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Abstract Recently, the physics-informed neural net-
works (PINNSs) have received more and more attention
because of their ability to solve nonlinear partial dif-
ferential equations via only a small amount of data to
quickly obtain data-driven solutions with high accu-
racy. However, despite their remarkable promise in the
early stage, their unbalanced back-propagation gradi-
ent calculation leads to drastic oscillations in the gra-
dient value during model training, which is prone to
unstable prediction accuracy. Based on this, we develop
a gradient optimization algorithm, which proposes a
new neural network structure and balances the interac-
tion between different terms in the loss function during
model training by means of gradient statistics, so that
the newly proposed network architecture is more robust
to gradient fluctuations. In this paper, we take the com-
plex modified KdV equation as an example and use
the gradient-optimized PINNs (GOPINNs) deep learn-
ing method to obtain data-driven rational wave solu-
tion and soliton molecules solution. Numerical results
show that the GOPINNs method effectively smooths
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the gradient fluctuations and reproduces the dynamic
behavior of these data-driven solutions better than the
original PINNs method. In summary, our work provides
new insights for optimizing the learning performance
of neural networks and improves the prediction accu-
racy by a factor of 10 to 30 when solving the complex
modified KdV equation.

Keywords Physics-informed neural networks -
Gradient optimization - Complex modified KdV
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1 Introduction

With the rapid development of computational science,
deep learning has achieved great success in many
fields, which include computer vision (CV), natural
language processing (NLP), recommender systems,
protein structure prediction, and so on [1-4]. There
is an important reason behind these successes: neural
network models are good approximators of complex
functions. And using this property of neural networks,
numerous data-driven methods have been proposed to
solve nonlinear partial differential equations (NPDEs)
[5-8], among which the physics-informed neural net-
works (PINNs) method proposed by Raissi et al. [8]
stand out with its high prediction accuracy and good
generalization ability in solving NPDEs. It does this by
efficiently designing the network loss of the function
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approximator so that it is constrained by the underlying
NPDEs and boundary conditions. That is, it respects
the given physics theorems described by the general
NPDEs as constraints for supervised learning. Sub-
sequently, many improved deep learning frameworks
based on the PINNs have emerged to improve its robust-
ness as well as generalization capabilities for use in
other fields. For example, Raissi et al. [9] proposed a
minimization-based forward—backward stochastic neu-
ral networks model to solve coupled forward—backward
stochastic differential equations; Jagtap et al. [10]
proposed cPINNs that conforms to various conserva-
tion laws, solving problems on multiple subdomains
and ensuring flux continuity on subdomain bound-
aries; Mattey et al. [11] proposed backward compatible
PINNSs, which can effectively address large domains or
multi-scale solutions. These methods were developed
to be applied in other different situations and even in
different domains.

In recent decades, the numerical solution of NPDEs
has always been a hot topic in the field of mathematical
physics. After the PINNs were proposed, their related
variants have been uninterruptedly applied in the direc-
tion of solving NPDEs, such as function approximation
of unknown solutions [12], and data-driven discovery
[7,13]. It is worth noting that there are some scholars
who have done a lot of meaningful work in the field
of mathematical physics. Chen and his group solved
local wave solution of NPDEs of second and third
order, and some classical mathematical physics equa-
tions such as the Sine-Gordon, nonlinear Schrodinger,
and derivative nonlinear Schrodinger equations, and
obtained important breather, rogue waves, and other
soliton solutions for these equations in the field of math-
ematical physics [14—-19]. Yan and Dai et al. studied
data-driven solutions of related equations and param-
eter discovery using PINNs [20-23]. Bai et al. solved
Huxley equation using an improved PINN method [24].
Wu et al. predicted the dynamic process and model
parameters of the vector optical solitons in birefrin-
gent fibers via the modified PINN [25]. Marcucci et al.
proposed a novel deep learning computational model
driven by nonlinear waves as a ‘hidden layer’ [26].

