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Abstract The purpose of the current study was to
develop an accurate model to investigate the nonlin-
ear resonances in an axially functionally graded beam
rotating with time-dependent speed. To this end, two
important features including stiffening and Coriolis
effects are modeled based on nonlinear strain relations.
Equations governing the axial, chordwise, and flapwise
deformations about the determined steady-state equi-
librium position are obtained, and the rotating speed
variation is considered as a periodic disturbance about
this equilibrium condition. Multi-mode discretization
of the equations is performed via the spectral Cheby-
shev approach and the method of multiple scales for
gyroscopic systems is employed to study the nonlin-
ear behavior. After determining the required polyno-
mial number based on convergence analysis, results
obtained are verified by comparing to those found in
literature and numerical simulations. Moreover, the
model is validated based on simulations carried out by
commercial finite element software. Properties of the
functionally graded material and the values of average
rotating speed leading to 2:1 internal resonance in the
system are found. Time and steady-state responses of
the system under primary and parametric resonances
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caused by the time-dependent rotating speed are inves-
tigated when the system is tuned to 2:1 internal reso-
nance. A comprehensive study on the time response,
frequency response, and stability behavior shows that
the rotating axially functionally graded beam exhibits a
complicated nonlinear behavior under the effect of the
rotating speed fluctuation frequency, damping coeffi-
cient, and properties of the functionally graded mate-
rial.

Keywords Rotating beam · Functionally graded
material · Parametric resonance · Primary resonance ·
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1 Introduction

Vibration analysis of rotating beams has drawn the
attention of many researchers due to their numerous
engineering applications in turbomachinery, aircraft
propellers, rotors, etc. Recent developments in mate-
rial technology have also contributed to the construc-
tion of rotating beams composed of advanced materi-
als to achieve more reliable, cost-effective, and opti-
mal designs. Functionally graded materials (FGMs) as
one of these advanced materials provide more design
parameters to achieve unique properties of the rotating
beams, for instance, high stiffness, low density, and
tunable natural frequencies or other dynamic features.
In this regard, understanding the dynamics of rotating
functionally graded (FG) beams and developing pre-
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cise models to evaluate the vibration characteristics are
important ongoing research topics. One of the impor-
tant issues in modeling rotating beams is including the
stiffening effect in the model appropriately, which can
be classified into three categories. The first is consider-
ing stretch variable instead of axial deformation [1–6].
In the second approach, which results in the samemod-
eling equations as in the first category, equivalent time-
independent centrifugal force is added to the model
[7–23]. The modeling approaches of the third category
employ nonlinear strain relations to consider the stiff-
ening effect as a time-dependent axial force in the sys-
tem [24–32]. This approach results in nonlinear mod-
eling of the problem, in which the nonlinearity is due
to kinematic relations inducing coupling between the
axial, chordwise, and flapwise deformations. Kim et
al. [28] showed that the results based on models of the
third category exhibit significant differences to those of
the first and second categories, especially as the rotat-
ing speed increases. Moreover, in this approach, the
steady-state condition, in which the beam is rotating
with a constant speed, should be determined to derive
the governing equations about the equilibriumposition.
Therefore, any external force or rotation speed varia-
tion can be exerted as a disturbance to this equilibrium
condition. However, as claimed by [28], models based
on the time-independent axial force are not acceptable
for dynamic analysis of rotating beams with varying
speed or under external forces. In this regard, in the
current study, the dynamic behavior of the rotating FG
beam is modeled by nonlinear strain relations based on
the approaches of the third category. Thus, some of the
literature regarding the nonlinear vibrations of rotat-
ing beams are discussed in the following. There exist
several studies on the nonlinear vibrations of rotating
beams. Almost all of these studies consider nonlinear-
ity due to large amplitude vibrations in the system, and
thus they do not necessarily fall into the third category.
Younesian and Esmailzadeh [4] investigated the large
amplitude vibrations of a beam under varying rotating
speed. They simplified the model to transverse vibra-
tions by assuming zero stretching andused single-mode
discretization to apply the method of multiple scales
(MMS). For the same problem, parametric instability
analysis of the axial and chordwise motions was per-
formed via applying MMS directly to the governing
equations in [5]. Various applications of rotating beams
have encouraged the researchers to study the different
aspects of large amplitude vibrations of these systems.

For instance, primary and 1:1 internal resonances under
supersonic gasflow[9], hardening and softeningbehav-
ior under harmonic force [11], 2:1 internal resonances
under gas pressure [12], saturation phenomenon under
thermal gradient [13], sub-harmonic and combination
resonances [14], and super-harmonic and 2:1 internal
resonances under gas pressure [15]. In all these stud-
ies the Coriolis effects were neglected in the nonlinear
analysis, and a constant centrifugal force was used to
model the stiffening effect. Pesheck et al. [24] used the
approaches of the third category to construct reduced-
order models for axial-transverse vibrations of rotating
beams based on nonlinear strain relations. They deter-
mined static elongation for the beam as a steady-state
equilibrium condition. Similarly, Arvin and Bakhtiari-
Nejad [27] derived the governing equations of rotating
beams about equilibrium condition and applied MMS
to study the large amplitude vibrations of the system.
Recently, Tian et al. [29] introduced a modified varia-
tionalmethod tomodel the vibrations of rotating beams
including Coriolis effects based on nonlinear strain
relations. In the case of rotating FG beams, there are
a number of studies on the vibration analysis of such
systems in the literature. Oh and Yoo [6] revealed the
effect of FGM parameters on the natural frequencies
andmode shapes of pre-twisted rotating FGbeams. The
vibration behavior of rotating FG beams under thermal
loadings and the effect of temperature on the natural
frequencies were investigated by [18–20]. Zarrinzadeh
et al. [21] examined the effect of rotating speed on the
natural frequencies and mode shapes of FG tapered
beams. In another study, Chen et al. [23] performed
isogeometric nonlinear analysis to study large ampli-
tude vibrations of rotating FG porous micro-beams.
The time response and natural frequencies of rotat-
ing FG beams including Coriolis effects were inves-
tigated in [25] based on finite element (FE) method.
Tian et al. [30] investigated the free vibration of rotat-
ing FG double-tapered beams with porosity based on
nonlinear strain relations. They discussed modal cou-
plings and the effect of FGM parameters on the nat-
ural frequencies of the system. More observations on
the effect of FGM properties on the natural frequen-
cies, time response, and frequency veering regions of
rotating FG beams can be found in [31,32]. Accord-
ing to the literature, the main features in modeling the
rotating beams are stiffening and Coriolis effects. It
has already been shown that the Coriolis effects signif-
icantly influence the natural frequencies and dynamic
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behavior of the system at high rotating speeds. Includ-
ing Coriolis effects in the model results in gyroscopic
termswhich necessitate the use of approaches for gyro-
scopic systems to study the nonlinear behavior of the
system. However, to the best of our knowledge, inves-
tigation on the nonlinear resonances of rotating FG
beams has not been addressed to date and studies found
in the literature regarding nonlinear resonances of rotat-
ing beams have neglected Coriolis effects. Accord-
ingly, this work is devoted to studying the nonlinear
behavior including primary, principal parametric, and
2:1 internal resonances of an axially FG beam rotat-
ing with harmonically varying speed in the presence of
Coriolis effects. The mathematical model of the prob-
lem is developed based on the approaches of the third
category by employing nonlinear strain relations and
equations governing the axial, flapwise, and chordwise
motions are derived. After discretizing the equations
by the means of the spectral Chebyshev approach, the
MMS for gyroscopic systems is employed to study the
nonlinear behavior of the system. The results are ver-
ified by comparing to those available in the literature
and obtained by numerical methods. Also, the model
is validated by comparing the natural frequencies of
the linear system to those derived through commer-
cial FE software. Then, the effects of FGM parameters,
damping, and varying rotating speed on the internal res-
onance conditions, time response, modal amplitudes,
frequency response, and primary and parametric insta-
bilities are investigated.

2 Model development

The basic configuration of the system considered here
is a rotating axially FG beam clamped to a rigid hub of
radius, rh , as shown in Fig. 1. The beam has length L ,
cross-sectional area A, mass density ρ(x), and Young’s
modulus E(x), where x is the axis along the beam.
Moreover, the hub is rotating about its axis with veloc-
ity of ψ̇ , and acceleration of ψ̈ .

As aforementioned, the effective material properties
(e.g.,Young’smodulus E), vary continuously along the
beam and are functions of volume fractions of the con-
stituent materials. Considering material A matrix, and
material B inclusions as the constituents, and imple-
menting the rule of mixtures, the effective material
property, P , can be given by P = PAVA + PBVB ,
where PA and PB are the material properties of the

ψ, ψ. ..

rh

L

E(x), ρ(x), A

Fig. 1 Schematic of a rotating axially FG beam

constituents A and B. Also, VA and VB denote the cor-
responding volume fractions of the constituents, satis-
fying the relation VA + VB = 1 at each cross-section.
In this research, the inclusions volume fraction, VB , is
expressed by a four-parameter distribution relation as

VB =
[
1 − a

(
x

L

)
+ b

(
x

L

)c]p

(1)

where the parameters a, b, c, and the volume fraction
index p (0 ≤ p ≤ ∞) compose the material varia-
tion profile along the beam. For p = 0 or p → ∞, a
homogeneous isotropic material profile is obtained as
a special case of the FGM [33,34]. For a better insight,
examples of material profiles for the FG beam are illus-
trated in “Appendix 1.” .

