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Abstract Prediction of the response of nonlinear
dynamical systems under interacting parametric and
external excitations is important in designing systems
such as sensors, amplifiers or energy harvesters, to
achieve the desired performance. This paper concerns
the nonlinear forced Mathieu equation, with linear
damping and a 2:1 ratio between the parametric and
external excitation frequencies. The Method of Vary-
ing Amplitudes (MVA) is employed to derive approx-
imate analytical expressions for the response of the
system. Both single-term and double-term solutions
are developed: it is seen that, employing the double-
term approximation, the MVA can accurately predict
the response of the system over a wide range of
frequencies and system parameters, showing a max-
imum of 0.2% deviation from numerical results
obtained by direct integration of the equation of
motion. This is in contrast with most of the available
theoretical approaches such as the conventional
Method of Multiple Scales, which can predict the
response accurately only for a narrow range of system
parameters and excitation frequencies. Furthermore, it
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is seen that the response is bounded, and analytical
expressions for the frequency and amplitude of the
upper bound are developed: this is unlike other
methods which predict unbounded response, unless
nonlinear damping is considered. Analytical expres-
sions for the response are developed, and results are
verified with numerical results obtained from direct
integration of the equation of motion. Numerical
examples are presented, showing good agreement with
results obtained by the MVA.

Keywords Nonlinear dynamical systems -
Interacting parametric and external excitations -
Bounded response - Nonlinear forced Mathieu
equation - Method of varying amplitudes - Method of
multiple scales

1 Introduction

In mechanical and electromechanical contexts, a
system is referred to as parametrically excited (PE)
when at least one of its parameters varies periodically
with time. Altering the system orbits in the phase
space, parametric excitation has been seen to enhance
(i.e., to increase) the output response of the system.
This kind of excitation has been observed in various
physical systems such as marine risers [1], ships under
parametric rolling induced by wave excitation [2, 3]
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and cable-supported structures [4, S5]. Parametric
excitation has been exploited extensively in the
literature in a wide range of applications from sensing
[6-8], to energy harvesting [9-19] and response
amplification [20-28].

Exploiting parametric excitation has shown the
capability to enhance the performance of dynamical
systems. It has been pointed out that the sensitivity of
simple harmonic resonance-based mass sensors can be
increased significantly when operated in the paramet-
ric resonance mode [8]. Energy harvesters subjected to
parametric excitation exhibit better performance com-
pared to externally excited ones. The operational
bandwidth of these devices can be notably broadened
by introducing some kind of nonlinearity into the
system [13]. However, if not taken into account,
parametric excitation might have disastrous effects on
systems. Parametrically excited roll motion of a ship
can cause a chaotic behavior which may capsize the
ship if the system parameters are not adjusted accu-
rately [2, 3]. Furthermore, periodic heave motion of
marine risers may endanger the safe operation of these
structures even with a small perturbation in the lateral
direction [1]. Therefore, investigating the dynamic
behavior of parametrically excited systems and the
impact of the system parameters on their performance
are of key significance. This can provide useful
insights into how to exploit parametric excitation to
enhance performance or prevent catastrophic effects
on a system as a result of operating at frequencies close
to parametric resonance frequencies.

Traditionally, perturbation methods have been used
to study the dynamic behavior of PE systems [29-32].
These methods are based on assuming that the
excitation is weak. Then, the response of the system
is obtained by defining a small frequency detuning
parameter around the principal parametric resonance,
which is twice the natural frequency of the system, and
solving the final autonomous system of equations [33].
They have proved to be able to accurately predict the
response of the system for a frequency range around
the principal parametric resonance. However, their
accuracy is a function of the system parameters and the
frequency detuning parameter. It has been pointed out
that they cannot predict the response of the system
correctly for arbitrary values of the system parameters
and excitation frequencies considered [34]. In recent
years, qualitative methods have been used to predict
the response of parametrically excited systems,
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particularly around bifurcation points [35]. However,
the accuracy of these methods deteriorates as insuf-
ficient data are usually available for a frequency range
close to the considered bifurcation frequency.

Correct estimation of the response of PE systems
has a key role in evaluating their performance.
Particularly, developing an analytical approach that
can provide accurate predictions of the response of the
system in frequency ranges away from the principal
parametric resonance has attracted significant atten-
tion [34, 35]. This is the focus of this paper. Most of
the available theoretical approaches fail to provide
useful insight into the response of PE systems with a
hardening Duffing-type nonlinearity for the whole
frequency range considered [34]. Numerous studies on
this subject area can be found in the literature which
involves introducing nonlinear damping into the
equation of motion or modifying the frequency
detuning parameter in conventional perturbation tech-
niques [36—43]. Nevertheless, the results are only
accurate if the assumptions applied are satisfied, e.g.,
when the excitation frequency increases, the fre-
quency detuning parameter cannot be assumed to be a
small parameter any more, causing the accuracy of
predictions to decrease. Furthermore, the question
remains as how to develop accurate predictions,
particularly a bounded response, without imposing
restrictions on the frequency ranges and damping
types.

It is known that conventional perturbation tech-
niques can predict the response accurately for small
system parameters and around the principal paramet-
ric resonance. However, their accuracy deteriorates as
the excitation frequency increases, i.e., for systems
with the Duffing type hardening nonlinearity and
linear damping they predict an unbounded response
[34]. It was proposed that nonlinear damping must be
introduced into the governing equation of motion to
enable perturbation methods to obtain a bounded
response [39, 40]. Notably, although a bounded
response can be achieved analytically this way, the
response is highly dependent on the nonlinear damp-
ing coefficient and it implies the new challenge of
determining the value of this coefficient. Also, it has
been pointed out that the accuracy of the results will
still be dependent on having small values for the
system parameters [40]. This is due to the limitation of
perturbation techniques in requiring the system
parameters to be small and the excitation frequency
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to be around the principal parametric resonance. For
large upper bound responses away from the principal
parametric resonance frequency, the Duffing nonlin-
ear term is large and cannot be assumed to be small.
Therefore, an approximation developed based on this
assumption is not correct.

In contrast with the methods mentioned above,
which require the system parameters to be small and
the excitation frequencies to be around resonance, the
method of varying amplitudes (MVA) has proved to
be able to accurately predict the behavior of PE
systems for the whole frequency range considered and
has shown itself to be a useful technique for handling
both linear and nonlinear problems [44—47]. In the
present paper, we exploit parametric and external
excitations simultaneously in order to increase the
output response of PE systems. Employing the MVA,
we show that the response is bounded, even in the
presence of only linear damping, in contrast with prior
observations that arise from perturbation (small
parameter) analysis [32, 34, 48, 49].

