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Abstract In this paper, we study the Turing—Hopf
bifurcation in the predator—prey model with cross-
diffusion considering the individual behaviour and
herd behaviour transition of prey population subject to
homogeneous Neumann boundary condition. Firstly,
we study the non-negativity and boundedness of solu-
tions corresponding to the temporal model, spatiotem-
poral model and the existence and priori boundedness
of solutions corresponding to the spatiotemporal model
without cross-diffusion. Then by analysing the eigen-
values of characteristic equation associated with the
linearized system at the positive constant equilibrium
point, we investigate the stability and instability of
the corresponding spatiotemporal model. Moreover, by
calculating and analysing the normal form on the cen-
tre manifold associated with the Turing—Hopf bifurca-
tion, we investigate the dynamical classification near
the Turing—Hopf bifurcation point in detail. At last,
some numerical simulations results are given to sup-
port our analytic results.
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1 Introduction

Since the groundbreaking works of Lotka [1] and
Volterra [2], the predator—prey model is used to
describe the dynamical interaction between two species
and has been widely researched by many scholars in
the fields of biology and mathematics [3,4]. It is well
known that there are many functional response func-
tions which are used to describe the interactional effect
between the prey and predator species. For instance, the
Holling I-IIT types [5,6], ratio-dependent type [7,8],
Beddington-DeAngelis type [9], the different types
with Allee effect [10—12] and so on.

Notice the fact that in natural ecosystem, many
species may gather together and form herds to search
for food resources or to defend the predators, which
means that all members of a group do not interact
at a time. This behaviour is often called as the herd
behaviour. Recently, the authors in [13] have proposed
a more realistic predator—prey model to describe this
behaviour which can be written as

du = — Ja.

dr (1
dv . o~

3 = Fo=F+ Vi,
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where u(¢) and v(¢) stand for the prey and predator
densities at time ¢, respectively. Furthermore, 577 18
the death rate of the predator in the absence of prey,
and Y is the conversion or consumption rate of prey
to predator. The basic idea is that the prey population
often gather together in huge herds with the strongest
individuals on the border and the weakest will stay in
the middle region of the enclosed region. Therefore,
the prey which gathers together in the boundary region
will be hunted by the predator. That is to say that, the
prey population that occupies the outermost positions
in the herds will be hunted by the predator.

In recent years, many predator—prey models with
herd behaviour without diffusion term have been stud-
ied. Sahaet al. [14] have studied a predator—prey model
with herd behaviour and disease in prey incorporating
prey refuge, which is an eco-epidemiological model
of an infected predator—prey system. They assume that
the susceptible prey shows the herd behaviour. The con-
ditions for which the equilibrium point changes their
stability and also the conditions for occurring Hopf
bifurcation have been analysed. Manna et al. [15] have
studied the dynamics of a predator—prey model with
Allee effect and herd behaviour, where both predator
and prey show herd behaviour. Here, the authors used
the linear functional response function. A steady-state
analysis has been performed, and some conditions for
Hopf bifurcation are derived. Maiti et al. [ 16] have stud-
ied the dynamical behaviours of a predator—prey system
with herd behaviour and the Holling type II functional
response function, where both the predator and prey
show herd behaviours. The positivity, boundedness and
stability of equilibrium point are discussed.

From [17-20], we see that various reaction—diffusion
predator—prey models have been extensively studied
in the last decades. By considering the fact that in
real natural environment, apart from the natural dis-
persive force of movement of an individual which is
usually referred as the self-diffusion, there exists a
mutual interference between individuals and is usu-
ally referred as the cross-diffusion, see [21-23] for
details. Recently, cross-diffusion term has appeared in
different fields, such as the population dynamics and
ecology [24-27] and chemical reactions [28—31]. Fur-
thermore, cross-diffusion is taken into consideration
in predator—prey model which is used to measure the
situation that the prey keeps away from the predator
and conversely. Notice also that in recent years, many
researchers have shifted from the study of the formation
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of stationary spatial patterns induced by Turing insta-
bility to the study of the formation of spatiotemporal
patterns. For example, by combining with the model (1)
and considering the self-diffusion and cross-diffusion,
Tang et al. [32] have proposed a predator—prey model
with herd behaviour and cross-diffusion, and they study
the spatiotemporal dynamics near Turing—Hopf bifur-
cation point of the proposed model. Faria [33] com-
puted the normal forms on centre manifolds (or other
invariant manifolds) for partial functional differential
equations (PFDEs) near the positive constant equilib-
rium point. Especially, when a Hopf bifurcation occurs,
Faria [33] used the obtained normal forms to study the
qualitative behaviours of solutions on those manifolds.
In [34], Song et al. have proposed a rigorous procedure
for calculating the normal form for the codimension-
two Turing—Hopf bifurcation in the general reaction—
diffusion system and to investigate the dynamical clas-
sification near the Turing—Hopf bifurcation point in
detail.

Notice the fact that if the herd is too small, it may not
be possible for the herd to form an appropriate group
defence. In other words, if the herd is too small, the
boundary of the herd may consist of the total number of
the population. Thus, De Assis et al. [35] have proposed
amodified predator—prey model with herd behaviour by
considering large prey populations which display herd
behaviour, and small prey populations which display
individual behaviour. From a mathematical point of
view, the interaction term ajuv can be used to describe
a small number of prey populations, and a;/uv can
be used to describe a large prey populations. Thus,
the response function of their model is described by
a piecewise function

au, if 0<u<h,
ar/u,

where i represents a critical threshold of group size
for effective defence. By considering that in real life,
a smooth transition between ineffective and effective
group defence is expected, at least for some species,
and the function g’(u) is discontinuous, the authors in
[35] have proposed the following response function

gw) = it w>hy

u
() = a——er,

! Ju+ hy

where a and h; are parameters for which the biological

interpretation will be explained after some calculations.

When u — 0 and u — o0, the authors in [35] have
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Fig.1 The graphs of response functions f (u) and g(u) fora; =
L,ar=~20and hy = hy = h = 20

created a smooth transition function f (u) that approx-
imates g(u) by letting g(u)/f (u) goes to one. Through
simple calculations, the authors in [35] obtained that
a = ar and hy = (a» /al)z. Furthermore, it follows
that b1 = (a2 /ay )2 from the continuity of g(u), i.e. the
critical threshold /1 of group size for effective defence
and the threshold %, is consistent. Thus, f(u) can be
seen as an approximation of g(u) with a smooth tran-
sition for the individual behaviour aju and the group
defence ay+/u. For convenience, the authors in [35] let
hy = hy = n. Then, the functional response function
of their proposed model can be written as

f(u,v):a

u
—v.
vu+h

Here, by setting a; = 1 and ap = /20, then hy =
hy = h = 20, we plot the graphs of f(u) and g(u) in
Fig. 1. The coordinate of point P is (20, 20).

Thus, based on the above facts, the authors in [35]
have proposed a modified predator—prey model with
herd behaviour described by the following ordinary dif-
ferential equations

d—uzru(l—i>—a - v

dr K Vu+h )
dv u

— = —mv + ea —V,

dr u+h

where r is the intrinsic growth rates of the prey, K is
the carrying capacity of the prey, a is the maximum
value of prey consumed by per predator per unit time,
I is a threshold for the transition between herd group-
ing and solitary behaviour, m is the death rate of the

predator in the absence of prey, and e is the conversion
or consumption rate of prey to predator.

To the best of our knowledge, there are no results
on spatiotemporal dynamics near Turing—Hopf bifur-
cation point of the model (2). Therefore, by assum-
ing that the prey and predator populations are in an
isolate patch and neglecting the impact of migration,
including immigration and emigration, and introduc-
ing the spatial diffusion into the model (2), we consider
the following modified predator—prey model with herd
behaviour and cross-diffusion subject to homogeneous

Neumann boundary condition for x € 2 := (0, £x)
with £ € RT. That is
ou u
— =dpAu+dpAv+rull——)—a — v,
ot ( ) /u +h
xef, t>0,
dv u

m :dzlAu—i—dngv—mv—i—ea\/mv, 3)
xefN, t>0,
a—u:a—vzo, x€df2,t>0,
on  on
u(x,0) =¢x) =20, v(x,0) =y¥(x) =0,
where u(x, t) and v(x, t) describe the prey and predator
densities at the spatial location x and at time ¢, respec-
tively, the nonnegative constants dj; and dp, are the
self-diffusion coefficients of the prey and the preda-
tor, respectively, and the nonnegative constants dj2, do1
are the cross-diffusion coefficients, which describe the
respective population fluxes of preys and predators
resulting from the presence of the other species, respec-
tively, Au = 82u/3x2, Av = 32U/8x2, and n is the
outward unit normal vector at the smooth boundary
052. Moreover, ¢ (x) and v (x) are the initial functions.
Furthermore, it is necessary to assume that dj1dx >
di2d>1, which indicates that the flux of the respective
densities in the spatial domain depends more strongly
on their own density than on the other [36]. Especially,
we point out that the condition d1d>> > dj2dz; can
also be obtained in Sect. 3 which is one of the neces-
sary conditions for the occurrence of Turing instability
for model (4).

