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Abstract This work designs and analyzes a metas-

tructure-based vibration isolation model to improve

small-scale equipment’s isolation effectiveness under

low-frequency excitations. The feature of the pro-

posed model is the high static and low dynamic

stiffness characteristics, also called quasi-zero-stiff-

ness (QZS), possessed by the metastructure under

vertical load. The metastructure consists of four

parallelly arranged unit cells, and the QZS property

is realized in each unit cell by the snap-through

behavior of the cosine beam system and the bending-

dominated behavior of semicircular arches. The static

characteristics of the metastructure are studied ana-

lytically and numerically and validated with experi-

mental results. Based on the static analysis results, the

dynamic equation of the proposed metastructure is set

up in the form of Duffing’s equation. The harmonic

balance method is used to calculate the frequency

response and motion transmissibility of the metas-

tructure at steady state for a harmonic load. The time

and frequency responses under the sinusoidal base

excitation are examined analytically and numerically,

and their results are compared. The simulation results

revealed that the proposed QZS metastructure obtains

lower transmissibility and wider effective isolation

range compared to the equivalent linear model. The

parametric study shows that in the low-frequency

excitation region, the motion transmissibility

increases with decreasing damping ratio, whereas for

the effective isolation range, the motion transmissi-

bility increases with increasing damping ratio. Finally,

stability analysis is performed to study the unstable re-

gion in the frequency response curve. The parametric

study indicates that the unstable region reduces with

the increase in damping ratio and remains unaffected

with varying excitation amplitude.

Keywords Quasi-zero-stiffness � Metastructure �
Vibration � Harmonic balance method � Bistable beam

List of symbols

A Amplitude

b1 Depth of cosine beam

b2 Depth of semicircular arch

dB Decibel

E1 Young’s modulus of cosine beam

E2 Young’s modulus of semicircular arch

FR Frequency response

fapp Fifth-order approximation of

dimensionless reaction force

fQZS Dimensionless equivalent reaction force

Fh Reaction force exerted by cosine beam

system
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Fv Reaction force exerted by semicircular arch

FNSM Restoring force for the negative stiffness

mechanism

FQZS Equivalent reaction force

h Height of cosine beam

Hz Hertz

HB Harmonic balance

HSLDS High-static–low-dynamic stiffness

I1 Moment of Inertia of cosine beam

I2 Moment of inertia of semicircular arch

kapp Fifth-order approximation of

dimensionless stiffness

kc Vertical stiffness of cosine beam system

kh Equivalent stiffness of cosine beam system

kv Equivalent stiffness of semicircular arch

ks Vertical stiffness of semicircular arch

Keq Equivalent stiffness of metastructure

l1 Length of cosine beam

l2 Length of semicircular arch

L0 Original length of cosine beam without any

deformation

L1 Projected length of cosine beam on

horizontal plane

Lsd Length of low-stiffness–displacement

range

m Mass of isolated object

m Number of rows of unit cell

mm Millimeter

n Number of columns of unit cell

NSM Negative stiffness mechanism

Q Height-to-thickness ratio of cosine beam

QZS Quasi-zero stiffness

R Radius of semicircular arch

RMS Root mean square

t Time

T Transmissibility

TPU Thermoplastic polyurethane

t1 Thickness of cosine beam

t2 Thickness of semicircular arch

x Dimensionless vertical displacement of

unit cell from static equilibrium position

X Vertical displacement of unit cell form

static equilibrium position

y Dimensionless relative displacement

between base and isolated mass

Y Relative displacement between base and

isolated mass

z Amplitude of wave excitation

z0 Dimensionless excitation acceleration

amplitude
€Z Excitation acceleration amplitude applied

at the base

Greek letters

h Angle between cosine beam and horizontal plane

l Stiffness ratio

c Geometrical parameter

a Coefficient of third-order dimensionless

displacement

d Coefficient of fifth-order dimensionless

displacement

us Unstable

c Damping coefficient

xn Natural frequency of the system

x Applied excitation frequency

n Damping ratio

s Dimensionless time

/ Phase response

X Frequency ratio

Subscripts

u Jump-up

d Jump-down

p Peak

us Unstable

h Horizontal

v Vertical

app Approximation

eq Equivalent

Superscripts

� Time derivative
0 Dimensionless time derivative

1 Introduction

Vibration is a common phenomenon in the natural

world that can lead to human discomfort, degrading

machine performances, catastrophic failures, and

many more. A wide amount of research has been

carried out to reduce the impact of vibration to be

transmitted: either from payload to host structure or

from host structure to payload. A passive vibration

isolation system is mostly used to attenuate unwanted

waves because of their cost-effectiveness and relia-

bility [1]. The earliest passive vibration isolator is a
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linear one with a single-degree-of-freedom system.

The threshold limit for the execution of vibration

attenuation in a linear system is a square root of two

times of natural frequency of the system. These

characteristics limit using a linear system to a high-

frequency range only. In the past, the isolation system

having low natural frequency was designed at the cost

of large static deflection, which caused the system to

wobble and finally break down. This weakness or

problem can be overcome by introducing the active or

semi-active system, which has the shortcomings of

complexity and reliability [2]. To resolve this issue,

nonlinearity can be introduced into the passive vibra-

tion isolator to possess high static stiffness to support

large static deflection and low dynamic stiffness to

widen the frequency range of isolation [3].

Nonlinearity can be introduced either by nonlinear

stiffness [4] or by nonlinear damping [5]. The progress

in nonlinear vibration isolators with different designs

is reviewed in the literature [3, 6, 7]. Quasi-zero-

stiffness is a representative design with nonlinear

stiffness that exhibits large static stiffness to support

large weight and low dynamic stiffness to attenuate the

external vibration [8–11]. If the structure’s parameters

are properly designed, QZS isolators can exhibit ultra-

low stiffness, zero stiffness, or negative stiffness

[12, 13]. Many QZS isolators are available in the

literature, but the archetypal one consists of three

spring mechanisms. A vertical spring providing pos-

itive stiffness is connected in parallel with two oblique

springs that provide negative stiffness. This prototype

exhibits a small region of quasi-zero stiffness, which is

ideal for isolating the vibration due to the low natural

frequency in that region. Meanwhile, the large load

capacity provided by the vertical spring element

overcomes the disadvantage of the linear isolators.

The research work by Carrella et al. [10] has all the

preliminary theoretical concepts on the QZS type of

isolator, including static analysis, static optimization

of geometrical parameters [14], dynamic analysis,

including both force and motion transmissibility

[15, 16]. The three-spring isolator considering stiff-

ness nonlinearity is also studied in [17] and applied for

shock isolation [18]. Liu et al. [19] established another

model based on the three-spring mechanisms and did

an accurate dynamic study. A scissor-like structure

with an extra inertial element is proposed in [20–22] to

achieve a better isolation performance. Euler buckled

beam is used for passive vibration isolation and shock

absorption [20–23]. The sliding beam was used by

Huang et al. [27] to exhibit a negative stiffness module

for an ultra-low-frequency vibration isolator. Apart

from these designs, the QZS/HSLDS characteristics

were also obtained from torsional magnetic spring

design [24, 25], bionic design [26], and six-degree

platform design [27, 28]. It can be observed from the

above-mentioned research results that the quasi-zero-

stiffness region realizes a wider effective vibration

isolation region and also reduces the force and motion

transmissibility. Therefore, the QZS isolator has a

broad application prospect as a passive vibration

isolator.

Zhou et al. [29] attenuated vibration in a low-

frequency range using an HSLDS resonator; the unit

cell of the resonator achieved QZS property using two

oblique and one vertical spring. The unit cell was

placed periodically in a beam to form a metastructure.

Wang et al. [30] designed an HSLDS resonator using

four oblique springs and one vertical spring to exhibit

the QZS property. Wen et al. [31] achieved QZS

property using six oblique springs and one vertical

spring. The unit cell was then used to achieve vibration

isolation in the low-frequency range. Han et al. [32]

designed a metastructure using an elliptical ring.

Under compression, the elliptical ring exhibited QZS

property, and further, the desired vibration isolation

was achieved by adjusting the eccentricity of the

elliptical ring.

However, the QZS isolator described in the previ-

ous research mainly focuses on the application of

vibration isolation for vehicle seats, engines, etc.,

where the large-scale individual structure was used.

For the microdevices, precision instruments, and other

small devices, the installation of spring mechanism

will be difficult to ensure vibration isolation perfor-

mance. Therefore, there is a need for continuous

structure with QZS material property similar to the

precision instrument or microdevices that can be used

as a vibration isolator. With the rapid development in

additive manufacturing, metastructures can be used

for vibration isolation with advanced mechanical and

physical properties. As the material properties of the

metastructure are strictly dependent upon the physical

arrangement of the interior periodic unit cells, differ-

ent unit cells with negative stiffness properties are

proposed as curved beam in [33–36] and as inclined

beam in [37, 38]. The negative stiffness is obtained

from these unit cells by buckling or snap-through
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behavior, which is the main principle behind the

energy absorption of metastructures [39, 40]. This unit

cell can be arranged accordingly to form a metastruc-

ture, which can be used for energy absorption or shock

performance. Thus, it opens a new pathway to explore

continuous structure fabricated using 3D printing for

vibration isolation in the micro-machine industry.

This work is concerned with a QZS vibration

isolator composed of cosine beam system and semi-

circular arches connected in parallel and to study its

static characteristics and dynamic behavior. Firstly,

the design of the metastructure is discussed in Sect. 2,

along with the mechanical behavior of the unit cell

possessing QZS property. Then, the static character-

istics of the metastructure under uniaxial compression

are discussed in Sect. 3. Following that, dynamic

behavior and vibration isolation property of the

metastructure are investigated in Sect. 4. Stability

analysis is performed in Sect. 5. At last, the conclusion

is discussed in Sect. 6.