Based on the idea of gradient-balanced optimization,
we propose a gradient-optimized PINNs (GOPINNS).
Specifically, the gradient descent update process is
optimized by balancing the interactions between dif-
ferent terms in the loss function during model train-
ing through gradient statistics on the original PINNs
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method and changing its fully connected feed-forward
neural network architecture. This improved approach
has two main motivations: (1) Automatically adjust the
penalty term coefficients during model training using
back-propagation gradient statistics [27] to equilibrate
the interactions among the terms of the loss function;
(2) The idea comes from the recent frequent use of
neural network attention mechanisms for CV and NLP
researches [28], where two transformer networks are
added to a traditional neural network to update the hid-
den layers and augment the hidden state using residual
connections. In summary, we can smooth the gradient
statistics on the hidden layers of the neural networks to
make the novel neural network architecture with better
stability and prediction accuracy.

In this article, by comparing the numerical results of
the PINNs and GOPINNs methods, we verify the good
learning performance of the newly method by taking
the rational wave and soliton molecules solutions of
the complex modified KdV equation as examples.

The paper is organized as follows. In Sect. 2, we
review the PINNs model and propose the GOPINNs
model by gradient analysis. In Sect. 3, we use PINNs
and GOPINNs methods to compare the dynamical
behaviors of the rational wave solution and the soliton
molecules solution of the modified KdV equation, and
the learning performance is also evaluated by compar-
ing the numerical results of the two methods. Finally,
the conclusions and discussion are given in Sect. 4.

2 Methods
2.1 The PINNs method

Firstly, let’s briefly review the PINNs, which is a deep
learning framework designed to infer the latent function
q(t, x) of the NPDEs of general form [8]

qr +Nxlgl=0, (t,x)eT xQ,
q(0,x) =Z(x), xe€Q, (1)
qt,x) =B, x), (t,x)eT xax,

where variables ¢ and x denote time and space coordi-
nates, T and €2 stand for their value range, respectively,
d€2 is the boundary of the spatial domain €2, subscripts
represent partial differentiation. N [-] is the combina-
tion of linear and nonlinear operators, Z[-] and B[-]
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are the initial and boundary conditions (IBCs) opera-
tors. Then, we use a deep neural networks fy (¢, x) to
approach the latent solution ¢ (, x), here the residuals
of Eq. (1) are defined as

Ro(t,x) = [fo(t, )]s + Nl fot, 0)]. 2)

Generally, partial differential calculations can be done
automatically in neural networks by automatic back-
ward differentiation operations [27], and the parame-
ters 6 in PINNs are shared among the latent solutions
and the residuals of NPDEs. And our aim is to filter
a good set of optimized parameters by the stochastic
gradient descent (SGD) calculation and set the general
form of the suitable loss function [30] as follows

N
LO) =LRrO)+ Y 2L;06), 3)
j=1

where L7 (0) is a loss term that penalizes the residuals
of the NPDESs, and £ (0) represents that penalty items
of the other data for fy(z, x) (e.g., initial or boundary
conditions, etc.). What is noted here is that in PINNs
[8], all A; are equal to 1. In this paper, based on the
classical initial value and boundary problem, the terms
of the loss function (3) are defined as follows

1 Mr S
Lr =— Y [Ro(th. xp)I%,
Ngr o

q: + 6|CI|2qx + Gxxx = 0,

the residuals of NPDEs inside the solution domain. In
addition, LR represents the punishment of the NPDEs
that not being satisfied the random collocation points,
subsequently, £7 and £ denote the loss on the IBCs,
respectively. The ultimate goal of these designs is to
construct the deep neural networks fp (7, x) such that
the loss function (3) is as close to 0 as possible.

2.2 Gradient analysis for the PINNs method

Although there are some positive results [31-33], the
PINNSs still present some unexpected difficulties in
approximating the latent solution ¢ (¢, x). In this paper,
let’s take the complex modified KdV equation [34] as
an example, which widely used in the fields of dynamic
evolution of ultrashort pulses, nonlinear lattices, fluid
dynamics, etc. The general form is as follows

q: + 6|4|2q,\¢ + Gxxx =0, @)

where g = ¢(t, x) denotes a complex field. Here, we
can use PINNSs to approximate the latent solution of Eq.
5 by the deep neural networks fy (¢, x), and the param-
eters could be obtained by minimizing the suitable loss
function (3) that meet the IBCs and the punishment of
the residuals of the complex modified KdV equation
inside the spatiotemporal domain 7 x €. At first, we
investigate the rational wave solution [34] of Eq. 5 with
the IBCs as follows

(t, x) € [0, 10] x [0, 30]