The paper is focused on the analysis of the response
of the nonlinear forced Mathieu equation without the
commonly imposed restrictions on the frequency
range considered or requiring nonlinear damping to
be present in the equation of motion. The perfectly
tuned case is studied, where the parametric excitation
frequency is exactly twice the external excitation
frequency. Employing the MVA, analytical expres-
sions are developed for the output response of the
system and bifurcation frequencies which are valid for
the whole frequency range considered. The MVA
results show that, for hardening type Duffing nonlin-
earity, the response of the system is bounded. This is in
contrast with conclusions drawn from conventional
perturbation methods, which predict an infinite growth
of the response as the excitation frequency increases
[21]. Explicit closed-form analytical expressions for
the upper bound to the response of the system and the
frequency at which it is attained are provided, which
are of key importance for achieving optimal perfor-
mance. Furthermore, the transition of the system
response from pure parametrically excited to the case
where external excitation dominates is studied, with
the corresponding values for the critical external
excitation amplitude being provided.

The governing equations describing a PE system
with Duffing type (cubic) nonlinearity subject to
interacting parametric and external excitations are

presented in Sect. 2. Employing the MVA, analytical
expressions describing the steady state approximate
response of the system are developed using both
single-term and double-term approximations of the
solution. Furthermore, to provide a useful insight into
the system behavior, utilizing the single-term MVA
approximation, closed-form analytical expressions for
the upper bound to the response of the system and the
frequency at which it is attained are found. The results
are discussed and verified numerically by Direct
Integration (DI) of the equation of motion in Sect. 3.
In addition, results using the first- and second-order
approximations of the response by the Method of
Multiple Scales (MMS) are presented for comparison.
Finally, conclusions are drawn in Sect. 4.

2 Mathematical model and MVA solutions

The response of a dynamical system with Duffing type
nonlinearity under interacting parametric and external
excitations is investigated. The parametric excitation
frequency is tuned to be exactly twice the external
excitation frequency. The proposed system can be
modeled by the nonlinear forced Mathieu equation
with linear damping

i + i + (1 + Pcos(Q1))u + nu®
1
:dcos<2Qt—|—q)>, (1)

where u represents the displacement response of the
system (e.g., the displacement of a pendulum hanging
under gravity, whose support is subjected to a
combined horizontal and vertical sinusoidal excita-
tion), 1 and i are the first and the second derivatives of
u with respect to time, respectively, and €2 represents
the parametric excitation frequency. Furthermore, f is
the damping ratio, wy is the linear undamped natural
frequency, P is the parametric excitation amplitude, d
is the external excitation amplitude, ¢ is time, ¢ is the
phase angle between the parametric and external
excitations, and 7 is the nonlinear coefficient. We note
that in this paper we only consider the hardening case,
where 1 > 0, as is more relevant for practical appli-
cations [6-28].
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2.1 Steady-state approximate solution: single-
term MVA approximation

To obtain an approximate solution to the response of
the system modeled as (1), the MVA is used [44].
Employing the MVA, u(t) is considered as the sum

u(t) = zn: (Cm(t) cos (% mQt) + D,,(¢) sin G sz) ) ,
m=1
(2)

implying harmonics with time varying amplitudes
C(t) and Dy, (¢). The time dependency of the ampli-
tudes allows the stability of the response to be
investigated. Note that for the system considered here
with cubic Duffing type nonlinearity, only odd values
of m (m=1,3,...) need to be considered in Eq. (2).
Using the single-term MVA  approximation
(m=n=1), and omitting the index 1, u(z) is
approximated as

u(t) = C(t) cos (% mQt) + D(t) sin (%mz:) 3)

Substituting Eq. (3) into Eq. (1) and separating
coefficients of cos(3mQr) and sin(;mQr) yield

. . |
C+ BC+ QD + - poD
1 1 3
2 2 2 2
+ <w0<1+2P> -9 >C+417(C +D*)C
= dcos(p),

1 1 3

=— <§P(og + ZV](CZ - 3D2)> Ccos <5Qt>
3
2

- <% P} +%;1(3C2 - D?)

Assuming the terms nu® and w3Pu are small
compared to the term w%u, one can neglect the
higher-order harmonics on the right-hand side of

Eq. (5), yielding
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. . . 1
B —QC + pD - 3 pac

1 1 3
21 _1p) _1o2 2 (2 2
+ (w0<1 2P> i >D+4n(C +D*)D
+ dsin(o)
=0.
(6)
Solving Eq. (4) and Eq. (6) for the steady state
solution (C =D=C=D= 0), the steady-state
response of the system is obtained as

u(r) = Ccos G Qt> + Dsin (% Qt>. (7)

To obtain the frequency response equation, u(#) in
Eq. (3) can be rewritten as

u(r) = A(r) cos (% Qt + oc(t)) ) (8)

where A(t) is the amplitude and () is the phase, given
by

A(r) =\/C(t)* + D(t)*, a(t) = tan™ (‘D (I)).

C()
©)
For A and o, we then obtain
A4 PA + (w% (1 + ;Pcos(Zoc)) - iQZ>A + %nA3
=dcos(p — a),
(10)

o1 1
—0A — 5[3QA + Ea)SPA sin(20) = —dsin(¢p — ).
(11)

Consequently, solving Eqgs. (10) and (11) for the
steady-state solution, the frequency response equation
is obtained as

9*AS — 61 (92 — 4w(2))A4 — 24dncos(p — a)A3
+ (@' +4Q* (B — 203) + 4wy (4 — P?)) A
+8d((Q* — 4w5) cos(p — o) — 2pQsin(p — o)A
+ 164
=0.

(12)

Equation (12) yields 6 solutions for A, with only
real, positive solutions being physically meaningful
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(There are in fact a maximum of 5 such solutions [42]).
As @* — oo the response is bounded, with there being
only one real solution to (12). This can be seen by
retaining only the leading terms in Q* and A? so that
Eq. (12) reduces to

I*A* — 6n(Q* — 4})A* + (Q* +4Q* (B — 20]))
~ 0.

(13)

The radicand when solving this quadratic in A> and
assuming Q% — oo reduces to —1442Q*f%: the
corresponding solutions for ©* — oo are therefore
complex and not physically meaningful. This is in
contrast with the single-term solution using MMS
which predicts an unbounded response with Q> — oo
(see Sect. 3).

For example, Fig. 1 shows the frequency response
as a function of the frequency ratio 2/ for the set of
system parameters f=0.1, n=0.05 wy=1,
P=0.3,d=0.1, and ¢ = —n/4. It is divided into 5
separate frequency regions bounded by the frequen-
cies 2, =1.97,0, =2.17,Q2; = 2.88 and 4, = 3.10.
The response of the system is bounded, in contrast
with the single-term solution using MMS: the upper
bound amplitude is A = 19.38 and is attained at the

20
18
16

Fig. 1 A as a function of Q/w, obtained from the single-term
approximation of the MVA using the frequency response
Eq. (12). Solid lines denote the stable solutions, and dotted lines
denote the unstable solutions (f = 0.1, n =0.005, wy =1,
P=03,¢0=—n/4,d=0.1)

frequency €24. We note that the upper bound frequency
Q4 has not been determined or discussed previously
for the case of linear damping, cf., e.g., [21, 48].