2 Design of prototype

2.1 Structural model

The unit cell of the QZS model used in this work

consists of three springs connected in parallel. The

horizontal/oblique spring provides the negative stiff-

ness, and two similar vertical springs support the

isolated mass and exhibit positive stiffness. The

overall system is vertically symmetrical. The model

designed in this work is shown in Fig. 1; the unit cell

consists of two semicircular arches, two cosine

modulated curved beams, and stiffer walls. Under

the lateral load, the clamped cosine curved beams will

possess negative stiffness together due to the buckling

or snap-through behavior.

The semicircular arch will possess positive stiffness

due to bending-dominated behavior under the vertical

load. As shown in Fig. 1c, the shape of the cosine

beam is given by the equation

y ¼ h

2
1 � cos 2p

x

l1

� �� �
ð1Þ

where l1 is the length, h is the amplitude, t1 is the

thickness, and b1 is the depth of beam. The semicir-

cular arc shown in Fig. 1d has length l2, thickness t2,

depth b2, and radius R = l2/4. The cosine beam and

semicircular arches are then connected with the

stiffness wall of thickness t. By arranging the positive

stiffness arches and negative stiffness beam in parallel,

the unit cell shown in Fig. 1b is expected to possess a

quasi-zero-stiffness (QZS) region. The unit cell is then

arranged in parallel to form a 3D metastructure shown

in Fig. 1a. A QZS property can be realized by properly

designing the unit cell for different applications.

2.2 Mechanism behind the metastructure

The mechanical behavior of the cosine beam subjected

to lateral displacement at the center can be studied

using the modal superposition of buckling modes of a

straight beam clamped at both ends [41]. When a

straight beam clamped at both ends is deformed

laterally by force acting at its center, it shows certain

mode shapes as shown in Fig. 2, out of which the first

two-mode shapes are of the main focus in this work.

By properly designing the beam, the snap-through

behavior leading to a bistability mechanism can be

achieved. A common bistable mechanism involves a

prestressed straight beam to buckled into its first mode,

and this mode shape can be used as the initial design of

a stress-free cosine curved beam, as shown in Fig. 2a.

According to Qiu et al. [42], the structural energy

inside the curved beam during deflection consists of

compression energy and bending energy. From an

energy point of view, the bending energy increases

monotonically during the downward deflection of the

curved beam. In contrast, the compression energy

increases to maximum up to the centerline and then

decreases after crossing the centerline. If the curved

beam is designed so that the decrease in compression

energy after crossing the centerline is faster than the

increase in the bending energy due to the snap-

through, this results in a negative force region (as

shown in Fig. 3a) exhibiting a negative stiffness

region. This is also an indication of bistability. For

designing such a curved beam, it should hold two

conditions: (a) height-to-thickness ratio of the beam

should be greater than or equal to 6, (b) the second

mode (Fig. 2b) of straight clamped–clamped beam

should be constrained [43].

The first condition can be satisfied easily by the

proper designing of the beam. The most effective

method to satisfy the second condition is to clamp two

cosine curved beams together at the center, referred to

123

1934 S. Dalela et al.



Fig. 1 a Metastructure or 3D model, b unit cell, c cosine beam system, d semicircular arch

Fig. 2 Mode shapes of a straight beam clamped at both ends. a First mode, b second mode, c third mode
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as double curved beam structure [43]. The center

clamp helps in shifting the rotational motion of either

beam center to the axial motion of the other beam. As

both the beams are stiff in the axial direction, the

beam’s rotational motion can be scaled down. If the

length of the center clamp is considered to be more

than five times the thickness of the cosine curved

beam, then the second mode can be completely

constrained [42]. The difference between the mecha-

nism of a single curved beam and double curved beam

is shown in Fig. 3, where the respective beams are

compressed with a vertical force.

A double cosine curved beam structure (shown in

Fig. 4b) is designed based on the above-mentioned

condition for discussing the effect of snap-through

behavior. From the force–displacement curve of the

cosine beam (shown in Fig. 4a) under the displace-

ment control, it can be observed that, as the displace-

ment increases, the force increases up to a certain

value. Beyond this point, as the displacement

increases, force decreases because the second mode

shape is restricted. A further increase in the displace-

ment leads the curved beam to reach the other

stable state, and therefore the force increases again

and reaches the initial value. Thus, the double cosine

beam under the vertical force snaps through from one

stable (Fig. 4b) to another stable state (Fig. 4d)

through the negative stiffness mechanism. The nega-

tive stiffness can be observed in the force–displace-

ment region of Fig. 4a.

The unit cell (shown in Fig. 5b) designed in this

work is inspired by the spring–mass system depicted

in Fig. 5a. The spring–mass system consists of two

horizontal springs having stiffness kh connected in

parallel with the two vertical springs having stiffness

kv. The unit cell designed in this work consists of one

double cosine beam system connected in parallel with

two semicircular arches, as shown in Fig. 5b.

The cosine beam provides negative stiffness, and

semicircular arches exhibit positive stiffness. When

the parameters of the cosine beam satisfy the bistabil-

ity conditions, the force–displacement curve of the

cosine beam can be approximately represented by

three straight lines (shown in Fig. 5c). Qiu et al. [42]

derived the designing parameter (Q) of the cosine

beam system and the force and displacement param-

eters mentioned in Fig. 5c. The designing parameter Q

and the corresponding force–displacement parameters

are represented by the following equations:

Q ¼ h1

t1
¼ 6 ð2Þ

ftop � 16p4 E1I1h1

l31
� 1480

E1I1h1

l31
ð3Þ

fbottom � �8p4 E2I2h1

l32
� �740

E2I2h1

l32
ð4Þ

dtop ¼ 0:16h; dbottom ¼ 1:92h; dend ¼ 1:99h ð5Þ

Here, I1 is the moment of inertia of cosine beam, L1

is the length of cosine beam, h is the height of cosine

beam, I2 is the moment of inertia of semicircular arch,

and L2 is the length of semicircular arch. E1 and E2 are

the modulus of elasticity of cosine beam and semicir-

cular arch, respectively. It can be observed from the

force–displacement curve (shown in Fig. 5c) that, for

the double cosine beam system, there are three linear

stiffness regions. The first stiffness region is kc1; the

Fig. 3 Mechanism of the a single curved beam, b bistable double-curved beam under vertical load [42]
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second is negative stiffness region kc2 that counteracts

with the positive stiffness (ks) provided by semicircu-

lar arches to yield the QZS property; further, the third

stiffness region is kc3. The stiffness of the beam for the

three stages (0–I)-kc1, (I–II)-kc2, and (II–III)-kc3 can be

derived from the force–displacement curve as

kc1 ¼ 9250
E1I1
l31

; kc2 ¼ �1253:18
E1I1
l31

;

kc3 ¼ 10571:42
E1I1

l31

ð6Þ

The semicircular beam is primarily bending-dom-

inated, and under the vertical displacement, the

semicircular arch shows constant positive stiffness.

The force–displacement curve varies linearly

(Fig. 5c). The stiffness of the semicircular arch can

be derived as [44]

ks ¼ 18:257
E2I2

l32
ð7Þ

As the cosine beam system and semicircular arches

are connected in parallel, the equivalent stiffness of

the unit cell under vertical displacement is the sum of

individual stiffness. Hence, the force–displacement

behavior of the unit cell can be obtained as three

connected approximate straight lines shown in

Fig. 5d. The stiffness expression of the unit cell for

all the three regions can be obtained as follows:

k1 ¼ kc1 þ 2ks k2 ¼ kc2 þ 2ks k3 ¼ kc3 þ 2ks

ð8Þ

From the curve shown in Fig. 5d, the region

between I and II can be observed as the QZS region.

Hence, equating the stiffness k2 to zero will give the

relation between the cosine beam system (horizontal

spring) and semicircular arches (vertical spring) for

achieving the QZS property.

k2 ¼ kc2 þ 2ks ¼ 0 ð9Þ

As the objective of this work is to design the system

for QZS condition, Eq. (9) needs to be satisfied. The

spring–mass system shown in Fig. 5a is then used as a

reference to derive the relation between the stiffness

ratio l and geometrical parameter c derived in the

Fig. 4 a Schematic force–displacement curve of cosine beam

exhibiting negative stiffness region, b initial shape of double

cosine beam system, c transition state of cosine beam after

application of force, d snap-through mechanism leading to the

bistable state of cosine beam
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upcoming section in Eq. (27). Further, the obtained

value of the geometrical parameter is used to design

the cosine beam system with appropriate dimensions.

Considering the unit cell model shown in Fig. 6,

double cosine beam system is clamped to the stiff wall

at points N and P, and the semicircular arch is clamped

to the stiff wall at point L. Here, both the beams of the

double cosine beam system have the same configura-

tion. The cosine beam is connected to the semicircular

arch at point M. The application of vertical force

(F) causes the cosine beam to deflect from its initial

position M to a static equilibrium position O. After the

point O, the cosine beam starts possessing negative

stiffness kc2; this is the stiffness shown between the

region I and II (shown in Fig. 5). Position O is

considered as the static equilibrium point for all the

analyses performed throughout this work. The unit cell

starts exhibiting QZS behavior after the further

downward deflection from point O.