_ 4c
I(x) = —c+ (s + )2 + 17 ©
4 4
B(t’ O) =—c+ 4¢2(6c2t E )2 +1° B(t’ 30) =—c+ 4¢2(6c2t — sC— 3002 +1°
Nz Here, we set ¢ = ﬁ, s = —14. Without loss of gen-

1 ; ,
Lr=—" [q(0.x)) - T/,
T NI;CI I

1 s o
Ly =-— lqth xp) — B/, )
B NBj:qu B

j 7Nz j . piNs
here {xI,Z-/}j=1 and {tB,xB,Bf}j:l rep.reser}t the
initial value and boundary datasets, and {t7jz, xk}?’fl
denotes the random collocation points used to minimize

erality, the fg (¢, x) is defined as a deep fully connected
neural networks including eight hidden layers and 50
neurons in each hidden layer, and the nonlinear acti-
vation function is designated as a hyperbolic tangent
function. Then, we use the Adam optimizer [27] to min-
imize the loss function of Eq. 6 with 40000 iterations
of SGD.

In Fig. 1, comparing the difference among the exact
solution and predicted solution, we could see from the
absolute error plot that most of error points appear in the
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Fig.1 (Color online) Rational wave solution (PINNs): The exact solution and predicted solution |g (7, x)|, and their absolute error with

the above parameter settings (relative L, error: 6.45e — 02)
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Fig. 2 (Color online) Rational wave solution (PINNs): Histograms of the back-propagation gradients distribution of Vo L7, Vy L and

Vg Lr at per hidden layer

central crest region, while the larger error points appear
at the right boundary and the peak of the rational line
wave from the combination of the three plots. Clearly,
the PINNs method cannot do the job in adapting to the
sharper areas and boundaries, which results in a relative
L, prediction error of 10.01%.

In order to investigate why the PINNs method does
not obtain more accurate predictions, we took inspira-
tion from Glorot and Bengio’s interesting work [35],
which is monitoring the back-propagation gradient
fluctuations of the neural network parameters in each
hidden layer of our model for the training process.
It is important to note here that we are not tracking
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the gradients of the total loss function, but the gradi-
ents of each individual items Vg L7(0), Vo L5(6) and
Vo L+ (0) that denote the shared parameters in per hid-
den layer of the deep neural networks.

Seeing Fig. 2, the gradients values represent the
IBCs terms Vy L7(0) and Vg L5(0) in per hidden layer,
respectively, which are sharply concentrated around
zero and formation of spikes, which is likely to be the
cause of the gradient imbalance. In addition, the gradi-
ents corresponding to the NPDE residuals Vy L% (6)
keep large values, especially in the later layers, is
related to the back-propagation computation mecha-
nism. And it’s always known that when the gradient
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Fig. 3 (Color online) Rational wave solution (PINNs): Loss
curves of L (9) and L, (0), respectively, with 40000 iterations
of the stochastic gradient descent via Adam optimizer

VoL, (0) is big, the deep neural networks will easily
infer to any solutions that satisfies the NPDEs. There-
fore, the model we train should strictly return a solution
of the NPDE with residuals as close to zero as possible,
otherwise it is easy to return wrong prediction.

The variation of the loss with different iterations is
shown in Fig. 3, where L5 represents the residuals of
the NPDE, and £, represents the error of the NPDE
on the initial value and the boundary. Obviously, we
can see that Lg is still relatively smooth, but £, is
very unstable during the iterations, which also explains
from the side that the unstable gradient can lead to poor
prediction accuracy of PINNS at the boundary.

2.3 A gradient-optimized fully connected network
architecture

Network architecture optimization is an important
research idea in deep learning, and the general approxi-
mation theorems for physics-informed neural networks
are usually lacking in solving NPDEs, so whether the
standard fully connected architecture can provide flex-
ible enough representations to infer more complex
NPDE:s is a question we need to focus on. Inspired by
neural networks attention mechanisms that has been
widely used in CV and NLP [28], we have made a
simple adaptation of the standard fully connected net-
work architecture and proposed a new network archi-
tecture with the following features: the gradient equal-
ization effect is enhanced by using residual connections
through element multiplicative interactions between
different hidden layers, and numerical results show that
the inference performance of the newly proposed archi-
tecture seems to be better than the results obtained by

the original PINNs method. As shown below, the key
to adapting the traditional fully connected neural net-
work is to introduce two transformer network terms to
smooth the diffusion term of the NPDE, and then the
hidden layers are updated using a point-by-point mul-
tiplication operation according to the following feed-
forward propagation rules.