In this paper, by calculating the normal form for
the codimension-two Turing—Hopf bifurcation in the
model (4), we investigate the dynamical classification
near the Turing—Hopf bifurcation point. It is necessary
to point out the fact that, although we use the method
of computing normal form which presented in [34],
since we choose dq; as the bifurcation parameter and

x € $2,
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the existence of cross-diffusion, the procedure of com-
puting By and B3 needs to be deduced again, see
“Appendix” for details.

The remaining part of this article is organized as
follows. In Sect. 2, we show the non-negativity and
boundedness of solutions corresponding to the tempo-
ral model and the spatiotemporal model, respectively.
Furthermore, the existence and priori boundedness of
solutions corresponding to the spatiotemporal model
without cross-diffusion are also researched. Section 3
is devoted to the stability analysis of the proposed spa-
tiotemporal model, including the stability analysis for
the case without self-diffusion and cross-diffusion and
the stability analysis for the case with self-diffusion
and cross-diffusion. Furthermore, we plot the bifurca-
tion diagram for model (4) in dj; — & plane which
can be found in Sect. 3. In Sect. 4, we compute the
normal form on the centre manifold for Turing—Hopf
bifurcation corresponding to the model (4) by using the
method in [34]. Some numerical simulations are given
to support the theoretical results in Sect. 5. Finally, we
conclude this paper in Sect. 6.

2 Non-negativity and boundedness of solutions
corresponding to the temporal model

With a non-dimensionalized change of variables

1 1
u— —u, v—> —v, t—> mt,
K eK
and let
di1 di2 dy dy
dll = d12=_’ d21:_7 d22:_7
m m m m
r aeN K
Yy =— ﬂ = )
m m

then model (3) becomes the following non-dimensiona
lized model

ou Buv
— =dj1Au+dpAv+yu(l —u) — ——,
o7 1 12 yu( ) Jith
ov do1 At + dor A n Buv

— = u v—v ,

Py 21 22 —

u _ av _

an  on ’

ux,0) =¢x) >0, v(x,0 =v(x) >0,

where h = E/ K represents the critical threshold of
group size for effective defence in non-dimensional
scaling. Since we assumed that there is an observ-
able group defence effect, it is reasonable to take
0<h< K,and hence 0 </ < 1.

The temporal model associated with the model (4)
is

du(t) _ iy Brove)
5= yu(t)(1 — u(t)) TOETR 0,

dv@® _ LLIOLIO) ©)
a - oF u®) +h r=0

u(0) >0, v(0) > 0.

For the temporal model (5), we have the following
results.

Theorem 1 Suppose thaty >0, § >0, 0 <h < 1
and consider the system given by (5) and its trajectories
u(t), v(t); if the initial value u(0) > 0, v(0) > 0, then
the solutions u(t) and v(t) are always non-negative.
Furthermore, for any solution (u(t), v(t)) of system
(5), we have

(y +1)?
4y

(v + 1)?

tl_l)rgo sup u(t) < 1y

,  lim supv(r) <
11— 00

Proof In fact, the system (5) is composed of the fol-
lowing three subsystems

) o — ey — BV
a = yu(®)(1 —u()) NCOEL A t>0,
W _ e+ SOV (©)
a UU)-FW, t>0,
u(0) >0, v(0) >0,
u(t) =0, t >0,
d
1:1(;) ——v@), >0, )
u(0) =0, v(0) >0
xe 2, t>0,
xef2,t>0, @
x €082, t>0,
x € 2,
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and
dg’) = yu)(1 - ut)), 1> 0,
v(t) =0, t >0, ®)

u(0) >0, v(0) =0.
Since it is easy to verify that the solution of (7) will
approach the origin (0, 0) along the v-axis as t — 00
and the solution of (refh8) will tend to (1, 0) along the
u-axis as t — 0o, we only need to consider the solu-
tions of (6). Assume X (t) = (u(t), v(t)) is a solution
of system (6). If it does not remain in the first quadrant,
then the solution either hits the u-axis or the v-axis
in finite time. Thus, by combining with the analysis
results of the subsystems (7) and (refh8), we can obtain
that any solution (u(#), v(¢)) of system (6) with non-
negative initial value (#(0), v(0)) will remain positive
for all + > 0, or will approach either the original or
(1, 0) along the axes.

Next, the boundedness of solutions is confirmed. Let
w(t) = u(t) + v(t), then by adding

du(r) B _ Buv(@)
T yu()(l —u(r)) NOES]
to
dv(®) Bu(t)v(r)
TR U(f)+—m,
we have
dw(r) N
T yu(@)(l —u(®)) +u(r) — w(r)
2
<UD G
4y
resulting in
2
lim sup w(z) < u
t—00 4]/

Furthermore, notice that w(¢) = u(¢) + v(¢), then
we have

: +D>
lim sup u(t) < u, lim sup v(t)
t—00 4y t—00
2
D
=T
This concludes the proof. O

2.1 Non-negativity and boundedness of solutions
corresponding to the spatiotemporal model

Theorem 2 Suppose thaty >0, § >0, 0 <h < 1
and 2 C R is a bounded domain with smooth bound-

ary. Then for any solution (u(x,t), v(x,t)) of model
4), we have

1 2
lim sup/ u(x, t)dx < —(y + 1 [£2],
12, 4y

—0o0

t—>0o0

1 2
lim sup/ v(x, t)dx < G+ [$2],
2 4y
where |§2| is the length of the bounded domain S2.
Proof Denote
Ml(t)=/ u(x, t)dx, Mz(t)=f v(x, t)dx,
2 2

then by integrating on both sides of each equation on
the region £2 in system (4), we have

M=/ (d11Au + dip Av) dx
dr Q
+/( 4=y — P s
u(l —u) — ,
Q v Ju+h
aM 9
2(1)
:/ (dr1 Au + drp Av) dx
dt o

Buv

oy T

2 u—+h

Let M(t) = M;(t) + M>(t), then by combining
with Eq. (9) and noticing the homogeneous Neumann
boundary defined in system (4), we can obtain
dM(t)  dM (@) n dMs(t)

d dt dt

:/ (yu(l —u) —v)dx
Q

:/ (yu(l —u)+u)dx — M(z)
2

2
<UD oMo,
4y

from which we obtain that

1 2
lim sup Mty < LD 101,
t—00 4y

Furthermore, notice that M (t) = M, (t) + M5(t),
then we have
(v +1)?
4y

1 2
lim sup/ v(x, t)dx < MLQL
t—00 Ie) 4y

lim sup/ u(x,t)dx < |£2],
11— 00 0

This proof is completed. O
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2.2 The existence and priori boundedness of solutions
corresponding to the spatiotemporal model
without cross-diffusion

In this section, we give out a sufficient condition for the
existence of a positive solution of system (4) without
cross-diffusion. Meanwhile, we derive a priori bound-
edness of the solution. When dj; = da; = 0, system
(4) becomes

M Au yu(l =y — P €2.1>0
— = u u(l —u) — , X ,t>0,
g’ " y p Vu+h

v uv

— =dpAv—v+ s xeN, t>0,
ot 2 Ju+h

ou av

—=—=0 x€o82,t>0,

on  on ’
ux,0) =¢x) >0, vix,0) =¢¥(x) >0, x € 2.
(10)

Theorem 3 Suppose thaty >0, B >0, 0 <h <1
and 2 C R is a bounded domain with smooth bound-
ary. Then we have the following results:

(i) For ¢(x) 2 0, ¥(x) = 0and p(x) # 0, ¥ (x) #
0, system (10) has a unique solution (u(x,t),
v(x, 1)) satisfying 0 < u(x,t) < u*@®), 0 <
v(x,t) < v*@t) fort > 0 and x € $£2, where
(u*(t), v*(t)) is the unique solution of

%:yu(l—u), t >0,

dv Buv

— =—v+ , t >0,

dr Ju+h

u(0) = ¢* = sup ¢(x), v(0) = ¥* = sup ¥ (x),
xeR xeR

and 2 represents the closure of 2;
(i) For any solution (u(x,t), v(x,t)) of system (10),
we have

lim supu(x,?) <1, lim sup/ v(x, t)dx
—00 1—00 0
< (¥ + DI
Proof Denote

Fl, ) = yu(l —u) - 22

Buv
Vu+h
then we have f, < 0 and g, > O for (1, v) € R2 =
{(u,v) | u = 0,v > 0}. Thus, the system (10) is a
mixed quasi-monotone system.

g(uvv) = _U-I—

@ Springer

Furthermore, if we assume that (u1(x, t), vi(x, 1))
= (0,0) and (u2(x, 1), v2(x, 1)) = (u* (1), v*(1)), then
we can obtain

ouy
— —dyAux — f (uz, v1)
Jat
=0=>0
d
= % —dnAuy — f(ug, v2),
ovy
— —dnAvy — g (uz, v12)
ot
=0>0
avl

rT diAvi — g (uy,v1),

and 0 < ¢(x) = ¢*, 0 = ¥(x) = ¥~ so

(ur(x,t),vi(x,t)) and (u2(x,t),v2(x,t)) are the

lower and upper solutions of system (10), respectively.
According to Theorem 3.3 in Section 8.3 of Chap-

ter 8 in [37], we know that (10) has a unique globally

defined solution (u(x, t), v(x, t)) which satisfies

0<u(x,t) <u*@), 0=<v(x,1) <v*@#), t>0.