2.1 Kinematics of deformation

As shown in Fig. 2, to develop the kinematics of defor-
mation of the rotating beam, four Cartesian coordi-
nate systems defined by the right-hand rule are utilized.
OI XY Z is the fixed inertial coordinate system, Z axis
of which coincides with the rotation axis. ORxyz is the
rotating coordinate system, where OR and z axis coin-
cide with OI and Z axis, respectively. For the cross
section of the undeformed and deformed rotating beam,
local coordinate systems OU x1y1z1 and ODx2y2z2 are
defined, respectively.

Accordingly, the position vector of a generic point
B on the cross section of the undeformed and deformed
beam can be expressed, respectively, as

r = {
rh + x; y1; z1

}
(2)

R = {
rh + x + ū; v̄; w̄

} + D
{
0; y1; z1

}
(3)

where ū, v̄, and w̄ are deformations of a generic point
along the x , y, and z axes, sequentially representing
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Fig. 2 Coordinate systems used to model the rotating axially
FG beam

the axial, the chordwise, and the flapwise deforma-
tions. Moreover, D is the transformation matrix, rotat-
ing the cross-section of the beam from OU x1y1z1 to
ODx2y2z2. The beam cross section is assumed to be
doubly symmetric, and as a result, the couplingbetween
the torsional and bending deformations is negligible
[28], and the torsional behavior is not investigated here.
In this regard, the transformation matrix includes rota-
tions due to the in-plane bending (chordwise motion)
and the out-of-plane bending (flapwise motion), in the
following form:

D =
⎡
⎣cos θy 0 − sin θy

0 1 0
sin θy 0 cos θy

⎤
⎦

⎡
⎣cos θz − sin θz 0
sin θz cos θz 0
0 0 1

⎤
⎦ (4)

here, θy and θz are the flapwise and the chordwise rota-
tions, respectively. Making use of the approximations
cos θy = cos θz ≈ 1, sin θy ≈ w̄,x , and sin θz ≈ v̄,x in
Eq. (4), the position vector of an arbitrary point on the
cross section of the deformed beam can be obtained as

R={
rh+x+ū − y1v̄,x − z1w̄,x ; y1+v̄; z1 + w̄−y1v̄,x w̄,x

}
(5)

where, [ ],x denotes the derivative of [ ] with respect to
x . In order to add the effect of rotation to the deformed
position vector of the beam, the following transforma-
tion is employed [29,30,35]

Rrot = DI RR =
⎡
⎣cosψ − sinψ 0
sinψ cosψ 0
0 0 1

⎤
⎦ R (6)

In Eq. (6), DI R is the rotation transformation matrix,
which implements the rotation from the coordinate sys-
tem OI XY Z to ORxyz, and ψ is the rotation angle of
the hub. In this paper, the rotating speed of the hub
is assumed to include an average value ω0, and small
periodic fluctuation in the following form

ψ̇ = ω0 + ω(t) = ω0 + γ sin�t (7)

where � is the rotating speed fluctuation frequency,
and γ is the small perturbed fluctuation amplitude.

2.2 The elastic strain and kinetic energies of the
system

To model the stiffening effect in the rotating beam and
include time-dependent axial centrifugal force, linear
stress, and nonlinear strain relations are utilized. By
assuming a long and slender geometry for the rotat-
ing beam and using Green’s strain definition, one can
express the nonlinear x-directional strain in the follow-
ing form [26,28]

εnlx = ū,x + 1

2
(v̄2,x + w̄2

,x ) − y1v̄,xx − z1w̄,xx (8)

Also by defining the linear axial stress as σ l
x = E(x)εlx ,

the variations of the elastic strain energy is calculated
by [28]

δUs =
∫ L

0

∫
A
E(x)σ l

xδε
nl
x dAdx (9)

where δ is the variational parameter. The variations of
the kinetic energy of the system can also be written in
the following form

δUk = −
∫ L

0

∫
A

ρ(x)R̈T
rotδRrotdAdx (10)

where the dot notation denotes derivative with respect
to time, and R̈rot is the acceleration vector given by
[35]

R̈rot = DI R(R̈ + 2ωṘ + ωωR + αR) (11)

in whichω and α are the second-order skew-symmetric
tensors of the angular velocity and acceleration vectors,
respectively, given by

ω =
⎡
⎣0 −ψ̇ 0

ψ̇ 0 0
0 0 0

⎤
⎦ , α =

⎡
⎣0 −ψ̈ 0

ψ̈ 0 0
0 0 0

⎤
⎦ (12)

2.3 Governing equations

Once the elastic strain and kinetic energies are cal-
culated, the equations governing the axial, chordwise,
and flapwisemotions are obtained using theHamilton’s
principle as

ρA(ū,t t − ψ̇2ū − 2ψ̇ v̄,t − ψ̈ v̄) − A(Eū,x ),x
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= ρAψ̇2(rh + x) (13)

ρA(v̄,t t − ψ̇2v̄ + 2ψ̇ ū,t + ψ̈ ū) − Iz(ρv̄,xtt ),x

+Izψ̇
2(ρv̄,x ),x

+Iz(E v̄,xx ),xx − A(Eū,x v̄,x ),x

= Izρ
′
ψ̈ − ρAψ̈(rh + x) (14)

ρAw̄,t t − Iy(ρw̄,xtt ),x + Iyψ̇
2(ρw̄,x ),x

+Iy(Ew̄,xx ),xx − A(Eū,x w̄,x ),x = 0 (15)

here, Iy and Iz represent the second moment of
cross-sectional area with respect to y1- and z1-axis,
respectively. In addition, prime symbol shows the
total derivative of a parameter with respect to x . In
Eqs. (13–15), 2ψ̇ ū,t and 2ψ̇ v̄,t are the Coriolis effect
terms, and Iz(ρv̄,xtt ),x , Izψ̇2(ρv̄,x ),x , Iy(ρw̄,xtt ),x ,
and Iyψ̇2(ρw̄,x ),x show the rotary inertia terms. Addi-
tionally, term E Aū,x in the chordwise and flapwise
equations represents the time-dependent axial force in
the rotating FG beam causing the stiffening effect in the
system. The associated boundary conditions are also
expressed as:

ū = v̄ = w̄ = v̄,x = w̄,x = 0 at x = 0, ū,x = v̄,xx

= w̄,xx = v̄,xxx = w̄,xxx = 0 at x = L (16)

For the undisturbed motion of the rotating beam,
the steady-state equilibrium deformations must be
obtained from Eqs. (13–15). In this regard, deforma-
tions of the beam are considered as the sum of steady-
state equilibrium deformations, (us, vs, ws), and dis-
turbed deformations about the equilibrium position,
(�u,�v,�w), in the following forms

ū(x, t) = us(x) + �u(x, t),

v̄(x, t) = vs(x) + �v(x, t),

w̄(x, t) = ws(x) + �w(x, t) (17)

by inserting Eqs. (17) into Eqs. (13–15), making use
of Eq. (7), and ignoring the fluctuation in the rotat-
ing speed, one can derive the equations governing the
steady-state equilibrium condition of the rotating axi-
ally FG beam as

ρAω2
0us + A(Eu′

s)
′ = −ρAω2

0(rh + x) (18)

ρAω2
0vs − Izω

2
0(ρv′

s)
′ − Iz(Ev′′

s )
′′ + A(Eu′

sv
′
s)

′ = 0

(19)

Iyω
2
0(ρw′

s)
′ + Iy(Ew′′

s )
′′ + A(Eu′

sw
′
s)

′ = 0 (20)

Boundary conditions for these equations are the sameas
(16); applying these conditions and using a numerical

method based on midpoint rule enhanced by Richard-
son extrapolation algorithm [36], the following solu-
tions are obtained

us =
J∑

j=1

c j x
j , vs = ws = 0 (21)

here, us is expressed in a polynomial form with coef-
ficients c j , and polynomial degree J , both of which
are determined to reconstruct the numerical solution.
Once the equilibrium position is determined, by insert-
ing Eq. (17) into Eqs. (13–15), and using Eqs. (18–21),
the governing axial, chordwise, and flapwise equations
about the equilibrium position are obtained as

ρA(u,t t − ψ̇2u − 2ψ̇v,t − ψ̈v) − A(Eu,x ),x = 0

(22)

ρA(v,t t − ψ̇2v + 2ψ̇u,t + ψ̈u) − Iz(ρv,xtt ),x

+Izψ̇
2(ρv,x ),x + Iz(Ev,xx ),xx

−A(Eu′
sv,x ),x − A(Eu,xv,x ),x = Izρ

′
ψ̈

−ρAψ̈(rh + x + us) (23)

ρAw,t t − Iy(ρw,xtt ),x + Iyψ̇
2(ρw,x ),x

+Iy(Ew,xx ),xx − A(Eu′
sw,x ),x

−A(Eu,xw,x ),x = 0 (24)

where � is omitted for the sake of brevity. It can be
observed from Eqs. (22–24) that the chordwise and
flapwise equations include quadratic nonlinearities due
to the coupling to axial deformation via time-dependent
axial force terms. Generally, such quadratic nonlinear-
ities are associated with vibrations of rotating elements
about a static equilibrium position [37]. Moreover, the
presence of terms ψ̇ and ψ̈ , which are time-dependent
due to the fluctuation of the rotating speed, leads to
parametric excitation in the system. On the other hand,
the external excitation of the chordwise motion is due
to the inertial forces stemming from the variation of the
rotating speed.

