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Abstract A novel passive asymmetric quasi-zero
stiffness vibration isolator (AQZS-VI) comprising two
linear springs acting in parallel with one negative
stiffness element (NSE) is proposed, of which the NSE
is mainly constructed by the combination of cantilever
plate spring and L-shaped lever (CPS-LSL). The static
model of the isolator is deduced considering the
geometrical nonlinearity of the NSE and the bending
deformation of plate spring. The nonlinear stiffness
properties of the CPS-LSL and the AQZS-VI, as well
as the nonlinear damping properties of the AQZS-VI,
are discussed. The absolute displacement transmissi-
bility of the AQZS-VI under base displacement
excitation is obtained using harmonic balance method,
and the effects of different excitation amplitudes and
damping factors on the vibration isolation perfor-
mance are analyzed. Better than other quasi-zero
stiffness vibration isolators (QZS-VI) whose NSEs do
not provide supporting force at zero stiffness point, the
NSE of the AQZS-VI provides more supporting force
than the parallel connected linear springs, which is
very beneficial for improving the bearing capacity of
the isolator. Compared with a typical symmetric QZS-
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VI with same damping property, the AQZS-VI has
longer stroke with low stiffness and lower peak value
of displacement transmissibility. The prototype exper-
iments indicate that the AQZS-VI outperforms the
linear counterpart with much smaller starting fre-
quency of vibration isolation and lower displacement
transmissibility. The proposed AQZS-VI has great
potential for applying in various engineering practices
with superior vibration isolation performance.
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1 Introduction

Mechanical vibration is undesirable in most engineer-
ing practice. It affects the mechanical properties,
aggravates wear and fatigue and even causes structural
damage. Installment of vibration isolators between
vibration source and isolated objects is a common way
for vibration isolation and has been widely used to
maintain the reliable operation of precision instru-
ments [1, 2], improve the comfort of vehicle ride
[3-5], assist space launch or on-orbit operation [6],
ensure the safety of building constructions or bridge
structures [7, 8], and so on. With the development of
vibration isolation technology, diverse vibration iso-
lators have emerged to cope with the ever increasing
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demands for high vibration isolation performance,
especially the demands for low-frequency and even
ultra-low-frequency vibration isolation [9, 10]. Non-
linear passive vibration isolators, possessing high
static and low dynamic stiffness (HSLDS) and non-
linear damping properties, are suitable for low- or
ultra-low-frequency isolation. The high static and low
dynamic stiffness provide the nonlinear isolators with
large bearing capacity (requiring high static stiffness)
and low starting frequency of vibration isolation
(requiring low dynamic stiffness) under limited spring
preload. And the nonlinear damping properties give
the chance for the nonlinear isolators to obtain low
vibration transmissibility both at resonant frequency
and higher frequencies [11].

As typical nonlinear passive HSLDS vibration
isolators, passive quasi-zero stiffness vibration isola-
tors (QZS-VI) have drawn much attentions of engi-
neers and researchers for the superior vibration
isolation performance as mentioned above. The com-
mon way to construct the passive QZS-VI is parallel
connecting negative stiffness element (NSE) with
positive stiffness mechanism. According to the com-
position and structures of NSEs (e.g., oblique spring,
horizontal spring, cam-roller-spring, magnetic spring
and Euler buckled beam), diverse types of passive
QZS-VIs can be constructed [3, 5, 12-22]. Waters and
his co-workers [12, 13] studied the static and dynamic
characteristic of QZS-VI with two oblique springs
served as NSE. Le et al. [3] and Hu et al. [ 14] presented
the isolation system, in which horizontal springs are
hinged with rigid rods to provide negative stiffness.
The isolation system can create large frequency band
of isolation and exhibit excellent isolation perfor-
mance. Zhou et al. [15] and Liu et al. [16] developed
the QZS-VIs equipped with cam-roller—spring mech-
anisms, and the results verified that the QZS-VIs
outperform the linear counterparts with lower initial
isolation frequency and better isolation performance
around resonant frequency. Professor Hua and his
colleagues [18, 21] conducted the theoretical and
experimental studies on the QZS-VI, in which the
axial motion of the Euler buckled beams provides
negative stiffness force (NSF). By introducing the
NSF, the starting frequency of isolation of the QZS-VI
is lower than that of the linear isolator with the same
supporting capacity. A series of researches reveal that
the passive QZS-VIs can produce lower starting
frequency of vibration isolation and smaller
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displacement/force transmissibility than the linear
counterparts. While the stiffness of most QZS-VIs
mentioned above is symmetrical about zero stiffness
point (ZSP) or static equilibrium position (SEP), of
which the negative stiffness elements have no contri-
bution to the bearing capacity of QZS-VIs at ZSP/SEP.
And the range of displacement near the ZSP/SEP is
relatively small when the dynamic stiffness is less than
a prescribed low value.

The nonlinear passive vibration isolators con-
structed by single nonlinear geometrical elements
are another type of isolators, which exhibit asymmet-
ric stiffness properties and superior vibration isolation
performance. Professor Jing and his team [23-29]
proposed scissor-like truss structured vibration isola-
tors with equivalent nonlinear stiffness and damping
characteristics. The scissor-like structured isolators
possessing inherent geometrical nonlinearities have
lower starting frequency of isolation than linear
isolators and are more stable than QZS-VIs. Yan
et al. [30] developed a bio-inspired toe-like structure
(TLS) which is composed of two rods and a linear
spring. The TLS has the characteristics of high static
and low dynamic stiffness in a wide displacement
range and can isolate base excitation at low frequen-
cies, while, for the single nonlinear geometrical
vibration isolators, it is not easy to realize ultra-low-
frequency vibration isolation for that its dynamic
stiffness is hard to approach zero.

An asymmetric quasi-zero stiffness vibration iso-
lator (AQZS-VI) constructed by single nonlinear
geometrical vibration isolator and positive stiffness
springs is expected to obtain excellent vibration
isolation performance with large bearing capacity,
low stiffness in wide displacement range, i.e., long
stroke and ultra-low-frequency isolation. Yan et al.
[31] proposed a long stroke QZS-VI which is
constructed by parallel connection of the symmetric
polygon structure and linear springs. Research results
demonstrate that the long stroke QZS-VI has a lower
resonant frequency, outperforms the linear counterpart
especially at low frequencies and is less sensitive to
vibration amplitude than the traditional QZS-VI.

Recently, we designed and analyzed a passive
AQZS-VI with the combination of plate spring and
V-shaped levers served as NSE [32]. The theoretical
analysis results showed that the AQZS-VI has superior
vibration isolation performance and great potential for
engineering applications. What’s missing is that the
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dynamic analysis of the nonlinear isolator in our
previous research [32] is based on the third Taylor
series expansion of restoring force, of which the
expansion curve can’t well fit the analytical curve of
restoring force along large displacement range. In
addition, the internal friction of each kinematic pair in
the vibration isolator is simplified as linear viscous
friction, and the intrinsic nonlinear friction damping
characteristics such as Coulomb friction are neglected.
Most importantly, the results obtained from theoretical
analysis are not verified by prototype experiments.

For further investigation, and inspired by the
strategy of combining springs and linkages to achieve
negative stiffness [33, 34], we developed a novel
passive AQZS-VI whose structure is more suitable for
engineering application. Specifically, a NSE mainly
comprised of the combination of cantilever plate
spring and L-shaped lever (CPS-LSL) was constructed
and then connected in parallel with two linear springs.
The non-dimensional static model which concerns the
geometrical nonlinearity of the NSE and the bending
deformation of plate spring was derived. Considering
the Coulomb friction of each kinematic pair, the
nonlinear damping characteristic of the vibration
isolator was analyzed. The isolation performance of
the AQZS-VI under base displacement excitation was
discussed. Comparisons with linear vibration isolator
and typical symmetric QZS-VI were also conducted to
evaluate the excellent vibration isolation performance
of proposed AQZS-VI. To verify the accuracy of the
static model and the superior vibration isolation
performance of AQZS-VI, the prototype was manu-
factured and series of static and dynamic experiments
were conducted.