2.2 Stability analysis

Unlike the conventional method of harmonic balance,
where the amplitudes are constants and the stability of
the response cannot be investigated, the MV A allows
the stability of the response to be analyzed directly. To
this end, the Jacobian matrix is considered [33]. From
Egs. (4) and (6), one can define

x1=C,x,=C, x3=D, x4 =D, (14)

1 1 1
Xy = — (wé (1 +2P> - 4Qz>x1 — Pxy — 5[3!2)@

3
— Qx4 — PRl (x7 4+ 23) + d cos(),
(15)

1 1 1
)é4 :Eﬁg)ﬂ + sz — <CO(2)(1 2P> 4Q2)x3
3 .
— Pxy — 2 (x7 +x3) — dsin(g).
(16)

The Jacobian matrix J is then defined as the 4 x 4
matrix whose (i, j)th element is J;; = Ox; /dx;. Conse-
quently, the trace #(J) and the determinant A(J) of the
Jacobian matrix are

tr(J) = —28, (17)

AU = e (@ —400) 4 (PO — Pos)
0@~ 403) (3 4+ 2) (18)
FELP (6 4+ 2) 4 P (8 — ).

We note that hardening type nonlinearity is con-
sidered in this paper (n > 0). For >0, tr(J) is
negative. Therefore, the response of the system is
stable only if A(J) > 0 [33]. Consequently, branches
bl, b2 and b5 in Fig. 1 are stable and branches b3 and
b4 are unstable.

@ Springer



104

M. Aghamohammadi et al.

2.3 Steady-state approximate solution: double-
term MVA approximation

To obtain more accurate analytical results, we take
into account higher harmonics in the MVA, cf. also
[34]. Employing the double-term approximation of the
MVA, the response of the system is approximated
using (2) form = 1,3 as

u(t) = C (1) cos G Qt) + Dy (1) sin G Qt)
+ C3(t) cos @ Qt) + D;(¢) sin (% Qt) .

(19)

Substituting Eq. (19) into Eq. (1), and after some
simplifications, the following system of equations is
obtained:

.. . . 1 1
Ci+ BC, + 2D, + (w?)(l +§P> —ZQZ>C1

1 1
+ = BRD| + = wiPCs

2 2
3
+31(Cl + C1 (D] +2D1Ds +2C5 + 2D3)
+C3(Ct = DY) = dcos(p),
(20)
. . . 1
D1 — .QC] + ﬂD] — Eﬁgcl
2 1 1 2 1 2
+ (O I*EP *ZQ DI+ECUOPD3
3
+ Zn(Df +D;(C} —2CC5 +2C5 + 2D3)
+Ds(Ct = D)) = —dsin(p),
(1)

. . c 1 9
Cs + BCs +3QDs + Ea)gpcl - (w%) - 192) C;

3 1
+5QBDs + Zn(cf +3C3 - 30D}
+3C3(2CT + 2D} + D3)) =0,
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. . o1 9
D3 + [)’Dg — 3QC3 +§(L)%PD1 + (CU% — ZQ2>D3

3 1
- 59[3@ +Zn(—D? +3C3 (D) +2D3)

+3D5(2D7 + C3 + D3)) =0.
(23)

Consequently, the steady-state solution can be
determined by setting all time derivatives in
Eqgs. (20) to (23) to zero and solving the resulting
system of equations.

The analytical results of the single-term and double-
term approximations of the MVA for a system under
interacting parametric and external excitations are
shown in Fig. 2 for comparison. The system parame-
ters considered are f=0.15, n=0.01, wy =1,
P=0.5, ¢ = —n/4, and d = 0.2. Results are com-
pared with those obtained by direct numerical inte-
gration (DI) of the equation of motion (1). The Runge—
Kutta method was applied to obtain the numerical
results using a variable time step for each frequency
(ode45 in MATLAB). The steady-state response found
from DI converges to one of the stable solutions,
which solution depends on the chosen initial condi-
tions. While the single-term MVA results are in good
qualitative agreement with DI results, the accuracy
around the upper bound response is moderate. How-
ever, applying the double-term approximation of the
MVA, the difference between the upper bound
amplitude obtained analytically and that obtained
numerically (A = 17.973 at Q = 3.650) is reduced
significantly from 7.83% (A = 16.565 at Q = 3.490 in
the single-term approximation) to 0.1% (A = 17.955
at 2 = 3.650 in the double-term approximation).

2.4 Closed-form expressions for the upper bound
of the system response from the MVA

Accurate prediction of the dynamic response of
parametrically excited systems plays an important
role in evaluating their performance in practical
applications such as sensing, energy harvesting and
response amplification. As shown in Sect. 2.3, the
double-term approximation of the MVA can predict
the response very accurately. While the single-term
MVA approximation is less accurate, it can be used to
develop closed-form analytical expressions which
describe the main characteristics of the response. To
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Fig.2 Response amplitude A as a function of frequency ratio €/
g, comparing the numerical results obtained by DI (black dots)
with analytical results obtained by the MVA (blue color)
applying a the single-term approximation using Eq. (12) and
b the double-term approximation using Egs. (19) to (23), for the

investigate in detail the performance of the system
under interacting external excitation using the single-
term approximation of the MVA, in this section we
analyze the response of the system by comparing it
with the response of the equivalent parametrically
excited system with no external excitation. For the
equivalent system under pure parametric excitation
(d = 0), the frequency response Eq. (12) becomes

AG(97°AG — 61 (Q° — 4w ) A + @

+4Q*(f* — 20%) + 4wy (4 — P?)) =0, (24)

where A( represents the amplitude response of the
system under pure parametric excitation. Conse-
quently, solving Eq. (24) for the nontrivial solution
and considering Eq. (9), Ao and the phase o for this
system are obtained as

Ao = \/% (92 4wt A/M)

pQ
3P’

(25)

sin(20) =

where the positive sign represents the stable nontrivial
response existing above the frequency €., and the
negative sign represents the unstable nontrivial

105
(b)20 ' | (3.650,17.973)._ | |
18} — S
(3310,15.472) ¢
16, { { | }
14
12t ST
-1 (3310,15.499
< 10} i ’

8 4

6 .|

4 |

O Il I 1 1 It

1.5171921232527293.133353.739
Q/wo

system under interacting parametric and external excitations.
The solid lines and discrete data points represent the stable and
unstable analytical results, respectively (f = 0.15, n = 0.01,
wo=1,P=05,¢=—-n/4,d=0.2)

response existing above the frequency . (see
Fig. 3), where Q. and Q,, are

2

Quip = \/4w3 —2p*F 2\/ﬂ2 (B —4}) + (P})”.
(26)

The response of the system has an upper bound A,y
which is attained at the frequency Q,, where [34]

(@0PP—(B? , _oiP
311,82 ) ud) — ﬁ

The amplitude response A of the system under pure
parametric excitation, obtained from the single-term
MVA approximation, is shown as a function of the
frequency ratio in Fig. 3. For the set of system
parameters considered, Q. = 1.88, Q. =2.10,
Ay = 18.26, and Q,p = 3.00.