3 Discretization of the equations

To obtain the discretized equations of motion, the fol-
lowing scaledChebyshev polynomials are used [38,39]

Ck(ξ) = cos
(
k cos−1(ξ)

)
, k = 0, 1, 2, ... (25)

These recursive, orthogonal, and exponentially conver-
gent polynomials form a complete set on the inter-
val [−1, 1], and therefore, the spatial domain x that
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lies on the arbitrary interval [0, L] is mapped to ξ ∈
[−1, 1]. In this interval, one can approximate any
square-integrable function in terms of these polyno-
mials [40,41]. For each deformation qi of the rotating
axially FG beam (q1 = u, q2 = v, q3 = w), the fol-
lowing Chebyshev series expansion is expressed

qi (ξ) =
N∑

k=1

aik−1Ck−1(ξ), i = 1, 2, 3 (26)

where ai ’s are the coefficients of the expansion in the
domain ξ , which is discretized by N Gauss–Lobatto
sampling points [42,43]. According to the above equa-
tion, each deflection is expressed by N number of poly-
nomials, which can be rewritten in the followingmatrix
form

qi = �Bai , i = 1, 2, 3 (27)

where qi is the vector of mapped deflection, qi , at sam-
pling points, and �B is the backward transformation
matrix defined by

Bmn = Cn−1(ξm), m, n = 1, 2, ..., N (28)

Next, to implement the spatial derivatives defined in the
governing equations, the coefficients aik−1 are related
to coefficients of the spatial derivative expansion, bik−1 ,
via [44]

bi = Dai , i = 1, 2, 3 (29)

here D is derivative matrix with respect to ξ . Accord-
ingly, by using Eqs. (27) and (29), the differentiation
matrix Q in the sampled domain can be defined as

∂qi

∂ξ
= �Bbi = �BDai = �BD�−1

B qi = Qqi (30)

Bymaking use of inner product definition, definite inte-
gral of functions f (ξ) and g(ξ) that can be expressed
by Chebyshev polynomials can be written as∫

ξ

f (ξ)g(ξ)dξ = fTVg (31)

in which V is the inner product matrix, and f and g
are the sampled functions values. (Readers are gently
invited to see [40] for the detailed derivation of the
inner product matrix). Finally, to impose the essential
boundary conditions, basis recombination is used [45,
46]

qi = Piqdi , i = 1, 2, 3 (32)

here, Pi ’s are the projection matrices that are obtained
via singular value decomposition of the boundary con-
ditionmatrixβ i , such thatβ iqi = 0. By using the series

expansion for each deformation inEqs. (22–24), substi-
tuting differentiationmatrices, and applyingGalerkin’s
method, one can derive the discretized equations of
motion as

Mq̈s + (2ψ̇G + C)q̇s + (K1 + ψ̇2K2 + ψ̈K3)qs

+NL(qs) = ψ̈f (33)

where qs = {qd1; qd2; qd3}, and M, G, and Ki ’s are
respectively mass, gyroscopic, and stiffness matrices.
Damping effect is also added to the model by inserting
C as a damping matrix proportional to K1 + ω2

0K2.
Moreover,NL(qs), and f are internal nonlinear forcing,
and generalized force vectors, respectively. Details of
these matrices are given in “Appendix 1.”

3.1 Preliminaries for nonlinear analysis

In this research, the MMS for gyroscopic systems
is used to solve the governing equations of motion.
To this end, the linear stiffness part of equations is
decoupled via implementing linear modal analysis. To
obtain equations governing the linear system, Eq. (7) is
inserted into Eq. (33), then by ignoring the fluctuation
in the rotating speed, damping effect, and the nonlinear
forcing NL, the following linear matrix form equations
of motion are derived

Mq̈s + 2ω0Gq̇s + (K1 + ω2
0K2)qs = 0 (34)

by solving state-space eigenvalue problem for Eq. (34),
complex eigenvalues are obtained, where their imagi-
nary parts are natural frequencies including Coriolis
effects denoted by ωc

n . To decouple the linear stiffness
part of equations, the following transformation is also
introduced [47]

qs = �η (35)

where� is the matrix of normalized eigenvectors asso-
ciated with the problem (34) when G = 0, such that
�TM� yields an identity matrix. By inserting trans-
formation (35) into Eq. (33), and premultiplying it by
�T, one obtains

η̈i + 2ψ̇
Ne∑

j=1, j �=i

ĝi, j η̇ j + λω2
i η̇i

+ ω2
i ηi + (ψ̇2 − ω2

0)

Ne∑
j=1

k̂2i, j η j
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+ ψ̈

Ne∑
j=1, j �=i

k̂3i, j η j +
Ne∑
j=1

Ne∑
l=1

f̂nli, j,lη jηl

= ψ̈ f̂i , i = 1, 2, ..., Ne (36)

where λ is damping coefficient, ω2
i ’s are eigenvalues

of (34) when G = 0, (equal to natural frequencies of
the system when neglecting Coriolis effects), Ne is the
number of equations, and ĝi, j , k̂2i, j , k̂3i, j , and f̂i ’s are,

respectively, elements of Ĝ, K̂2, K̂3, and f̂ , given by

Ĝ = �TG�, K̂2 = �TK2�,

K̂3 = �TK3�, f̂ = �Tf (37)

in addition, f̂nli, j,l ’s are coefficients of η jηl in i th ele-

ment of N̂L, defined by

N̂L = �TNL(�η) (38)

4 Applying multiple scales method

To implement the MMS to solve the set of Eq. (36),
damping coefficient is rescaled as λ → ελ, where, ε

is a positive small parameter used as a bookkeeping
device. Moreover, for all the terms containing para-
metric excitation and the nonlinear forcing function,
the following transformations are used [37,48,49]:

ω(t)
Ne∑

j=1, j �=i

ĝi, j η̇ j → εω(t)
Ne∑

j=1, j �=i

ĝi, j η̇ j ,

ω(t)
Ne∑
j=1

k̂2i, j η j → εω(t)
Ne∑
j=1

k̂2i, j η j ,

ω(t)2
Ne∑
j=1

k̂2i, j η j → ε2ω(t)2
Ne∑
j=1

k̂2i, j η j ,

Ne∑
j=1

Ne∑
l=1

f̂nli, j,lη jηl → ε

Ne∑
j=1

Ne∑
l=1

f̂nli, j,lη jηl (39)

For the external excitation terms, such transformations
might be used depending on the resonance condition in
the system. Due to the presence of both parametric and
external excitation in the system, regardless of internal
resonances, many possible resonant combinations of�
with natural frequencies of the system can occur. For
instance, because of the external excitation, conditions
like � ≈ ωc

n , � ≈ 2ωc
n , and � ≈ 1

2ω
c
n , and due to

the parametric excitation, conditions such as � ≈ 0,
� ≈ 2ωc

n , � ≈ ωc
n +ωc

m , and � ≈ ωc
m −ωc

n can result
in different resonant cases. Some of the important res-
onant cases are discussed in the following subsections
for systems with/without internal resonances.

4.1 The case with non-resonant �

Based on the MMS, a first-order uniform expansion of
the solution for generalized coordinate ηi is considered
as

ηi (T0, T1) = ηi,0(T0, T1) + εηi,1(T0, T1) + ...,

i = 1, 2, ..., Ne (40)

where Tn = εnt . Substituting solution (40) into Eqs.
(36), after implementing transformations (39), and
equating coefficients of similar powers of ε yield

O(ε0) : D2
0ηi,0 + 2ω0

Ne∑
j=1, j �=i

ĝi, jD0η j,0 + ω2
i ηi,0

= γ� f̂i cos�T0, (41)

O(ε1) : D2
0ηi,1 + 2ω0

Ne∑
j=1, j �=i

ĝi, jD0η j,1 + ω2
i ηi,1

= −2D0D1ηi,0 − 2ω0

Ne∑
j=1, j �=i

ĝi, jD1η j,0

−λω2
i D0ηi,0 − 2γ sin�T0

Ne∑
j=1, j �=i

ĝi, jD0η j,0

−2γω0 sin�T0

Ne∑
j=1

k̂2i, j η j,0

−γ� cos�T0

Ne∑
j=1, j �=i

k̂3i, j η j,0

−
Ne∑
j=1

Ne∑
l=1

f̂nli, j,lη j,0ηl,0, (42)

in which, Dn ≡ ∂/∂Tn . The solutions of equations of
order ε0 are expressed as

η1,0(T0, T1) =
Ne∑
j=1

A j (T1) exp(Iω
c
j T0)

+�1 exp(I�T0) + cc (43)

ηi,0(T0, T1) =
Ne∑
j=1

μi, j A j (T1) exp(Iω
c
j T0)
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+�i exp(I�T0) + cc, i = 2, 3, ..., Ne

(44)

In the above solutions, I = √−1, ωc
j ’s are eigenval-

ues of Eq. (41), which are equal to natural frequen-
cies of the rotating axially FG beam including Corio-
lis effects. A j ’s are complex amplitudes that need to
be determined. Moreover, μi, j , and �i ’s are vibration
amplitude coefficients that balance the harmonics in
Eq. (41) after inserting the solution (See Appendix 1
for more details). For Eq. (42), the following solution
is considered

ηi,1(T0, T1) =
Ne∑
j=1

Bi, j (T1) exp(Iω
c
j T0)

+cc, i = 1, 2, ..., Ne (45)

by inserting Eqs. (43–44) and Eq. (45) respectively to
the right-hand side and left-hand side of Eq. (42), and
applying the same balancing mentioned earlier for μ

and �, the following Ne number of linear algebraic
systems including Ne number of equations are obtained

2Iω0

Ne∑
j=1, j �=i

ωc
l ĝi, j B j,l + (ω2

i − ωc
l
2
)Bi,l = Ri,l ,

i, l = 1, 2, ..., Ne (46)

here Ri,l ’s are right-hand side terms which are given
in Appendix 1. Equation (46) shows the i th equation
in the lth linear algebraic system. The lth system of
equations can be written in the form [C]l{B}l = {R}l .
The coefficient matrices [C]l ’s are singular, since they
represent the characteristic equation of the eigenvalue
problem in Eq. (41). Therefore, one can conclude that
det([C]lNe ) is also equal to zero, in which [C]lNe is the
matrix formed by replacing the Neth column of [C]l by
the right-hand side column vector {R}l . By setting this
determinant equal to zero for lth system of equations,
the equation governing Al(T1) can be obtained as

