonant frequency range, a slight

difference exists between the theoretical and experi-

mental displacement transmissibility for the two

isolators due to the damping effects. In the theoretical

transmissibility calculations, the damping ratio of the

QZS isolator and the corresponding linear isolator is

0.15 and 0.1, respectively.

At the resonant frequency, the response of the

corresponding linear isolator could not be obtained by

experiment for safety reason due to the very large

response amplitude. The peak amplitude at the reso-

nant frequency of the corresponding linear isolator can

be calculated by using:

B ¼ x0Ze

2n
ð28Þ

where n ¼ c=2m is the attenuation coefficient. The

peak amplitude is shown in Fig. 20 at the resonant

frequency of 5.37 Hz for the corresponding linear

isolator.

6 Conclusions

A QZS isolator with one pair of oblique bars was

further studied to develop a practical design principle.

By considering the pre-compression of horizontal

springs and setting the second-order derivative of

(a) (b)

(c) (d)

Fig. 19 Displacement

responses measured by

Polytec laser vibrometer for

the improved QZS isolator

(red solid line) and the

corresponding linear

isolator (black dotted line),

a 4 Hz, b 6 Hz, c 8 Hz,

d 10 Hz

Fig. 20 Absolute displacement transmissibility of the improved

QZS isolator composed of one pair of oblique bars and the

corresponding linear isolator under the same harmonic excita-

tion amplitude of 5 mm
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stiffness be zero, two conditions to obtain a constant

QZS around the static equilibrium position were

derived to provide some theoretical design guidelines

for the QZS isolator with one pair of oblique bars. A

prototype was designed and fabricated on the basis of

the derived two equations to verify superior isolation

performance of the improved QZS isolator.

In comparison with the existing QZS isolators with

weak nonlinearity of stiffness, the improved design of

QZS isolator could significantly increase the fre-

quency band of vibration isolation and also isolate the

large-amplitude vibrations, but also circumvent the

transmissibility curve to bend right to mitigate exter-

nal excitation with large amplitude. In comparison

with the QZS isolator with one pair of oblique springs,

the designed isolator with the constant QZS feature

has a wider range of isolation frequency and lower

transmissibility.

The experimental results showed that the absolute

displacement transmissibility of the QZS prototype

has a wider frequency band of vibration isolation than

the corresponding linear isolator under the same mass

load and vertical stiffness, especially small response

around the resonant frequency range due to the friction

between the linear bearing and guide rod. Theoretical

analysis indicated that the zero second derivative of

stiffness is an important condition to achieve constant

QZS around the static equilibrium position and to

widen frequency band in QZS isolators.
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