The strong maximum principle implies that u(x, ) >
0, v(x,t) > 0 when ¢t > 0, for x € £2. This completes
the proof of conclusion (7).

From the above discussion, we can obtain that 0 <
u(x,t) < u*@), 0 < v(x,t) < v*(¢) forall t > 0,
and u*(¢) is the unique solution of
du
— =yu(l —u), u(0) =¢*>0.
dr
One can see that u*(t) — 1 as r — o0o. Thus, for
any ¢ > 0, there exists 7o > 0 such that u(x,r) <
1 +efort > topand x € £2, which implies that

lim su ulx,t) <1.
s Pragy U, 1) <

Furthermore, if let

Ni(1) :/ u(x,t)dx, Nr(t) :/ v(x, t)dx,
Q 2
N(1) = Ni1(t) + Na(1),

then

AN (D) o Bw

o _/le,Auder/Q(yu(l ) m)dx,
dN> (1) _ B Buv

= _/dezAvder/Q( v+m)dx

By using the homogeneous Neumann boundary condi-
tion, we can obtain




Turing—Hopf bifurcation in the predator—prey model

1363

AN@ _ AN | AN ()
e~ dt dr

=—-No(t) + y/ u(l —u)dx
2

=y /Q u(l —u)dx — (N1(2) + N2(1)) + N1 (1)

= y/ u(l —u)dx — (N1(¢) + Na(1)) +/ u(x, t)dx
Q Q
< —=N(@)+ (y + )N (2).

From lim, _, SUP;~ 4, u(x,t) <1, we can obtain that
limyy— o SUP;~, Ni(t) < |$2|. Thus for small ¢ > 0,
there exists ;1 > 0 such that

‘“Zt(‘) <-NO++Dl2l >0 (an
It is well known that the solution N (¢) of

d];’t(” =-N®+(y + D1 + )|

satisfies

Am N(@) = (y + D +e)l82].

In terms of comparison principle and using (11) we
obtain that, for 1, > 1

/ v(x, dx = No(t) < N(1) = (y + DA +8)[2]| + ¢, 1 > 13,
2

which implies that

lim sup f vix,t)dx < (y + 1)|£2].
Q

1Hh— 00 t>t)

This completes the proof of conclusion (i7). O

3 Stability analysis of the corresponding
spatiotemporal model

The system (4) has two boundary equilibrium points
(0, 0) and (1, 0). Moreover,when0 < § < (1/+/h + 1),
the system (4) has a unique positive constant equilib-
rium point E (44, vy) with

8
we= 3 (84 V& +4h). v = yuu(l ).
where 6 =1/ withf > 0,and0 <h < 1,y > 0.
Defining a real-valued Hilbert space

9
= {(u, 0T e H0, tx) x H(0, tx) : a—”
X

ov
:—:0atx=0,£71}
0x

with the inner product defined by
[%:4
[U1, U] = / Ul'U, dx
0

for Uy = (uq, v])T € Z and Uy = (up, vz)T e 2.
The linearization of system (4) at positive constant
equilibrium point Ey (uy, vy) 18

S)-u()a) o

with

92 52
dA — du@ 412@ ’
d21867 dzzz,%
Vit
A= (@nanz)_ W(—il:l*—l—l—ﬂz) -1
a1 axn T 0
V(52(—382—8/1+1)+6«/M(—382—2h+1)>

28/8%+4h+28%+4h
y (83/57F4h (2262~ 4h) +57 (2267 ~8h) +8h)

4(5M+52+2h)

(13)
It is well known that the eigenvalue problem

¢"(x) = 2p(x), x € (0, L),
¢'(0)=¢'(tr) =0

has eigenvalues e = —k? /€2 with corresponding nor-
malized eigenfunctions

1
() cos(kT") T k=0,
k = ——————— =
Jeos(E) o | 32 cosi), k= 1,

(14)

where k € Ny = N U {0} is often called wave number,
and Ny = NU{0} is the set of all non-negative integers,
N = {1, 2, ...} represents the set of all positive integers.
Thus, the eigenfunctions of dA on 2" corresponding
to its eigenvalues have the form

Brx) = (ZZ) 7 (x),

where ay, by € R and y; (x) is defined by Eq. (14).
Let

Y1 _OO ay
<y2>—k2_:0<bk>7/k(x)

be an eigenfunction of dA + A corresponding to an
eigenvalue A, that is

A+ A1, y2) T =101, )"

@ Springer
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Then, we have
Ly ("") =A<‘”‘>, keNo=NU{0},
b bk
where
<a11 —di’s an - dlZ%)

Ly = Z2 ez

an —dy s an —dn's
which follows that the eigenvalues of d A + A are given
by the eigenvalues of £ withk € Ny = NU{0}. Notice
that the solutions of Eq. (12) can be obtained by using

the eigenvalues and eigenvectors of the matrix d A+ A.
Then by the Fourier expansion

w\ _ < 5/{1) y Z(%) o2
<v> ,;qk <§/3 e qi2 e~
(15)

which can be seen as a nontrivial solutions of Eq. (12),
where

gl = <yk(()x))» E2(x) = (yk(()x)>’ k e No =NU {0},

and by substituting (15) into (12), we can obtain the
following sequence of characteristic equations Ay, i.e.

A2 — Tih + Dy =0, (16)
where
k2
Ty = a1 — (di +da2) ek
k4
Dy = (di1dxn — di2da1) 7 (17)

k2
— (andyn + da — dizazy) 7z + as;.

By combining with Eqgs. (16) and (17), and notic-
ing that the necessary condition for the occurrence of
Turing instability is d11d22 — d12d21 > 0 and

4 (dy1dy — diadar) azi — (an1don + day — dipany)?
<0,

then in the d;; — 6 plane, we can define a curve L by

L: (a11da + da1 — dizaz1) — 2/ (di1dxn — diadar) azr = 0.
(18)

According to [32], we know that if there exist a non-
negative integer k1 and a positive integer k» 7% kj such
that Ay, = 0 has a pair of purely imaginary roots and
Ak, = 0 has a simple zero root, and no other roots
of (16) has a zero real part, and the corresponding
transversality conditions hold, then we call the bifur-
cation in this case as a Turing—Hopf bifurcation.

@ Springer

3.1 Stability analysis for the case without
self-diffusion and cross-diffusion

In the case of without self-diffusion or cross-diffusion
(d11 = d12 = da1 = dyp = 0), the original system (4)
becomes the following ordinary differential equation

du (1 ) Buv £ 0

— =yu(l —u) — , > 0,

or 7 Ju+th

dv Buv (19)
— =-v+ , t >0,

at Ju+h

u(0) = ug > 0, v(0) = vy > 0.

Clearly, the original system (4) and (19) have the same
positive constant equilibrium point E,(u,, v,). By a
simple linear analysis, we can obtain the following
result.

Theorem 4 For the positive constant equilibrium point
E.(uy, vy) of system (19) withy > 0, 8 > 0, 0 <
h < 1, we have the following results on its stability.

(i) When 1/2 < h < 1, the positive constant equi-
librium point E (uy, vy) is always asymptotically
stable;

(i) When 0 < h < 1/2, the positive constant equi-
librium point E, (uy, vy) is asymptotically stable

for

. 1 . 1-24
max{0,8}<8<m, b =m,

and unstable for 0 < § < §*.

Moreover, Ay = 0 has a pair of purely imaginary
roots i~/ Dy iff § = &%, which implies that system
(19) undergoes a Hopf bifurcation at § = §* near the
positive constant equilibrium point E, (U4, v4), and the
Hopf bifurcation curve is defined by
1—-2h
NZIGEO)

Proof By combining with Egs. (16), (17)and0 < § <
1/+/h 4 1, we have

To = ai1, Dy =az > 0.