The rest of this paper is organized as follows. The
AQZS-VI equipped with CPS-LSL is introduced in
Sect. 2, and the mathematical model of AQZS-VI is
established in Sect. 3. The non-dimensional stiffness
of both CPS-LSL and the vibration isolator, as well as
the damping properties of the vibration isolator, is
analyzed in Sect. 4. The absolute displacement trans-
missibility under different amplitudes of excitation
and damping factors is studied in Sect. 5. The
vibration isolation performance of the AQZS-VI is
compared with that of typical symmetric QZS-VI and
of linear vibration isolator in Sect. 6. The experimen-
tal investigation is presented in Sect. 7, followed by
the conclusions and discussions.

2 The AQZS-VI equipped with CPS-LSL

The AQZS-VI is mainly comprised of one CPS-LSL
and two vertical coil springs, as shown in Fig. 1. The
CPS-LSL served as NSE is mainly constructed by one
plate spring, two L-shaped levers and two horizontal
guiding combinations. The center part of plate spring
is fixed on the vertical plate of the base, and both ends
are in cantilever state. Two L-shaped levers are
symmetrically installed between the supporting plat-
form and the base. Specifically, the long arm end of
each L-shaped lever is hinged with the bottom
supporting rod of the platform. The short arm end of
each L-shaped lever contacts with the plate spring and
can slide on the surface of the plate spring. The elbow
joints of two L-shaped levers are hinged on two
horizontal guiding components, which can slide on
two horizontal guiding shafts. The left and right ends
of the two horizontal guiding shafts are parallel
installed on two supporting plates of the base. Two
vertical guiding components are mounted between the
platform and the base to ensure that the platform
moves along the vertical direction. Two linear coil
springs and the CPS-LSL are connected in parallel to
offset negative dynamic stiffness of the CPS-LSL, so
as to making the nonlinear isolator achieving high
static and low dynamic stiffness.

In initial state, no payload acts on the platform and
the plate spring remains un-deformed, as shown in
Fig. 1a. After loading the isolation object, two coil
springs are compressed, and two L-shaped levers
rotate around two horizontal guiding components. At
the same time, two horizontal guiding components
slide away from each other along two horizontal
guiding shafts, forcing the plate spring to bend, as
shown in Fig. 1b. With the increase of plate spring
bending, the negative dynamic stiffness of CPS-LSL
occurs. By connecting two positive stiffness springs in
parallel with CPS-LSL, the quasi-zero stiffness prop-
erties of the nonlinear isolator can be obtained.

The schematic of the AQZS-VI, with clear desig-
nation of the structural parameters, is shown in Fig. 2.
The short and long arms of each L-shaped lever are
perpendicular to each other, whose lengths are marked
as /1 and I, respectively. The vertical distance from
the fixed end of cantilever plate spring to the
horizontal guiding shaft is denoted by d. The stiffness
of each coil spring is k/2. The mass of the isolation
object is m. The absolute movement of the isolation
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Fig. 1 Physical model of the AQZS-VI: a without load; b with load
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Fig. 2 Schematic diagram of the AQZS-VI

object is denoted by x, the base excitation is z, and both
of their positive directions are defined as vertical
down.

3 Modeling of the AQZS-VI
3.1 Static model

As seen in Fig. 1, the structure of AQZS-VI is
symmetrical about the axis of the vertical supporting
rod. To clearly reveal the relationship between the
restoring force and the deformation of AQZS-VI along
vertical direction, the force and deformation diagrams
of one L-shaped lever and half of plate spring are
depicted in Fig. 3a and b, respectively. The coordinate
system Ovw is defined, of which the origin (O) is set on
the center of the plate spring, and the positive
directions of horizontal (v) and vertical (w) axes are
defined as right and down, respectively. The inclina-
tion angle of the long arm of L-shaped lever relative to
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the vertical direction is «. The coordinate of endpoint
C of L-shaped lever’s short arm in system Ovw is
marked as (v.,w.). Deduced from the relationship
between the position of L-shaped lever and the
deformation of plate spring, as shown in Fig. 3, it
can be obtained that

l
ve= b~ (h=3)~7(h~3) (1)
2

=3 E—(h—3%)°—-d (2)

We

where X = x — z is the motion of isolation object

2
relative to the base, h = ly/1 — (ﬁ) is the vertical

distance between the long arm endpoints of L-shaped
levers and the horizontal guiding shafts, in initial state.

As shown in Fig. 3b, when sliding on the surface of
plate spring, the short arm end of L-shaped lever
reaches arbitrary point between points O and C which
is marked as C'(v, w), the arc length of the plate spring
between the fixed endpoint O and point C’ is marked as
s. The bending angles of the plate spring relative to
horizontal direction at points C’ and C are denoted as 8
and ., respectively. The force acting on the point C of
plate spring are F".. Correspondingly, the force acting
on the short arm endpoint of L-shaped lever is F..
Based on the Newton’s third law of motion, regardless
of the direction of the force, it can be derived that
F/ =F..

The plate spring, whose symmetrical center fixed
on the base, can be approximated as two symmetrical
arranged cantilever beams. The relationship between
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Fig. 3 Force and
deformation diagrams of (a) (b)
key parts: a L-shaped lever;
b plate spring
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the bending moment and curvature for the plate spring
at point C’ can be expressed as [35-37],

ap
El =M (3)

where E is the elastic modulus of plate spring, I is the
moment of inertia of the plate spring cross section
about the neutral axis and % is the bending curvature
of the plate spring at point C'. M is the bending

moment acting on point C’ of the plate spring, which
can be expressed as below.

M = Flcosf.(ve — v) + F.sinf, (w. — w) (4)
Both hand sides of Eq. (3) are differential with
respect to s, getting that

&’ dM

Erst =2
dsz ds

(5)

Substituting Eq. (4) into Eq. (5), derives that
a2
EIF + Fl.cosf.cosf + Fl.sinf sinff = 0 (6)
K ,
Considering the boundary conditions that (f),_, =
S, and (g—f) = 0, the differential arc length ds can
©/ s=L

be obtained b;r integrating the left-hand side of Eq. (6)
with respect to s from s to L as

_ B 4
~ \2F. \/sin(B. — B)

where L is the arc length of plate spring between points
O and C.

ds (7)

E¢'

Furthermore, projecting the arc length ds to the
horizontal and vertical coordinates of the coordinate
system Ovw, respectively, the differential length dv
and dw can be obtained as expressed below.

dy — ET cospdf ()
-\ 2Fsin(B. — B)
EI sinfdp

dw 9)

~\2F\sin(B,— B)

Then, integrating Eqs. (8) and (9) with respect to f§
from O to f3,, respectively, the coordinates of point C
(v¢, we) are obtained as shown in Eqgs. (10) and (11).

EI Be
Ve =4 /F(Zcosﬂﬂ/sinﬁc + sinﬁc/ +/sinfidp)
c 0
Ry /%(ZCosﬁC\/sinﬂc + %ﬁ’%sinﬂc) (10)

| EI e
We = 2—,(2sin,8c.\/sinﬁc - cosﬁc/ \/sinfdf)
F, 0

Ol

EI . 3 2
S\ {2(smﬁc) 3

c

ﬁﬂ} (1)

From Egs. (10) and (11), it can be obtained that the
bending angle 3. and the force F. are the functions of
the coordinates of point C (v., w.), which can be
expressed as below.

@ Springer
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. .2
ﬁcz—zvvv—‘+,/4(vvv—) 16 (12)

Fe=F/ ~>""Pe (13)

Based on the principle of moment balance, the total
moment acting on the elbow joint of each L-shaped
lever can be obtained as

1
EF,,lzsinoz + F.sinfl.l;sino = F.cosf ljcosa (14)

where F, is the force acting on the NSE.

Combining Egs. (1), (2), (12), (13) and (14), the
restoring force of NSE, which is the function of
relative displacement X, can be written as

Fn:4lllz
LB —(h—3%)* = 1(h
(15)
(cos \/7—sm[)’
where
\/ — X
LB = (h—3%)* — hd
2 2 2
b/ —(h—%)"—1(h—%)
+ (42 ) +6
I\/B = (h—3%)" —bhd
(16)

Furthermore, according to the superposition prin-
ciple of restoring forces of parallel connected springs,
the restoring force F, of the nonlinear isolator
comprised of the NSE and linear springs can be
obtained as below.