Now consider the case where the system is under
interacting parametric and external excitations. We
introduce a small positive parameter ¢ < < 1. Consid-
ering a small external excitation of amplitude d = &d,
in Eq. (1), A and o are written as the power series

(28)

AuO = o (27)

A=Ag+eA I+ .., a=0p+&x; +....

@ Springer
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(.QIIOI’ A”_O )

1.71.8192.02.122232425262.72.8293.03.13.2

.Q/wo

Fig. 3 Response amplitude Ay as a function of Q/w, for a
dynamical system under pure parametric excitation with no
external excitation obtained from the single-term approximation
of the MVA. Solid lines denote the stable solutions, and dotted
lines denote the unstable solutions (f = 0.1, n = 0.005, wy = 1,
P=0.3)

Consequently, substituting Eq. (28) into Egs. (10)
and (11) and separating the coefficients of the same
power of &, the steady-state solution can be obtained.
Collecting the coefficients of order ° leads to Eq. (25)
again, and collecting coefficients of order ¢ yields

— cu%Pocl sin(2a)Ao

1 1 9
+ (w%(l —i—EPcos(ZOco)) —— Q"+ —nAS)Al

47 g
=d, cos(p — ),
(29)
@i Py cos(209)Ag + % (wgPsin(20) — BQ)A,
= —d sin(¢p — op).
(30)

Solving Eqgs. (29) and (30), it can be seen that when
a small external disturbance is added, the stable non-
trivial branch of the system response with no external
excitation will split into a pair of stable branches (see
Fig. 4). This is due to degeneracy of the solutions.
When d = 0, for parametric excitation of period 27/Q
the solutions come as a pair u(r) and —u(r), both of
period 47/Q. When d > 0, the two solutions differ.
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Qw »

Fig. 4 Response amplitude A as a function of Q/m, obtained
from implementing the small parameter expansion of the
frequency response Eq. (12) using Egs. (33) and (34) for a
frequency range away from Qo (f = 0.1, 5 = 0.005, wo = 1,
P=03,¢=—n/4,andd=0.1)

For the stable branches bl and b2, the phases are given
by

T Lt (B2

2 2 \w2p
\/3nd cos <(p +Lsin™! ((ff?“) )

./(wgp)l(ﬁsz)z\/m — 403 + 21/ (03P)*— (BQ)?

(31)
oy = 37” — %sin"1 <£—%QP>
V/3nd cos (ga +1Lsin™! ((f%))
,/@%Pffuxn?¢gz74w5+2d(waﬁ%4ﬁgf,
(32)

respectively. Also, the amplitude responses for
branches bl (A;;) and b2 (A;,) are

Aprp = ¢% (92 — 40} +2 (wf,P)z—(/iQ)z)
2d<7ﬂﬂcos((p + %sirfl (%)) + ((L)(Z)P)zf(ﬂ!))2 sin ((/) + %sin’l (%)))
ES

(0}P)*—(B2) (QZ — 43 +2 (mf,P)z—(/}Q)2>

(33)
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Similarly, as illustrated in Fig. 4, the unstable re-
sponse branch of the corresponding system under pure
parametric excitation depicted in Fig. 3 splits into two
unstable branches b3 and b4 as a result of the external
excitation. For these branches, the amplitude
responses are obtained as

Apsa = \/%1 <92 42 (wgp)i(/mf)

. 2d (7[39 sin ((/) — %sin’] (%)) +4/ (w(z)P)27</;Q>2 cos ((p +3 sin”~! (%) )) ‘

(03P)’—(pQ)? <92 — 40} -2 (wgp)z-(/;g)z>
(34)

Furthermore, for these two branches
[y
o3 = =sin” | 5=
o= o (22)
idsn(o + o' (8))

A /(w%P)Z—(ﬁQ)2\/QZ — 40} — 21/ (3P)*—(pR)°

(35)

o + lsin’1 pe
=7+ — -
i 2 2P

v/3nd sin ((p + %sin’l ((f;))

+ ?
\ /(w%P)Zf(/iQ)z\/Qz — 40} + 21/ (03P)*—(pR)°
(36)
respectively.

The expansion (28) can accurately predict the
behavior of the system except around the three critical
frequencies Q.;, 2. and Q,y, where it predicts an
infinite response. To investigate the response of the
system in the frequency range around the upper bound,
Q,0, we consider a small deviation from this fre-
quency. Then, o and A are obtained as

\/_AuOﬁ(Q - Qu()) —2d SiH(OCO — (p)
W/ ZPAMQ ’

o =0yt
(37)
A= AuO + (OC - aO)Az:l +Aa:27 (38)

where Q, and A, can be obtained from Eq. (27) and
values of o are discussed below. Furthermore, A, and
Ao are defined as

7 4PF* A0
MPAZ, + 40} — P

(39)

el

A2 = B((4PPergAnn — InPAwAT) (o — o)’
+ 24,0P0}(Q — Qy0) + 4dB cos(og — @)/
(A%, 4 42w} — P*wy).
(40)

The positive sign in Eq. (37) corresponds to the
branches bl and b2 around Q,, and the negative sign
corresponds to the branches b3 and b4. For b1 and b4,
op = 57m/4, and for b2 and b3, oy = n/4. The effects of
applying a small external excitation to the system
under pure parametric excitation for frequencies
around €, are depicted in Fig. 5, along with the
results for frequencies away from €,y obtained from
the first expansion (33), (34). As indicated, two critical
frequencies appear as a result of adding a small
external excitation amplitude: ,; is the frequency
corresponding to the upper bound of branches b2 and
b3, while Q,, is the frequency at which the upper
bound to the response of the system occurs, when
branches bl and b4 collide. The amplitude responses
related to these critical frequencies are A,; and A,p,

20
18

16

((2112’ AuZ )_

2 Azil) 7

ul>

14+

1.71.8192.021222324252.62.728293.03.13.2

Qw .

Fig. 5 Response amplitude A as a function of ©/w, obtained
from the expansion for a frequency range away from Qo using
Eqgs. (33) and (34) (red color) and from the expansion for a
frequency range around Qo using Egs. (37) to (40) (green
color). Solid lines represent the stable responses, and discrete
points represent the unstable responses (ff = 0.1, 1 = 0.005,
wo=1,P=03,¢0=—-n/4,d=0.1)
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1.71.819202122232425262.72.8293.03.13.2

Qw s

Fig. 6 Response amplitude A as a function of €/ obtained
from the expansion for a frequency range away from €,,o using
Egs. (33) and (34) (red color) and from the expansion for a
frequency range around 2,y using Egs. (37) to (40) (green color)
with: a the results corresponding to the system under pure
parametric excitation with no external excitation (d = 0, black

respectively. Consequently, taking Eq. (26) into
account, and using Eqgs. (37) to (40), Q,1, Qup, Aul
and A,, are obtained as

w_%P - 2/3nd cos (% + @)
B (3P = 2o

Quip = (41)

Anz=An
2
24,0P0} (Qu12 — Quo)” —4dP cos (5 — o)
MBAZ + 45°f — P '

(42)

For the set of system parameters considered in
Fig. 5, Q, =2.89, A, =1694, Q, =3.11 and
Ap = 19.57 while 2,9 = 3.00 and 4,0 = 18.26.