Hy:6 =6 = (20)

Indeed, if 0 < § < 1/+/h + 1, follows that Dy =
az1 > 0, then for the stability analysis of E, (uy, vy),
it is sufficient to study the sign of

Y Us

—— (—3us+1-2h).
Yy T

To=an =
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Let P(8) := —3us + 1 — 2h, then by combining with
we = (34 V524 4n),

we can obtain

P(B):—%(S (6+\/M)+1—2h.

Notice that for 1/2 < h < 1, P(§) is always nega-
tive. For 0 < & < 1/2, notice that P (§) is decreasing
with respect to 8, so the sign of P (§) is determined by
its root 6*. Thus, Ty = ay; is positive for § < §* and
negative conversely. Notice also that when § = §*, we
can obtain Ty = aj; = 0. Thus, when § = §*, by com-
bining with A2 — ToA + Do = 0, we have A = %i/Dy
iff § = §*.

This completes the proof. O

3.2 Stability analysis for the case with self-diffusion
and cross-diffusion

In this section, we investigate the effect of cross-
diffusion on the positive constant equilibrium point
E . (uy, vy) of the original system (4). We have the fol-
lowing Theorem 5.

Theorem 5 Assume thaty >0, B >0, 0 <h < 1,

Hy is defined by § = §* = (1 — 2h)//3(1 + h) and
Ly is defined by

k4 2
(d11dx — di2d>1) e (a11dx + da1 — dr2a21) 7

+az; = 0. 201

Then

D) if0 < dyy < (L2y(4h + 1))/3, then original
system (4) is always stable over the Hopf bifurcation
curve Hy, that is, system (4) doesn’t undergo Turing—
Hopf bifurcation;

D) if >y (4h 4+ 1))/3 < day < (d11d2)/d12, then

(1) The Hopf bifurcation curve Hy intersects with the
Turing bifurcation curve Ly, and a codimension-
2 Turing—Hopf bifurcation occurs at the intersect
point (dfl, 5*), where

K ah+1) | k2 4h+1
dipdoi 35 + (do1 — di2 A ))p — D

d;k] = K4
dn
. 1—2h

V3A+h)

(ii) For (d11,6) = (d;“l, 8*), the equation Ay = 0 has
a pair of purely imaginary roots £iw. and Ay, =0
has a simple zero root, and for the system (4), there
are no other roots with zero real parts, where

4h + 1
e = Van (%) = %

Proof The Turing bifurcation curve Lk defined by (21)
is followed from D, = 0, i.e.

k* k2
(d11dx — dy2d21) i (a11dx + day — dr2a21) 7 +az =0.

By combining with Egs. (16) and (17), we can see
that 7y < O provided that aj; < 0, and that Dy > O is
equivalent to

K K
J dipdai iz + (anda +day — dipazi) 7 — azi
1> .
Vad
dniz

Notice that aj;(6*) = 0, ax(6*) = y(dh + 1)/3,
and when
K K2
diady1 o7 + (a11(8")da + dy1 — d12a21(8*))£—2 —a(8) <0,
ie. 0 < doy < (£%2y(4h + 1))/3, the Turing bifurca-
tion curve Li doesn’t interact with the Hopf bifurcation
curve Hy. Here, a1 (8*), ap; (8*) indicating a1 and ap;
are dependent on §*, respectively. That is, system (4) is
always asymptotically stable over the Hopf bifurcation
curve Hy. Thus, the conclusion (I) is confirmed.
When d“dzz - d12d21 > 0 and

k* K2
dy2dy) @ + (a11(8%)da + doy — 61126121(5*))6*2 —a1(8%) > 0,

ie. (02y(@dh+1))/3 < dy < (d11d22)/d12, the Turing
bifurcation curve Ly interact with the Hopf bifurcation
curve Hy, then by substituting § = §* into Dy = 0 and
solving Dy = 0 for dq, we have that

4 4h+1)\ K2 4h+1
diady i + (d — dp Lt ))Il% — retD
)
dn%s

k> k*,

dyi (k) =

i

where k* is defined by Eq. (22). Furthermore, the sym-
bol [ - ]in Eq. (22) stands for the integer part function.
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4h+1 4h+1 4y (4h+1
- (di XD gy + \/(dZI — dpp YD y2 o D g gy )
B 2d12dy
Let which is called as the Turing—Hopf bifurcation point.
diody1x% + (doy — dia V(4’§+1))x _ y(4l§+l) . Next, we continue to verify the transversality condi-
J) = x>k tion. Taking d1 as a bifurcation parameter and letting

dax?

we can obtain that

(d12 yhel) —d21)x2 + 2D
dox?

Therefore, if (d12y (4h + 1))/3 — da1 < 0, we have
f'(x) > 0forx < x* and f'(x) < O for x > x*,
where
e 2y (4h + 1) .

3dy1 — ydip(4h + 1)
By setting

x > k*.

e =

Va1, it diy (1ev/x5] + 1) = diy (1ev371)

k= x* > k*,
[eVxT)+ 1, it di (1evx1) < dn (1evxi1 + 1),
x* > k*,

(23)

then there exists a k, > k* such that d}; = dyy (ki) =
maxsi+ diq (k).

Furthermore, if (dioy (4h 4+ 1)/3) — dr1 > 0, we
have f/(x) < O0forx < x*,and f'(x) > Oforx > x*.
By setting

[V + 1, it dn 16V + 1) < dn (1eV1),

x* > k*,
U7 v, an (1) < (10 41).
x* > k*,

then there exists a ky > k* such that df; = dy; (ky) =
ming g+ di1 (k).

Thus, the Hopf bifurcation curve Hy intersects with
the Turing bifurcation curve Ly at

ks y@h+1)\ k2 y(@h+1)
(5, 6%) = dipdn g + (dy —d=—5—2)% — =3
11° I ,
dn g

1-2h )
3a+m)’

@ Springer

A(d11) be the root of Eq. (16) near d = dj, satisfying
A (d;" 1) = 0. Differentiating the two sides of the char-
acteristic equation (16) with respect to d;1, we obtain

0y M) <di(d”)A de)»(dn)> dDi(di) _
ddy ddy ddy; ddy
By combining with Eq. (17), we can obtain
[
di(dir) _ _d22[_4 - e_z)\. 24)

dd;, ~—  2A—Ty
Moreover, when § > §*, from the discussion in Sect.
3.1, we know that a;; < 0. Thus, when § > §*, we can
obtain that

k2
Ty, = a1 — (di1 + d»n) e—; <0. (25)

By combining with Egs. (24) and (25), we have

4 2

di(d —dnly — )

Re —( 1Y = Re e e
dd; Li 20 — Ty

L,

K4
_dng

<0,
— Tk, Tk

*

where the symbol Re(#}) represents the real part of ¥
This, together with the fact that
Li, ) )

=sign | Re i)
Li, ddi;

<0,

sien dRe(A(d11))
g ddyy

we have
dRe(A(d11))

07
ddiy =

|

where the symbol sign represents the sign function.
Moreover, if taking § as a bifurcation parameter, let-

ting A(8) = «(8) £iB(5) be the pair of roots of Eq. (16)

near § = §* satisfying & (§*) = 0 and 8 (§*) = w., we
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have the following transversality condition. Differen-
tiating the two sides of Eq. (16) with respect to §, we
obtain

2 0.

da@)  (dTi(5) @)\ | dDi®)
QT _( FERRILT >+ s
(26)

By combining with Egs. (17) and (26), we have

2 2
dr) (A +d22]2—2) W - (du% + 1) @
ds 24 — Tx '

@7

Furthermore, by Egs. (17) and (27) as well as Tp(8*) =
ar (8*) =0and

dayu@®)| _ 3yt DCh-1
A8 o_ge @GR+ DBRFD
we have
. d. d
. dr(8) _ Re l%%{ls:a* — Gt ls=s
ds |y, Qiwe — T (8%)
1 dai, 3y(h+ D=
= —-—— = > U.
2 d8 |5 2(4h+ DB+ D)

This, together with the fact that

) = ‘ign(Re <m
Ho dé

< dRe(1(8))
sign| —————=
ds

)) > 0,
§=6*

we have

dRe(A(8))
ds

Ho

Thus, the proof of conclusion (I) is completed. O

3.3 Bifurcation diagram for system (4) in dj; — §
plane

Taking L = l, Yy = 3,h = 0.1,d12 = l,d21 =
10, d»; = 15, and by combining with Egs. (13), (18),

(20), (21), (22) and (23), we can conclude that k* = 0,
ke =1 and

1—-2h

Hyp:6= N T 0.4404,
azl
3 (am (2 —282 0.4) +82 (2 — 282 — 0.8> + 0.8)
4(sv62+04+82+02) ’
45 (52 (—332 + 0.2) +8V87 +0.4(-362+03))
b 2562 + 0.4+ 262 4 0.4

—2/(15d11 — 10)ay; + 10 — ay; =0,
45 (52 (—352 + 0.2) 15vV52 104 (—352 + 0.8))
28v/62 + 0.4+ 252 + 0.4

Ly : 15d1; —

— 20+ 2ar; =0.