F, = 4Ll

(2\/B = (h=%)" = li(h = X))

(cosﬁch_—x —sinf,
VB = (h—3%)

To facilitate calculation and analysis, we set new
vertical displacement coordinate u, whose origin is on
the plane formed by the centers of two horizontal
guiding shafts, as shown in Fig. 2. The relationship

)+ kE
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between u and x is u =x — /1 — (—) And the

displacement of supporting platform relative to the
base in new coordinate system is expressed as

2
i=x—h=x—-1 1—(%) . Define kref:%[ as

the equivalent stiffness of cantilever plate spring,

which reflects the bearing capacity of the plate spring.

And Fiof = % is the force which is required to make
1

the lateral deformation of the end of cantilever plate
spring to be /;.

Substituting # = X — A into Eq. (15) and dividing
both hand sides of Eq. (15) by Fyt, the non-dimen-
sional force—displacement relationship of NSE can be
obtained as,

. 4

-2
F, :7( & fﬁ2+éﬁ) (cosﬂc +sinﬂc>ﬁc

(18)

u

where ., =

2
Ve iy g N 3 —iP+i +6
VS —it—5y VS —iE—8y ’

F, = #= is the non-dimensional restoring force of
re!

~

NSE. u :ﬁ is the non-dimensional displacement of
supporting platform relative to the base, d = % is the
length ratio of two arms of L-shaped lever and y = ﬁ is
the non-dimensional distance between the fixed end of
cantilever plate spring and the horizontal guiding
shafts along vertical direction.

Similarly, the non-dimensional force—displacement
relationship of the nonlinear isolator can be getting
that

s e la” L.
F,= 5 (Vo —u +5u) /36<cosﬁcm+smﬁc)
+ M+ 20/ 1 — 9?2

(19)

where F .= 5 ;’f, l = kk? is the equivalent stiffness ratio
of vertical coil springs to plate spring.

Differentiating Eqs. (18) and (19) with respect to
non-dimensional displacement i, the non-dimensional
stiffness of the NSE and the nonlinear isolator can be,
respectively, derived as
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k, _8 A—&-lﬂ B ﬁ P cosp,— +smﬂ
TS o A 5 ¢ ¢

4 1.\ *op. i
=5 (A + 5 u) % (cosﬁc A + smﬁc)

—cosf0* A~ — cosp, 66 f)
u

(20)
k~q = k~n + 4 (21)
where
A=V _ 2 (22)
aﬁc:2<_5ﬁ+‘A+6ﬁA+ti> 2(6A + 1) 1
G ANA=0 (A=8)7) \ | [a(on + i) +6(A— o)

(23)

3.2 Approximation of the restoring force

Choosing proper structural parameters, the minimum
dynamic stiffness of the nonlinear isolator can be
designed to be zero at ZSP 1, which makes the
nonlinear isolator to be AQZS-VI. The non-dimen-
sional restoring force of the AQZS-VI expressed by
Eq. (19) is continuous near 1y, which can be expanded
by Taylor series at iug. The fifth-order Taylor series
expansion of Eq. (19) is conducted and shown as

Fy= g+ (i — tio) + ¢y (i — i) + 3 (i — i)’
+ @4t — 1)t + s (it — 1) + 0(id)

(24)
where (p():ﬁ (o), @ :]gq(ﬂo)’ ®2 :% ( o)
_ 10k (- 1 0%, = 124
03 = g (), 04 = 375+ (1), @5 = g5t (o), 0

is the higher-order terms of #.

For the parameters setting as 6 = 2.2, y = 0.75, the
relationship between the non-dimensional restoring
forces and displacement, expressed by Egs. (19) and
(24), is plotted in the same figure for comparison as
shown in Fig. 4. It can be seen that the values of non-
dimensional force are asymmetric about #, and the
approximation curve can fit the exact curve well near
1o, while with the relative displacement goes far away

0.1
0.08

0.06 {7

Non-dimensional force

0.04
-1.4 -1.2 -1 -0.8
Non-dimensional displacement

Fig. 4 Non-dimensional restoring force—displacement curves
of the AQZS near ZSP iy for y = 0.75 and 6 = 2.2 : ‘-’exact
solution; ‘-’ third-order expansion; ‘---’ fifth-order expansion.
iy is marked by vertical black dashed line

from 1y, the fitting accuracy becomes worse. Higher-
order expansion can improve the fitting accuracy, and
fifth-order expansion can better fit the exact curve and
reflect the asymmetric properties of restoring force
than third-order expansion.

3.3 Nonlinear damping force model

The AQZS-VI comprised of several kinematic (sliding
and rotating) pairs exhibits complex nonlinear damp-
ing property. Considering more generalized situation,
the nonlinear damping force of the AQZS-VI pro-
duced by the Coulomb friction of kinematic pairs and
by viscous friction of equivalent vertical damper is
studied in the dynamic analysis of the vibration
isolator. The equivalent vertical damper, sliding pairs
and rotating joints of the AQZS-VI are depicted in
Fig. 5. In the figure, it can be seen that the isolator
consists of eight sliding and four rotating pairs. The
twelve kinematic pairs, respectively, represent two
vertical guiding rod-sleeve combinations, four hori-
zontal guiding rod—sleeve combination, two sliding
pairs between the bending plate spring and L-shaped
levers, and four rotating joints. By means of the
nonlinear geometric transformation, the Coulomb
friction produced by each kinematic pair can be
equivalent to the nonlinear vertical damping force.

The damping force of the equivalent vertical
damper are defined as F, which is the linear function
of relative vertical ve1001ty , written as

Fo=chg di (25)

where c is the viscous friction constant of equivalent
vertical damper.

@ Springer
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Fig. 5 The equivalent |
vertical damper, sliding L )
pairs and rotating joints of .
the AQZS-VI Rgtatmg
. L joints 1,2
Vertical sliding /
pairs 1,2 ) .
Rotating Rotating Damper
joint 3 joint 4
Horizontal | A = Horizontal
sliding pairs 1,2 sliding pairs 3,4

The vertical damping force F,; caused by the
friction of two vertical guiding mechanisms can be
expressed as

Fo = 2uzv1sgn<fl ) =2f, 1sgn<fl”)
where p is the friction resistance coefficient, N; the
positive pressure between each part of the vertical
sliding pairs, f; the friction force in vertical direction.
The value of friction coefficient p depends on the
contact surface and material which can be referred to
handbook of engineering materials.

The equivalent vertical damping force F ., induced
by the friction of two horizontal guiding mechanisms
can be deduced [38] as

o (Y
5 Nasen|

> du
= 4(32 ZfCZSgn(dt> (27)

(26)

Fon=4

where N, is the positive pressure between contact
surface of each horizontal guiding mechanism, f, the
friction force in horizontal direction.

The equivalent vertical damping force F .3 caused
by the friction of relative displacement between the
short arm end of L-shaped lever and the bending plate
spring can be obtained as

Faeo 1 . u N du
3=23 (Cosﬁc —sinf, m)# 3sgn (dt)
= % (cosﬁ sinfi, ﬁ>fcgsgn<dbtt)
(28)
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[
Sliding pairs of L-shaped lever end

where N3 is the positive pressure of contact surface
between each short arm end of L-shaped lever and the
bending plate spring, f.; the friction force in the
bending direction of plate spring.

The friction force of each rotating joint is

= feasgn(ir) (29)

where Ny is the positive pressure (or tightening force)
of joint, o the inclination angle of the long arm of the
L-shaped lever relative to the vertical direction as
shown in Fig. 3, f_, the friction force in « direction.
The equivalent damping force acting on the vertical
guiding mechanism caused by the friction of elbow
joints of L-shaped levers (rotating joints 3 and 4,

shown in Fig. 5) is F,, = 2F,, . Mean-
while, the equivalent damping force acting on the
horizontal guiding mechanism caused by the friction
of long arm end joints of L-shaped levers (rotating
joints 1 and 2, shown in Fig. 5) is F,, = —2EFW,
Therefore, the equivalent vertical damping force F 4
caused by the friction of four rotating joints is

Fop = uNysgn[(do/dit) - )

12 —M

o~

0 5 dii
=2
L - 5 - ~2f04sgn<dt>
(30)

Fc4:Fgav+Fgoh

Finally, the total equivalent vertical damping force
F. produced by Coulomb friction of the sliding and
rotating pairs can be sum up and written as

du d
F. = frsgn (d—btt> = (fr1 +fp2 +fp3 +fpa)sgn (d—b;)
(31)
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where f\,f2,f3andfyy, respectively, represent the
equivalent vertical damping forces of two vertical
guiding mechanisms, two horizontal guiding mecha-
nisms, two contact surfaces between bending plate
spring and two L-shaped levers, and four rotating
joints, whose expressions are listed in (A.1-A.4) of
Appendix A.