Fig. 5 a Spring–mass system, b unit cell showing the arrangement of cosine beam system and semicircular arches, c the approximate

force–displacement curve of cosine beam and semicircular arch, d approximate force–displacement curve of unit cell

Fig. 6 Schematic of unit cell model. Force (F) acting at the top

of cosine beam, X is the static equilibrium position of the

combined unit cell
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Let’s consider the unit cell as a spring–mass system

shown in Fig. 5a, where the double cosine beam

system acts as a horizontal spring whose stiffness kh is

related to kc2 as

kh sin h ¼ kc2 ð10Þ

Here, the vertical component of equivalent stiffness

of horizontal spring is considered as kc2. The semicir-

cular arches act as vertical springs whose stiffness is

considered as ks. When the unit cell experiences a

vertical displacement X from the static equilibrium

position, the force exerted by the cosine beam is

Fh ¼ kh L0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

1 þ X2

q� �
ð11Þ

Here, L0 is the original length of beam without any

deformation (i.e., at point M). L1 is the projected

length of cosine beam on the horizontal plane. The

vertical component of the cosine beam is the restoring

force for the negative stiffness mechanism (NSM):

FNSM ¼ �Fh sin h ð12Þ

Here, h is the angle between the cosine beam and

horizontal plane, and sin h is given by

sin h ¼ Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

1 þ X2
p ð13Þ

Substituting Eq. (13) into Eq. (12), the restoring

force–displacement relation of NSM is given by

FNSM Xð Þ ¼ �kh
L0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2
1 þ X2

p � 1

 !
X ð14Þ

The force–displacement relationship of semicircu-

lar arch is given by

Fv ¼ 2kvX ð15Þ

Here, kv is the stiffness of semicircular arch. The

QZS unit cell is a parallel combination of cosine beam

and the semicircular arch; the force–displacement

relationship of unit cell is given by

FQZS Xð Þ ¼ Fv þ FNSMðXÞ ð16Þ

FQZSðXÞ ¼ 2kvX � kh
L0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2
1 þ X2

p � 1

 !
X ð17Þ

Equation (17) can be written in non-dimensional

form by introducing new terms:

fQZSðxÞ ¼
FQZS

kvL0

; l ¼ kh
kv
; c ¼ L1

L0

; x ¼ X

L0

ð18Þ

Here, l is the stiffness ratio and c is the geometrical

parameter.

fQZSðxÞ ¼ 2x� l
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 þ x2
p � 1

 !
x ð19Þ

Equation (19) represents the non-dimensional

force–displacement relation for a unit cell. The

force–displacement characteristics of the metastruc-

ture are discussed in the next section.

3 Static analysis

3.1 Analytical modeling

The design discussed in Sect. 2.2 consists of a cosine

beam connected in parallel with the semicircular

arches, and both are connected to stiffer walls. Once

this unit cell is deformed beyond the static equilibrium

point, QZS behavior can be achieved. A metastructure

is designed based on the parallel arrangement of a

four-unit cell with one thin plate kept on the top to

apply a uniform load over all the unit cells, as shown in

Fig. 7. According to the parallel spring theory, when

the springs are arranged in parallel, the equivalent

stiffness is the sum of the individual stiffness of each

Fig. 7 Metastructure or 3D model obtained by arranging the

unit cell
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spring acting under a uniform force. As the stiffness of

unit cell is given by

kunitcell ¼ kc2 þ 2ks ¼ kh sin hþ 2kv; ð20Þ

the equivalent stiffness of the metastructure is given as

Keq ¼ 4 � kunitcell ¼ 4kc2 þ 8ks ð21Þ

Based on the parallel spring theorem, the force–

displacement characteristics of the metastructure can

be given as

FQZS Xð Þ ¼ 4Fv þ 4FNSMðXÞ ð22Þ

Substituting Eqs. (14) and (15) in Eq. (22),

FQZSðXÞ ¼ 8kvX � 4kh
L0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2
1 þ X2

p � 1

 !
X ð23Þ

Equation (23) can be written in non-dimensional

form by substituting Eq. (18):

fQZSðxÞ ¼ 8x� 4l
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 þ x2
p � 1

 !
x ð24Þ

The non-dimensional stiffness–displacement char-

acteristics can be calculated by differentiating

Eq. (24) with respect to non-dimensional coefficient x:

kQZSðxÞ ¼ 8 þ 4l� 4lc2

c2 þ x2ð Þ3=2
ð25Þ

It can be observed that the stiffness is minimum at

the static equilibrium position (x = 0). To achieve a

desired stable QZS characteristics, kQZS at static

equilibrium is set equal to zero and a unique relation

between the geometrical parameter c and stiffness

ratio l is derived (elaborated in ‘‘Appendix A’’).

kQZSð0Þ ¼ 8 þ 4l 1 � 1

c

� �
¼ 0 ð26Þ

lQZS ¼ 2c
1 � c

; cQZS ¼ l
lþ 2

ð27Þ

It is clear that the stiffness at the static equilibrium

position is negative and unstable if c\cQZS or

l[ lQZS (elaborated in ‘‘Appendix B’’). It is obvious

to avoid the negative stiffness due to the instability

issues. For isolation purposes, it is better to achieve

positive stiffness at the equilibrium position by

choosing the parameters based on the condition

c[ cQZS or l\lQZS. In the subsequent analysis,

Eq. (27) is always held to ensure the stable quasi-zero-

stiffness behavior.

The non-dimensional force as a function of non-

dimensional displacement (Eq. 24) is plotted in Fig. 8

for different values of c, when l ¼ lQZS. QZS region

is observed when the value of fOZS remains zero for

varying x. The range of QZS increases with c.

The non-dimensional stiffness–displacement char-

acteristic is plotted in Fig. 9 for varying values of c,

when l ¼ lQZS. At the static equilibrium position, the

negative stiffness obtained by the cosine beams is

perfectly balanced by the positive stiffness incorpo-

rated by the semicircular arches, thus making the

combined stiffness zero. The same can be observed in

Fig. 9 at x = 0.

From the stiffness–displacement curve shown in

Fig. 9, it can be observed that for a certain range of

displacement depending upon l, the stiffness value of

the QZS isolator is less than that of the equivalent

linear isolator. The displacement range which satisfies

the lower stiffness value of the QZS isolator is referred

to as low-stiffness–displacement range; it is an

important indicator of the stiffness–displacement

characteristics and can be calculated by keeping the

stiffness value of the QZS isolator less than that of the

equivalent linear isolator (elaborated in ‘‘Appendix

C’’):

kQZSðxÞ\8 ð28Þ

xj j\c2=3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � c2=3

q
ð29Þ

Lsd ¼ 2x ¼ 2c2=3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � c2=3

q
ð30Þ

Here, Lsd is the length of low-stiffness–displace-

ment range. The maximum value of Lsd can be

obtained by differentiating Eq. (30) with respect to c
and equating it to zero. The solution suggests that Lsd

is maximum at c = 0.5443. Figure 10 shows the

variation of low-stiffness–displacement range with

respect to geometrical parameter c.

max Lsdðc ¼ 0:5443Þ ¼ 0:7698 ð31Þ

3.2 Design of the model

In this work, the metastructure is designed to exhibit a

quasi-zero stiffness region, as well as a positive
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Fig. 8 Force–displacement curve of metastructure for varying c, when l and c satisfy Eq. (27)

Fig. 9 The stiffness–

displacement curve of

metastructure for varying c,

when l and c satisfy

Eq. (27)
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stiffness region to withstand the weight of an isolated

object. The parameters of the unit cell designed in this

work are shown in Table 1.

The stiffness values kc1, kc2, kc3, and ks can be

calculated using Eqs. (6) and (7).

The region I–II shown in Fig. 5 demonstrates the

negative stiffness region (kc2) for the cosine curved

beam and positive stiffness region (ks) for the semi-

circular arches. For achieving the quasi-stiffness

region, the negative stiffness should become equal to

the positive stiffness. From Eq. (21), it can be seen that

Keq ¼ 0 ¼ 4kc2 þ 8ks ð32Þ

Let’s consider

l ¼ 2; c ¼ 0:5 ð33Þ

The value of c is obtained from Eq. (27). From the

force–displacement characteristics of a QZS structure

studied in Eq. (24) and shown graphically in Fig. 8, it

can be observed that the curves have a shape similar to

that of a cubic polynomial. Taylor series expansion is

one of the ways to approximate a polynomial function.

The force can be expressed as a power of series order

N.

f xð Þ ¼ f xoð Þ þ
XN
n¼1

f n xoð Þ
n!

x� xoð Þn ð34Þ

The system is expanded at x0, and f n denotes the nth

derivative of function f. Since the interest in this

analysis is about the static equilibrium position, the

power series is expanded about the equilibrium point.

By expanding Eq. (24) using Eq. (34) and substituting

x0 ¼ 0, the expression for the force can be approxi-

mated as (elaborated in ‘‘Appendix D’’)

f xð Þ ¼ 4l
c� 1

c

� �
þ 8

� �
xþ 2l

c3
x3 � 3l

2c5
x5 þ 5l

4c7
x7

ð35Þ

The force–displacement relationship for the QZS

case is derived in terms of geometrical parameter c by

substituting Eq. (27) into Eq. (35):

Fig. 10 Length of low-

stiffness–displacement

region as a function of

geometrical parameter c

Table 1 Parameters of unit cell

Parameters L1 t1 b1 h L2 t2 b2

Values 50 mm 1 mm 4 mm 8 mm 35 mm 2.28 mm 4 mm
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fQZS xð Þ ¼ 4

1 � cð Þc2
x3 � 3

1 � cð Þc4
x5 þ 5

2 1 � cð Þc6
x7

ð36Þ

The approximated non-dimensional force–dis-

placement characteristics described in Eq. (36) for

different orders are plotted in Fig. 11 along with the

exact expression obtained in Eq. (24). It can be

observed that the fifth-order gives a good approxima-

tion with the exact expression. This can also be seen in

Fig. 12, where the error percentage between the

approximate and exact stiffness is plotted against the

displacement. It can be seen that the error remains less

(\ 10%) for small displacements from the equilibrium

position.