D1Al + l Al = 0, l = 1, 2, ..., Ne (47)

where l ’s are real valued functions of all the system
parameters present in Eq. (46). The solutions of Eq.
(47) can be expressed in polar form as

Al(T1) = 1

2
al exp(−l T1 + Iθl), l = 1, 2, ..., Ne

(48)

where the al and θl are real-valued constants deter-
mined by initial conditions η(0) = η̇(0) = 0. The

solution above indicates that the modal amplitudes will
decay over time to zero due to the damping effect, and
the steady-state solution is a stable solution including
particular parts of Eqs. (43–44). For the case of a sys-
tem with internal resonance, detuning parameter σ0 is
introduced such that

ωc
m = 2ωc

n + εσ0, m > n (49)

representing modal interactions between modes m and
n. Based on this assumption, by reconstructing new
right-hand side term in Eq. (46), the procedure men-
tioned above results in the following equations

D1Al + l Al = 0,

D1An + n An + nm Am Ān exp(Iσ0T1) = 0,

D1Am + m Am + nn A
2
n exp(−Iσ0T1) = 0,

l = 1, 2, ..., Ne, l �= m, n, 2 ≤ m ≤ Ne,

1 ≤ n ≤ Ne − 1 (50)

where overbar indicates complex conjugate. For Al

amplitudes, solutions in the form of Eq. (48) are valid;
however, for An and Am amplitudes, solutions in the
form 1

2ai exp(Iθi ) are considered, where ai and θi are
real valued functions of T1. Using these solutions, one
obtains

a′
n + nan + nm

2
aman cos ν1 = 0,

a′
m + mam + nn

2
a2n cos ν1 = 0,

amν′
1 − amσ0 −

(
nn

2
a2n + nma

2
m

)
sin ν1 = 0 (51)

where, ν1 = θm −2θn +σ0T1. Solutions of these equa-
tions result in oscillatory modal amplitudes that decay
over time. These solutions are bounded if nm

nn
< 0,

and may be unbounded if nm
nn

> 0. Since the sys-
tem does not contain any regenerative element,nn and
nm have opposite signs, and the vibration response is
always bounded.

4.2 The case with � near ωc
n

One of the important resonant cases for the current sys-
tem is the external primary resonance occurring when
the rotating speed fluctuation frequency is close to one
of the chordwise natural frequencies of the system. In
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this case, transformation f̂n → ε f̂n is used, and detun-
ing parameter σ1 is defined such that

� = ωc
n + εσ1 (52)

here n is the vibration mode regarding the chordwise
motion of the system. By reobtaining Eqs. (41–42)
accordingly, solutions in the form of Eqs. (43–44) are
valid for i �= n, and for ηn,0, we have

ηn,0(T0, T1) =
Ne∑
j=1

μn, j A j (T1) exp(Iω
c
j T0) + cc

(53)

using these solutions, re-obtaining the right-hand side
of Eq. (46), and setting det([C]iNe ) equal to zero for the
i th system of equations (i = 1, 2, ..., Ne), governing
equations of modal amplitudes are derived as

D1Al + l Al = 0,

D1An + n An + I fnγ� f̂n exp(Iσ1T1) = 0,

l = 1, 2, ..., Ne, l �= n, 1 ≤ n ≤ Ne (54)

For Al amplitudes, solutions in the form of Eq. (48) are
valid; however, for An , one can obtain

An(T1) = 1

2
an exp(−nT1 + Iθn) − I fnγ� f̂n

(n + Iσ1)
−1 exp(Iσ1T1), 1 ≤ n ≤ Ne (55)

where the an and θn are real constants determined by
initial conditions. In this case, if 2:1 internal resonance
as defined in Eq. (49) is present in the system, Eq. (54)
becomes

D1Al + l Al = 0,

D1An+n An+nm Am Ān exp(Iσ0T1)

+ I fnγ� f̂n exp(Iσ1T1) = 0,

D1Am + m Am + nn A
2
n exp(−Iσ0T1) = 0,

l = 1, 2, ..., Ne, l �= m, n, 2 ≤ m ≤ Ne,

1 ≤ n ≤ Ne − 1 (56)

similarly, by considering Ai = 1
2an(T1) exp(Iθi (T1))

for i = n,m, one obtains

a′
n + nan + nm

2
aman cos ν1 − 2 fnγ� f̂n

sin ν2 = 0,

a′
m + mam + nn

2
a2n cos ν1 = 0,

amanν
′
1 − amanσ0 −

(
nn

2
a3n + nma

2
man

)
sin ν1

− 4am fnγ� f̂n cos ν2 = 0,

anν
′
2 − anσ1 − nm

2
aman sin ν1

− 2 fnγ� f̂n cos ν2 = 0 (57)

where ν1 = θm − 2θn + σ0T1, and ν2 = σ1T1 − θn .
For the transient vibration response, these equations
can be solved numerically. For the case of steady-state
response, solution is obtained by assuming a′

n = a′
m =

ν′
1 = ν′

2 = 0, and the stability analysis is performed by
assuming Cartesian notation of the solutions as [50,51]

An(T1) = 1

2
(xn − I yn) exp(Iσ1T1),

Am(T1) = 1

2
(xm − I ym) exp(2Iσ1T1 − Iσ0T1)

(58)

By inserting these solutions into the governing equa-
tions of An and Am , and separating the real, and imagi-
nary parts, a systemof algebraic equations are obtained.
Then, Jacobian matrix of these equations are con-
structed and Routh–Hurwitz criterion is applied to its
characteristic equation to obtain the following condi-
tions for the stability of the solution

s1 > 0, s1s2 − s3 > 0, s3(s1s2 − s3) − s21s4 > 0,

s4 > 0 (59)

where

s1 = n + m,

s2 = 1

4
nnnma

2
n + 1

16
2
nma

2
m − 1

4
(2

n + 2
m)

− nm − 5

4
σ 2
1 − 1

4
σ 2
0 + σ0σ1,

s3 = 1

16
2
nmma

2
m + 1

8
nnnm(n + m)a2n

− 1

4
nm(n + m) − (n + 1

4
m)σ 2

1

− nσ0(
1

4
σ0 − σ1),

s4 = 1

64
2
nn

2
nma

4
n − 1

64
2
nma

2
m(2

m + σ 2
0

− 4σ0σ1 + 4σ 2
1 ) − 1

16
nnnma

2
n(nm

− 2σ 2
1 + σ0σ1)

+ 1

16
γ 2
n (2

m + σ 2
0 − 4σ0σ1 + 4σ 2

1 )
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+ 1

16
σ 2
1 (2

m + σ 2
0 − 4σ0σ1 + 4) (60)

4.3 The case with � near 2ωc
n

This resonance case corresponds to the principal para-
metric resonance in the system. Moreover, if the
nth vibration mode is a chordwise motion, the reso-
nance case corresponds to the sub-harmonic resonance
besides the parametric one. Similar to the previous case,
transformation f̂n → ε f̂n is used, and detuning param-
eter σ2 is defined as

� = 2ωc
n + εσ2 (61)

By re-obtainingEqs. (41–42) accordingly, the solutions
in the form of Eqs. (43–44) are valid for i �= n, and
for ηn,0, solution given by Eq. (53) must be used. By
using these solutions, re-obtaining the right-hand side
of Eq. (46), and based on the procedure discussed ear-
lier, equations governing modal amplitudes are derived
as

D1Al + l Al = 0,

D1An + n An + ̃nγ� Ān exp(Iσ2T1) = 0,

l = 1, 2, ..., Ne, l �= n, 1 ≤ n ≤ Ne (62)

For Al amplitudes solutions in the form of Eq. (48) are
valid; however, for An , one can obtain

a′
n + nan + ̃nγ�an cos ν3 = 0,

ν′
3 − σ2 − 2̃nγ� sin ν3 = 0 (63)

where the an and θn are amplitude and phase of polar
form vibration response of An , and ν3 = σ2T1 − 2θn .
The transient response can be obtained by numerical
integration of these equations; however, for steady-
state response and stability analysis, the following solu-
tion is considered

An(T1) = 1

2
(xn − I yn) exp(

1

2
Iσ2T1) (64)

Similar to the procedure mentioned earlier, Routh-
Hurwitz criterion yields

̃nγ� > 0,

̃2
nγ

2�2 − 2
n − 1

4
σ 2
2 > 0 (65)

According to these conditions, the value of rotating
speed fluctuation amplitude that results in transition
of the bounded time response into the unbounded one
can be obtained. For the rotating axially FG beam
under parametric and 2:1 internal resonances, Eq. (62)
becomes

D1Al + l Al = 0,

D1An+n An+nm Am Ān exp(Iσ0T1)+̃nγ� Ān

exp(Iσ2T1) = 0,

D1Am + m Am + nn A
2
n exp(−Iσ0T1) = 0,

l = 1, 2, ..., Ne, l �= m, n, 2 ≤ m ≤ Ne,

1 ≤ n ≤ Ne − 1 (66)

by considering Ai = 1
2ai (T1) exp(Iθi (T1)), for i =

n,m, one obtains

a′
n + nan + nm

2
aman cos ν1 + ̃nγ�an cos ν3 = 0,

a′
m + mam + nn

2
a2n cos ν1 = 0,

amanν
′
1 − amanσ0 −

(
nn

2
a3n + nma

2
man

)

sin ν1 − 2̃nγ�aman sin ν3 = 0,

anν
′
2 − anσ2 − nmaman sin ν1 − 2̃nγ�an

sin ν3 = 0 (67)