3.4 Approximation of the damping force

From Egs. (A.2-A.4), it can be seen obviously that f,,
fr3 and fy, are continuous at ZSP iy, and they can be
approximated by Taylor series expansion at u as

fra = e+ &1 (i — iig) + &2t — ik’ (32)
fr3 = &3 + et — o) + &5 (i — iio)’ (33)
ff4 = &6 + 87(12 — ﬂo) + 83(12 — ﬂo)z (34)
where the expressions for ¢, ¢, &, €3, &4, &5,

&, &7andeg are listed in A.5-A.13 of Appendix A.
The total damping force f; can be written as

fr = o + 1y (6 — dig) + 1y (i — iig)? (35)

where g =2f,+eo+e+e, M =¢e+e+ée
and u, = & + &5 + &g.

It is obvious that y,, ¢; and p, are symbolically
independent. The equivalent total damping force
expressed in Eq. (35) can be designed for proper
nonlinear characteristic. This provides potentially
effective way for nonlinear damping design with
passive manner, which is attractive to engineering
practice.

Matching the structural parameters’ setting of
AQZS-VI in Sect. 3.2 and considering general metal
materials with smooth surface such as aluminum or
steel, the parameters of AQZS-VI are settled as
0=22,y=0.75f,=05,f,=05,f3=1 and
fea = 1. The comparison of Taylor series expansions
and exact values of fr,, fr3, fr4 and f; is shown in
Fig. 6. From Fig. 6, it can be concluded that the Taylor
expansion Eqs. (32-35) can basically represent the
nonlinear damping forces near ZSP. Figure 6 also
shows that the damping forces are asymmetric about
Uup.

4 Nonlinear stiffness and damping properties

Based on the model established in Sect. 3, the
nonlinear force—displacement and stiffness—displace-
ment characteristics of the NSE and the nonlinear
isolator are investigated in this section. And the
equivalent Coulomb friction damping characteristics
of the sliding and rotating pairs and their influence on
the damping characteristics of the nonlinear isolator
are also analyzed.

4.1 Nonlinear stiffness properties
4.1.1 Nonlinear stiffness of NSE

Based on the static model of the AQZS-VI established
in Sect. 3.1, the nonlinear stiffness characteristics of
NSE and their sensitivity to different parameters are
analyzed in this section. The non-dimensional force—
displacement characteristics of NSE for different
length ratios (0 and y) are calculated using Eq. (18)
and plotted in Fig. 7a and c. Similarly, the non-
dimensional stiffness-displacement characteristics of
NSE for different length ratios (6 and y) are calculated
using Eq. (20) and plotted in Fig. 7b and d. As shown
in Fig. 2, the relative displacement range of NSE we
concerned is from the position # = —h (plate spring
remains un-deformed) to the position # = h (plate
spring returns to its un-deformed state). Correspond-
ingly, the range of non-dimensional relative displace-
ment # is set from —{* to {* as plotted in Fig. 7.

From Fig. 7a and b, it can be revealed that for a
specific length ratio 6 = 2, the displacement range as
well as the negative stiffness region increases with the
decrease of y. The smaller y is, the stronger the
nonlinear characteristic of the NSE is, and the lower
negative stiffness can be obtained. Smaller y is
beneficial to get a relatively lower negative stiffness
and larger negative stiffness region. In Fig. 7a, the
restoring force of NSE increases rapidly at the
beginning of the relative displacement stroke, then
decreases slowly with the increase of the relative
displacement and finally increases at the end of the
relative displacement stroke. In Fig. 7c and d, the
displacement range as well as the negative stiffness
region increases with the increase of J for a specific
length ratio y = 0.75. However, the smaller ¢ is, the
stronger the nonlinear characteristic of the NSE is and

@ Springer



1912 X. Zhou et al.
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the lower negative stiffness can be achieved. From
Fig. 7, it can be concluded that the minimum negative
stiffness (marked as lgno) and its occurrence position
(marked as 1) are not fixed with the changing of y and
0, while always appear between the upper limit point
ﬁ:—% and the center of two limit points #=0.
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4.1.2 Nonlinear stiffness of the proposed isolator

For 6 =2.2 and y = 0.75, the effects of different
stiffness ratio 4 on the static mechanical properties of
the nonlinear isolator are plotted in Fig. 8 based on
Egs. (19) and (21). The dynamic stiffness of the
nonlinear isolator is largest at the initial position which
corresponds to i = — % and soon decrease rapidly with
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Fig. 8 Non-dimensional force—displacement (a) and stiffness-displacement (b) curves of the nonlinear isolator with different A for

0=22andy=0.75

the increase of displacement. The minimum stiffness
occurs at u#p = —1.0536, which can be obtained by

solving the equation %ﬁ; =0 (aa]ig can be obtained by
differentiating Eq. (20) with respect to u). After the
motion of the isolation platform reaches i, the
stiffness increases slowly with the increase of the
displacement. The increasing rate of the stiffness is
much smaller than the initial decrease rate of stiffness,
which exhibits asymmetric property. The large stiff-
ness and its decreasing rate during initial movement
are beneficial for improving the bearing capacity with
small displacement, while after the isolation platform
reaches iy, the small stiffness with slow increasing
rate is helpful for achieving large displacement range
under small stiffness value, which means that the
isolator has a long working stroke.

The minimum stiffness can be changed from
negative to positive with the increase of stiffness ratio
A as shown in Fig. 8b. If the stiffness ratio 4 is chosen
properly, the zero dynamic stiffness can be obtained at
point g, of which i is named as zero stiffness point
(ZSP), and the nonlinear isolator becomes AQZS-VI.
It’s worth noting that the stiffness ratio A can be
increased by decreasing the flexural rigidity of the
plate spring or increasing the stiffness of the vertical
springs, and vice versa.

Different from symmetric QZS-VI whose NSE
does not provide supporting force, the NSE of
proposed AQZS-VI provides substantial supporting
force at ZSP, which is beneficial for improving the
bearing capacity of the nonlinear isolator. To reveal
the contribution of the supporting force of the NSE to
the bearing capacity of the vibration isolator, the non-
dimensional restoring forces and stiffness of the
AQZS-VI and its components: NSE and positive
stiffness springs (PSSs) are plotted in the same figure,

as shown in Fig. 9. From the figure, it can be seen that
at ZSP, the non-dimensional restoring force of AQZS-
VI is the sum of restoring forces of NSE and PSSs, of
which the NSE provides larger restoring force than
PSSs. The static supporting force of NSE is very
beneficial for improving the bearing capacity of
AQZS-VI. The shaded parts of Fig. 9 represent the
quasi-zero stiffness (QZS) range near the ZSP, in
which the dynamic stiffness of the vibration isolator is
close to zero. The QZS range is the expected or desired
working range for the isolator.

For different values of length ratios 6 and 7,
different stiffness ratios 4y are required to make the
nonlinear isolator obtain zero dynamic stiffness
(k~q = 0) at iy. Specifically, the stiffness ratio /g is a
function of the length ratios ¢ and ), whose relation-
ship is plotted as shown in Fig. 10a. From Fig. 10a, it
can be observed that the smaller the length ratios ¢
and/or v, the larger the stiffness ratio Ay is needed to
acquire zero dynamic stiffness for the nonlinear
isolator. What’s more, zero stiffness point u is also
related to the length ratios ¢ and 7y, as shown in
Fig. 10b, where 11 increases with the decrease of 6 and
the increase of 7.

4.2 Nonlinear damping properties

As shown in Fig. 5, the isolator contains twelve
kinematic pairs, of which the intrinsic nonlinearity of
Coulomb friction combined with geometric nonlin-
earity constitutes complex nonlinear damping charac-
teristics of the vibration isolator. As expressed in
Sect. 3.3, Eq. (31) presents a nonlinear damping force
which not only depends on the direction of motion but
also on the structural parameters and relative dis-
placement. This section focuses on the influence of
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Fig. 9 Non-dimensional (@) 03 (b) 15 .
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Fig. 10 The required
stiffness ratio Ao (a) and
corresponding zero stiffness
point #y (b) with respect to
different ¢ and y for
achieving zero dynamic
stiffness at 1

different parameters on the nonlinear damping force of
AQZS-VI. Considering general metal materials with
smooth surface such as aluminum or steel, the friction
forces set as for example f,; =0.5,f, =0.5,f 3 =1
and f., = 1. The values of equivalent vertical damp-
ing forces fr,,fs3,f4 and f; with respect to non-
dimensional relative displacement under different
length ratios ¢ and y are shown in Figs. 11 and 12.