U=o(W'X+b"), V=0WX+b%

0N = o (WH'X + %1,

PO —gwslo® £ psy, 1=1,.. K, (7
oY =a-rPMovu+prPPovV, I=1,..,K,
fo(t,x) = wQEFD 1 p,

here X represents the (n x d) dimensional matrix of
the input points data, o denotes nonlinear activation
function and O represents element multiplication. All
parameters of the new fully connected architectures are
substantially the same as the traditional fully connected
model, except that the weights and biases added to the
two transformer networks.

o ={wh o', w2 2, (Wl phE W, b). (8)

Here, it’s also worth noting that the new proposed archi-
tecture and the forward propagation rules lead to rel-
atively small computational and memory overheads,
while significantly improving the prediction accuracy.

For consistency, we also set the deep neural net-
works with eight hidden layers and 50 neurons per hid-
den layer, and use a hyperbolic tangent as the nonlinear
activation function. After 40000 iterations of SGD with
Adam optimizer, the numerical prediction results of the
newly proposed fully connected structure are shown in
Fig. 4. It is clear that the proposed training scheme can
properly balance the interaction between the initial and
boundaries, and reduce the relative prediction L, error
(0.60%) by one order of magnitude. Compared with
the original PINNs scheme in Fig. 1, we can see by the
two figures that the absolute error on the boundary and
the crest area are effectively reduced. By tuning the tra-
ditional fully connected feed-forward neural networks
architecture, the prediction accuracy of the new model
is more than ten times better than that of PINNs method.

The other numerical results of solving the rational
wave solution using GOPINNs model are shown in Fig.
5. Comparing Figs. 5a and 2, it is found that the dis-
tribution of the gradients is significantly improved and

@ Springer



786

J. Lietal

Exact |q(x) |

30 0.64
2% 0.56
0.48
2 _._.-—I—l-'—d_.- 0.40
X" ’—_._-—.—----_l o
10 0.24
0.16
5 0.08
0 0.00

0 2 4 6 8 10

t

Absolute error

0.0028
0.0024
0.0020
0.0016
0.0012
0.0008
0.0004

0.0000

Fig. 4 (Color online) Rational wave solution (GOPINNS): The exact solution and predicted solution |g (¢, x)|, and their absolute error

with the above parameter settings (relative L, error: 3.87e — 03)
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Fig. 5 (Color online) Rational wave solution (GOPINNS): (a)
Histograms of the back-propagation gradients distribution of
VoL1,VoLp and VoL at per hidden layer; (b) Evolution of
constraint values A7 and A in Eq. 3 with the iterations applied
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to minimize the IBCs loss terms £7(6) and L5 (0); (c) The loss
values of L () and £, () with 40000 iterations of the SGD
via Adam optimizer



Gradient-optimized physics-informed neural

787

becomes smoother. From Fig. 5b, with the addition of
the constraint values, comparing Figs. 5S¢ and 3, it can
be seen that the loss values become smaller, especially
the error loss term Eq , which represents the initial value
and the boundary, becomes smoother and more stable,
and all these are finally reflected in the more accurate
prediction solution of GOPINNs model.

3 Numerical results of the complex modified KAV
equation

In this section, we provide the results of a more compre-
hensive numerical study aimed at evaluating the perfor-
mance of a fully connected deep neural network model
using gradient optimization to infer the NPDEs. In all
cases, we use neural networks with 8 hidden layers
and 50 neurons per hidden layer, the nonlinear activa-
tion function defined as hyperbolic tangent, and train
the deep neural networks using a SGD algorithm with
Adam optimizer. Moreover, the train datasets initializa-
tion is performed in all neural networks using Xavier
[35] and we do not use any additional regularization
techniques. All algorithms were implemented in Ten-
sorFlow [36], and all numerical experiments run on the
ACER Aspire E5-571G laptop with 2.20 GHz 4-cores
i5 CPU.

3.1 Rational wave solution

Firstly, we review the numerical results of the rational
wave solution in Sect. 2.3. In this subsection, our goal
is to systematically analyze the performance of these
two models by setting a uniform criterion and quantify
their prediction results.