Numerical calculation confirms that when &k, = 1,
the Turing bifurcation curves L are tangent to the curve
Lat P;(—0.0131, 0.8717) and P»(0.5583, 0.7399), see
Fig. 2a for details. Moreover, the Hopf bifurcation
curve Hy intersects with Turing bifurcation curve Ly
at the point (dj;, 8*) = (1.1467, 0.4404) and system
(4) undergoes Turing—Hopf bifurcation near the pos-
itive constant equilibrium point E, (0.2667, 0.5867),
see Fig. 2b for details.

4 Normal form for Turing—Hopf bifurcation in the
reaction—diffusion system (4)

Notice that the method of computing normal form of
general reaction—diffusion system which presented in
[34] can be used to obtain the third-order truncated
normal form of system (4) by a slight modification.
Denote the Turing—Hopf bifurcation point as (d},, §*).
Introduce the perturbation parameters @1 and @, by
setting dy1 = d{; + p1 and § = 8% + py such that
(1, m2) = (0, 0) is the Turing—Hopf bifurcation point
in the perturbation plane of ¢1 and 7. Then the system
(4) becomes

u
o= df) + ) Au +dipAv + yu(l —u)
uv
— , xe 2, t>0,
(6* + u2)vu +h
dv dot A+ don A n uv
— = dy1Au 224V — v N )
at (8* + pu2)vu +h
xe 2, t>0.

(28)
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0.8
0.6 H,
w047
R L R
0ol 3 1 4
0 1 1
] 0 0.5 1 1.5 2

d11
(b)

Fig. 2 Bifurcation diagram for system (4) in dj; — § plane with
ks« = 1. Hy denotes the Hopf bifurcation curve, Ly denotes the
Turing bifurcation curve and L is the curve defined by (18). The
region R is the stability region of the positive constant equi-

The positive constant equilibrium point of system
(28) becomes

5 +
wy = L2 (5" 4 o+ V" + 2+ 40).

2
Vs = AU (1 —uy)

with 0 < §* 4+ up < 1/+/h + 1. Making the change
of variables by the translation ¥ = u — u, and v =
U — vy, and dropping the bars, then the system (28) is
transformed into

du
o = @i p)Au+dipAvty () (1= ()
L N R )
(6* + u)/(u+us) +h
v
rrie dy1 Au + dpp Av — (v + vy)
@t ux) v+ ve) , xef2, t>0.
O+ p) /@ Fun) + 1

(29)

For the system (29), when ;t; = up = 0, Ag(A) =0
has a pair of purely imaginary roots iw., A, (A) =0
has a simple zero root A = 0 and a negative real root
A= —=Ti,,and if k # 0, ks, all roots of Ay(A) =0
have negative real parts.

By the real-valued Hilbert space 2~ which is defined
in Sect. 3, the system (29) can be written as the follow-
ing abstract ordinary differential equation (ODE), that

@ Springer

librium point E,, Ry represents the region of Turing instability,
and R3 and Ry are the instability region of the positive constant
equilibrium point E

is

dU (1)
dr

where U = u.0)", p = (u1.m), FU,p) =

LG(U) = LoW) +dAu+ F(U, ),

_(di dn) 5_(m O
d_<d21 an) =0 o)

_(an(@*+p2) —1
L(M)_<a21(5*+u2) 0>

= dAU + Lo(U) + F(U, ) (30)

(€19

Here, aj1(8* + n2), a1 (8* + o) indicating ap1 and
ap; are dependent on §* + up, respectively. Moreover,
we have

()
FWU, ) = (i@ o U’MI’MZ))
(u, v, 1, u2)
with
FO v, iy, w2) =y (u+uy) (1 — (u + 1)
(u + uy) (V+vy)
R GESN RIS EN
—ay (8" + u2u + v,
FO (u, v, 1, 12) = — (v + )
n (u 4+ uy) (V4 vy)
(8* + pu)/(u +us) +h

— a1 (8% + u2)u.

(32)
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For the formal Taylor expansions of L
0 0
L4 = Lo+ m LY + poL ™)
1 2,0 11 0,2
+3 (M%Lé O 42y LSV 43, LY )>

+ cee,
and by Eq. (31), we can obtain

_ fan(¢*) -1 L0 _ 00
“\ay(s*) 0 » —\0 0)°
on_ (A0
=5 0):

where

A=

v (=3()? = 6uh + h — 2h2) (25 + 6T+ Ah + W)
4(uy + h)Z ’

B =

Y (=h — ) = 2ush — 202) (25 + 6T+ Ak + W)
4(uy + h)?

Let

2 2
—ax kK _g,k

MGy =ah— | 1@ a) g,
_dZIK_z —dny

2
o rwans a4
- 2 h 2 )
s — @D 5+ dn's

where I, is a 2 x 2 identity matrix, then by a straight-
forward calculation, we can obtain that £ € C? and
£, € R? are the eigenvectors associated with the
eigenvalues iw. and 0, respectively, and 79 € C? and
nk, € R? are the corresponding adjoint eigenvectors,
where

1
_ 1 _ 1 1 _ d* *
SO - —ia)c , No = 5 wli(‘ ) Sk* - _ lll(zlz ’

dlz— +1

2
3d2| (dlz +1>—y(4h+1)(d|2k%+1)

3d21f§<d12ﬁ+1> V(4h+1)(d12(2 +1)+3(JT1)2%
Nk, =
73d”72<d1272+1>

2 2 2 7
3d21%(d;z%+1>—y(4h+1)(d|2%‘+1>+3(df1)2%
such that
(W1, @1) = L, (Y, P2) =1,

where

D) = (&,£&0), P2 =&,. Wi 2001(Ug,ﬁg>, ‘I/2=7712-

Here, col(.) represents the column vector. Furthermore,
for vectors @, ¥ € R?, we define their scalar product
as(v1,9)=y'9.

Notice that the phase space 2" can be decomposed
as

2 =P®Q P=

where dimP = 3 and 7w : 2" +— P is the projection
defined by

ww) = (onfon. (v 68").[0:68)')) o
(ol () [o2)'))

According to (33), U € 2 can be decomposed as

5+ ooy (A
U:<¢1<Zz>> /3(2) + (z392) ﬂ,f) Tw

Imm, O = Kerm, (33)

= (2180 + 2280) Yo(¥) + 23k, Vi, (X) + w0 (34)
2170(x) w

=(21,P) | z2v0(x) | + (w;) ,
23V, (X)

where w = col (w1, wp) and

() ={on (] [o-07)")
= (e ([o.2] [0-02)")

By letting

D = (D1, P2), 2 = (210 (), 20000, 239, ()
Equation (34) can be rewritten as
U=z, +w.

For the simplicity of notation, we denote

[Fr ]\ [\ (1787

= col
[757]) [7.57] ) \[7.52]

andiflet ZU := d AU + Ly(U) and denote by .Z] the
restriction of .Z to Q, then system (30) is equivalent
to a system of abstract ordinary differential equations
(ODEs)in R3 x Q, with finite- and infinite-dimensional
variables also separated in the linear term. That is,

[f(z, w,M),ﬁﬁl)]
z=Bz+ V¥ )

[Fe.w. . 67
w=Aw)+ H(z, w, u,

v=ky

v=0
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where
7= (21,22, 23)" . B = diag {iw, —iw,, 0},
W = diag (1, Vo), F(z, w, pn) = F (P2, +w, 1),
and
[f(z, w, (), ﬂé”]

H(z,w, 1) = F(z, w, ) — <n5, ~ &
[Feow. . 58]

[N(z, w, (), ﬁél)]

+<n5 , >so Y0(x)
[N(z, w, (), ﬂéz)]
[Feeww. 8]

- <711<T* >5k*}/k*(x)-
[Feow . 2]

According to [34], by arecursive transformation, the
authors obtain that the normal form for Turing—Hopf
bifurcation in system (30) reads as

7= Bz
Biipi1z1 + Baippaza

+ EIIMIZI +§21M2z1

Bi3p1z3 + Bazpoza

35
Br10z322 + Bippz123 (35)

- 2.3 2
+ | B210z2125 + B102222;5
Bi11z12223 + Boosza

+ 0 (Il + 2Pl + 121*).