The responses of the system under pure parametric
excitation and the PE system with a small external
excitation added are shown in Fig. 6a for comparison.
The system parameters considered are f =0.1,
n=0.005wp=1,P=03,¢0p=—n/4andd =0.1.
To illustrate the accuracy of the small parameter
expansions, Fig. 6b shows the responses obtained by
these expansions (red and green lines) and the direct
implementation of Eq. (12) (blue lines). As can be
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Qw ,

color) and b the MVA results for the case when the system is
under interacting external excitation (d = 0.1, blue color)
obtained from direct implementation of Eq. (12). Solid lines
represent the stable responses and discrete points represent the
unstable responses (f =0.1, 5 =0.005, wo=1, P=0.3,
¢ =—mn/4,d=0.1)

Fig. 7 Frequency response diagrams illustrating the effect of »
adding external excitation of amplitude d on the amplitude of the
responses of the system, comparing the results obtained from the
single-term approximation of the MVA and numerical results
obtained from DI. The blue-colored soild lines and discrete data
points represent the stable and unstable results obtained from the
single-term approximation of the MVA using Eq. (12), respec-
tively, and black dots represent the numerical results obtained
from DI; a the system under pure parametric excitation with no
external excitation (d = 0), b the parametrically excited system
under interacting external excitation of amplitude d = 0.1,
cd=03,dd=04,ed=05,fd=0.55(p=0.151n=0.01,
wo=1,P =05, ¢ = —n/4)

seen, the analytical results obtained from the expan-
sions show good agreement with the results obtained
directly from Eq. (12) for the whole frequency range
considered, while those from Egs. (41) and (42), which
concern the upper bound responses and the corre-
sponding frequencies, are accurate.

3 Results and discussion

In this section, we compare analytical and numerical
results in detail and show the corresponding frequency
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0.60 Fig. 10 Frequency response diagrams for the system underp
0.56 18 interacting parametric and external excitations obtained from
the double-term approximation of the MV A using Egs. (20)-(23)
0.50 16 and direct integration of the equation of motion. The blue solid
lines and discrete data points represent the stable and unsta-
0.44 14 ble results obtained from the double-term approximation of the
MVA, respectively, and black dots represent the numerical
0.38 L results obtained from DI; a d=0, b d=0.1, ¢ d=0.3,
dd=04,ed=05£fd=0.55(=0.15 1n=001, =1,
s 032 10 P=05, ¢ = —/4)
0.26 8
0.20 6 3.1 Single-term MVA approximation results
k14 4 To investigate the accuracy of the analytical results
0.08 2 obtained from the single-term approximation of the
MVA, the amplitude response A of the system is
05 171921232527293.1333537394 depicted against the frequency ratio £/w, for various
0/ w values of the external excitation amplitude d in Fig. 7.
0 The cases where the system is under pure parametric
Fig. 8 A as a function of d and Q/my, showing the results of the excitation with no external excitation (d = 0) and
single-term  approximation of the MVA for the upper where the system is under interacting parametric and
stable branch bl (f=0.15 7=001, wo=1 P=05 external excitations (d =0.1, d =03, d =04, d =

= —m/4
¢ =" 0.5 and d = 0.55) are shown. The results are compared

with the results obtained by direct numerical integra-
tion (DI) of the equation of motion (1). As can be seen,
the analytical results obtained from the single-term
approximation of the MVA using (12) are in good

response functions. We also compare our results with
those found using the conventional Method of Mul-
tiple Scales (MMS), which is a perturbation method.

20 T T T T 100 I A
(a) (b) 0.278 Hz
SRR
10
10 H 1 ! ! u|
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5 = 1
~
~ 0 1 "0
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(s) f(Hz)
Fig. 9 Numerically obtained response of the system at the (2 =3499, A=16.865): a amplitude, b the FFT of the
upper bound frequency for the case where the system is under response (ff = 0.15, 1 =0.01, wy = 1, P = 0.5)

pure parametric excitation with no external excitation
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Fig. 11 Critical values of the external excitation amplitude d..,
as a function of P, comparing the results obtained from the
single-term approximation of the MVA (brown dotted line), the
double-term approximation of the MVA (blue-dotted line), and
the results obtained from DI (black dots) (f = 0.15, n = 0.01,
wy=1,p=—n/4)

agreement with the numerical results, showing a
maximum deviation of 8.71% (for d = 0.55).

For a small external excitation amplitude d, the
upper bound excitation frequency and amplitude
obtained from the expansion developed around this
critical point using Eqgs. (41) and (42) are in a good
agreement with the MVA results obtained from the
frequency response Eq. (12) (single-term approxima-
tion): for d =0.1, d=03 and d =04, A, is
estimated to be 15.76 (at Q, = 3.42), 18.64 (at
Q,, =3.59) and 21.17 (at Q,, = 3.68), respectively.
However, for a larger value of d, the difference
between the two results increases: for d = 0.5 and
d = 0.55, A, from the expansion is estimated to be
24.42 (at Q,, =3.77) and 26.31 (at Q,, = 3.81),
respectively. The developed closed-form expressions
(41) and (42) are very useful for designing PE systems
with lower levels of direct excitation, so as to achieve
maximum possible amplitude response.

The upper stable branch from the single-term
approximation of the MVA (bl in Fig. 1) is depicted
against d and Q/wy in Fig. 8. It can be seen that, for a
fixed value of P, increasing d increases the frequency
bandwidth and the upper bound to the response of the
system. The response of the system is bounded, as is
suggested both by the analytical results obtained from
the single-term approximation of the MVA using
Eq. (12) and the numerical simulations. Considering
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Fig. 12 Response amplitude A as a function of frequency ratio
Q/wg for various values of the Duffing nonlinearity term #.
Ilustrating the results for the system under interacting
parametric and external excitations obtained from the double-
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term approximation of the MVA using Egs. (20)-(23) (blue
colored results) and direct integration of the equation of motion
(black dots), a n =0.005, b 1 =0.04, ¢ n =0.08, d  =0.1
f=01,00=1,P=04,d=02, ¢p = —7/4)
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the upper bound response obtained numerically for the
system under pure parametric excitation with no
external excitation (Fig. 7a), the time dependence of
the response for this critical point (2 = 3.499,
A = 16.865) and its Fast Fourier Transform (FFT)
are presented in Fig. 9. (Note the logarithmic scale of
the coordinate in Fig. 9b). As can be seen, four
harmonics in the response are evident with frequencies
that are equal to the first four frequencies (£2/2, 3Q/2,
5Q/2, 7Q/2) of the MVA expansion. The first two
harmonics are dominant. This implies that a more
accurate approximation of the response can be
obtained by using the double-term approximation of
the MVA.