From Fig. 11, it can be seen that (1) for a specified
value y = 0.75, the damping forces f, f74 and f; are
decreasing functions of # and they share very similar
decreasing trend with the increase of relative dis-
placement i, while « has little effect on the damping
force ff3; (2) smaller § leads to larger values of
damping forces ff,,f3,/7s and f; and broadens the
changing ranges of these damping forces along the
specified displacement range; (3) the total damping
force f can be changed from a small value to a bigger
one near ZSP iy, which means AQZS-VI can dissipate
more energy at the peak of resonant vibration.

Figure 12 reveals the effect of length ratio 7 on the
damping forces fr»,fr3,fr4 and f;. The nonlinear
displacement-dependent properties of the damping
forces are very clear. It is noticed that ) has no effect
on fy, and fy,, while has little effect on f;; and f;. To
obtain better nonlinear damping effect, it is necessary
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to further analyze the influence of structural param-
eters on linear and nonlinear damping properties.

As expressed in Sect. 3.4, the linear and nonlinear
damping coefficients py, u; and p, with different
parameters 6, y, f, fo3 and f,, are shown in Figs. 13,
14 and 15. It can be seen from Figs. 13 and 15 that the
values of coefficients p, and p, are all positive and
decrease with the increase of 6 and y and increase with
the increase of f ,, and f 4. The values of y, and p, are
nearly linear decreasing functions of y. The value of
is negative and increasing function of y and ¢ and
decreasing function of f, and f 4. From Fig. 14, p, is
the decreasing function of y, whose decreasing rate
increases with the increase of f .5, while p, is also the
decreasing function of ¢, which is seldom affected by
[ under specified changing range of 9.

It is explicit that the linear damping coefficient y is
a linear increasing function of f.; which can be altered
independently. The increase of p, is beneficial for
vibration isolation near resonant frequency while
deteriorates the isolation at higher frequencies. The
nonlinear damping coefficients u; and u, are inde-
pendent of f,.,. If linear damping is reduced for
improving the high-frequency isolation performance,
nonlinear damping should be adjusted for enhancing
the vibration isolation near resonant frequency [39]. It
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Fig. 11 The equivalent
vertical damping forces
Fp2:f3:fya and fy for y =
0.75 and different o

(a) 15

(b) 1

Fig. 12 The equivalent

vertical damping forces
ff2af/'3,f_‘f4 and f}- for 6 =
2.2 and different y

is practical to achieve such an advantageous damping
property, although there exists coupling effect among
nonlinear coefficients u; and g, when adjusting the
same structural parameters. Proper optimization pro-
cess could decouple the effect as the sensitivities of
damping coefficients to different structural parameters
are different.

Considering the direction of friction force, the
values of equivalent vertical damping forces Fy, F 3
and F 4, as well as the value of total equivalent vertical
damping force F. and near-zero stiffness point i, are
shown in Fig. 16. From the figure, it can be seen that
the directions of the equivalent vertical damping
forces are determined by the direction of the relative
velocity ‘cll—‘f. The absolute values of F.,, F.4 and F.
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Fig. 13 The values of (a) 8 (b) 58 Fe==————

damping coefficient o, | |—f =10 | T
under different f,, when a 5.6

y=0.75and b § = 2.2; The
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feo,wheney=0.75and d
0 = 2.2; The values of u,
under different f,, when e
y=0.75andfdé =22

€ s

decrease with the increase of relative displacement i,
while the F; is almost unaffected by the relative
displacement #. Although the friction of the isolator is
energy dissipation caused by the relative motion of the
contact surface, for large friction force, it is hard for
the isolator to turn into the isolation state, which
means that the isolation system is too rigid for
excitation. Therefore, to reduce the values of equiv-
alent vertical damping forces, one method is to smooth
the surface of sliding and rotating pairs to reduce the
values of f|, fe, fo3 and f.4, and the other one is to
increase the values of § and y. While the increasing of
o will decrease the zero stiffness point iy, which is not
conducive to the reduction of damping forces. The
stiffness requirement of the isolator should be consid-
ered to determine the value of J.
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5 Displacement transmissibility

5.1 Dynamic model

It is instructive to note that the moving components of
the CPS-LSL, including two L-shaped levers and two
horizontal guide sleeves, can be constructed by high
strength and low-density materials (carbon fiber or
aluminum alloy, etc.). Two arms of each L-shaped
lever can be designed to be hollow rods to minimize
the flexibility and inertia influence on dynamic
properties of the nonlinear isolator. The payload mass
of the AQZS is assumed to be m which can make the
isolator keep balance at ZSP #y. The mass of two
horizontal guide sleeves and the moment of inertia of
two L-shaped levers are much smaller than the mass of
isolation object, which can be neglected during the
dynamic modeling of the AQZS-VI. To simplify
modeling, the inertia effect of the internal moving
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parts of the vibration isolator on its own dynamic
characteristics is ignored. As discussed in Sect. 3, the
nonlinear isolator can be regarded as a single degree of
freedom (SDOF) system, whose static mechanical
equation is

FretF, (i) —mg =0 (36)

Consider that the displacement excitation z =
Zocoswt is exerted on the base of the AQZS-VI.
Using Newton’s second law of motion, the dynamic
equation of the AQZS-VI is given as

d*i

l
g

+F, + F, + FretF, — mg = mZow*cosmt
(37)

Substituting Egs. (31), (35) and (36) into Eq. (37)
and conducting a series of transformation, the non-
dimensional dynamic equation is derived as

24 2.6 0.65 0.7 0.75 0.8 0.85

Y
di dii dii )
a2 +2&.fsgn <dr> + 2¢, e +f, = Q7zoc08Q1
(38)
where w, = k;;f, T=wut, Q= %} is the frequency
ratio, &, = 2{;(‘1) is the damping factor of Coulomb
friction, ¢, = 5. is the damping factor of equivalent

viscous friction, zg = ?—10 is the non-dimensional ampli-
tude of displacement excitation, f,;, = fL] f is the non-

dimensional damping coefficient expressed as
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Fig. 15 The values of
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(39)

and f, is the non-dimensional restoring force of

AQZS-VI, whose expression is

fo =010 —iio) + @ if — 1) + 3 (1 — 1)’
+ 4 — tio)* + s (i — i)’

(40)

The non-dimensional damping coefficient f, is a
nonlinear function of #, which can be expanded by
Taylor series. Compared with Eq. (35), the Taylor

expansion of f; at uy is

. -0
fa= o+ w1 (@ — o) + w5 (4 — o)

(41)

where 19 :.,%Mo’ Hit :ﬁlh, Hi2 :.,%Mz-
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The supporting platform vibrates up and down near
the equilibrium point . For the facility of dynamic
analysis, we define a new non-dimensional displace-
ment coordinate y, where uy is the origin of the
coordinate system. Then the relationship between y
and u is y = u — uy. Substituting the Taylor series
expansion Egs. (40) and (41) into Eq. (38), the
dynamic equation of the AQZS-VI can be given as

V' + 28 (o + 1Y + iy )sgn(y) + 28,5 + @7
+ o7 + ‘.03)73 + 5" + ‘P5)75
= Q?70c0sQr

(42)

where (-)' = d(-)/dr.