The normal form (35) can be written in real coordi-
nates U through the change of variables z; = 7] —

ivy,z2 = V] + iv3,z3 = 713, and then changing
to cylindrical coordinates by 7] = pcos®,v; =

psin®, V3 = ¢, we obtain, truncating at third-order
terms and removing the azimuthal term

p=ar(wp +kip’ +Kkips? 36)
¢ =a(us +k2p°s + K26,

where

ai(u) = Re (B11) 1 + Re (Ba1) ua,

az(u) = Bizuy + Baua,

k11 = Re (B210) , k12 = Re (Bio2) , k21 = Bi11,
k22 = Boos.

According to Section 8.6 in [38], we know that the
third-order truncated normal form (36) is exactly the
same to the third-order truncated normal form of the
four-dimensional smooth system depending on two

@ Springer

parameters with Hopf—Hopf bifurcation. For the so-
called simple case [38], i.e. k11k22 > 0, the dynamics
of system (4) near the bifurcation value is topologically
equivalent to that of normal form (36). However, for the
“difficult” cases, the original system (4) is never topo-
logically equivalent to the truncated normal form (36).
In general, for the “difficult” cases, in order to obtain
the whole dynamics of the original (4), five-order or
higher-order normal form needs to be calculated.

With the help of MATLAB software, the explicit val-
ues of the coefficients B11, B21, Bi3, B3, Br1g, Bio2,
B111 and By can be obtained for the fixed parameters.
Notice that the formulas which are used to calculate the
above coefficients are rather complicated and we leave
them in “Appendix”.

5 Numerical simulations

In this section, the third-order truncated normal form is
obtained under the given parameters and some numer-
ical simulations are made to support the results of our
theoretical analysis. More precisely, some numerical
simulations about the temporal patterns, spatial pat-
terns and spatiotemporal patterns are given.

Let 2 = (0O,7) and y = 3,h = 0.1,d1p =
1,dy = 10,d»» = 15, then the system (4) at
least undergoes Turing—Hopf bifurcation at the point
(1.1467, 0.4404). By using the above-given parame-
ters, the normal form truncated to the third-order terms
is

p=—1.55T1p2p — 1.0401p> — 1.4138p¢2,

¢ = (09290 —2.5716p2)¢ (37)
—3.3790p%¢ — 2.4380¢3,

where ©1 and p, are perturbation parameters for

the Turing—Hopf bifurcation point (1.1467, 0.4404).

Notice that p > 0 and ¢ is arbitrary real number. Sys-

tem (37) has a zero equilibrium point Ay(0, 0) for any
1, w2 € R, three boundary equilibrium points

15571
A =220E2 0) for — 155710 > 0,
1.0401

0.9290u; — 2.5716
A;: <07 :I:\/ n1 MZ) ’

2.4380

for 0.9290p1 — 2.57167 > 0, and two interior equi-
librium points
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Table 1 The twelve unfoldings of (36)

Cases la 1b I I IVa Vb v Vla Vib Vlla A VIII
d +1 +1 +1 +1 +1 +1 —1 —1 —1 —1 —1 —1
b + + + - - - + + + - - -

c + + - + - - + - - + + -

d —bc + - + + + - - + - + - -

Table 2 The corresponding

Equilibri - ¢
relationship between the quilibrium points of (37)

Solutions of the original system (4)

equilibrium points of (37)

A
and the solutions of original 0
system (4) A

Ay

Ax

Positive constant steady state

Spatially homogeneous periodic solution

Two spatially inhomogeneous steady states
with cos x-like shape in space

Two spatially inhomogeneous periodic solutions

with cos x-like shape in space

3 2.2415

A \/1.3134,“ 40160512
22415

N \/ —0.9663111 — 2.5867/}4)

for 1.3134u1 + 0.160512 > 0 and —0.9663u, —
2.5867ur > 0.
Define the critical bifurcation lines are as follows:

H :
Li:po

u2 =0,

0.3613 1,

Ti: = —8.183211, pu1 > 0,
Ty : up =—0.3736p1, 1 > 0.

These four lines divide the p; — pp parameter plane
into six regions marked as D;, j=1,2,...,6.

Based on Section 7.5 in [39], by the different signs
ofd, b, c,d —bc in Table 1, the system (36) has twelve
distinct types of unfoldings, which are twelve essen-
tially distinct types of phase portraits and bifurcation
diagrams. More precisely, for the system (37), we have
d=+1,b=1.3593 >0, c =1.3860 > 0, d—bc =
—0.8840 < 0. That is, the unfolding of the planner
system (37) corresponding to the Case Ib in Table 1.
Thus, the phase portraits and bifurcation diagrams cor-
responding to Case Ib can be given out, see Fig. 7.5.2
in Section 7.5 in [39] for details.

The dynamics of the original reaction—diffusion sys-
tem (4) can be determined by the third-order trun-
cated normal form (37) near the neighbourhood of the
Turing—Hopf bifurcation point. According to [34], the

Fig. 3 Bifurcation diagram of the system (4) near the Turing—
Hopf bifurcation point (1.1467, 0.4404)

corresponding relationships between the equilibrium
points of plane system (37) and the solutions of origi-
nal system (4) are shown in Table 2.

Furthermore, by the defined critical bifurcation
lines, the bifurcation diagram in the 1 — u, parameter
plane is shown in Fig. 3. The linearized equation of the
system (37) at each equilibrium point is

) (©)
)

i (2)
S
(38)
@ Springer

dt

— 2.8276/0[9‘
C

Cy
—6.7580,0,‘ Gi
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Prey u(x,t)

300

Distance x

Time t

(a)

Predator v(x,t)
o =
(o] oo -

°
~

300

Distance x

Time t

(b)

Fig. 4 When (1, n2) = (0.60,0.25) lies in region D and let dj; = 1.1467,8 = 0.5004, the positive constant steady state
E.(0.5615, 0.7386) is asymptotically stable. The initial value is u(x, 0) = 0.5615 — 0.25 cos(x), v(x,0) = 0.7386 + 0.25 cos x

where

Cy := —1.5571py — 3.1203p7 — 1.4138¢7,

Cs :=0.929041 — 2.5716412 — 3.3790p7 — 7.3140¢7
withi =1,2,3,4 and

(p1, 61) = Ao, (p2,52) = Ay,

(p3. £63) = A, (ps. £64) = AT

More precisely, the coefficient matrices of linearized
equation (38) at equilibrium points Ag, A1, A;E, Aéc are

_(—1.55T1, 0

J(A0) = <0 0.9290u; — 2.5716;;2) ’
(311425 ©

J(4) = (o 0.92901 + 2.4870;@) :

J(A7)

_((—0.5387111 — 0.06582 0

~\o — 1.85801 +5.1432u )

J(AT)

([ —1.2188; —0.1490u, Cs

“\a 2.1021p1 + 5.62681 )

respectively, where

C3 = :F2.8276\/ —0.252613 — 0.0826143 — 0.70704 1 112,

Cyi= :F6.7580\/ —0.2526112 — 0.0826143 — 0.707041 2.

By combining with the bifurcation diagram in Fig.
3 and the linear stability theory, we can analyse the
sign of the eigenvalues corresponding to the character-
istic equations; thus, the stability and instability of each
equilibrium point in regions D1-Dg can be obtained.

@ Springer

In region Dy, the third-order truncated normal form
(37) has only one equilibrium point A¢ and it is asymp-
totically stable. This implies that the positive constant
steady state E, of the original system (4) is asymp-
totically stable, as shown in Fig. 4 for (w1, n2) =
(0.60, 0.25) and the initial value u(x, 0) = 0.5615 —
0.25cos(x), v(x,0) = 0.7386 + 0.25cos x.

In region D, the third-order truncated normal form
(37) has two equilibrium points: Ag and A;. The equi-
librium point Ag is unstable and the equilibrium point
A1 is asymptotically stable. This means that the system
(4) has a stable spatially homogeneous periodic solu-
tion. For (u1, u2) = (—0.28, —0.1) and initial value
u(x,0) = 0.1802 4 0.01 cos(x), v(x,0) = 0.4431 +
0.01 cos x, Fig. 5 illustrates this result.

In region D3, the third-order truncated normal form
(37) has four equilibrium points: Ag, Ag, A;r and A; .
The equilibrium points Ay, A;r and A, are unstable
and the equilibrium point A; is asymptotically stable.
Thus, the original system (4) has an unstable positive
constant steady state, two unstable spatially inhomo-
geneous steady states like cos x-shape in space, and
a stable spatially homogeneous periodic solution. By
choosing (i1, n2) = (—0.16, —0.08) and the ini-
tial value u(x,0) = 0.1961 4+ 0.2cosx, v(x,0) =
0.4729+0.2 cos x, the dynamics of the original system
(4) evolves from the spatially inhomogeneous steady
states to the spatially homogeneous periodic solution,
as shown in Fig. 6.