3.2 Double-term MVA approximation results

The results obtained from the double-term approxi-
mation of the MVA are compared with numerical
results obtained from DI in Fig. 10. To make a direct
comparison with the results obtained from the single-
term MVA approximation, the system parameters are
considered to be the same as those of Fig. 7. As
suggested by the FFT of the upper bound response
obtained numerically (Fig. 9), the double-term
approximation of the MVA can predict the response
of the system more accurately compared to the single-
term approximation, with the frequency and amplitude
of the upper bound showing a maximum of 0.2%
difference from values found by direct numerical
integration.

As can be seen in Figs. 7 and 10, increasing the
external excitation amplitude, the two internal
branches b2 and b3 (see Fig. 1) decrease in length
and at a critical external excitation amplitude d., these
branches will collapse. For the same set of system
parameters, and for various values of P, d,, is depicted
in Fig. 11, where the results for d., obtained from the
single-term and double-term approximations of the
MVA are presented and compared with the numerical
results obtained from DI.

The analytical results obtained from the single-term
MVA approximation using Eq. (12) and the double-
term MV A approximation of Egs. (20)—(23) show that
the MVA is capable of predicting the bounded
response accurately. Furthermore, the approximations
are developed without involving commonly used
restrictions such as the system parameters being small
or the excitation frequency being close to the principal

parametric resonance frequency. For a different set of
system parameters, frequency response diagrams for
various values of the Duffing nonlinearity # are
obtained by applying the double-term MVA approx-
imation (Fig. 12). The results are verified by the
results obtained from DI. As can be seen, as n
increases, so does the upper bound frequency. As a
result, the upper bound of the response of the system
occurs at frequencies quite far from the principal
parametric resonance frequency. Nevertheless, it can
be seen that the MVA accurately predicts the upper
bound frequency and amplitude. This is in contrast
with conventional perturbation methods which cannot
predict a bounded response and whose accuracy
deteriorates for larger values of system parameters or
as the excitation frequency increases [34].

3.3 Comparison with conventional perturbation
methods

The conventional Method of Multiple Scales (MMS)
is a commonly used perturbation method that has been
applied to this problem. In this section, the first and
second approximations of MMS are applied to the
equation of motion (1) to obtain an approximate steady
state response. Frequency response equations are
developed, and results are compared with MVA
results and numerical results obtained from DI.

3.3.1 The first approximation of MMS

To the first approximation, the frequency response
equation using the conventional MMS for the case
when the system is under pure parametric excitation
with no external excitation (d = 0) is given by [34]

2
A= 43—6‘;0 Q— 2wy + GwoP) -], (43)
where, for positive § and 7, the positive and negative
signs represent the stable and unstable responses,
respectively. Comparing Eq. (43) with Eq. (25), it can
be seen that when applying the MVA a nontrivial
stable solution exists only if fQ < w}P, while using
the MMS this condition changes to 25 < woP, which
does not depend on the excitation frequency Q. This is
why the first-order approximation of the conventional
MMS presented in Eq. (43) predicts an unbound
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Fig. 13 Response amplitude A as a function of Q/w, for the
system under pure parametric excitation with no external
excitation (d = 0), comparing the results obtained from the first
approximation of the MMS, the second approximation of the

response as {2 increases. Note that a bounded response
can also be predicted by the averaging method using
the Mitropolskii technique [50], and, to the first
approximation, the frequency response equation
obtained by this method for a system under pure
parametric excitation is identical to the one predicted
by the single-term approximation of the MVA [34].

3.3.2 The second approximation of MMS

To develop the second approximation of MMS, two
approaches are considered in this paper. While all the
system parameters (except the Duffing nonlinearity
term #) are assumed to be small and of order O(e),
where ¢ is a small bookkeeping parameter, in the first
approach 7 also assumed to be O(g), while in the
second approach 7 is assumed to be O(&?), i.e., small
compared to the other parameters. Frequency response
equations are developed for both approaches and
results are depicted for comparison.

3.3.2.1 Case n = 0O(¢) Applying the second-order
approximation of the MMS, assuming the system
parameters including the Duffing nonlinearity term
are all of order ¢, the frequency response equation of
the system under pure parametric excitation is
obtained as (see Appendix A for details)
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MMS for n = 0(¢) using Eq. (44), the second approximation of
the MMS for 5 = 0(82) using Eq. (46), the double-term
approximation of the MVA using Egs. (20)-(23), and numerical
results obtained from DI (ff = 0.15, n = 0.01, wg = 1, P = 0.5)

2

ki + koA + A2\ [ ke + kyA

MtkAd+kAt) IGL _1, (44)
ky + ksAZ? §k4 + kgA?

where the coefficients k,, n = 1,2, ..., 8 are

1 op? 1
ki =Q — 2wy — — — 4 B
! @0 30(Q + 200) e

2 _
1660017

15 3 1
= = - PQ—4
128«)2" » ks 4y n: ks 4 ( @),
3&)() 1 1
= P, —= 45
ks (8!2(!2 +200) | 64 >'7 ko = =3 ba, (45)
k
7= 16(02 ﬂnv

. 3o 13
s 7 160(Q + 2w0)  128w0) ™

3.3.2.2 Case n= 0(¢?) Alternatively, as another
approximation, the frequency response equation can
be obtained assuming the Duffing nonlinearity term
is of order &2, while the rest of the system parameters
are assumed to be of order ¢. Consequently, applying
the second-order approximation of the MMS the
frequency response equation becomes (see Appendix
B for details)
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(1279Q(Q + 209)A* — 1600 Q* + wjP*Q?
—4BQ(Q + 2w0) + 6407 + 2P} (Q + 20))’
+ (16BwoR(Q + 2wp))?
= (4PwQ(Q + 2o (Q — 4wy))>.

(40)

For the same set of system parameters as those of
Figs. 7a and 10a, the results obtained from the first and
second approximations of the MMS (MMS;, MMS,,
respectively) are depicted in Fig. 13 and compared
with the results obtained from the double-term
approximation of the MVA (MVA,) and the numerical
results obtained from DI. As can be seen, the first
approximation of the MMS fails to predict a bounded
response. Also, it is seen that when increasing the
excitation frequency to a frequency range away from
the principal parametric resonance (2 > 2c), the
accuracy of the predicted response decreases signif-
icantly compared to the numerical results and the
analytical results obtained from the MVA. This is due
to the fact that, when increasing the excitation
frequency sufficiently above the principal parametric
resonance frequency range, the frequency detuning
parameter and the Duffing nonlinear term nu® cannot
be assumed to be small. Therefore, the results are valid
only for a small frequency range around the principal
parametric resonance (i.e., the frequency detuning
parameter should be small). Furthermore, it can be
seen that, using the second approximation of the
MMS, one finds that the hardening Duffing-type
nonlinearity results in the response being bounded
around the principal parametric resonance, but the
MMS fails to accurately predict the excitation fre-
quency and the amplitude of the upper bound: the
second approximations of the MMS for small 5 (O(¢))
and very small 5 (O(¢?)) predict A, = 9.050 (at
Q,, =2.580) and A, =10.150 (at Q,, =2.800),
respectively, while the predicted upper bound ampli-
tude from the double-term MVA approximation and
DI are A, = 16.845 (at Q,, =3.500) and A,, =
16.865 (at Q,, = 3.499), respectively.