The fifth-order approximation of force–displace-

ment characteristic can be written as

fappðQZSÞðxÞ ¼ ax3 þ dx5 ð37Þ

Where; a ¼ 4

1 � cð Þc2
; d ¼ � 3

1 � cð Þc4
ð38Þ

The non-dimensional stiffness–displacement rela-

tion can be approximated as

kappðQZSÞ xð Þ ¼ 3ax2 þ 5dx4 ð39Þ

Error percentage between the approximate stiffness

and exact stiffness is given by

Errorð%Þ ¼ 1 � kapp

kexact

����
���� � 100 ð40Þ

where kapp is given by Eq. (39) and kexact is given by

Eq. (25).

Therefore, the system can be designed based on the

values c ¼ 0:5; l ¼ 2. The system will isolate the

vibration for relatively small displacements, as the

fifth order of the Taylor series is considered for the

approximate equation of force and stiffness in this

work.

3.3 Quasi-static experiment

A uniaxial compression test is performed on the

metastructure to study the mechanical behavior. The

compression experiment is performed under displace-

ment control with a strain rate of 1 mm/min. The

reaction force–displacement curve obtained from the

experiment will be used further to verify the numerical

simulations. The metastructure used in this experiment

is fabricated using PLA and TPU material. The high

strength of PLA material provides fixed support to the

Fig. 11 Comparison of

approximate and exact

expression of non-

dimensional force–

displacement characteristics

for the QZS system c = 0.5,

when l = lQZS. The

approximate expression of

third, fifth, and seventh

order
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Fig. 12 The error between

the approximate and exact

stiffness relation, when

c = 0.5 and l = lQZS

Fig. 13 a Metastructure sample—the white part is printed using PLA material, and black part is printed using TPU material,

b experimental setup (1—instrument control system, 2—loading Jaw, 3—sample)
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ends of the cosine beam system. The metastructure

sample, along with the experimental setup, is shown in

Fig. 13.

The constituent material used in this work is

thermoplastic polyurethane (TPU), as it can be

designed easily for different metastructure shapes

because of its high toughness. A tensile test experi-

ment is performed on the dog-bone sample fabricated

based on the ASTM D638-14 using TPU material. The

stress–strain curve is shown in Fig. 14. It can be

observed that the TPU material exhibits hyperplastic

properties.

3.4 Numerical simulation

In the present work, finite element analysis (FEA)-

based simulation is performed to investigate the

mechanical properties of the metastructure using

ANSYS 19R3. To start with, the geometry is modeled

in SOLIDWORKS 2020 software. Further analysis is

performed in ANSYS static structural module with

meshing using quadrilateral and triangular elements

for compression tests (167,826 nodes and 77,558

elements), and mesh convergence was also performed

to ensure accuracy. The above-mentioned element

type supports the re-meshing criterion essential for the

nonlinear deformation behavior owing to the buckling

behavior of the metastructure.

The boundary conditions are applied to imitate the

real-time experiment. The bottom surface of the model

is constrained in all six degrees of freedom (three

rotations and three translations). The top surface is

constrained in five degrees of freedom except for the

vertical compression direction where the prescribed

vertical displacement is applied. Theoretically, it is

assumed that the stiffening walls of the model are

rigid, and therefore all the left and right edges of the

model are constrained. These boundary conditions are

shown for the unit cell in Fig. 15.

3.5 Results and discussion

This section discusses the result of static analysis

performed on the metastructure. The force–displace-

ment characteristics of metastructure are shown in

Fig. 16, followed by the deformation modes of the

metastructure shown in Fig. 17.

The behavior of the metastructure under quasi-

static vertical displacement can be observed based on

three regions, as shown in Fig. 16. In the first region,

Fig. 14 Tensile test result

of the manufactured dog-

bone sample
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there is a sudden increase in the reaction force with the

increase in compression displacement. This happens

because at the initial stage, the cosine beam system

and semicircular arches both act as linear spring and

exhibit positive stiffness in the loading direction. As

the vertical displacement increases beyond the initial

stage, the sudden shift of the metastructure stiffness

from positive to quasi-zero level can be observed in

Fig. 15 Finite element

model of a unit cell

Fig. 16 Force–

displacement curve obtained

from experimental results

for the metastructure

representing three different

regions
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region II. This occurs because as the vertical displace-

ment exceeds a certain value, the cosine beam system

experiences a snapping-through behavior, resulting in

the negative stiffness property of the cosine system

beam. If the negative stiffness of the cosine system

beam is equal to the positive stiffness of the semicir-

cular arch, the equivalent stiffness of metastructure

becomes zero, referred to as quasi-zero stiffness. With

the further increase in vertical displacement, the

metastructure experiences another shift in the stiffness

from quasi-zero to positive value which can be seen in

region III. This happens because of the sudden

snapping-through of the cosine beam system to other

stable state leading to the positive stiffness, which then

combines with the positive stiffness of the semicircu-

lar arch to exhibit equivalent positive stiffness.

The response of the metastructure sample under

different vertical displacements is captured and shown

in Fig. 17, where the different deformation modes

obtained from the experimental and numerical simu-

lation are reflected. Figure 17a reflects the isometric

view of the initial state of the metastructure. As the

displacement increases, the cosine beam system

undergoes a snap-through behavior, and semicircular

arches experience a bending-dominated deformation.

It can also be observed from Fig. 17b that the cosine

beam system experiences a symmetrical buckling

behavior in the compression process; this leads to the

native stiffness properties of the metastructure as

obtained in Fig. 16. The other stable state of the cosine

beam system can be observed in Fig. 17c. This

stable state leads to the sudden shift of metastructure

stiffness from quasi-zero to positive.

The results of the analytical and numerical solution

are compared with the experimental results in Fig. 18.

Firstly, the curve obtained from the analytical solution

(Fig. 11) is converted into a dimensional form so that

it can be compared with the experimental result. From

Fig. 18, it can be found out that the analytical solution

comes in good agreement with the experimental result;

similarly, numerical simulation also reflected similar

behavior except for the area of two transition phases

between the quasi-zero and positive stiffness. This

happens because the large deflection and nonlinear

Fig. 17 Behavior of metastructure under different vertical displacements
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effects are considered in the numerical simulation,

whereas the analytical model is based on the small

deformation hypothesis. As the value (l1/h) of cosine

beam system decreases, the nonlinear behavior of

numerical simulation will come closer to the exper-

imental result.

The boundary condition used in the simulation also

affects the performance of the metastructure, as the

left and right edges of the metastructure are con-

strained in all directions, which is practically chal-

lenging. In the experiment, when the load is applied on

the top of the metastructure, the left and right edges of

the metastructure resist the deformation of the cosine

beam system in a horizontal direction as the stiffness

walls are fabricated using PLA. But this resistance was

not sufficient to withstand the deformation of the

cosine beam; this leads to the asymmetrical buckling

of the cosine beam (as shown in Fig. 17c). This

deleterious effect causes the slight mismatching of the

numerical and experimental results in the quasi-zero

stiffness region.

Thus, the results verify that a metastructure can be

effectively designed to possess the quasi-zero stiffness

mechanical behavior using the designing procedure

mentioned in this work for various vibration isolation

applications.

4 Dynamic analysis

The vibration isolation property of metastructure is

investigated based on the mechanical characteristics

obtained in the static analysis. The static characteris-

tics results reveal that the mechanical behavior of

metastructure under vertical displacement contains

three regions as obtained in Fig. 16, showing two

approximate linear stiffness regions I and III and one

quasi-zero stiffness region II. An object that needs to

be isolated from the vibration is kept on the top surface

of the metastructure, and its weight is majorly

supported in region I. The quasi-zero stiffness region

II is used to isolate the unwanted vibrations that act on

the metastructure. The vibration isolation characteris-

tics of the metastructure are investigated in this

section.

The most important parameter used to measure

vibration performance is transmissibility. The vibra-

tion isolation problems are categorized in two ways

[16]: (a) force transmissibility problem, here the

Fig. 18 Comparison of the

force–displacement curve of

metastructure obtained from

the experimental results,

analytical solution, and

numerical simulation
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exciting force is applied on the body kept at the top of

the vibration isolation system, and the aim is to

minimize the force transmitted to the base of the

system; (b) motion transmissibility, here the base of

the vibration isolation system is excited, and the main

aim is to minimize the disturbance of the body kept at

the top of the isolation system. Motion transmissibility

problem studied in this work is consistent with the type

of excitations applied in the analysis.

4.1 Frequency response curve

The equation of motion for the harmonic base

excitation is given by

m €Y þ c _Y þ FQZS Yð Þ ¼ �m €Z ð41Þ

where Y is the relative displacement between the base

and the isolated mass. €Z is the excitation acceleration

applied at the base of the system and is assumed to be
€Z ¼ Z0 cos xtð Þ. Equation (41) can be non-dimension-

alized by introducing certain constants and variables:

xn ¼
ffiffiffiffi
kv
m

r
; n ¼ c

2mxn
; z0 ¼ Z0

x2
nL0

;

X ¼ x
xn

; s ¼ xnt; y ¼ Y

L0

ð42Þ

where xn is the natural frequency of equivalent linear

isolator, z0 is the non-dimensional excitation acceler-

ation amplitude, y is the non-dimensional relative

displacement, X is the non-dimensional frequency

ratio, n is the damping ratio, and s is the non-

dimensional time. The equation of motion (mentioned

in Eq. 41) can be written in non-dimensional form as

y00 þ 2ny0 þ ay3 þ dy5 ¼ �z0 cos Xsð Þ ð43Þ

where a prime (0) denotes the non-dimensional time

derivative s, n is the damping ratio, a is the coefficient

of third-order dimensionless displacement, and d is the

coefficient of fifth-order dimensionless displacement.