In region Dy, the third-order truncated normal form
(37) has six equilibrium points: Ag, A1, Aéc and Agc.
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Fig. 5 When (u1, u2) = (—0.28, —0.1) lies in region D; and
letdy) = 1.1467, § = 0.4404, the positive constant steady state
E.(0.1802,0.4431) is unstable and there is a stable spatially

Prey u(x,t)

300
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Time t

(a)

Fig. 6 When (u1, n2) = (—0.16, —0.08) lies in region D3 and
letdj; = 1.1400, § = 0.4404, the positive constant steady state
E.(0.1961, 0.4729) is unstable and there is a heteroclinic orbit

The equilibrium point Ag is unstable, the equilib-
rium points Ay, AZjE and A3i are asymptotically sta-
ble. This implies that the original system (4) has an
unstable positive constant steady state, a stable spa-
tially homogeneous periodic solution, two stable spa-
tially inhomogeneous steady states like cos x-shape in
space and two stable spatially inhomogeneous peri-
odic solution like cos x-shape in space. Taking the
parameter (1, u2) = (0.005, —0.002) and the ini-
tial value u(x,0) = 0.2648 — 0.1cosx, v(x,0) =
0.5840 — 0.15 cos x close to the unstable positive con-

homogeneous periodic solution. The initial value is u(x,0) =
0.1802 4+ 0.01 cos(x), v(x,0) = 0.4431 + 0.01 cos x

0.8
3
Zo0s6
.
]
©
B 04
S
o

0.2

300
B 200
100
0 0

Distance x Time t

(b)

connecting the unstable spatially inhomogeneous steady state to
stable spatially homogeneous periodic solution. The initial value
isu(x,0) =0.1961 + 0.2 cos x, v(x,0) = 0.4729 + 0.2 cos x

stant steady state, the dynamics of the original sys-
tem (4) evolves from unstable spatially inhomogeneous
steady states, spatially inhomogeneous periodic solu-
tion to stable spatially homogeneous periodic solution,
as shown in Fig. 7. Furthermore, by taking the param-
eter (i1, u2) = (0.23, —0.09) and the initial value
u(x,0) = 0.1881 — 0.02cos x, v(x,0) = 0.4581 —
0.02 cos x close to the unstable positive constant steady
state, the dynamics of the original system (4) evolves
from unstable spatially inhomogeneous steady states

@ Springer
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Fig.7 When (i1, n2) = (0.005, —0.002) lies in region D4 and
letd;) = 1.1467, § = 0.4364, the positive constant steady state
E.(0.2648, 0.5840) is unstable and there is a heteroclinic orbit
connecting the spatially inhomogeneous periodic solution to sta-
ble spatially homogeneous periodic solution. The initial value is

@ Springer

u(x,0) = 0.2648 — 0.1cosx, v(x,0) = 0.5840 — 0.15cos x.
a and b are transient behaviours for u and v, respectively; ¢ and
d are middle-term behaviours for u and v, respectively; e and f
are long-term behaviours for u and v, respectively
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Fig. 8 When (u1, n2) = (0.23, —0.09) lies in region D4 and
let djy = 1.1467,5 = 0.4364, the positive constant steady
state £,(0.1881, 0.4581) is unstable and there is stable spatially

to stable spatially homogeneous periodic solution, as
shown in Fig. 8.

In region Ds, the third-order truncated normal form
has four equilibrium points: Ag, A1, A; and A, . The
equilibrium point A is unstable and the equilibrium
points Ay, A;“ and A, are asymptotically stable. Thus,
the original system (4) has an unstable positive con-
stant steady state, a stable spatially homogeneous peri-
odic solution and two stable spatially inhomogeneous
steady states like cosx-shape in space. Taking the
parameter (u1, u2) = (0.17,—0.03) and the initial
value u(x,0) = 0.2389 — 0.15cosx, v(x,0) =
0.5455 — 0.15 cos x close to the unstable positive con-
stant steady state, the dynamics of the original sys-
tem (4) evolves from unstable positive constant steady
state to stable spatially homogeneous periodic solu-
tion, as shown in Fig. 9a and b. Taking the param-
eter (i1, u2) = (0.31, —0.05) and the initial value
u(x,0) = 0.2213 — 0.2cosx, v(x,0) = 0.5169 +
0.2 cos x close to the unstable positive constant steady
state, the dynamics of the original system (4) evolves
from unstable positive constant steady state to stable
spatially inhomogeneous steady states, as shown in Fig.
9c and d.

In region Dg, the third-order truncated normal form
(37) has three equilibrium points: Ao, A;‘ and A, . The
equilibrium point A is unstable and the equilibrium
points A;r and A, are asymptotically stable. Thus,
the original system (4) has an unstable positive con-

homogeneous periodic solution. The initial value is u(x,0) =
0.1881 — 0.02cos x, v(x,0) = 0.4581 —0.02cosx

stant steady state and two stable non-constant steady
states like cos x-shape in space. For the fixed parame-
ter (u1, u2) = (0.75,0.1675) and choosing different
initial values, the original system (4) can converge to
one of these two stable non-constant steady states, as
shown in Fig. 10a and b for the initial value u(x, 0) =
0.4514 — 0.15cosx, v(x,0) = 0.7429 + 0.15cos x
and Fig. 10c and d for the initial value u(x,0) =
0.4514 + 0.15cos x, v(x,0) = 0.7429 — 0.15cos x.

6 Conclusion and discussion

In this paper, a predator—prey model with cross-
diffusion considering the prey individual behaviour
and herd behaviour transition with homogeneous Neu-
mann boundary condition is investigated. We first show
that the non-negativity and boundedness of solutions
corresponding to the model without self-diffusion and
cross-diffusion and the model with self-diffusion and
cross-diffusion. Then we show the existence and pri-
ori boundedness of solutions corresponding to the spa-
tiotemporal model without cross-diffusion. In order to
classify the possible dynamical classification near the
Turing—Hopf bifurcation point, by using the method
of computing the normal form presented in [34], the
third-order truncated normal form (37) is given. By
the obtained third-order truncated normal form (37),
we obtain a zero equilibrium point corresponding to
the positive constant steady state of the original sys-
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Fig. 9 When (u1, n2) = (0.17, —0.03) lies in region D5 and
let di; = 1.1467,5 = 0.3, the positive constant steady state

E.(0.2389, 0.5455) is unstable and there is a heteroclinic orbit
connecting the unstable positive constant steady state to sta-
ble spatially homogeneous periodic solution. The initial value is
u(x,0) =0.2389 — 0.15cos x, v(x,0) = 0.5455 — 0.15cos x.

tem (4), three boundary equilibrium points A; and Aéc
in which A corresponding to the spatially homoge-
neous periodic solution of the original system (4) and
A2i corresponding to the two spatially inhomogeneous
steady states with cos x-like shape in space of the orig-
inal system (4). Furthermore, two interior equilibrium
points A3jE is also obtained corresponding to the two
spatially inhomogeneous periodic solutions with cos x-
like shape in space of the original system (4). Moreover,
we obtain four inequality which is used to ensure the
existence of these different types of equilibrium points.
Notice that the four inequality can be seen as the four
critical bifurcation lines; thus, by the defined critical
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When (u1, n2) = (0.31,—0.05) lies in region Ds and let
dip = 09,8 = 0.4004, the positive constant steady state
E.(0.2213, 0.5169) is unstable and there is a heteroclinic orbit
connecting the unstable positive constant steady state to sta-
ble spatially inhomogeneous steady states. The initial value is
u(x,0) =0.2213 —0.2cos x, v(x,0) =0.5169 4+ 0.2 cos x

Time t

bifurcation lines, the bifurcation diagram in the -2
parameters plane which includes six different regions
is shown in Fig. 3.

By the numerical simulations, the rich dynamics
such as the positive constant steady state, the spatially
homogeneous periodic solution, spatially inhomoge-
neous steady states and spatially inhomogeneous peri-
odic solutions have been found, which can be seen in
Figs. 4,5,6,7, 8,9 and 10. Especially, we would like to
mention that the interaction between the Turing bifur-
cation curve and the Hopf bifurcation curve may leads
to the emergence of the spatially inhomogeneous peri-
odic solutions, see Fig. 7a and b for details.
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Fig. 10 When (i1, n2) = (0.75, 0.1675) lies in region Dg and
let djy = 0.9,8 = 0.5004, the positive constant steady state
E.(0.4514,0.7429) is unstable and there are two stable spa-
tially inhomogeneous steady states like cos x in space. a and b:

‘We have to point out the fact that the method of com-
puting normal form developing in this paper can also
be used to the case without cross-diffusion by a slight
modification. Furthermore, in order to the simplicity of
notation for further normal form computation and for
the convenience of carrying out the numerical simula-
tions, we let £2 := (0, ). However, the spatial £2 can
also be taken (0, £7) with £ € R™. Notice also that
the general open interval (d, E) can be transformed to
(0, ) by a translation and rescaling.
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Appendix

In Sect. 1, we have pointed out that the procedure of
computing Bj; and Bj3 needs to be deduced again. In
the following, the detailed derivation process of Bjj
and Bj3 is given. Following Section 3.1.1 in [34], by
considering the formal Taylor expansion

1,0 0,1
L) = Lo+ m L™ + o L
1 2,0 1.1 0.2
5 (L8 + 2mpat ) + W31
+ s

1
F(@zy +w, pn) = EFz(Cbzx +w, 1)
1
+§F3(<sz+w,u)+-~- ,

where Fj(®zy + w, ), j > 2 is the j-th Fréchet
derivative of F(®z, + w, ). For simplicity, we set

a 92 g3, b
3 0L QZ1 27 23 U1 K
H aquzqzzqaulluz — 71 2 23 P11 M2 ,(XG(C.