Both frequency response equations developed for
the second approximation of the MMS show that,
unlike in most of the previous studies which claim that
applying conventional MMS to a dynamical system as
presented in Eq. (1) with linear damping cannot
predict a bounded response, a bounded response can
be achieved. This does not require nonlinear damping

to be introduced into the equation of motion or the
frequency detuning parameter to be modified.

Figure 13 shows that, for the set of system param-
eters considered, the second approximation of the
MMS developed assuming = O(&?) predicts a wider
frequency range compared to the results obtained
assuming # = O(¢). This is because here the value
n = 0.01 is used, which can be considered to be of
order 2.

4 Conclusions

The response of nonlinear dynamical systems under
interacting parametric and external excitations with a
Duffing nonlinearity and linear damping was investi-
gated in this paper. The paper focused on accurate
prediction of the response of the system for a wide
range of the system parameters. Closed-form analyt-
ical expressions for the upper bound response of the
system and the corresponding frequency were
obtained. These are relevant for applications.

The Method of Varying Amplitudes (MVA) was
applied to the nonlinear forced Mathieu equation with
linear damping. The case of hardening Duffing-type
nonlinearity and a strict 2:1 frequency ratio between
the parametric and external excitation frequencies was
considered. The analytical results of the single-term
approximation of the MVA showed that the response
of the system is bounded, which was validated by
numerical results obtained by Direct Integration (DI)
of the equation of motion. The results are consistent
with previous findings where bounded responses have
been observed. Analytical expressions for the upper
bound to the response of the system and the frequency
at which it is attained were developed, and the results
were illustrated for different cases, including the case
where the system was under pure parametric excita-
tion with no external excitation, and the case where the
parametrically excited system was under an interact-
ing external excitation of various amplitudes. Further-
more, the stability of the response was analyzed, and
the results showed that, as expected, adding a small
external disturbance to the pure parametrically excited
system results in the stable/unstable nontrivial
branches splitting into stable/unstable pairs due to
degeneracy. As a result, a new internal loop will
appear with a stable/unstable pair. Increasing the
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external excitation amplitude, the internal loop
becomes smaller and, for a critical value, it disappears.

By using the double-term MVA approximation,
more accurate analytical results were derived and
compared with the numerical results obtained by DI.
The results showed that the double-term approxima-
tion of the MV A can accurately predict the response of
the system. The analytical results were in good
agreement with numerical results, showing a maxi-
mum of 0.2% deviation. Furthermore, the results are
supported by observing the frequency spectrum of the
system response.

It was shown that the first approximation of the
conventional Method of Multiple Scales (MMS) does
not predict a bounded response for the system
considered. Additionally, the accuracy of the predic-
tions decreases as the excitation frequency increases.
This is because, for frequencies away from the
principal parametric resonance frequency, the fre-
quency detuning parameter and the Duffing nonlinear
term cannot be assumed to be small. Therefore, the
results of the first approximation of the MMS are valid
only for a small frequency range around the principal
parametric resonance. Also, it was seen that, using the
second approximation of the MMS, the response
around the principal parametric resonance is bounded.
The characteristics of the upper bound response,
however, cannot be accurately predicted using this
approximation as the upper bound to the response of
the system occurs in a frequency range away from the
principal parametric resonance frequency. The results
presented provide useful insights for the analysis and
design of dynamical systems under interacting para-
metric and external excitations. Future work will
consider experimental validation of analytical results
in practical applications such as signal sensing, energy
harvesting and response amplification.
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Appendix A: second approximation of MMS
assuming Duffing nonlinearity term 7 to be O(¢)

In Appendix, results from the second-order MMS are
briefly reviewed [33]. To obtain the frequency
response equation of a dynamical system under pure
parametric excitation with no external excitation
(d = 0) using the MMS, assuming the system param-
eters including the Duffing nonlinearity term are all
small and of order ¢, we express Eq. (1) as

ii + efti + wf(1 + &P, cos(Qt))u + enu’ =0,
(A1)
where
e, =P, eP. =P, en, =1. (A2)
To the second approximation of the MMS, the
response of the system can be written as [33]
u(To, T1, T2) = uo(To, T1, T2) + eur (To, T1, T2)
+ 82M2(T0, Ty, Tz) + 0(83),
(A3)

where Ty =t, Ty = ¢t and T, = &%t are time scales.
Defining the operator

0
D,=—, n=0,1,2, .., A4
or " (A4)
the time derivatives can be expressed as

d
3 = DotaDi+ &2Dy + O(&), (A5)

2
d—2 = D +2eDoD; + & (2DoD) + D7) + O(&),

dr
(A6)

Substituting Eq. (A3) into Eq. (Al), considering
Egs. (A4)-(A6) and equating coefficients of like
powers of ¢, we obtain

O(1) : Djug + wjug = 0, (A7)
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0(8) . Dgul + (U%M] D(z)uz +a)gu2
3 42
_ _ _ P-A
21D()D]M() ﬂgD()uO 118”0 = <—D%A — ﬂleA — 2l(1)0D2A - 4!2(;)20712
— P ("0 + e T )iy (A8) 2 e
: _
) B 32’1272 3 30gnPAAT o 0,
&
- , , 8wy 2Q(Q + 2wy)
0(8 ) : Douy + wguy = —Diug — 2DgDouyg
o 0 . 1 *Ln PA3e—i(2-200)Ty | yionTy
— 2DgDqu; — 37]3”0”1 167"
1 ) ) + NST + CC
_ D U + D u _ 7(1)2P el.QT[) + e*lQTQ ui.
Be(D1ug + Dour) — 5 o Jui (A14)

(A9)

The solution of Eq. (A7) is assumed to be of the
form

uy = A(T] 5 Tg)ei(’)OT" + K(T] 5 Tz)e_ionO, (AIO)

where A(T}, T,) is the complex conjugate of A(T}, 7).
Substituting Eq. (A10) into Eq. (A8), we obtain

D(z)ul + w%ul
= (—2i600D1A — iwoﬁﬁA

_ %wgpszei(flewo)TO _ 37’]LAZZ> eionQ

1 . )
_ E(/0(2)[)l;Ael<Q+(Uo)TQ _ n8A3e3lU)oTo + CC7 (Al 1)
where CC is the complex conjugate of the preceding
terms. Considering 2 = 2w, the coefficients of
exp(imoTy) in Eq. (All) represent the secular terms
which can be eliminated when

1 i — 3i _
D A — __ A - P;A l(Q*ZwQ)TQ AZA
1 Zﬁg + 7 @oPAe +—2w0118

(A12)

Consequently, the particular solution of u; in
Eq. (A11) is obtained as

2
wyP:A i(Q-+wo)To 1 3 3iwT,
_ A° 070
72000 1 200) ¢ TRl e
+ CC.