The damping ratio n influences the amplitude and

transmissibility of the system, and it also affects the

jump phenomenon, which is the basic threshold for

effective isolation. In this study, the value of the non-

dimensional parameter a is always positive (represents

hardening), which leads to the bending of the

frequency response curve to the right, as presented

in [45]. The non-dimensional parameter d reduces the

bending of the frequency response curve and therefore

helps in increasing the effective isolation range of the

system. Equation (43) is the approximate dynamic

equation, which under small-amplitude excitation

expresses the steady-state vibration of the isolated

system around the static equilibrium position. Equa-

tion (43) can be referred to as a nonlinear dynamic

equation.

The solution of Eq. (43) comprises two parts: The

first is a particular solution, and the second is the free

vibration term. The damping considered in this work is

positive, so the free vibration term dies away with

time. The method used in this work to find the steady-

state response of the vibration system is harmonic

balance (HB) method. The merits and demerits of the

HB method are explained in [46].

The single-mode HB approximation can be repre-

sented as

yðsÞ ¼ A cos Xsþ /ð Þ ð44Þ

where / is the phase response and A is the amplitude,

and the first and second derivative of single mode can

be represented as

y0ðsÞ ¼ �AX sin Xsþ /ð Þ ð45Þ

y00ðsÞ ¼ �AX2 cos Xsþ /ð Þ ð46Þ

Substituting Eqs. (44), (45), and (46) into Eq. (43)

and ignoring the third and fifth harmonic, we obtain

�X2Aþ 3

4
aA3

� �
þ 5

8
dA5

� �
¼ �z0 cos /ð Þ ð47aÞ

�2nAX ¼ �z0 sin /ð Þ ð47bÞ

On squaring Eqs. (47a) and (47b), and adding

afterward, Eq. (48) can be obtained by eliminating /
(elaborated in ‘‘Appendix E’’)

25

64
d2A10 þ 15

16
daA8 þ 9

16
a2 � 5

4
X2d

� �
A6 � 3

2
X2aA4

þ X4 þ 4n2X2
� 	
 �

A2 � z2
0 ¼ 0

ð48Þ

or

X1;2 ¼ �
� 5

8
dA4 � 3

4
aA2 þ 2n2

� �2

� 25

64
d2A8 þ 15

16
daA6 þ 9

16
a2A4 � z2

0

A2

� �" #1
2

þ 5

8
dA4 þ 3

4
aA2 � 2n2

� �

8>>>><
>>>>:

9>>>>=
>>>>;

1
2

ð49Þ

123

Design of a metastructure for vibration isolation with quasi-zero-stiffness 1949



Solving the above equation gives the steady-state

response amplitude. The frequency response plot is

shown in Fig. 19 for varying excitation amplitudes

with constant damping ratio and in Fig. 20 for varying

damping ratio and constant excitation amplitude. The

frequency response (FR) curve shows a trend of

bending to the right; this happens because of the

positive nonlinear coefficient a, which makes this

system attributed to the hardening stiffness case. The

bending of the FR curve causes a jump in the

amplitude of the system when the excitation frequency

is swept either from left to right or right to left; this

phenomenon is referred to as the jump frequency

phenomenon. It can be observed from Fig. 19 that

increasing the excitation amplitude causes an increase

in the peak response amplitude and peak response

frequency and thus aggravates the jump phenomenon,

whereas Fig. 20 shows a decrease in peak resonance

amplitude and peak resonance frequency with the

increased damping ratio, thus suppressing the jump

phenomenon.

4.2 Analysis for the peak response

The response amplitude obtained in Eq. (48) is

expressed in the form of a quadratic equation of X2.

Here, X1 and X2 can be seen as the abscissae of the

amplitude–frequency curve’s two intersections, as

shown in Figs. 19 and 20. At the peak resonance point,

both the intersections coincide with each other, i.e., X1

became equal to X2. Thus, the nested square root of

Eq. (49) becomes zero, leading to a relation for the

peak resonance amplitude (denoted as Ap) (elaborated

in ‘‘Appendix F’’).

5

2
dA6

p þ 3aA4
p � 4n2A2

p �
z2

0

n2
¼ 0 ð50Þ

The value of frequency ratio at which the peak

resonance (Xp) occurs is given by

Xp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

8
dA4

p þ
3

4
aA2

p � 2n2

r
ð51Þ

A frequency response curve is plotted in Fig. 21 for

z0 = 0.04, f = 0.10, and c = 0.5. In this case, firstly,

the value of peak resonance amplitude (Ap) is

calculated. Then, varying values of A from (0 to Ap)

are substituted in Eq. (49) to obtain the corresponding

Fig. 19 Frequency

response curve under

varying excitation

amplitude when f = 0.10

and c = 0.5
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Fig. 20 Frequency

response curve for varying

damping ratio when

z0 = 0.04 and c = 0.5

Fig. 21 Frequency

response curve showing the

peak response (Ap), jump-up

frequency (Xu), and jump-

down frequency (Xd) for

z0 = 0.04, f = 0.10, c = 0.5
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values of X1 and X2. As A is varied from 0 to Ap, it

shows the jump phenomenon that characterizes the

forced response of a Duffing oscillator [47].

The frequency response plot in Fig. 21 can be

observed in two ways: (i) When X increases from 0,

the value of A increases following the upper branch,

referred to as resonant branch until the peak response

amplitude (Ap). The value of X at Ap corresponds to

jump-down frequency Xd; any further increase in X
causes the response to jump to a lower curve, also

known as a non-resonant branch [48]. (ii) When X
decreases (in the limit from infinity), resonance

amplitude A follows the non-resonant branch until

the jump-up frequency Xu. A further decrease in X
causes a sudden jump of the response to the resonant

branch.

As discussed earlier in Figs. 19 and 21, the peak of

response amplitude A and excitation frequency ratio X
are both increased by increasing excitation amplitude

z0 and decreasing damping ratio f. Therefore, it is

necessary to find the limiting value of excitation

amplitude z0 applied to the base of the system to

achieve the peak resonance at X[ 0. However, if z0 is

too small or f is too large, then the frequency response

curve may become a monotonic decreasing function

with no peak response but the only maximum response

at X = 0. The critical value of peak response Ap that

makes the frequency response curve monotonically

decreasing is achieved by equating Eq. (51) to zero.

Solving Xp = 0 gives

A2
p ¼

1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

25
a2 þ 16

5
dn2

r
� 3

5
a

 !
ð52Þ

By substituting Eq. (52) into Eq. (50), the limiting

value of excitation amplitude is achieved for the

disappearance of peak resonance:

z0 ¼ 2n2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

25
a2 þ 16

5
dn2

r
� 3a

5d

 !vuut ð53Þ

If the value of z0 is larger than that given in

Eq. (53), peak resonance exists. If z0 is smaller, then

the frequency curve monotonically decreases, and thus

there is no peak, and the maximum response occurs at

X = 0.

4.3 Motion Transmissibility

Transmissibility is one of the most important param-

eters for measuring the performance of a vibration

isolator. Motion transmissibility is defined as the ratio

of the magnitude of absolute displacement at the

isolated mass to the absolute displacement at the base.

Since, in this case, the base of the system and isolated

mass excite at the same frequency, the expression of

acceleration amplitude can be directly used here to

give the definition of motion transmissibility:

T ¼ z0 cos Xsð Þ þ y00j j
z0

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X4A2
� 	

� ð2X2Az0 cos/Þ þ z2
0

q
z0

ð54Þ

Substituting the value of cos(u) from Eq. (47a)

(elaborated in ‘‘Appendix G’’),

T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XA
z0

� �2
5

4
dA4 þ 3

2
aA2 � X2

� �
þ 1

s
ð55Þ

The value of transmissibility is obtained by substi-

tuting the relation between A and X obtained in

Eq. (49). For a given system under any excited

amplitude, the transmissibility varies with the excita-

tion frequency. So, the plot between transmissibility

and excitation frequency ratio is used here to charac-

terize the performance of the proposed system. The

transmissibility–frequency plot in Fig. 22 shows the

comparison between the QZS isolator and the linear

isolator. It can be observed that the peak transmissi-

bility of the QZS isolator is less than that of the linear

one, and also, QZS has a much wider isolation range

than the linear one.

A parametric study is performed showing the

influence of different parameters on the transmissibil-

ity curves. Figure 23 shows the influence of different

excitation amplitudes on transmissibility; it can be

observed that with the increase in the amplitude

excitation, the peak transmissibility increases, and the

effective isolation range decreases. Figure 24 shows

the influence of different damping ratios on the

transmissibility; it can be observed that with the

increase in the damping ratio, the peak frequency and

peak transmissibility decrease, and also the effective

isolation range is observed to be high for the high

damping ratio. However, for the low damping case, we
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Fig. 22 Transmissibility curve showing a comparison between QZS and linear isolator when z0 = 0.02, f = 0.1, c = 0.5

Fig. 23 Transmissibility curve under different excitation amplitudes when f = 0.1 and c = 0.5
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can achieve lower transmissibility for the same

frequency ratio compared to the higher damping ratio.

Finally, it can be summarized that small-amplitude

excitation and appropriate damping can be considered

for good overall isolation performance.

Peak transmissibility is an important parameter for

measuring isolation performance. It can be seen that

the transmissibility reaches its peak value at the peak

resonance. The peak transmissibility can be approx-

imated by substituting values Ap (Eq. 52) and Xp

(Eq. 51) into the equation of transmissibility (Eq. 55):

Tp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
p

z2
0

5

8
dA2

p þ
3

4
a

� �2

A4
p � 4n4

" #
þ 1

vuut ð56Þ

4.4 Numerical simulation

Motion transmissibility is one of the most prominent

parameters to evaluate the performance of vibration

isolators at the steady state for each of the certain

frequency ranges. In this subsection, finite element

analysis is carried out to simulate the vibration

performance of the metastructure by using

commercial ANSYS R19 software. The time response

of the QZS model is studied numerically, and the

transmissibility of the QZS system at the steady state is

predicted for each of the given excitation frequencies,

and further, the results are validated with the analytical

values. The metastructure is assumed to support a

mass on its top surface; the mass is designed in such a

way that it should be supported by the approximate

linear stiffness region I (shown in Fig. 16) so that the

isolation performance can be achieved in the QZS

region II.