We conducted independent numerical experiments
using random weight initialization, after 40000 Adam
iterations in disparate numbers of hidden layers and dif-

qr + 61917y + qrxx =0, (,x) € [0, 1] x [—15, 15]
I(x)=

ferent numbers of neurons each hidden layer, all numer-
ical results (relative IL, errors) are presented in Table 1.
Apparently, the PINNs are sensitive to the connectivity
architecture of the neural networks, which leads it to be
very unstable in terms of prediction accuracy, produc-
ing relative L, errors in the range of 5.56%-15.09%.
In contrast, the newly proposed GOPINNs show great
robustness in terms of neural network architectures and
have a positive correlation in terms of improved pre-
diction accuracy as disparate number of hidden layers
and neurons in per layer increases. This suggests that
the newly proposed neural networks architectures may
be stronger able to predict complex nonlinear partial
differential equations instead of the traditional fully
connected neural networks, which may also result in
a more SGD. Ultimately, our newly proposed model
obtains relatively accurate results on this problem (rel-
ative Iy error between 0.31% and 3.30%).

3.2 Soliton molecules solution

To further study the learning performance of the
newly proposed model in dealing with the evolution-
ary NPDEs, we chose the soliton molecules solution of
the complex modified KdV equation with more com-
plex dynamical behavior. Soliton molecules have been
a very popular research topic in recent years. It’s a
bound state of solitons and has been discovered experi-
mentally in nonlinear optical systems. In 2012, numer-
ical predictions of soliton molecules were obtained in
Bose-Einstein condensates [37].In 2018, Liu et al. [38]
observed experimentally for the first time the real-time
dynamics of stable soliton molecules throughout the
buildup process. Recently, Lou [39] proposed a veloc-
ity resonance mechanism and obtained theoretically
the soliton molecules and asymmetric solitons in three
fifth-order systems. In this subsection, we set the IBCs
of soliton molecules solution as the following form

2l-(i612+ix_iell—i.r+2x+ie(2+i)x+elZ+ix_eIZ—ix+2x_ie—i)(_e(2+i)x+e—i.r)e—x+6

2elZcos(2x)+2e24 +e2¥ 12 e—2x+12 )

s

_2ie2l—2r(iCZir—IS-HSi+4t_ie—2ir—30—15i+4r_i612—15i—2it+e2it—18+15i+4r+e—2it—30—15i+4t_eIZ—ISi—Zit+iei(2t+]5)_ei(2r+15))

B, —15) =

AT127307 4 o A11T12-301 1 o241 A2 A1 { o 18441 1) >
—2 1921 (j RIS il o2t B0+ISiAl _j 121512t L Q2it+4I-1S i1 o=2IH30HISIHEL_12+15i-2it 4ol Q1-15) _oi@21-19))

B(t, 15) =

SATFI2-307 1 o—ATF121307 1 3 o244 o 18-41 4 A2H41 1

®
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Table 1 Rational wave solution: The relative L, error among
the exact solution and the predicted solution |g (¢, x)| for the
two models at disparate numbers of hidden layers and different
numbers of neurons in each hidden layer

Table 2 Soliton molecules solution: Relative L, errors among
the exact solution and predicted solution |g (¢, x)| for these two
models, and the training time for 40000 iterations of SGD with
Adam optimizer

Model Models
Network architecture PINNs GOPINNs Benchmarks PINNs GOPINNs
30 neurons | 6 hidden layers 9.66¢-02 2.11e-02 Relative L error 8.11e-02 2.73e-03
50 neurons | 6 hidden layers 7.48¢-02 1.04¢-02 Training time (s) 43290.82 31791.01
70 neurons | 6 hidden layers 5.52e-02 6.21e-03
30 neurons | 8 hidden layers 8.48e-02 8.97e-03
50 neurons | 8 hidden layers 6.45e-02 3.87e-03 distributions obtained using the GOPINNs method are
70 neurons | 8 hidden layers 3.75e-02 3.55e-03 shown in Fig. 7. Comparing with each hidden layer cor-
30 neurons | 10 hidden layers 5.67e-02 5.10e-03 responding to the network structure used above, we find
50 neurons | 10 hidden layers 3.80e-02 3.08e-03 that the gradient distribution becomes smoother and the
70 neurons | 10 hidden layers 2.92e-02 1.96e-03 gradient imbalance is significantly improved. In Table
2, we give the relative Ly errors of these two models
and the training time taken to complete their learning
performance. Clearly, we can see that GOPINNs not
Here, we set a suitable loss function as only outperform PINNs in terms of accuracy, but also
have a significant advantage in terms of training time.
LO)=LRO)+r1L1(O) + 1BLB(O), (10) Figures 8 and 9 show a detailed visual assessment of