For the steady-state response, a′
n , a

′
m , ν

′
1, and ν′

3 are set
to zero and two set of trivial and nontrivial solutions are
obtained. For the case of nontrivial solutions, the sta-
bility analysis is performed based on Jacobian matrix
of Eqs. (67); however, for the case of trivial solutions,
Routh–Hurwitz stability criteria are obtained based on
the following Cartesian notation solutions

An(T1) = 1

2
(xn − I yn) exp(

1

2
Iσ2T1),

Am(T1) = 1

2
(xm − I ym) exp(Iσ2T1 − Iσ0T1) (68)

It is worthmentioning that in all the governing equa-
tions of themodal amplitudes Al , coefficients are real
valued functions of system parameters present in Eq.
(46), in which right-hand side terms Ri,l ’s are given
in “Appendix 1”. Moreover, to obtain the steady-state
solutions, the nonlinear algebraic forms of Eqs. (51),
(57), and (67) are solved by utilizing Newton’s method
[52].
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5 Results and discussion

In this section, the dynamic behavior of rotating axi-
ally FG beams including natural frequencies, transient
time response, and steady-state response resulting from
the fluctuation in the rotating speed are investigated
via several numerical examples. To verify the accu-
racy of the obtained results, comparisons are made
to those available in the literature and obtained from
numerical solutions of Eq. (33). Also, to validate the
proposed model, natural frequencies are compared to
those obtained from commercial FE software (COM-
SOL Multiphysics� v5.5). For more general results
and convenience of comparison, the following dimen-
sionless parameters are introduced

τ = t

T
, δ = rh

L
, α =

√
AL2

Iz
,

λ̂ = λ

T
,

ω̂c
n = Tωc

n, ω̂0 = Tω0,

�̂ = T�, γ̂ = T γ (69)

where

T = L2

√
ρc A

Ec Iz
(70)

In addition, the constituents of the FGM are taken to be
aluminium (metal) as thematrix, and zirconia (ceramic)
as the inclusions with ρA = ρm = 2707 kg/m3,
EA = Em = 70 GPa, ρB = ρc = 5700 kg/m3, and
EB = Ec = 168 GPa, here subscripts m and c stand
for metal and ceramic, respectively. To determine the
required number of polynomials along x direction, a
convergence analysis is performed. Based on this anal-
ysis, N is set to 11, which results in 23 number of dis-
cretized equations after implementing boundary condi-
tions, i.e. Ne = 23 (See “Appendix 1” for the details).

5.1 Natural frequencies

Here, the effect of different FGM profiles on the natu-
ral frequencies of rotating axially FG beam is studied.
To this end, at first step verification and validation are
performed. The first 11 dimensionless natural frequen-
cies of a rotating isotropic beam obtained from current
work and those available in [28] are compared in Table
1. Relative difference between the results and types of

Table 1 The comparison of dimensionless natural frequencies
of isotropic rotating beam to those of previous study for δ = 0,
ω̂0 = 10, and α = 70

Mode Motion
type

Present
study

Ref.
[28]

Relative
difference %

1 Chordwise 5.0583 5.0562 0.04

2 Flapwise 11.2432 11.2420 0.01

3 Chordwise 32.0832 32.1247 0.13

4 Flapwise 33.6723 33.7161 0.13

5 Chordwise 73.6615 74.0094 0.47

6 Flapwise 74.3932 74.7448 0.47

7 Axial 111.3162 111.3161 0.00

8 Chordwise 133.2362 134.5756 1.00

9 Flapwise 133.6493 134.9932 1.00

10 Chordwise 212.6039 - -

11 Flapwise 212.8814 214.5787 0.79

motion in each mode are also provided in this table.
It can be observed that there is an excellent agreement
between the results.

According to Table 1, the obtained results for homo-
geneous isotropic rotating beam are verified. For the
case of FG beam, and validating FG model, first six
dimensionless natural frequencies are compared to
those of FE modeling. This modeling is performed in
COMSOL Multiphysics� based on three-dimensional
solid mechanics. Comparing the results of a stubby
beam to those of such FE model may require theo-
ries including higher order deformation, and torsional
effect, which are neglected in the current work. Thus,
to compare the results in this case, a long slender beam
is considered. The beam has thickness 0.004 m, and
length 1 m, and is analyzed based on 20 elements.
Accordingly, Fig. 3 shows the dimensionless natural
frequencies as a function of dimensionless rotating
speed for two different material gradations. The pro-
vided results are in good agreement with each other,
validating the developed dynamic model of the rotat-
ing axially FG beam. In this figure, the type of motion
in each mode is the same as the sequence reported in
Table 1.

The effect of different system parameters on the
dynamicbehavior of the rotating axiallyFGbeam, lead-
ing to significant variations of the natural frequencies,
is of high importance. However, such analyses have
been already conducted in abundant number of research
works based on linear models (See Refs. [6,18–20]).

123



544 S. Lotfan et al.

Fig. 3 First six
dimensionless natural
frequencies of a rotating
axially FG beam as
functions of dimensionless
rotating speed for δ = 0,
and α = 885: a
FGM(a=1.8/b=1.8/c=2/p=3),
and b
FGM(a=1.8/b=1/c=2/p=1)
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Fig. 4 Variations of dimensionless natural frequencies of a rotat-
ing axially FG beam in modes i , j , and k as a function of volume
fraction index for different values of rotating speed, δ = 0, and

α = 70: a FGM(a=1.8/b=1.8/c=2/p), b FGM(a=2/b=2/c=3/p), and
c FGM(a=1.8/b=1.6/c=5/p)

Thus, in the current study, the effect of rotating speed,
and FGMparameters is investigated as an instance, and
further investigations on the effect of system parame-
ters on the natural frequencies are avoided. Figure 4
shows variations of dimensionless natural frequencies
of the system in differentmodes as a function of volume
fraction index. The results are provided for different

values of rotating speed and three sets of volume frac-
tion parameters a, b, and c.Modes i , j , and k are chosen
such that coupling and crossing modes phenomena are
distinguished. Natural frequencies of different motions
get close to each other in the case of coupling modes,
and for the case of crossings, this closeness is accompa-
nied by mode crossover and re-ordering. In this figure,
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Fig. 5 Variations of rmn parameter as a function of volume frac-
tion index for different values of rotating speed, δ = 0, and
α = 70: a FGM(a=1.8/b=1.8/c=2/p), b FGM(a=1.8/b=1.6/c=5/p),
c FGM(a=2/b=2/c=3/p), and d FGM(a=1.5/b=0.8/c=2/p) (red line:

r21, orange dashed line: r32, greed dash-dotted line: r42, blue
dash-double-dotted line: r53, purple double-dash–dotted line:
r54, and black dotted line: r63)

types of motions before couplings and crossings are
specified by initial letters of axial, chordwise, and flap-
wise terms. For instance, in the case of i = 4, j = 5,
and ω̂0 = 44, second flapwise mode, F2, crosses sec-
ond axial mode, A2, at p = 3.2.

In this research, the dynamic behavior of the system
is investigated under different resonant conditions of
rotating speedfluctuation frequencywith/without inter-
nal resonance. As shown in Fig. 4, the rotating speed,
and FGMparameters have significant effect on the vari-
ations of natural frequencies of the system, which can
lead to commensurable frequencies causing internal
resonances in the system. In this regard, conditions
leading to 2:1 internal resonances caused by system
parameters are examined by defining rmn = ωc

m/ωc
n .

Figure 5 shows variations of rmn parameter as a func-
tion of volume fraction index for different values of
rotating speed and four sets of a, b, and c parameters.
Accordingly, values of rmn close to 2.0 represent com-
mensurable frequencies that cause internal resonance
in the system.

5.2 Time response

The time response of the system for any prescribed
rotating speed can be obtained by solving the dis-
cretized form of Eqs. (13–15). By defining a realistic
rotating speed profile, the prescribed speed increases
gently from zero to reach a constant value ω̂0 at steady-
state, such time response analyses are available in
[2,28]. However, in the present work, it is assumed
that the system has already reached a constant rotating
speed, and the axial, chordwise, and flapwise defor-
mations are at their steady-state conditions. Then, by
including a small fluctuation in the value of ω̂0, the
dynamic behavior of the rotating axially FG beam is
investigated. The fluctuation plays the role of a distur-
bance to the steady condition of the system and gen-
erates a transient time response that decays over time
to a new forced steady-state response. Accordingly, in
this subsection, the time responses of the system based
on the solutions of Eqs. (22–24) are discussed to study
the effect of rotating speed fluctuation on the dynam-
ics of the rotating axially FG beam. The steady-state
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Fig. 6 Normalized time
response of the rotating
axially FG beam at x = L ,
for the non-resonant case
based on MS and numerical
solutions for
FGM(a=2/b=2/c=3/p=0.5),
α = 70, λ̂ = 10−6, δ = 0,
ω̂0 = 10, �̂ = 3, and
γ̂ = 0.1, (black lines: MS
solution, and red dotted
lines: numerical solution)
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responses and the stability analysis are discussed in
the next subsection. The time response of the system
at the end of the beam is obtained for non-resonant
case of �̂ and shown in Fig. 6. For a reasonable frame-
work, displacements are normalized by thickness of
the beam. In this figure, results based on the MMS and
time integration solutions of Eq. (33) are included. The
flapwise deformation is undisturbed during the varia-
tions of the rotating speed and is equal to zero, there-
fore, it is not included in the illustrations. However,
both axial and chordwise motions are affected by the
fluctuations. The chordwise motion is affected by the
external force term in Eq. (23), and the axial defor-
mation is nonzero due to the linear coupling of the
chordwise motion as in Eq. (22). Consequently, the
axial deformation has smaller vibration amplitude, and
approximately resembled appearance when compared
to the chordwisemotion. The provided time integration
solutions are based on the fourth-order Runge–Kutta
method, and it is observed that there is a good agree-
ment between the solutions. It should bementioned that
this agreement might deteriorate for the resonant cases
as the vibration amplitude is larger and nonlinear terms
are stronger.