(A13)

Substituting #y and u; from Eqgs. (A10) and (A13)
into Eq. (A9), we obtain

where NST denotes the non-secular terms. Defining a

frequency detuning parameter ¢ such that
Q — 2wy = ¢o, (A15)

eliminating the secular terms in Eq. (A14) give

wiP?A
DA = —f,D1A — 2iwgDrA — ———2
' PeDiA = 2ie0D2A = 4o o)
—2
3 ’12*2 3 3wpn,PAA T
8w 2Q(Q + 2my)
TS n,P.A3e 1, (A16)
Furthermore, Eq. (A12) can be rewritten as
1 3 — 9 —2
DA =—A(w2P? + 42) — = B.n,A*A — —n?A’A
1 16 (w() & + ﬁg) ™o ﬁsn}, 4(1)(2) 173

' 5.1 3 )\
- <£ wofPA + ZCO()PEO'A + grlgPSAA2>elfle

+ % r]HPSA3e’i”T' .
(A17)

Also, from Eq. (A16) and considering Eq. (12) we
obtain

1 3i _ wiP2A
DA =— BPA — — B.n,A’A — 2iwoDrA — ———0 &
1A =3 BA =5 Bone 102 T 400 1 200)
-2
3 532 i — 360%118P,,AA ioT
— T PARA — | B PA + e ) pioTh
83 ¢ (4“’°ﬁ" At 2001 200) )¢
1 .
_ E nl‘:PgASefzo'Tl .
(A18)

Combining Eqgs. (A17) and (A18) and cancelling
D3A give
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1 1
2imgDrA = A — — pP*A —

¢ PZA 3i _
16 el L A%A

4Q(Q + 2mwp)  2wo

—2
15 5 52 (1 — 3 - 3wdnPAAT\ r
——AA —wP.0A + =, PAA" — LT ioh
TR AT (4“’" oA gL 2Q(Q +2m0) |
7 it
— 1—67]HP[;A3€ 67‘.

(A19)

Multiplying Eq. (A12) by 2iwoe and Eq. (A19) by &2
and combining the resulting equations yield

1

2iwg (eD1A + £ DrA) + & (iwo/)’cA +3

(oéP,;Zei”T‘ + 3;1£A22>

42 .
wyPA 1, 3i —

DT a2 g A2

40(Q + 2w0) 2 PeA =50 Bete

1
+é (B w%PzA + —

15 - 1 — 3 =2
- 8—a)(2)11§A3A - Za)oPgaAe ol _ ngsAA el

302, PAA g T \

e — P AT | = 0.

20(Q+2m9) ¢ TielE

(A20)
Taking Eq. (A2) into account, Eq. (A20) can be
rewritten as

a1 , 1 _
2ion 3= Z(DOPA(Q — dayg )e! (@ 2e0) _ 1 BPA + iwoPA + 3nA%A

L5, wgPZA
— A+ o0
6P A 1000 1 20y)
3w5 3 .
_ 2 PAA i(Q—2m)t
* <ZQ(Q +200) 8) ¢

+%WPA3€—i(Q—2oJO)r — 07

3i _ 15 2
— = ppA’A — —*A%A
2&)0 / '7 8(1)% n

(A21)

where A is a function of time and can be expressed in a
polar form

(A22)

where a(t) and A(f) are real. substituting Eq. (A22)
into Eq. (A21), we obtain

32wip?

—256(1)()(1/14- (w(z)pz + m

- 32ﬁ2>a +965a°

15 48
— —2172515 —+ i(256w0d + 128wgfla — —ﬂna3)

Wy o

48w(2) 3
——— — 12 |yP
+ (e~ 12) e
—32woP(Q — 4a)o)a)e"<(972‘”0)’72i>

+14;1Pa3efi((9720)0)172/:) —=0.
(A23)

Applying the transformation
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(1) = (Q — 2w0)t — 2A(2) (A24)

into Eq. (A23) and separating the resultant real and
imaginary parts, the system of equations

1 wip? 1
i =(Q— 200 — —awp? — P " p
a < @016 " 3000 + 200) T dwe” )¢

33
~Gorha

_ 3600 + 1 Pa3
8Q(Q + 200) | 64w )"

_%P(Q - 4w0)a) cos(t) =0,

5 5,
T8

(A25)

1

. 3 5
a=- Eﬁa + 1603 fina

360() 13 3
- - P A2
((169(9 + 2a0) 128w0> nba” (A26)

— éP(Q - 4w0)a) sin(7),

is obtained. Consequently, solving Eqs. (A25) and
(A26) for the steady state (@ = 7 = 0), the frequency
response Eq. (44) is obtained (with symbol a replaced
by A for consistency with the results obtained by the
MVA).

Appendix B: second approximation of MMS
assuming Duffing nonlinearity ; to be O(&?)

To the second approximation of the MMS, assuming #
is of order &2, the equation of motion is scaled as

ii + efyti + of(1 + &P, cos(Qt))u + e*nu’ =0,
(B1)

where %1, = 5. Considering the system parameters to
be of different orders of € has been used commonly in
the literature for various problems [25, 32, 33]. Here,
1, is considered to be of order &2, which only implies
the degree of smallness for Duffing nonlinearity.
Considering Eqs. (A3)—(A6) and following a similar
approach, Eq. (A7) still holds true for coefficients of
order £°, while the equations representing coefficients
of order ¢ and & change to
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Dgul + w%ul = —2DgDiugy — ﬁsDouo

1 . .
2 QTy | —iOT,
— — P, (€ + e Yuy,

: (B2)

D(z)lztz + (D%uz = - D%M() — 2D0D2u0 — 2DOD1M1
— B.(D1uo + Douy)

1 . .
2 Ty | —iOT, 3
—EwoPs(e’ O+ e )y — g,

(B3)

respectively. The particular solution for #; in Eq. (B2)
is

2
w()PSA i(Q+wo)Toy
=—2- CcC. B4
7200 1 200) ¢ * (B4)
Following an approach similar to that of

Egs. (A14)-(A22) in Appendix A, the modulation
equation is obtained as
12na® —4woPa(Q — 4w)e' (@222 4 320y
4atp’a
16 2 2 0
16ioofa+ ovptat G S o)
— 4f%a — 32amwyi = 0.
(B5)

Consequently, applying the transformation (A24),

the system of equations

at =a(Q — 2wp) — ZZI; - %wopza - %
+ %ﬁza + %Pa(Q — 4wg) cos(t),
(B6)
A T .
Q= — Eﬁa + §Pa(Q — 4ay) sin(7), (B7)

is obtained. Solving Eqs. (B6) and (B7) for the steady
state (d@ = 7 = 0), the frequency response Eq. (46) is
obtained (with symbol a replaced by A for consistency
with the results obtained by the MVA).
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