The proposed model of metastructure with a mass

assumed to be kept on its top surface is subjected to a

sinusoidal wave excitation z ¼ 2:10 sin xtð Þ at its base,

where 2.10 m/s2 is the amplitude of excitation accel-

eration, x is the excitation frequency, and t is the time

range in seconds. The time response of the metastruc-

ture in terms of absolute acceleration for various

excitation frequencies with constant damping coeffi-

cient (f = 0.15) is shown in Fig. 25, where the red line

represents the response at the top of the mass and the

black dotted line represents the response of sinusoidal

excitation at the base. It can be observed that with the

increase in excitation frequency, the response of the

proposed metastructure is increased as compared to

Fig. 24 Transmissibility

curve under different

damping ratios when c = 0.5
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the base excitation sinusoidal input as the system

approaches peak response. A further increase in

excitation frequency results in a remarkable reduction

in the response as the system approaches the effective

isolation range.

The root-mean-square (RMS) value of the acceler-

ation response is calculated for all the obtained time

responses. Further, the approximate motion transmis-

sibility can be calculated for each time response based

on the RMS values as

T ¼ 20 log10

TOPRMS

BOTTOMRMS

� �
ð57Þ

A frequency response curve is then plotted from the

calculated transmissibility values against their respec-

tive frequency ratios (obtained from the excitation

frequency). The numerically obtained results are

compared with the analytical results obtained from

Eq. (55) with the following parameters (z0 = 0.05,

f = 0.15, c = 0.5). As shown in Fig. 26, the numerical

results are in good agreement with the analytical

solutions. Some variation can be seen in the analytical

and numerical results, and this might be due to the

approximation introduced by HBM used to solve the

dynamic equation analytically.

It is understood that a superior isolator possesses

lower transmissibility with a wide effective isolation

range. As it can be seen in Fig. 26 that, with the

increase in excitation frequency, the transmissibility

first increases till it achieves the resonance peak, then

it starts decreasing with the further increase in the

excitation frequency. In the proposed QZS system, the

peak response occurs at 14 Hz with a transmissibility

of 9.5 dB, whereas the effective isolation range means

that the transmissibility of the system is lesser than

zero, ensuring that the displacement amplitude at the

top of the isolated object is lesser than that of the base.

It can be observed that the effective isolation range of

the QZS model starts from 16 Hz with the transmis-

sibility of - 1.6 dB, and the suppression of vibration

transmission is enhanced with the further increase in

the excitation frequency after 16 Hz. Therefore, the

proposed model can be effectively used for low

frequency as its natural frequency is lesser than that of

the linear counterpart, and also, QZS has a larger

effective isolation range than that of the linear one.

A simulation is performed to study the effect of

damping coefficient on the transmissibility of the QZS

model under sinusoidal base excitation. Three differ-

ent damping coefficients are studied under the same

vibration excitation frequency. Two different sets of

excitation frequencies are applied, and their time

response is shown in Fig. 27.

The root-mean-square (RMS) value of the acceler-

ation response is calculated for all the obtained time

responses. Further, the approximate motion transmis-

sibility is calculated from Eq. (57) and plotted in

Fig. 28. It can be observed that for the excitation

frequency lying outside the effective isolation range,

the transmissibility of the QZS structure increases

with the increase in the damping ratio. But for the

excitation frequency lying in the effective isolation

range, the transmissibility decreases with an increase

in the damping coefficient. This indicates that the QZS

structure with a small damping coefficient will give

better isolation performance.

5 Stability of the steady-state response

A system whose structural response changes abruptly

due to a small change in one of its parameters is known

as structurally unstable. In this section, the stability

analysis is performed to identify the unstable region of

the proposed model. As the steady-state behavior of

the QZS model is obtained using the HB method, the

same will be used for identifying the stability of that

response. The stability is investigated by introducing a

small dimensionless perturbation �ðsÞ and superposing

it in Eq. (44) as

yðsÞ ¼ A cos Xsþ /ð Þ þ eðsÞ ð58Þ

By substituting Eq. (58) into Eq. (43), and neglect-

ing the terms of order higher than those Oð�2Þ and

higher-order harmonics in the response, the motion of

the system is expressed in terms of dimensionless

perturbation as

e00 þ 2le0 þ p� 2q cos 2hð Þe ¼ 0; ð59Þ

letting

p ¼ 3aA2

2X2
; q ¼ � 3aA2

4X2
; l ¼ n

X
ð60Þ

Equation (59) is known as damped Mathieu’s

equations [49]. Here, p is a function of q that

represents the transition curve that separates the pq
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Fig. 25 Time response of the metastructure under different excitation frequencies, when f = 0.15 and c = 0.5
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Fig. 25 continued
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plane into stable and unstable regions. Nayfeh et al.

[50] performed a perturbation analysis to obtain the

leading term approximation of the transition curve

obtained in Eq. (59). The solution of Eq. (59) is

unstable if it lies outside the parabola,

p ¼ 1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 4l2

p
ð61Þ

By substituting values of Eq. (60) into Eq. (61), the

unstable region is found to be enclosed by the curves

(elaborated in ‘‘Appendix H’’),

Xus1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
aA2 � 2n2 þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 � 3aA2
� 	2� 27

4
a2A4

rs

ð62aÞ

Xus2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
aA2 � 2n2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 � 3aA2
� 	2� 27

4
a2A4

rs

ð62bÞ

Equation (62a) and (62b) is plotted in Fig. 29 under

the same parameter of Fig. 21. The unstable region

can be observed inside the shaded area. It can be

observed that whenever there is bending in the FR

curve, the jump phenomenon occurs, and the

intermediate branch nearby the bending of the fre-

quency response curve is unstable. This unstable in-

termediate branch of the FR curve always lies between

the jump-up and jump-down frequencies, as can be

observed in Fig. 29. Thus, the value of jump-up and

jump-down frequencies can also be calculated at the

intersection of the FR curve and the stability bound-

ary. A parametric study is performed for studying the

behavior of the stability curve; it can be observed from

Fig. 30 that the unstable region gets reduced by

increasing the damping ratio and is independent of the

applied excitation amplitude.

6 Conclusion

The concept of obtaining quasi-zero stiffness is

proposed in this work by combining the negative

stiffness element in parallel with the positive stiffness

elements. The static characteristics and dynamic

behavior of the proposed model are considered. Then,

using the design procedure, a metastructure is

designed to obtain high static and low dynamic

stiffness (HSLDS).

Fig. 26 Comparison

between the numerical and

analytical transmissibility

curve
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The proposed metastructure is the parallel arrange-

ment of a four-unit cell, where the unit cell is

constructed using the parallel arrangement of one

cosine beam system and two semicircular arches.

Under the transverse load, the cosine beam system

experiences a snap-through behavior and possesses

negative stiffness between two stable states, whereas,

under vertical load, the bending-dominated

Fig. 27 Time response of the metastructure for three different damping coefficients: a f = 0.05, b f = 0.1, c f = 0.15, when amplitude

of applied acceleration is 0.85 m/s2
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semicircular arches possess positive stiffness. Thus,

the combination of this negative and positive stiffness

leads to a quasi-zero stiffness region for a certain

amount of vertical displacement. The force–displace-

ment relation of the metastructure is derived analyt-

ically and approximated using the fifth-order Taylor

equation. Further, the force–displacement curve is

studied for various values of stiffness ratio and

geometrical parameters to obtain the quasi-zero-stiff-

ness behavior. An experiment is performed to study

the force–displacement characteristics of the metas-

tructure that showed a QZS region and two approx-

imate linear regions. In addition, a finite element

analysis is performed using simulating software to

Fig. 28 Transmissibility of

the metastructure under two

different excitation

frequencies for three

different damping

coefficients
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Fig. 29 Unstable region in

the (A, X) plane, when

c = 0.5 and f = 0.10

Fig. 30 Unstable region in

the (A, X) plane for different

damping ratio values, when

c = 0.5
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study the QZS behavior. Finally, the analytical and

numerical results come in good agreement with the

experimental results.