For the resonant cases, normalized time responses
of the system for the chordwise motion are shown in
Fig. 7 for different FGM profiles and rotating speed
fluctuation functions. In this figure, time integration
solutions are also provided to be compared to those
of the MMS. For a better comparison, time responses
are plotted for a short dimensionless time range. Thus,
for more information on the vibration behavior over
time, the responses for longer time span are also pro-
vided on each plot. The time response of the system

under primary resonance is depicted in Fig. 7a, where
the rotating speed fluctuation frequency is close to the
first natural frequency of the system. In this case, the
beam experiences high vibration amplitude containing
beating-like behavior even for a low fluctuation ampli-
tude γ̂ = 0.02. In Figs. 7b and 7c, the rotating axially
FG beam is under parametric resonance with two dif-
ferent fluctuation amplitudes, where the rotating speed
fluctuation frequency is close to twice the first natu-
ral frequency of the system. For the higher value of
γ̂ , the time response becomes unbounded as the time
passes, due to the instability in the contributed vibration
mode(s). Moreover, as mentioned above, for the vibra-
tion responses with higher amplitudes, the agreement
between the results deteriorates due to the approximate
nature of the perturbation technique.

5.3 Steady-state response and stability analysis

Generally, the vibration response of the system is in the
form of Eqs. (43–44), which includes the contribution
of modal amplitudes An and forced response ampli-
tudes �n . These amplitudes have an important role
in constructing the transient and steady-state response
of the system. As discussed in the previous subsec-
tion, obtaining the vibration response of the system
can reveal different aspects of the dynamic behavior
and effects of different system parameters on the vibra-
tions of the rotating beam both in the transient and
steady-state time spans. However, obtaining these time
responses for different systemparameters and long time
spans is time-consuming. In addition, the time response
does not capture the whole possible steady-state solu-
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Fig. 7 Normalized time response of the rotating axially FG
beam at x = L based on MS and numerical solutions for
FGM(a=2/b=2/c=3/p), α = 70, λ̂ = 10−6, δ = 0, ω̂0 = 10:
a Primary resonance condition with p = 1, �̂ = 4 ≈ ω̂c

1, and

γ̂ = 0.02, b Parametric resonance condition with p = 1.4,
�̂ = 10 ≈ 2ω̂c

1, and γ̂ = 0.02, and c Parametric resonance
condition with p = 1.4, �̂ = 10 ≈ 2ω̂c

1, and γ̂ = 0.1, (black
lines: MS solution, and red dotted lines: numerical solution)
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Fig. 8 Normalized modal amplitudes of the rotating axially FG
beam under primary and internal resonances for different val-
ues of volume fraction index, FGM(a=2/b=2/c=3/p), α = 70,

λ̂ = 0.5 × 10−6, δ = 0, ω̂0 = 10, γ̂ = 0.1, and ω̂c
2 ≈ 2ω̂c

1: a
p = 1.6, b p = 1.8, and c p = 2

tions due to the nonlinear nature of the problem. In
this regard, studying the steady-state response of the
system based on solving the algebraic form of govern-
ing equations for modal amplitudes is of high impor-
tance. Frequency response curves of the system based
on modal amplitudes that are normalized by the thick-
ness of the beam are illustrated in Fig. 8. In this figure,
the rotating axially FG beam is under primary reso-

nance and tuned to 2:1 internal resonance between the
first and second vibration modes, which respectively
correspond to the chordwise and flapwise motions. The
frequency response curves are provided for three dif-
ferent values of volume fraction index, respectively,
resulting in ω̂c

2/2ω̂
c
1 values of 1.061, 1.003, and0.958. It

is observed that material gradation significantly affects
the frequency response. Moreover, the value of modal

123



548 S. Lotfan et al.

0.7 0.8 0.9 1 1.1 1.2 1.3
0

5

10

15

20

25

0

0.5

1

1.5

2
10 -4

0.8 0.9 1 1.1 1.2
0

2

4

6

8

0

1

2

3

4

5

6
10 -5

0.8 0.9 1 1.1 1.2
0

1

2

3

4

0

1

2

3

4
10 -5

0.7 0.8 0.9 1 1.1 1.2 1.3
0

5

10

15

20

25

0

0.5

1

1.5

2

2.5

3
10 -4

0.7 0.8 0.9 1 1.1 1.2 1.3
0

5

10

15

20

0

0.2

0.4

0.6

0.8

1

1.2
10 -4

0.8 0.9 1 1.1 1.2
0

2

4

6

8

10

0

2

4

6

8
10 -5

N
or

m
al

iz
ed

 m
od

al
 a

m
pl

itu
de

s (
 a

xi
s)

a 1
N

or
m

al
iz

ed
 m

od
al

 a
m

pl
itu

de
s (

 a
xi

s)
a 1

N
or

m
al

iz
ed

 m
od

al
 a

m
pl

itu
de

s (
 a

xi
s)

a 2
N

or
m

al
iz

ed
 m

od
al

 a
m

pl
itu

de
s (

 a
xi

s)
a 2

(a) (b) (c)

(d) (e) (f)

ˆ ˆ ˆ ˆ ˆ ˆ

Solid line: Stable solution
Dashed line: Unstable solution
Red color: a1
Blue color: a2

Fig. 9 Normalized modal amplitudes of the rotating axially
FG beam under primary and internal resonances for differ-
ent values of damping coefficients and fluctuation amplitudes,
FGM(a=1.8/b=1.8/c=2/p=1), α = 70, δ = 0, ω̂0 = 8, and

ω̂c
2 ≈ 2ω̂c

1: a λ̂ = 10−7, γ̂ = 0.05, b λ̂ = 10−6, γ̂ = 0.05,
c λ̂ = 2 × 10−6, γ̂ = 0.05, d λ̂ = 10−7, γ̂ = 0.1, e λ̂ = 10−6,
γ̂ = 0.1, and f λ̂ = 2 × 10−6, γ̂ = 0.1

amplitude a2 is very smaller than a1. It is worth men-
tioning that the contribution of these modal amplitudes
to the vibration response is via functions μi,1A1 and
μi,2A2 to all the generalized coordinate responses, i.e.
ηi ’s. It should be noted that this complexity is the result
of the gyroscopic nature of the system. To investi-
gate the effect of the damping coefficient and rotat-
ing speed fluctuation amplitude on these modal ampli-
tudes, results in Fig. 9 are provided. It can be observed
that higher damping reduces the vibration amplitude
and damps the hardening and softening branches of
the frequency response. However, for higher fluctua-
tion amplitude, the damping effect on the frequency
response branches weakens.

One of the main purposes of the current work is the
inclusion ofCoriolis effects in the dynamicmodeling of
the system. Including these effects in the model results
in gyroscopic terms, and necessitates the use of nonlin-
ear analysis for gyroscopic systems, which leads to a
complex procedure. According to Eq. (46), the devel-
oped analysis is based on two eigenvalues with and

without Coriolis effects. These eigenvalues represent
the natural frequencies of the system with and without
Coriolis effects, i.e. ω̂c

n , and ω̂n , respectively. Hence,
for a model that neglects these effects, (i.e. G = 0),
the current approach cannot be implemented, since the
mentioned eigenvalues coincide in that case, and the
left-hand side of Eq. (46) is equal to zero. Meaning that
the coefficient matrices [C]l ’s cannot be constructed.
However, to investigate the effect of neglecting gyro-
scopic term, 2ωG, on the nonlinear dynamics of the
system, this term is weakened such that 2ωG → 0.
Accordingly, frequency response curves of the sys-
tem under primary and 2:1 internal resonances, with
and without Coriolis effects are obtained and shown in
Fig. 10. For the system in this figure, the used system
parameters in the presence of gyroscopic term, result
in: ω̂c

2/2ω̂
c
1 = 1.061, ω̂c

1 = 5.368, and ω̂1 = 5.459.
However, as the gyroscopic term is weakened, these
values are obtained as: ω̂c

2/2ω̂
c
1 = 1.048, ω̂c

1 = 5.436,
and ω̂1 = 5.459. It can be seen from this figure that the
frequency response curves are highly affected by Cori-
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Fig. 10 Normalized modal
amplitudes of the rotating
axially FG beam under
primary and internal
resonances, with and
without Coriolis effects,
FGM(a=2/b=2/c=3/p=1.6),
α = 70, δ = 0, ω̂0 = 10,
λ̂ = 10−6, γ̂ = 0.1 and
ω̂c
2 ≈ 2ω̂c

1: a First mode,
and b Second mode
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Fig. 11 Stability boundary curves of the rotating axially FG beam under parametric resonance for FGM(a=1.5/b=0.8/c=2/p), α = 70,
and δ = 0: a ω̂0 = 10, p = 1, b λ̂ = 10−7, p = 1, c ω̂0 = 10, λ̂ = 10−7, and d ω̂0 = 10, λ̂ = 10−6

olis effects, and the energy transferred to the second
mode in the absence of these effects highly decreases.

For the system under parametric resonance, as the
rotating speed fluctuation amplitude increases, the time
response of the system becomes unbounded and unsta-
ble. Accordingly, stability boundary curves of the rotat-
ing axially FG beam are shown in Fig. 11 for different
values of damping, average rotating speed, and volume
fraction index. Figure 11a shows the effect of damp-
ing on these curves, it can be seen that as the damping
increases, the system becomes unstable at higher fluc-
tuation amplitudes; hence, stability region increases as

expected. The effect of average rotating speed on these
curves in Fig. 11b also represents the same behavior;
as the rotating speed increases the system experiences
instability at higher fluctuation amplitudes. Figures 11c
and d show the effect of volume fraction index on the
stability boundary curves for two different damping
coefficient values. It is observed that the effect of FGM
profile parameter increases at higher damping coeffi-
cient.