The harmonic balance method (HBM) [40] is used
to solve the Eq. (42). As the equivalent stiffness and
damping of AQZS-VI are asymmetric about zero
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stiffness point, the zero shift of vibration is considered
and the solution of Eq. (42) can be set as

y = ap + acos(Qt + ¢) (43)

where a is the amplitude of harmonic term and ay is the
zero shift known as bias term. The equations for a, ag
and ¢ obtained by applying HBM are listed by (B.1-
B.3) in Appendix B. From Egs. (B.1-B.3) and the
trigonometric identity: sin’¢ + cos? = 1, the abso-
lute displacement transmissibility 7, for displacement
excitation can be derived as

+ 2azpcosp
20

2 2
Td’\/a + 20 (44)

5.2 Effects of excitation amplitude and damping
on the transmissibility

For a nonlinear vibration isolation system, the exci-
tation amplitude and damping have great influence on
its response [40—42]. In this section, the vibration
transmissibility of the proposed AQZS-VI under
displacement excitation is analyzed. During investi-
gation the structural parameters which determine the
property of the isolator are referred to the parameters
discussed in Sect. 4 as 6 =2.2, y =0.75, 4o = 0.1,
iip = —1.0536, J;—z =1, §— =2 and ff‘—4 = 2. Different
excitation amplitudes and damping factors are
imposed to study the vibration isolation performance
of the AQZS-VL
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5.2.1 Effects of excitation amplitudes

In this section, the damping factors are fixed as &, =
0.025 and &, = 0. The absolute displacement trans-
missibility of the AQZS-VIunder different amplitudes
of displacement excitation is illustrated in Fig. 17. The
figure depicts that the AQZS-VI is a harden spring
system for which the transmissibility—frequency
curves near resonant frequency bend to the right-hand
sides with the increase of displacement excitation
amplitude. The displacement transmissibility is highly
sensitive to the amplitude of displacement excitation
near resonant frequency and the unbounded response
occurs as the displacement excitation amplitude
increases slightly. It is clear that the resonant fre-
quency of AQZS-VI is lower than 0.1 times of w,,
which is expected to achieve ultra-low-frequency
vibration isolation for the isolator.

5.2.2 Effects of viscous damping factors

The non-dimensional amplitude of displacement
excitation is set as zop = 0.1, and the damping factor
of Coulomb friction is fixed as £, = 0. The absolute
displacement transmissibility of AQZS-VI under
different damping factors of viscous friction &, is
shown in Fig. 18. From Fig. 18, it can be obtained that
the displacement transmissibility is highly sensitive to
the value of damping factor &,. The unbounded
displacement transmissibility occurs with the decrease
of damping factor &, . Increasing the damping factor &,
can prominently decrease the displacement transmis-
sibility near resonant frequency, while increases the
transmissibility at higher frequencies, which is similar
to the performance of linear vibration isolator.

10°

Displacement transmissibility

0 0.1 0.2 0.3 0.4
Frequency ratio Q2

Fig. 17 Displacement transmissibility of the AQZS-VI under
different amplitudes of excitation zo with &, = 0.025, £. =0
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Fig. 18 Displacement transmissibility of the AQZS-VI under
different damping factors of viscous friction &, with zo = 0.1,
gc =0

5.2.3 Effects of Coulomb friction

Coulomb friction is the main source of damping force
in the vibration isolator. It is of great significance to
study the influence of Coulomb friction on the
vibration isolation performance of the isolator. The
absolute displacement transmissibility of AQZS-VI
under different damping factors of Coulomb friction
&, is studied, and the results are shown in Fig. 19. In
the figure, the non-dimensional amplitude of displace-
ment excitation is set as zop = 0.1 and the damping
factor of viscous friction as &, = 0.025. It can be seen
that when the Coulomb friction force exists, i.e.,
£. > 0, the rigid motion occurs in the low-frequency
band of which the displacement transmissibility
equals to 1. With the increase of ., the frequency
band of rigid motion broadens and the resonance peak
decreases until it disappears. The large Coulomb

friction force (e.g., & =4 x 1077) makes the

214 =0

5 1.2 P —ex106
21 —— T e

€08 5% — — — £ =1x10°8
(7] N C

& 06 \ — ¢ =4x10"8
] EY fc

§ 0.4 Y

%. '\"-\\
2 0.2

o)

0 005 01 015 02 025
Frequency ratio Q

Fig. 19 Displacement transmissibility of the AQZS-VI under
different damping factors of Coulomb friction &, with zo = 0.1,
&, =0.025
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vibration isolator moves rigidly in the frequency
region where the resonance may occur, increases the
starting frequency of vibration isolation and deterio-
rates the displacement transmissibility of the vibration
isolator in higher frequencies.

As the Coulomb frictions exist in the kinematic
pairs of the isolator, the supporting platform does not
move relative to the base of the vibration isolator when
the excitation force is less than the friction force of
AQZS-VI; in other words, the self-locking occurs as
revealed by Gatti et al. [43, 44]. Although the frictions
of the kinematic pairs in the isolator have damping
effect, it is very dangerous for a vibration isolator with
rigid motion, especially for high-frequency excitation.
Therefore, to avoid the rigid movement of the AQZS-
VI and reduce the starting frequency of vibration
isolation, it is beneficial to reduce the value of
Coulomb friction in the kinematic pairs of the system.

6 Comparisons with existing vibration isolators

To objectively evaluate the static mechanical property
and vibration isolation performance of the proposed
AQZS-VI, the comparisons of static and dynamic
properties between the proposed AQZS-VI, linear
mass—spring—damping vibration isolator (Linear VI)
and symmetric QZS-VI (SQZS-VI) are conducted in
this section.

6.1 Static mechanical properties comparison

A typical vibration isolator comprising two oblique
springs acting in parallel with one vertical spring
studied in the literatures [12] and [13] is chosen as the
SQZS-VI for comparison. The non-dimensional

restoring force f and stiffness k of the SQZS-VI are

expressed as

f=z+2a(Vi=7 —)?){[552 21— 5+ 1}7 -
(45)

2

y
@ —2/T—px+ 1)

where f = ﬁ is the non-dimensional force exerted on

k=142l - ] (46)

the SQZS-VILx = ﬁ is the non-dimensional displace-

ment,y:Ll:COSOO is the cosine of the initial

inclination angle of two oblique springs, k, is the
stiffness of oblique spring, L, is the initial length of
oblique spring, o :’,% is stiffness ratio of oblique
spring to vertical spring. It is worth noting that the
value of o that ensures quasi-zero stiffness behavior

for a given y is

Y

oozs 2(1 — y) (47)

As the reference values of restoring force, stiffness
and displacement of three isolators (AQZS-VI:
Fret, keet, 11;SQZS-VI:  k,L,,k,,L,; Linear VI:Fi,
k;, 1y) are different during dimensionless processing,
it is inevitable to conduct more complicated conver-
sions rather than simple non-dimensional processing
before present the comparison in non-dimensional
form. The comparison in non-dimensional form may
not be intuitive. So, the comparison of static mechan-
ical properties is conducted in dimensional form. To
facilitate comparison, the three isolators are set to have
the same bearing capacity (m = 4.21 kg) under same
deformation (x =20 mm). Specifically, set the

parameters of SQZS-VI as y=0.6, L, = \/%_/ =
20_ — 25mm and k, = —28— = 2.0625N mm '

which are the optimized parameters. The parameters
of AQZS-VI are 6 =22, y=0.75, A =0.1016,
up = —1.0536, [;=50 mm,L=110 mm, ks = %, =

9.45Nmm~!, and Fie :% = 472.5N. The spring
1

stiffness of Linear VI is k; = 2.0625Nmm .

The restoring forces of three vibration isolators
with respect to the displacement are plotted in the
same figure as shown in Fig. 20a. Correspondingly,
the stiffness of three vibration isolators with respect to
the displacement is plotted in Fig. 20b. In the figure,
the shaded regions of light yellow and light blue
represent the QZS displacement ranges of SQZS-VI
and AQZS-VI, respectively, where the dynamic
stiffness of the two isolators are lower than 0.2 times
of Linear VI’s stiffness.

From Fig. 20, it can be concluded that the restoring
forces and stiffness of SQZS-VI and Linear VI are
symmetric about the ZSP of SQZS-VI (x = 20 mm),
while the restoring force and stiffness of AQZS-VI are
asymmetric. The proposed AQZS-VI has larger initial
dynamic stiffness than SQZS-VI and the dynamic
stiffness decreases more rapidly than that of SQZS-VI
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during initial deformation. With the displacement
increased, the dynamic stiffness of AQZS-VI changes
slower and maintains smaller value than that of SQZS-
VI in the neighborhood of ZSP. And after the isolation
platform reaches ZSP, the stiffness of AQZS-VI
maintains low value and increases much slower than
that of SQZS-VI. The displacement range of AQZS-
VI with low dynamic stiffness is much larger than that
of SQZS-VI as depicted in the shaded regions of
Fig. 20. The QZS displacement range of AQZS-VI is
much larger than that of SQZS-VI partly due to the
asymmetrical stiffness characteristic of AQZS-VI. Ina
word, with the same bearing capacity, the AQZS-VI
has much longer working stroke than the SQZS-VI for
low-frequency vibration isolation.