where LR (0), L7(0), L (0) are defined in Eq. (4). We
recall the PINNs method in Sect. 2.1, here, it is worth
noting that when A7(0) = Ap(0) = 1, the loss func-
tion Eq. (10) degenerates to the original form of the loss
function calculation for PINNs. Without loss of gener-
ality, here the various parameter settings of our network
parameters are consistent with the rational wave solu-
tion. Let’s first look at the results of training using the
PINNS scheme.

The results shown in Fig. 6 indicate that Vy L7, Vo L5
and Vg Ly rapidly converge near the origin and form
spikes, but Vg Ly remains smooth, which means that
the gradient of VoL is almost decreasing compared
to VoL7 and VypLp. This is a clear manifestation of
gradient imbalance, and therefore it is not possible to
fit the data for the IBCs accurately, which we can con-
sider as the main reason for the failure of the original
PINNSs, and the relative ILp-norm error of 7.72% for
the soliton molecules solution. In our experience, this
behavior is very commonly seen in systems of NPDEs
that use traditional PINNs models to solve more com-
plex dynamical behaviors [8].

Now, what we obviously want to know is whether
the newly raised model can effectually alleviate the gra-
dient unbalance and thus obtain more robust and accu-
rate prediction results. For this purpose, the gradient
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the predictability of the PINNs and GOPINNs models.
From Fig. 8, the PINNs model cannot get an accurate
predicted solution, which its absolute error is magni-
fied at the boundary and the crest of the wave on the
lower side. As shown in Fig. 9, we can discover that
the volatility of the absolute error becomes significantly
smaller, especially at the boundary, and the maximum
is 0.0040 and the relative L, error is 0.26%, whose pre-
diction accuracy is about 30 times better than PINNs.
Finally, Fig. 10a and b shows the evolution of the con-
straint values and loss function during the continuous
iteration via GOPINNs method, respectively.

4 Conclusions and discussion

Despite recent successes in some applications, PINNs
often have difficulty in approximating the solutions of
NPDE:s exactly. In this paper, we supervise and ana-
lyze the underlying pattern of failure of PINNS related
to gradient dynamics in neural networks that leads to
gradient imbalance in the hidden layer when train-
ing the model via automatic back-propagation. For a
deeper understanding, we quantitatively analyze the
gradient dynamics in each hidden layer and clarify
the troubles with training PINNs by SGD algorithm.
In order to obtain a more stable gradient model, we
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Fig. 6 (Color online) Soliton molecules solution (PINNs): Histograms of the back-propagation gradients distribution of Vo L7, Vo L
and Vy L at per hidden layer
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Fig. 7 (Color online) Soliton molecules solution (GOPINNSs): Histograms of the back-propagation gradients distribution of

VoLz,VoLp and Vy Ly at per hidden layer

balance the interaction between different terms in the
loss function during model training by means of gradi-
ent statistics and come up with a new neural networks
structure that can improve the generalization and accu-
racy via smoothing the distribution of gradients. We
take the data-driven rational wave solution and soliton
molecules solution of the complex modified KdV equa-
tion as examples, and the experimental results show that
the newly proposed architecture can play an important

role in the PINNs model. In summary, our study pro-
vides new insights into the development of PINNs and
continuously improves their prediction accuracy by a
factor of 10-30 when solving the complex modified
KdV equation.

Despite some recent progress, it must be acknowl-
edged that we are in an initial stage of comprehend-
ing the limitations of the PINNs model. To close this
gap, we still have many questions to explore further: (1)

@ Springer
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What’s the relationship among the gradient fluctuations
of a given NPDEs and the gradient dynamics for corre-
sponding PINNs method? (2) How to effectively reduce
these gradient fluctuations (e.g., by choosing different
loss functions, more efficient neural network architec-
tures, etc.)? (3) What else could we do to increase the
generalization and prediction accuracy during training?
These interesting discussions will be further explored
in future work.
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