1 %2 <3 M1 M2 @ _q1_93 01 D
0Z1°2y 23 My M
1 <2 <3 F1 2

v=ky

)U—O

where Zl(u) = ;L]Lgl’o) + ungo’l) + JA, and

d is defined by Eq. (31). Since F(0, ) = 0 and
DFO,un) = 0, F (®zx +w, ) can be written as
follows

F2(¢Zx+waﬂ)=F2((pr+wa0)
q1+q2+q3=2
+8 @z w) + 0 (lwp?),

Furthermore, we have

] 2L1 () (P22) + Fo (P2, ), B
f2 (z,0, M) =V ~ %))
2L1(M) (¢Zx) + FZ (¢Zxa /‘L) s ﬂv

q1+q2 q3 q1 .92 g3
Aqia20:70 Oy, (X)z7 25 23

where g1, q2, g3 € No, Sy (@ z,, w) is the product term
of @z, and w, and

AD 40

Ag19293 :< 1192q3° 919293

T
) e R

@ Springer

Here, Ay 4pq5 = Zqzqun’ and Zqzqm represents the
conjugation of Ag,4,¢5-
Noticing the fact that

% ) 1214 3
/o Y0 (X)Vk*(X)dX=/O vi (X)dx =0,

144
/ )/Oz(x)dx =1,
0

then we can obtain that

1 .
Eg%(z7 0’ I’L) = E PrOJKer(MZI) le (Za 07 M)

_ (H((Bum + leuz)m))
(B13p1 + Bz o) 23

where
Ker (M21>
7123 1M 0 0
= span 0 , 0 s 2223 | .| 210 |

0 0 0 0
0 0 0 0 0
0 ,1 01, 0 , 0 .1 0
z122 Z% 3§ 123V2%) ,U«iz

withi = 1, 2. Moreover,
Bii =g L{""6., Bay = nl L &,
Bz = '71?* (L(ll'o)ék* - Eék*) , By = nkT*L(lo'l)Ek*
with
B= (—ﬁ— 0) .
0 0

Next, by a slight modification of the calculation pro-
cedures in [34], we give the detail calculation pro-
cedures of Byy, Bai, Bi3, B2s, B21o, Bio2, Bii1, Boos
steps by steps.

Step 1:

By =g L€, B =nf L\ &),
Bz = 7)12 (L(ll’o)ék* - E%) )

By = UIZ*Lio’l)ék*,

Brio = Ca10 + % (D210 + E210)

3
Bipo = Cioz + 5 (D102 + E102) »

3
Bii1 = Cin + 2 (D111 + Eq11),

3
Booz = Coo3 + 5 (Doo3 + Eoo3) -
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Step 2:

Calo = ! A Cipp = ! A
210—6£nf70 210, 102—6£n?70 1025
Ciiy = ! A Coos = ! A
11 = 6[71""* 111, 003—4&1771{* 0035

Dayo = L (— (nTAmo) (WTAno)
64 wei 0 0
2 2 2
+‘770TA110‘ +§‘77ng20’ )
1
Dz = g (=2 (a A20) (1 Aon2)
102 = G 1o A200 ) (19 Aoo2
+ (ngAuo) (ﬁngoz) +2 (ﬂngoz) (nkT*Am)) ;
1
Dint = =3t (i Aror) (1 4110) )
111 Simo. m ( (g, Ator) (ng Arto
m ((U/Z;Aml) <775A002>)

Doz = —

1
1
3w,
with

Az00 = &gy f2000 + 2801802 f1100 + &5 fo200 = Aozo.
Aoz = &¢1 2000 + 28k, 16,2 f1100 + &5 fo200,

Ao =2 (|~‘301|2 f2000 + 2Re (£01€02) fi100

+ |E02|? fozoo) ,

Ator = 2 (€01&x,1 /2000 + (601€k,2 + E026k,1) S1100
+&026x,2 fo200) = Aol

Azio =3 (f3000 |&011% &o1 + fos00 1021 &0
+ 12100 (6318on + 2 I601 1 02
+ fiaoo (4801 + 21602 01))
A2 =3 (faooo%‘mé;il + foso0€2éi
+ /2100 (éozé‘kz*l + 2&01%1%2)
+ f1200 (501513*2 + 2€osz*1§k*2)) ;
A1 =6 (faooo 80117 &1 + fo300 [E0al” Ex,2
+ f2100 (Iém |? &2 + 28,1 Re (Em?oz))
+ f1200 (Iéozl2 &1 + 28,2 Re (502501))) ,
Agoz = (fsoooé;il + fosoo%iz)
+3 <f2100‘§k2*1€:k*2 + f1200§k*1§k2*2> :

Step 3:

Ea =ﬁn§ ((501 2000 + E02 f1100) B 1o
+ (502 /0200 + 01 f1100) h(()zl)lo
+ (E01 f2000 + E02.f1100) hbo
+ (§02 fo200 + €01 f1100) h(()22)00> ,

1 1)
Ein = T( 012000 + £02 £1100)
3T in Mo o1 f- £02 f1100) 0002

+ (€02 fo200 + 01 f1100) h(()%))o2
+ (.1 2000 + &2 f1100) 201

+ (&k,2 f0200 + k.1 /1100) k2)101>
Ein z—nkT* ((Smfzooo + 02 f1100) hl(cii)ll
3Vem
+ (502 f0200 + 01 f1100) h;ﬁ)u
+ (€01./2000 + E02 f1100) h;&i)lm

= 2
+ (E02 fo200 + €01 f1100) h,i*)l(n)
+ '71{* ((&x,1.2000 + Ek*zfnoo

(1)
( \/— 0110 3«/7 (Zk*)llo

+ (&k,2 f0200 + k1 fnoo)

Eoo3 ='7;z* ((gk*l S2000 + Ek*zfnoo)

( L o0 o1 0 ))
3\/— 0110 3«/7 (Zk*)llo

(1) (1)
( \/— 0002 \/T (Zk*)002
($k*2f0200 + &k,1 f1100)

(2)
( i hoon + 3 /—23 (2k*)002)>
Here
1 ijo b
fU W= > e finn v
P!
i+j+h+h>2
T
_ (1) ()
fiju, = <fij11l2’ fijlllz>
with

8i+j+l1+le(k)(0 0,0,0)

f'('];)l =
iR duidviaullopk

k=1,2.
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More precisely, for the system (29), by combining
with Eq.(32), we have

_ UV +4vh
2)/ + 45* (uy +h)2«/u +h

—u*v*—4v*
0
Sfo200 = (0) )

48*(“*+h)2\/ us+h
0
fozo0 = (0) ,

12000

—u,—2h

25* h
fi100 R

28* (us+h)Vusx+h
—3usv—18v.h
88*(u*+h) «/u*+

3us vyt
83*(u*+h)3«/u*+
ux+4h

45% )2/
2100 (”:;*) uith

48*(u*+h)2\/ Us+h
Furthermore, we have

f3000 =

f1200

Il
A~
o O
~——

1
ho200 = T (Mo Qi) ™"
T T,z
(Azoo - <no Az000 + 70 Azoofo)) .
1
hoo2o = T (Mo (=2iw) ™!
T T, %
(Aozo - <770 Ap2050 + 70 AozoSg)) ,
1
hoo = 7= Moy~
T
T T, =
(Aooz - <no Ago260 + 70 A002§0>> ,
1
hot10 = T (M)~
T T, =
(Ano - <no Aq1060 + 70 Auo%’o)) ,
1 _
hi,101 = i (M, (i) ! (AIOI - TIkT*AIOlEk*),
_ L . —1 T
hi,on1 = N (Mi, (i) (Ao — ng, Aoriék, ) »
s
1 _
h k002 = Wit (Mar, (0) ™" Agoa,

hako = (0,007
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