6.2 Dynamic mechanical properties comparison

The comparison of absolute displacement transmissi-
bility between the AQZS-VI, the SQZS-VI and the
Linear VI under harmonic displacement excitations is
conducted in this section. For a traditional linear
vibration isolator with payload mass m, linear spring
stiffness k; and damping constant ¢;, its dynamic
equations under harmonic displacement excitation
(z = Zypcoswt) can be written as
2~
&y +2¢ jy +y = Q?zpc0sQ1

i (48)

where @, = \/é, T=on, Q=28 =51y = y,
20 = %,lo is the reference length of linear spring, y is
the displacement of payload relative to the base of
Linear VI.

Considering Coulomb friction and viscous damp-
ing, the dynamic equations of the SQZS-VI under
displacement excitation (z = Zycoswt) are given by
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Displacement (mm)

d*x dx dx ~ mg
2 28— -
dr q.2 + gcssgn <d’C> + r:ts dz +f kuLo
= 70Q%cosQr (49)
where w,; = % T=pt, Q=2 = 2er ,
0 = i_:,é 2mw
friction,f, is the coefficient of equivalent Coulomb

friction, X = Lio

placement of payload respect to the base of SQZS-VI.
m, ¢; and k, are, respectively, represent the payload
mass, damping constant of viscous damper and

is the non-dimensional relative dis-

stiffness of oblique springf is the non-dimensional
restoring force of the SQZS-VI, whose expression is
shown in Eq. (45).

The parameters of the three isolators are set to be
equal to that specified in Sect. 6.1. The amplitude of
displacement excitation is set to be 5 mm. In addition,
the three isolators are specified to have same damping
properties. Specifically, for AQZS-VI, the Coulomb
friction is ignored and only consider viscous friction,

e., £, =0, & =0.025. The damping constants of
SQZS-VI and Linear VI are set to be equal to the
viscous friction constant of AQZS-VI, i.e.,
¢y = ¢; = ¢. Deduced from Egs. (38) (48) and (49),
the viscous damping factors of AQZS- VI SQZS-VI
and Linear VI are &, = ﬁ\/ﬂ’ &= ZW and & =
2\/‘}% respectively. And the value of vertical spring k;

of Linear VI is set to be equal to that of oblique spring
k, of SQZS-VI as present in Sect. 6.1. Therefore, it

can be deduced that &, =¢&, = 1/";"@ =2.14x

0.025 = 0.0535.

The comparison results are shown in Fig. 21, where
the Coulomb frictions are not considered for three
isolators. From the figure, it can be concluded that both
AQZS-VI and SQZS-VI exhibit harden spring
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Fig. 21 Vibration isolation performance comparison of the
three isolators under base displacement excitation (zop = 0.1)

properties for which the transmissibility-frequency
curves near resonant frequency bend to the right-hand
sides. The unbounded displacement transmissibility of
SQZS-VI occurs at resonant frequency when &; =
0.0535 and AQZS-VI (corresponding damping factor:
&, = 0.025) has lower peak value of displacement
transmissibility than the SQZS-VI. The AQZS-VI is
more stable than the SQZS-VI. The starting isolation
frequency of AQZS-VI is lower than that of SQZS-VI
and Linear VI. Under the same damping properties
(having same viscous friction constants), the vibration
isolation performance of AQZS-VI under displace-
ment excitation is better than that of other two
isolators with smaller starting frequency of isolation
and stable performance. Similar to the properties
described in Sect. 5.3.2, increasing the viscous damp-
ing factor of SQZS-VI, the no unbounded response is
achieved and the peak value of displacement trans-
missibility under resonant frequency is lowered, while
the displacement transmissibility under higher fre-
quencies is increased. For the AQZS-VI, decreasing
the viscous damping factor &,, the unbounded
response is acquired, as shown in Fig. 21.

Setting the damping factors of Coulomb frictions to
be nonzero, the damping factor of Coulomb friction of
AQZS-VI is set to be & =4 x 1073, while the
damping factor of SQZS-VI is set to be
&y =4 x 1073 It is worth noting that the Coulomb
friction of AQZS-VI is not only determined by ¢, but
also by the non-dimensional damping coefficient (f;)
as expressed in Eqgs. (38), (39) and (41). The damping
parameters of AQZS-VI are set to be % =1, ;—? =2

and‘}c‘—j = 2. The self-locking effect on the performance
of two isolators (AQZS-VI and SQZS-VI) is

considered, and the results are shown in Fig. 22. From
the figure, it can be seen obviously that the self-
locking effect of SQZS-VI is similar to that of AQZS-
VL. In the low frequency (lower than 0.8 Hz), the
displacement transmissibility of both QZS-VIs
(AQZS-VI and SQZS-VI) remain one, that is, the
self-locking phenomenon occurs.

7 Experimental investigation
7.1 Static experiments

The prototype of the proposed AQZS-VI was con-
structed to verify the accuracy of theoretical analysis.
It is noted that the detailed structure of prototype will
be introduced in next section. The static experimental
setup is built and shown in Fig. 23a. The vertical
lifting table combined with a force sensor is used to
measure the force—displacement characteristics of the
NSE, coil springs and the vibration isolator. The
supporting platform of prototype is fixed on the top
fixed plate of the vertical lifting table. The base plate
of the prototype moves up and down under the thrust
of the moving plate of the vertical lifting table. The
force sensor is placed between the base plate of
prototype and the moving plate of the vertical lifting
table to measure the thrust applied to the base plate of
the prototype. The restoring force—displacement
curves of the NSE, of the AQZS-VI with two coil
springs (whose stiffness is k = 0.92 Nmm™') and of
the AQZS-VI with two coil springs (whose stiffness is
k=1.15 Nmm™!) are shown in Fig. 23c, b and d,
respectively.

From Fig. 23c, it can be obtained that the exper-
imental result of the restoring force—displacement

-
o
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Fig. 22 The effect of Coulomb friction on the isolation
performance of AQZS-VI and SQZS-VI
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Fig. 23 a The static experimental setup of the prototype and the restoring force—displacement curves b of the AQZS-VI with two coil
springs (k = 0.92 Nmm™), ¢ of the NSE and d of the AQZS-VI with two coil springs (k = 1.15 N mm™)

curve of the NSE can basically fit the theoretical curve
of the NSE, which verifies the correctness of the static
model, while the slope of the initial descent section of
the restoring force—displacement curve of the NSE is
lower than that of the theoretical curve, that is, the
minimum dynamic stiffness of the NSE obtained from
the experiment is lower than that of the theoretical
calculation. The reason for the difference may be the
approximation error during the modeling of the NSE
as expressed in Eqs. (10) and (11). The difference
mentioned above leads to that the AQZS-VI composed
of the NSE and two springs with stiffness of k = 0.92
N mm! exhibits negative stiffness characteristic near
the ZSP, as shown in Fig. 23b. It is worth noting that
the stiffness of two springs (k = 0.92 N mm~') is close
to the theoretical required stiffness value for AQZS-VI
to achieve quasi-zero stiffness properties. Therefore,
increasing the stiffness of the two coil springs, that is,
making k = 1.15 Nmm~!, can make the prototype
achieve quasi-zero stiffness characteristics near the
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ZSP, as shown in Fig. 23d. In addition, observed from
the experimental restoring force—displacement hys-
teresis curves of the prototype, it can be concluded that
the isolator has large damping characteristics.