This work considered forced vibration of the

proposed model under harmonic base excitation to

study the dynamic behavior. The approximate nonlin-

ear dynamic equation is obtained. The harmonic

balance method (HBM) is employed for solving the

nonlinear dynamic equation to obtain the response of

the system for each of the given excitation frequen-

cies. The results of the frequency response curve are

used for obtaining the motion transmissibility with

respect to the excitation frequency. Further, the time

response of the system is also studied under sinusoidal

base excitations. The simulation results show that

lower transmissibility and wider effective isolation

range are obtained by the proposed QZS metastructure

compared to the equivalent linear model. The para-

metric study shows that the motion transmissibility

increases with increasing damping ratio in the effec-

tive isolation range, indicating that the metastructure

with a small damping coefficient and higher frequency

ratio will possess better vibration isolation perfor-

mance. The stability analysis indicated an unstable re-

gion between the jump-up and jump-down frequency

in the frequency response curve. It can also be

observed that the unstable region reduces with an

increase in the damping ratio, and stability is inde-

pendent of the applied excitation amplitude. Based on

all the analysis and parametric studies, the proposed

design is suitable for the low-frequency vibration

reduction in microdevices, precision instruments, and

lightweight devices.
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Appendix

A. Derivation of Eq. (27)

Substituting the static equilibrium condition (x = 0) in

Eq. (25) and equating kQZS to zero

kQZSðxÞ ¼ 8 þ 4l� 4lc2

c2 þ x2ð Þ3=2
ð25Þ

0 ¼ 8 þ 4l� 4lc2

c2 þ 0ð Þ3=2
ð63Þ

0 ¼ 8 þ 4l� 4lc2

c3
ð64Þ

0 ¼ 8 þ 4l 1 � 1

c

� �
ð65Þ

l 1 � 1

c

� �
¼ �2 ð66Þ

lQZS ¼ �2c
c� 1

¼ 2c
1 � c

ð67Þ

or; 0 ¼ 8 þ 4l 1 � 1

c

� �
ð65Þ

l 1 � 1

c

� �
¼ �2 ð68Þ

� 1

c
¼ �2

l
� 1 ð69Þ

1

c
¼ 2

l
þ 1 ð70Þ

cQZS ¼ l
lþ 2

ð71Þ

lQZS ¼ 2c
1 � c

cQZS ¼ l
lþ 2

: ð27Þ

B. Dependence of geometrical parameter (c)

and stiffness parameter (l)

Based on Eq. (25), a study is performed to show the

variation of kQZS with x for different values of c and l
based on the three different conditions:
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kQZSðxÞ ¼ 8 þ 4l� 4lc2

c2 þ x2ð Þ3=2
ð25Þ

lQZS ¼ 2c
1 � c

cQZS ¼ l
lþ 2

ð27Þ

B.i. Let’s consider l as some constant value to

analyze the dependency of c on Eq. (25).

Assume l ¼ 2, then cQZS ¼ 0:5 (from Eq. 27).

Here, three different cases are discussed: (a)

c ¼ cQZS ¼ 0:5, (b) c ¼ 0:6[ cQZS, (c)

c ¼ 0:4\cQZS.

A curve is plotted in Fig. 31 based on Eq. (25) for

comparing the three cases. It can be observed that for

c ¼ cQZS, the equivalent stiffness is zero at the static

equilibrium position (x = 0). For c\cQZS, the equiv-

alent stiffness becomes negative at static equilibrium

position making the system unstable. For c[ cQZS, the

equivalent stiffness becomes positive, and the QZS

property is lost.

It can be observed that the system is unstable for the

condition c\cQZS.

B.ii. Let’s consider c as some constant value to

analyze the dependency of l on Eq. (25).

Assume c ¼ 0:5, then lQZS ¼ 2 (from Eq. 27).

Here, three different cases are discussed: (a)

l ¼ lQZS ¼ 2, (b) l ¼ 2:5[ lQZS, (c)

l ¼ 1:5\lQZS.

A curve is shown in Fig. 32 based on Eq. (25) for

comparing the three cases. It can be observed that for

l ¼ lQZS, the equivalent stiffness is zero at the static

equilibrium position (x = 0). For l[ lQZS, the equiv-

alent stiffness becomes negative at static equilibrium

position making the system unstable. For l\lQZS, the

equivalent stiffness becomes positive, and the QZS

property is lost.

It can be observed that the system is unstable for the

condition l[ lQZS.

B.iii. Equation (27) shows the relation between l
and c, i.e.,

lQZS ¼ 2c
1 � c

cQZS ¼ l
lþ 2

ð27Þ

From Fig. 5a and Eq. (18), it can be observed that

c ¼ L1

L0

¼ cos h ð72Þ

As it is known that the range of cosine varies from 0

to 1, the extreme values of c are 0 and 1. By

Fig. 31 Stiffness–

displacement curve of

metastructure based on

Eq. (25) for varying c, when

l = 2
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substituting these values of c in Eq. (27), we can

observe that

when cmin ¼ 0; lQZS ¼ 0 and whencmax ¼ 1; lQZS

¼ undefined

ð73Þ

Therefore, it can be seen that l achieves singularity

at c ¼ 1. The conditions shown in Eq. (73) are plotted

in Fig. 33. It can be observed from the curve that for

cmin ¼ 0, the system behaves as an equivalent linear

isolator with equivalent QZS equal to 8, and for

cmax ¼ 1, the value of equivalent QZS remains

constant as zero throughout, which is practically

difficult to achieve.

The limiting value obtained for c can be used to find

the limiting conditions for l as well; Eq. (27) leads to

0\
l

lþ 2
\1 ð74Þ

From Eq. (74), it can be observed that

l[ 0 ð75Þ

As the stiffness cannot be negative, l should always

hold the condition mentioned in Eq. (75), and also

l 6¼ 0, as it will lead the model to linear condition. A

stiffness–displacement curve (shown in Fig. 34) based

on Eq. (25) is plotted for four different conditions of l
satisfying Eq. (27). It can be observed from the curve

that kQZS ¼ 0 is achieved at static equilibrium position

(x = 0) for all the four conditions of l, therefore

satisfying the QZS criterion.

Hence, it can be observed from the above discus-

sions that the system is unstable for c\cQZS and

l[ lQZS. The metastructure will hold the QZS

property when 0\c\1 and l[ 0. The singularity

for l is achieved when cQZS ¼ 1.

C. Derivation of Eq. (29)

kQZSðxÞ ¼ 8 þ 4l� 4lc2

c2 þ x2ð Þ3=2
ð25Þ

Satisfying the condition kQZS xð Þ\8 from Eq. (28)

and substituting lQZS ¼ 2c
1�c from Eq. (27), Eq. (25)

can be rewritten as

kQZSðxÞ ¼ 8 þ 4l� 4lc2

c2 þ x2ð Þ3=2
\8 ð76Þ

Fig. 32 Stiffness–

displacement curve of

metastructure based on

Eq. (25) for varying l, when

c = 0.5
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Fig. 33 Stiffness–

displacement curve of

metastructure based on

Eq. (25) plotted for two

different conditions

obtained from Eq. (73) i.e.,

(i) cmin ¼ 0 and (ii) cmax ¼ 1

Fig. 34 Stiffness–

displacement curve of

metastructure based on

Eq. (25) plotted for four

different conditions of l
satisfying Eq. (27)
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8 þ 4
2c

1 � c

� �
�

4 2c
1�c

� 

c2

c2 þ x2ð Þ3=2
\8 ð77Þ

4
2c

1 � c

� �
�

4 2c
1�c

� 

c2

c2 þ x2ð Þ3=2
\0 ð78Þ

1 � c2

c2 þ x2ð Þ3=2
\0 ð79Þ

c2

c2 þ x2ð Þ3=2
[ 1 ð80Þ

c2 þ x2
� 	3=2

\c2 ð81Þ

x2\c4=3 � c2 ð82Þ

x2\c4=3 � c 4=3ð Þþ 2=3ð Þ ð83Þ

x2\c4=3 1 � c2=3
� 


ð84Þ

xj j\c2=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � c2=3ð Þ

q
: ð29Þ

D. Derivation of Eq. (35)

From Eq. (34), Taylor series expansion is

f xð Þ ¼ f xoð Þ þ
XN
n¼1

f n xoð Þ
n!

x� xoð Þn ð34Þ

Here,

fQZSðxÞ ¼ 8x� 4l
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 þ x2
p � 1

 !
x ð24Þ

Finding the derivatives of f x0ð Þ

f ðx0Þ ¼ 8x0 � 4l
x0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 þ x2
0

p � x0

 !
ð85Þ

f 0 x0ð Þ ¼ 8 þ 4l� 4lc2

c2 þ x2
0

� 	3=2
ð86Þ

f 00 x0ð Þ ¼ 12lx0

c2 þ x2
0

� 	3=2
� 12lx3

0

c2 þ x2
0

� 	5=2
ð87Þ

f 000 x0ð Þ ¼ 12l

c2 þ x2
0

� 	3=2
� 72lx2

0

c2 þ x2
0

� 	5=2
þ 60lx4

0

c2 þ x2
0

� 	7=2

ð88Þ

f iv x0ð Þ ¼ 600lx3
0

c2 þ x2
0

� 	7=2
� 420lx5

0

c2 þ x2
0

� 	9=2
� 180lx0

c2 þ x2
0

� 	5=2

ð89Þ

f v x0ð Þ ¼ 2700lx2
0

c2 þ x2
0

� 	7=2
� 180l

c2 þ x2
0

� 	5=2
� 6300lx4

0

c2 þ x2
0

� 	9=2

þ 3780lx6
0

c2 þ x2
0

� 	11=2

ð90Þ

f vi x0ð Þ ¼ 79380lx5
0

c2 þ x2
0

� 	11=2
� 44100lx3

0

c2 þ x2
0

� 	9=2

� 41580lx7
0

c2 þ x2
0

� 	13=2
þ 6300lx0

c2 þ x2
0

� 	7=2
ð91Þ

f vii x0ð Þ ¼ 6300l

c2 þ x2
0

� 	7=2
� 176400lx2

0

c2 þ x2
0

� 	9=2

þ 793800lx4
0

c2 þ x2
0

� 	11=2
� 1164240lx6

0

c2 þ x2
0

� 	13=2

þ 540540lx8
0

c2 þ x2
0

� 	15=2
ð92Þ

Substituting x0 ¼ 0 in Eq. (92),

f 0ð Þ ¼ 0 f 0 0ð Þ ¼ 8 þ 4l 1 � 1

c

� �
f 00 0ð Þ ¼ 0

f 000 0ð Þ ¼ 12l
c3

ð93Þ

f iv 0ð Þ ¼ 0 f v 0ð Þ ¼ � 180l
c5

f vi 0ð Þ ¼ 0

f vii 0ð Þ ¼ � 6300l
c7

ð94Þ

By expanding Eq. (24) using Eq. (34), the expres-

sion for the force–displacement can be approximated

as Eq. (35):

f xð Þ ¼ 8 þ 4l
c� 1

c

� �� �
xþ 2l

c3
x3 � 3l

2c5
x5 þ 5l

4c7
x7:

ð35Þ
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E. Derivation of Eq. (49)

First representing Eq. (47a) and (47b)

�X2Aþ 3

4
aA3

� �
þ 5

8
dA5

� �
¼ �z0 cos /ð Þ ð47aÞ

�2nAX ¼ �z0 sin /ð Þ ð47bÞ

Squaring and adding Eq. (47a) and (47b), and

thereafter eliminating /,

X4A2 þ 9

16
a2A6 þ 25

64
d2A10 � 3

2
X2aA4 � 5

4
X2dA6

þ 15

16
daA8 þ 4n2X2A2

¼ z2
0

ð95Þ

X4A2 þ X2 4n2A2 � 3

2
aA4 � 5

4
dA6

� �

þ 9

16
a2A6 þ 25

64
d2A10 15

16
daA8 � z2

0

� �

¼ 0 ð96Þ

Let, X2 ¼ w

w2A2 þ w 4n2A2 � 3

2
aA4 � 5

4
dA6

� �

þ 9

16
a2A6 þ 25

64
d2A10 15

16
daA8 � z2

0

� �

¼ 0 ð97Þ

w ¼ � b

2a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p

2a
ð98Þ

w ¼ �2n2 þ 3

4
aA2 þ 5

8
dA4

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2 � 3

4
aA2 � 5

8
dA4

� �2

� 9

16
a2A4 þ 25

64
d2A8 þ 15

16
daA6 � z2

0

A2

� �s

ð99Þ

Substituting, w ¼ X2

X ¼ � 3

4
aA2 þ 5

8
dA4 � 2n2

� ��

� � 3

4
aA2 � 5

8
dA4 þ 2n2

� �2
"

� 9

16
a2A4 þ 25

64
d2A8 þ 15

16
daA6 � z2

0

A2

� ��1=2

g1=2:

ð49Þ

F. Derivation of Eqs. (50), (51), (52), and (53)

At the peak resonance point, both the intersections

coincide with each other, i.e., X1 became equal to X2

of Eq. (49).

Considering only the real part, X1 and X2 can be

written as

X1 ¼ 3

4
aA2 þ 5

8
dA4 � 2n2

� ��

þ � 3

4
aA2 � 5

8
dA4 þ 2n2

� �2
"

� 9

16
a2A4 þ 25

64
d2A8 þ 15

16
daA6 � z2

0

A2

� �
�1=2g1=2

ð49aÞ

X2 ¼ 3

4
aA2 þ 5

8
dA4 � 2n2

� ��

� � 3

4
aA2 � 5

8
dA4 þ 2n2

� �2
"

� 9

16
a2A4 þ 25

64
d2A8 þ 15

16
daA6 � z2

0

A2

� �
�1=2g1=2

ð49bÞ

Equating Eq. (49a) and (49b),

2 � 3

4
aA2 � 5

8
dA4 þ 2n2

� �2
"

� 9

16
a2A4 þ 25

64
d2A8 þ 15

16
daA6 � z2

0

A2

� �
�1=2

¼ 0

ð100Þ
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9

16
a2A4 þ 25

64
d2A8 þ 4n4 þ 15

16
daA6 � 3aA2n2

� 5

2
dA4n2 � 9

16
a2A4 � 25

64
d2A8 � 15

16
daA6 þ z2

0

A2

¼ 0

ð101Þ

4n4 � 3aA2n2 � 5

2
dA4n2 þ z2

0

A2
¼ 0 ð102Þ

3aA4 þ 5

2
dA6 � 4n2A2 � z2

0

n2
¼ 0 ð103Þ

Denoting A as peak amplitude (Ap)

5

2
dA6

p þ 3aA4
p � 4n2A2

p �
z2

0

n2
¼ 0 ð50Þ

At this peak resonance, peak frequency (Xp) occurs,

using Eq. (49) to derive the relation of Xp. As it is

clear that, at resonance condition, the nested square

root of Eq. (49) is zero, so Xp can be calculated as

X1 ¼ 3

4
aA2

p þ
5

8
dA4

p � 2n2

� �
þ 0

� �1=2

ð104Þ

X2 ¼ 3

4
aA2

p þ
5

8
dA4

p � 2n2

� �
þ 0

� �1=2

ð105Þ

Xp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4
aA2

p þ
5

8
dA4

p � 2n2

r
ð51Þ

Equating Eq. (51) to zero,

Xp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4
aA2

p þ
5

8
dA4

p � 2n2

r
¼ 0 ð106Þ

5

8
dA4

p þ
3

4
aA2

p � 2n2 ¼ 0 ð107Þ

5

8
d A2

p

� 
2

þ 3

4
a A2

p

� 

� 2n2 ¼ 0 ð108Þ

A2
p ¼

� 3
4
a

� 	
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
4
a

� 	2þ5dn2
q

5
4
d

ð109Þ

A2
p ¼ 1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

25
a2 þ 16

5
dn2

r
� 3

5
a

 !
ð52Þ

Substituting Eq. (52) into Eq. (50) and ignoring the

higher-order amplitude term,

z2
0 ¼ 4n4 1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

25
a2 þ 16

5
dn2

r
� 3

5
a

 !
ð110Þ

z0 ¼ 2n2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

25
a2 þ 16

5
dn2

r
� 3a

5d

 !
:

vuut ð53Þ

G. Derivation of Eqs. (55) and (56)

Considering Eq. (54),

T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X4A2
� 	

� ð2X2Az0 cos/Þ þ z2
0

q
z0

ð54Þ

Finding out the value of cos /ð Þ form Eq. (47a), and

substituting in Eq. (54),

cos /ð Þ ¼ �
�X2Aþ 3

4
aA3

� 	
þ 5

8
dA5

� 	
z0

ð111Þ

T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X4A2
� 	

� ð2X2Az0 cos/Þ þ z2
0

q
z0

ð112Þ

T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X4A2
� 	

þ �2X4A2 þ 3
2
X2aA4

� 	
þ 5

4
X2dA6

� 	� 	
þ z2

0

q
z0

ð113Þ

T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�X4A2

z2
0

þ
3
2
X2aA4

z2
0

þ
5
4
X2dA6

z2
0

þ 1

s
ð114Þ

T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XA
z0

� �2
5

4
dA4 þ 3

2
aA2 � X2

� �
þ 1

s
ð55Þ

By substituting the value of X as Xp from Eq. (50)

and A as Ap, the value of peak transmissibility Tp can

be obtained:

X ¼ Xp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4
aA2

p þ
5

8
dA4

p � 2n2

r
ð115Þ

A2 ¼ A2
p ¼ 1

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

25
a2 þ 16

5
dn2

r
� 3

5
a

 !
ð116Þ

Tp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

p

z2
0

5

8
dA2

p þ
3

4
a

� �2

A4
p � 4n4

" #
þ 1

vuut : ð56Þ
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H. Derivation of Eqs. (59), (61), and (62)

Substituting Eq. (58) into Eq. (43),

yðsÞ ¼ A cos Xsþ /ð Þ þ eðsÞ ð58Þ

y00 þ 2ny0 þ ay3 þ dy5 ¼ �z0 cos Xsð Þ ð43Þ

Finding out the value of variables,

Xsþ / ¼ h ð117Þ

�z0 cos Xsð Þ ¼ �z0 cos h cos/� z0 sin h sin/

ð118Þ

yðsÞ ¼ A cos Xsþ /ð Þ þ eðsÞ ð119Þ

y0ðsÞ ¼ �AX sin hþ e0ðsÞ ð120Þ

y00 ¼ �AX2 cos hþ e00ðsÞ ð121Þ

Ignoring the term of order higher than O e2ð Þ, and

also assuming a harmonic response,

y3 ¼ A3 cos3 hþ 3eA2 cos2 h
� 	

ð122Þ

cos3 h ¼ 3

4
cos h ð123Þ

cos2 h ¼ cos 2hþ 1

2
ð124Þ

y3 ¼ A3 3

4
cos hþ 3eA2 cos 2hþ 1

2

� �
ð125Þ

Substituting all these values into Eq. (43), and

performing the first-order perturbation analysis by

ignoring the term of order higher than Oð�2Þ, and also

assuming a harmonic response, the equation of motion

can be expressed in the form of

e00 þ 2le0 þ p� 2q cos 2hð Þe ¼ 0 ð59Þ

Here,

p ¼ 3aA2

2X2
; q ¼ � 3aA2

4X2
; l ¼ n

X
ð60Þ

The solution of Eq. (59) is unstable if it lies outside

the parabola:

p ¼ 1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 4l2

p
ð61Þ

By substituting Eq. (60) into Eq. (61),

3aA2

2X2
¼ 1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 3aA2

4X2

� �2

�4
n
X

� �2
s

ð126Þ

3aA2 ¼ 2X2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9a2A4

4

� �
� 16n2X2

s
ð127Þ

3aA2 � 2X2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9a2A4

4

� �
� 16n2X2

s
ð128Þ

9a2A4 þ 4X4 � 12aA2X2 ¼ 9a2A4

4
� 16n2X2 ð129Þ

4X4 þ 27a2A4

4
þ X2 16n2 � 12aA2

� 	
¼ 0 ð130Þ

X4 þ X2 4n2 � 3aA2
� 	

þ 27a2A4

16
¼ 0 ð131Þ

Xus1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
aA2 � 2n2 þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 � 3aA2
� 	2� 27

4
a2A4

rs

ð62aÞ

Xus2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
aA2 � 2n2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 � 3aA2
� 	2� 27

4
a2A4

rs
:

ð62bÞ
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