Frequency response curves based on modal ampli-
tudes for the system under parametric and 2:1 inter-
nal resonances are shown in Fig. 12. In this fig-
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Fig. 12 Normalized modal
amplitudes of the rotating
axially FG beam under
parametric and 2:1 internal
resonances for
FGM(a=1.8/b=1.8/c=2/p=1),
α = 70, δ = 0, ω̂0 = 8, and
λ̂ = 5 × 10−7: a γ̂ = 0.04,
b γ̂ = 0.043, c γ̂ = 0.045,
and d γ̂ = 0.1
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ure, the axially FG beam has an FGM profile of
FGM(a=1.8/b=1.8/c=2/p=1), rotating with ω̂0 = 8, and
representing ω̂c

2/2ω̂
c
1 = 0.9969. The results are pro-

vided for different values of dimensionless fluctua-
tion amplitudes. For the lowest value of the fluctuation
amplitude, Fig. 12a, the stable trivial solution becomes
unstable at a frequency ratio of 0.999, where bifurca-
tions of modal amplitudes to nontrivial solutions occur.
At this bifurcation point, two stable and one unstable
solutions representing softening and hardening behav-
iors appear. By increasing the frequency ratio to 1.001,
the trivial solution regains stability and bifurcations of
nontrivial unstable solutions occur. By increasing the
fluctuation amplitude in Fig. 12b-d, two obvious phe-
nomena take place. First, additional branches of modal
amplitudes for both modes appear on the frequency
response plots. These curves are located away from the
bifurcation points in the case of γ̂ = 0.043; however,
for γ̂ = 0.045 and 0.1, they are located between the

bifurcation branches. These additional curves are sta-
ble for frequency ranges with lower vibration ampli-
tudes, and become unstable as the amplitude increases.
The second important phenomenon is that by increas-
ing the fluctuation amplitude, the vibration amplitude
increases and as a result the stable regions become nar-
rower. For the case of γ̂ = 0.1, the stable solutions
vanish at the first bifurcation point.

The effect of volume fraction index on the frequency
response curves of the system with
FGM(a=1.8/b=1.8/c=2/p), under parametric and 2:1
internal resonances are shown inFig. 13.Byvarying the
volume fraction index, the frequency range of unstable
trivial solution is not affected significantly; however,
the aforementioned additional branches move from a
higher frequency range to a lower one as p increases.
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Fig. 13 Normalized modal amplitudes of the rotating axially FG beam under parametric and 2:1 internal resonances for
FGM(a=2/b=2/c=3/p), α = 70, δ = 0, ω̂0 = 10, γ̂ = 0.1, and λ̂ = 5 × 10−7: a p = 1.7, b p = 1.8, and c p = 1.9

6 Conclusions

In this paper, nonlinear vibration of axially FG beams
rotatingwith time-dependent speed is investigated. The
nonlinearity is quadratic and due to coupling between
axial, chordwise, andflapwisemotions.Multimodedis-
cretization based on the spectral Chebyshev approach
is performed and the MMS for gyroscopic systems is
used to solve the problem. The system is tuned to 2:1
internal resonance via varying FGMs’ properties and
average rotating speed. Then, primary and paramet-
ric resonances based on time response and steady-state
modal amplitudes are investigated. Several conclusions
are obtained as follow:

1. Rotating FG beam with constant speed experiences
static elongation with zero chordwise and flapwise
deformations. Periodic disturbance in the rotating
speed induces vibrations in the axial and chord-
wise deformations, while the flapwise deformation
is intact. This variation causes parametric excitation
in all of the motions, and external excitation in the
chordwise motion.

2. Including Coriolis effects in the model necessitates
the use of nonlinear analysis for gyroscopic systems,
which leads to a complex procedure. The analysis is
based on two eigenvalues with and without Corio-
lis effects. These eigenvalues sequentially represent
the natural frequencies of the system with and with-
out Coriolis effects. Hence, for amodel that neglects

these effects, the current approach cannot be imple-
mented, since the mentioned eigenvalues coincide
in that case. In other words, the left-hand side of
Eq. (46) is equal to zero. However, to investigate
the effect of neglecting gyroscopic term on the non-
linear dynamics of the system, this term isweakened
such that 2ωG → 0. Accordingly, it is shown that
the frequency response curves are highly affected
by Coriolis effects, and the energy transferred to the
second mode in the absence of these effects highly
decreases.

3. The natural frequencies of the linear rotating FG
beam are obtained with the maximum convergence
error of 0.4%. The maximum relative difference to
the results of a previous study is also 1%. The com-
mensurable frequencies causing 2:1 internal reso-
nance in the system are found as functions of rotat-
ing speed and FGM parameters.

4. The implemented approach for nonlinear analysis
based on theMMS is verified by comparing the time
response of the system to numerical results for dif-
ferent non-resonant and resonant conditions.

5. The primary resonance occurs when the rotating
speed fluctuation frequency is close to one of
the chordwise natural frequencies of the system.
The modal amplitudes under such a condition are
obtained and investigated in this work. It is shown
that the volume fraction index highly affects these
frequency response curves. According to [37], for
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such systems with quadratic nonlinearity, the pri-
mary resonance of the second frequency represents
saturation phenomenon. However, the important
note tomention is that in the current system, the sec-
ond natural frequency represents flapwise motion,
which is not under external excitation. Therefore,
the saturation phenomenon is not possible to occur
for the current system.

6. When the rotating speed fluctuation frequency is
close to twice the natural frequency of the system,
parametric resonance occurs. Due to the presence of
external excitation in the chordwise motion, if the
natural frequency represents a chordwise motion,
the parametric resonance coincides with the sub-
harmonic resonance of the system.Modal amplitude
curves for such condition are discussed in this paper
and the effect of FGM parameters are studied. One
might conclude that in these frequency responses,
the bifurcation of stable/unstable curves from points
at which the trivial solution loses/regains stability
represents the parametric resonance curves. How-
ever, the additional branches can be considered as
the consequence of sub-harmonic resonance in the
system.

7. A comprehensive study on the dynamic behavior of
the rotating axially FG beam under the effect of the
rotating speed fluctuation frequency, damping coef-
ficient, and FGMproperties is carried out. Function-
ally graded materials properties can be considered
as important design parameters for desired vibration
behavior of rotating beams, due to their significant
effect on the frequency response and stability behav-
ior.
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Appendix A: FGM profiles

Some of FGM profiles used in this research are illus-
trated via numerical examples in Fig. 14. In this figure
variations of the ceramic volume fraction are provided
for six sets of a, b, and c parameters as a function of

the volume fraction index p. It can be seen that the
exploited distribution function can construct symmet-
ric/asymmetric volume fraction variations along the
beam.

Appendix B: Matrix elements

Here, the details of the matrices in Eq. (33) are given:

M =
⎡
⎣Muu 0 0

0 Mvv 0
0 0 Mww

⎤
⎦ , G =

⎡
⎣ 0 Guv 0

Gvu 0 0
0 0 0

⎤
⎦ ,

K1 =
⎡
⎣Kuu1 0 0

0 Kvv1 0
0 0 Kww1

⎤
⎦ ,

K2 =
⎡
⎣Kuu2 0 0

0 Kvv2 0
0 0 Kww2

⎤
⎦ , K3 =

⎡
⎣ 0 Kuv 0

Kvu 0 0
0 0 0

⎤
⎦ ,

C=λ(K1+ω2
0K2), NL(qs)=

⎧⎨
⎩

0
NLv

NLw

⎫⎬
⎭ , f =

⎧⎨
⎩

0
fv

0

⎫⎬
⎭
(B.1)

where the elements are calculated by

Muu = −Kuu2 = APT
1 V1P1 (B.2)

Mvv = −Kvv2 = APT
2 V1P2 − Iz(PT

2 V1Q2P2

+ PT
2 V2Q1P2) (B.3)

Mww = APT
3 V1P3 − Iy(PT

3 V1Q2P3 + PT
3 V2Q1P3)

(B.4)

Guv = Kuv = −APT
1 V1P2 (B.5)

Gvu = Kvu = APT
2 V1P1 (B.6)

Kuu1 = −A(PT
1 V3Q2P1 + PT

1 V4Q1P1) (B.7)

Kvv1 = Iz(PT
2 V3Q4P2 + 2PT

2 V4Q3P2 + PT
2 V5Q2P2)

− A(PT
2 V6Q2P2 + PT

2 V7Q1P2 + PT
2 V8Q1P2)

(B.8)

Kww1 = Iy(PT
3 V3Q4P3 + 2PT

3 V4Q3P3 + PT
3 V5Q2P3)

− A(PT
3 V6Q2P3 + PT

3 V7Q1P3 + PT
3 V8Q1P3)

(B.9)

Kww2 = Iy(PT
3 V1Q2P3 + PT

3 V2Q1P3) (B.10)

NLv(qs) = −APT
2 V3

[
(Q2P1qd1) ◦ (Q1P2qd2 )

]
− APT

2 V3
[
(Q1P1qd1) ◦ (Q2P2qd2 )

]
− APT

2 V4
[
(Q1P1qd1) ◦ (Q1P2qd2 )

]
(B.11)
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Fig. 14 Variations of the ceramic volume fraction Vc along
the beam for different values of the parameters a, b, c and
the volume fraction index p: a FGM(a=1/b=0.8/c=1/p=0.1k), b