7.2 Sinusoidal vibration excitation experiments

The prototype of the AQZS-VI and the linear vibration
isolator (Linear VI) as well as the experimental setup
is shown in Fig. 24a, b and c, respectively. The length
and height of the prototype are 420 mm and 310 mm,
respectively. The main structural parameters of the
prototype are measured and shown in Table 1. The
Young’s modulus of the plate spring is specified as
E =2 x 10" Pa, which is nominal from design
specifications. There are no active or semi-active
devices involved in the nonlinear isolator. To reduce
the friction force of the prototype, several linear
bearings and rolling bearings are used to transform the
sliding friction into rolling friction, as shown in
Fig. 24a. Specifically, two rolling bearings are
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Fig. 24 a The prototype of the AQZS-VI, b the linear vibration 10-suspension spring rope, 11-accelerometer 2, 12-accelerom-
isolator and ¢ the experimental setup of vibration excitation. eter 1, 13-foundation block, 14-data display interface, 15-data
1-Vertical guiding shaft, 2-linear bearing, 3-horizontal guiding acquisition device, 16-power supply, 17-programming PC,
shaft, 4-plate spring, 5-base plate, 6-horizontal guiding compo- 18-controller, 19-mechanical vibration exciter, 20-motor driver,
nent, 7-l-shaped lever, 8-coil spring, 9-supporting platform, 21-payload mass, 22-vertical guiding component
Table 1 The main structural parameters of the prototype
Structural parameters Symbol Value
Length of short arm of the L-shaped lever I8 50 mm
Length of long arm of the L-shaped lever I 110 mm
Distance between un-deformed plate spring and horizontal guiding shaft d 37.5 mm
Total stiffness of two vertical coil springs k 1.15 Nmm™!
Thickness of plate spring h 1.5 mm
Width of plate spring b 20 mm
installed at the end of L-shaped levers’ short arm, and 2 Nmm~', which makes the Linear VI has the same
six linear bearings and four smooth shafts are used in bearing capacity with the AQZS-VI under specified

vertical sliding pairs and horizontal sliding pairs to deformation (20 mm).
reduce friction. The spring stiffness of the Linear VI is
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As shown in Fig. 24c, a mechanical vibration
exciter with a crank (eccentric wheel) slider mecha-
nism driven by a stepping motor is built to provide the
displacement excitation of the vibration isolator. The
exciter can output harmonic vibration excitation with
the frequency changed from O to 6 Hz, and the
displacement amplitude of vibration excitation can be
adjusted from O to 10 mm. The base plate of the
prototype is connected with the exciting rod of the
vibration exciter. The prototype is suspended in the air
by spring rope to offset its weight. Two piezoelectric
accelerometers (sensitivity: 500 mV/g) are fixed on
the base and the supporting platform, respectively, to
detect their accelerations. The sampling frequency of
data acquisition device is 1000 Hz. The mass of
foundation block (75 kg) is more than 10 times of the
prototype mass of vibration isolator (5 kg), which can
ensure the exciter output ideal displacement
excitation.

Among the experimental setup, the radius of the
crank is set to be 5 mm, that is to say, the amplitude of
displacement excitation is 5 mm which is equal to the
amplitude of displacement excitation used in theoret-
ical analysis. While the length of the connecting rod in
the crank slider mechanism is 60 mm, which is much
larger than the radius of the crank. Therefore, the
harmonic excitation produced by the slider-crank
mechanism is approximated as a sinusoidal signal
and other potentially induced nonlinear effects are
ignored. Sinusoidal vibration excitation of different
frequencies from 1 Hz to 5.5 Hz is applied to the base
of the AQZS-VI prototype and of the Linear VI to
analyze their vibration isolation performance. The
payload mass of the two isolators is all set to be
m = 4.5 kg.

The acceleration transmissibility defined as the
ratio of the acceleration amplitude of the supporting
platform to that of the base is used to evaluate the
vibration isolation performance of the two isolators.
Observed from the experimental results of linear
vibration isolator, it can be seen that the acceleration
transmissibility at resonance frequency is near 25.
Therefore, the damping factor of linear vibration
isolator can be calculated as &; = 0.02 which is used to
theoretical investigate the vibration transmissibility of
the linear isolator. As discussed in Sect. 6.2, we
speculate that the damping coefficient (c and ¢;) of two
isolators are the same, then it can be deduced that the
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viscous damping factor of AQZS-VI is &, = ﬁé,
=~ 0.0093. As present in Sect. 5.3.3, the starting
frequency of vibration isolation of AQZS-VI is mainly
determined by the value of damping factor of
Coulomb friction .. Observed from experimental
results, it can be deduced that the damping factor of
Coulomb friction is £,=0.0001. In the following
theoretical analysis, the assumptions settled in

Sect. 4.2 are maintained, that is ;—T =1, }c—? =2 and
o — 3.
cl

The experimental results of discrete sinusoidal
vibration excitation are compared with the theoretical
analysis results as shown in Fig. 25. The vibrations of
the base and the bearing platform at 2 Hz and 5 Hz are
given in detail after the AQZS-VI reaches steady
states. Observed from Fig. 25, the experimental
results of the AQZS-VI and the linear vibration
isolator are in good agreement with their theoretical
analysis results. For the linear vibration isolator, the
initial isolation frequency is higher than 5 Hz, which is
much larger than the initial isolation frequency of
AQZS-VI (1.2 Hz). For the AQZS-VI, the prototype
performs rigid motion in low-frequency range, and the
vibration isolation starts to take effect when the
excitation frequency exceeds 1.2 Hz. No resonance
phenomenon occurs along the whole vibration exci-
tation frequency. From Figs. 19 and 25, it can be seen
that large Coulomb friction force makes the resonance
phenomenon disappear and be replaced by the rigid
motion. And the Coulomb friction force also makes
the vibration transmissibility-frequency curve shift to
the right, increase the starting frequency of isolation
and degrades the isolation performance. Combining
Figs. 17, 18 and 19, it can be deduced that the critical
value of 1.2 Hz is mainly determined by the Coulomb
friction of the isolator. Therefore, reducing the
Coulomb friction becomes the key factor of decreas-
ing the starting frequency of isolation and improving
the vibration isolation performance of the AQZS-VI.
The critical value of isolation frequency can be
reduced by optimizing structure (lessen kinematic
pairs, transform sliding friction into rolling friction),
improving manufacturing accuracy, selecting lower
damping structural material and improving lubrication
states of kinematic pairs. Although the Coulomb
friction damping deteriorates the vibration isolation
performance of the prototype, the AQZS-VI also
exhibits superior vibration isolation performance
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compared with linear vibration isolator and has great
potential for engineering application.

8 Conclusions and discussion

Taking advantage of the nonlinear benefits, a passive
asymmetric quasi-zero stiffness vibration isolator
(AQZS-VI) comprised of positive stiffness springs in
parallel with negative stiffness element (NSE) is
presented, of which the NSE is mainly constructed by
the combination of cantilever plate spring and
L-shaped lever (CPS-LSL). The static and dynamic
models of the AQZS-VI are deduced considering the
geometrical nonlinearity of the NSE. Base on the
established model of the nonlinear isolator, the static
and dynamic properties of the AQZS-VI are thor-
oughly investigated. Comparing with traditional linear
vibration isolator and the symmetric QZS-VI (SQZS-
VI) comprising two oblique springs acting in parallel
with one vertical spring, the AQZS-VI has superior
asymmetric stiffness properties and exhibits excellent

vibration isolation performance. Based on the results
of this research, the following points can be obtained.

(a) Better than other QZS-VIs whose NSEs do not
provide supporting force at zero stiffness point
(ZSP), the NSE of the proposed AQZS-VI
provides more supporting force than the parallel
connected linear springs at ZSP, which is very
beneficial for improving the bearing capacity of
the isolator.

The displacement range of AQZS-VI with low
dynamic stiffness is much larger than that of
SQZS-VI. With the same bearing capacity, the
AQZS-VI has much longer working stroke than
the SQZS-VI for low-frequency vibration
isolation.

Under the same damping properties, the AQZS-
VI can achieve smaller starting frequency of
isolation, lower peak value of displacement
transmissibility than the SQZS-VI and the
traditional linear vibration isolator.

The kinematic pairs of AQZS-VI increase the
Coulomb friction force of the vibration isolator,
which deteriorates its vibration isolation

(b)

()

(d)
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performance—giving birth to rigid motion in
the low-frequency region, raising the starting
frequency of vibration isolation and increasing
the vibration transmissibility.

The AQZS-VI equipped with CPS-LSL possesses
beneficial nonlinear stiffness properties and provides a
practical passive solution for achieving low and even
ultra-low-frequency vibration isolation. Much better
vibration isolation performance and static bearing
capacity can be achieved by using CPS-LSL in the
vibration isolator. Further research should be devoted
to improve the structural design and reduce the
Coulomb friction of the isolator.
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Appendix A

fri=2fu (A.1)
72

frn= 4mfc2 (A2)

2 . 7}
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Appendix B

The equations for a, ap and ¢ obtained by applying
HBM are listed as below.
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