FGM(a=1.5/b=0.8/c=2/p=0.1k), c FGM(a=1.8/b=1.8/c=2/p=0.1k), d
FGM(a=2/b=2/c=3/p=0.1k), e FGM(a=1.8/b=1.6/c=5/p=0.1k), and f
FGM(a=4/b=3/c=3/p=2k), for k = 0, 1, 2, ..., 50

NLw(qs) = −APT
3 V3

[
(Q2P1qd1) ◦ (Q1P3qd3)

]
− APT

3 V3
[
(Q1P1qd1) ◦ (Q2P3qd3)

]
− APT

3 V4
[
(Q1P1qd1) ◦ (Q1P3qd3)

]
(B.12)

fv =(IzPT
2 V2−ArhPT

2 V1 − APT
2 V9)fI (B.13)

In all the above equations, Qi is the differentiation
matrix representing the i th derivative with respect to
ξ , ◦ symbol shows the element-wise multiplication, fI

is a vector of ones, andweighted inner productmatrices
are defined by

∫
ξ

{
ρ(ξ), ρ′(ξ), E(ξ), E ′(ξ), E ′′(ξ),

E(ξ)u′
s(ξ), E(ξ)u′′

s (ξ), E ′(ξ)u′
s(ξ),

ρ(ξ)(ξ + us(ξ))
}
f (ξ)g(ξ)dξ

= fT
{
V1, V2, V3, V4, V5, V6, V7, V8, V9

}
g
(B.14)

Appendix C: Coefficients μ and �

By inserting solutions (43) and (44) into Eq. (41) for
i = 1, 2, ..Ne − 1, and equating the coefficients of
exp(Iωc

nT0) on both sides of the resulting equations for
n = 1, 2, ..., Ne, Ne number of linear algebraic systems
including Ne − 1 number of equations are derived as

2Iω0

Ne∑
j=1, j �=i

ωc
n ĝi, jμ j,n + (ω2

i − ωc
n
2
)μi,n = 0,

n = 1, 2, ..., Ne, i = 1, 2, ..., Ne − 1 (C.1)

One should note that according to the assumed solu-
tions μ1,n = 1. Based on the same balancing for coef-
ficients of exp(I�T0), we have

2Iω0�

Ne∑
j=1, j �=i

ĝi, j� j + (ω2
i − �2)�i = γ� f̂i

2
,

i = 1, 2, ..., Ne (C.2)

By solving these linear algebraic systems of equations,
coefficients μi, j and �i can be determined.
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Appendix D: Right-hand side terms

• For non-resonant � without internal resonance:

Ri,l = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,lD1Al + 2Iωc
l μi,lD1Al

+λIω2
i ω

c
l μi,l Al , i, l = 1, 2, ..., Ne (D.1)

• For non-resonant�with internal resonance (ωc
m =

2ωc
n + εσ0):

Ri,l = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,lD1Al

+ 2Iωc
l μi,lD1Al

+ λIω2
i ω

c
l μi,l Al ,

Ri,n = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,nD1An + 2Iωc
nμi,nD1An

+ λIω2
i ω

c
nμi,n An

+ exp(Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nli, j,k μ̄k,n Ānμ j,m Am,

Ri,m = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,mD1Am

+ 2Iωc
mμi,mD1Am

+ λIω2
i ω

c
mμi,m Am

+ exp(−Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nli, j,kμ j,nμk,n A
2
n,

i, l = 1, 2, ..., Ne, l �= m, n, 2 ≤ m ≤ Ne,

1 ≤ n ≤ Ne − 1 (D.2)

• For case with � near ωc
n (� = ωc

n + εσ1):

Ri,l = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,lD1Al + 2Iωc
l μi,lD1Al

+ λIω2
i ω

c
l μi,l Al ,

Rn,n = 2ω0

Ne∑
j=1, j �=i

ĝn, jμ j,nD1An + 2Iωc
nμn,nD1An

+ λIω2
nω

c
nμn,n An − exp(Iσ1T1)

γ f̂n�

2
,

i, l = 1, 2, ..., Ne, i �= n, 1 ≤ n ≤ Ne (D.3)

• For case with � near ωc
n and internal resonance

(� = ωc
n + εσ1, ωc

m = 2ωc
n + εσ0):

Ri,l = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,lD1Al + 2Iωc
l μi,lD1Al

+ λIω2
i ω

c
l μi,l Al ,

Ri,n = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,nD1An

+ 2Iωc
nμi,nD1An + λIω2

i ω
c
nμi,n An

+ exp(Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nli, j,k μ̄k,n Ānμ j,m Am,

Rn,n = 2ω0

Ne∑
j=1, j �=i

ĝn, jμ j,nD1An + 2Iωc
nμn,nD1An

+ λIω2
nω

c
nμn,n An

+ exp(Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nln, j,k μ̄k,n Ānμ j,m Am

− exp(Iσ1T1)
γ f̂n�

2
,

Ri,m = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,mD1Am

+ 2Iωc
mμi,mD1Am + λIω2

i ω
c
mμi,m Am

+ exp(−Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nli, j,kμ j,nμk,n A
2
n,

i, l = 1, 2, ..., Ne, i �= n, l �= m, n,

2 ≤ m ≤ Ne, 1 ≤ n ≤ Ne − 1 (D.4)

• For case with � near 2ωc
n (� = 2ωc

n + εσ2):

Ri,l = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,lD1Al
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+ 2Iωc
l μi,lD1Al + λIω2

i ω
c
l μi,l Al ,

Ri,n = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,nD1An

+ 2Iωc
nμi,nD1An + λIω2

i ω
c
nμi,n An

− exp(Iσ2T1)

(
γωc

n

Ne∑
j=1, j �=i

ĝi, j μ̄ j,n Ān + Iγω0

Ne∑
j=1

k̂2i, j μ̄ j,n Ān

− 1

2
γ�

Ne∑
j=1, j �=i

k̂3i, j μ̄ j,n Ān

−
Ne∑
j=1

Ne∑
k=1

f̂nli, j,k� j μ̄k,n Ān

)
,

i, l = 1, 2, ..., Ne, l �= n, 1 ≤ n ≤ Ne (D.5)

• For case with � near 2ωc
n and internal resonance

(� = 2ωc
n + εσ2, ωc

m = 2ωc
n + εσ0):

Ri,l = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,lD1Al

+ 2Iωc
l μi,lD1Al + λIω2

i ω
c
l μi,l Al ,

Ri,n = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,nD1An

+ 2Iωc
nμi,nD1An + λIω2

i ω
c
nμi,n An

− exp(Iσ2T1)

(
γωc

n

Ne∑
j=1, j �=i

ĝi, j μ̄ j,n Ān

+ Iγω0

Ne∑
j=1

k̂2i, j μ̄ j,n Ān − 1

2
γ�

Ne∑
j=1, j �=i

k̂3i, j μ̄ j,n Ān

−
Ne∑
j=1

Ne∑
k=1

f̂nli, j,k� j μ̄k,n Ān

)

+ exp(Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nli, j,k μ̄k,n Ānμ j,m Am,

Ri,m = 2ω0

Ne∑
j=1, j �=i

ĝi, jμ j,mD1Am

+ 2Iωc
mμi,mD1Am + λIω2

i ω
c
mμi,m Am

+ exp(−Iσ0T1)
Ne∑
j=1

Ne∑
k=1

f̂nli, j,kμ j,nμk,n A
2
n,

i, l = 1, 2, ..., Ne, l �= m, n, 2 ≤ m ≤ Ne,

1 ≤ n ≤ Ne − 1 (D.6)

Appendix E: Convergence analysis

To determine the number of polynomials used in the
solution technique, a convergence analysis is carried
out. In this analysis, the polynomial number is grad-
ually increased, and the predicted natural frequencies
are compared with a reference values calculated using
a large polynomial number. To quantitatively assess the
level of convergence, a relative logarithmic assessment
approach given by the following equation is used

LCVN = log

(
1

K

K∑
i=1

∣∣ωc
iN

− ωc
ire f

∣∣
ωc
ire f

)
(E.1)

Here, LCV is the logarithmic convergence value, ωc
iN

refers to the natural frequency of the i th vibrationmode
calculated using N number of polynomials, ωc

ire f
is the

natural frequency of the reference case (obtained using
large polynomial numbers), and K shows the number of
interested modes. Note that this convergence analysis
can be performed for a single mode or several selected
modes of the system. To determine the sufficient num-
ber of polynomials, LCVN < ε should be satisfied
(where ε is the threshold value selected by the user).

Convergence plots for different volume fraction
parameters as a function of dimensionless angular
velocity are depicted in Fig. 15. Note that, to present the
convergence in terms of contour plots, a linear interpo-
lation is used since LCVs are defined only for integer
number of polynomials. In this figure, LC values are
obtained as an average of the convergence of the first
eight natural frequencies in the system, i.e. K = 8, and
for the reference case, N = 30 is considered. Each col-
ored contour corresponds to a level of LCV , and the
numbers are the corresponding values. According to
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Fig. 15 Convergence plots for dimensionless natural frequen-
cies of an axially FG rotating beam based on spectral Cheby-
shev approach as a function of dimensionless rotating speed for

δ = 0, ω̂0 = 10, and α = 70: a Isotropic material i.e. p = 0,
b FGM(a=1/b=0.8/c=1/p=0.4), c FGM(a=1/b=1/c=2/p=1), and d
FGM(a=1.5/b=0.8/c=2/p=1.6)

this figure, the FGM distribution parameters does not
affect the convergence behavior; however, as the rotat-
ing velocity increases, the number of polynomials nec-
essary to obtain results with the same convergence per-
formance increases. Accordingly, by considering the
minimum error threshold to be 0.01% (LCV = −4)
and maximum value to be 0.4% (LCV = −2.4), the
number of polynomials is set to 11 shown with red hor-
izontal line.
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