Nonlinear Dyn (2021) 106:3215-3230
https://doi.org/10.1007/s11071-021-06925-y

)

Check for
updates

ORIGINAL PAPER

Identification of fractional-order Hammerstein nonlinear
ARMAX system with colored noise

Qian Zhang ©® - Hongwei Wang - Chunlei Liu

Received: 17 March 2021/ Accepted: 19 September 2021 /Published online: 9 October 2021
© The Author(s), under exclusive licence to Springer Nature B.V. 2021

Abstract For the fractional-order Hammerstein
nonlinear ARMAX system with colored noise, there
are many identification parameters and coupling
variables, difficulty in estimating the fractional order,
slow convergence of the identification algorithm and
low accuracy, and this paper proposes a new multi-
innovation principle based on the principle of multi-
innovation information identification method. First,
construct a fractional-order Hammerstein nonlinear
ARMAX discrete system model with colored noise;
secondly, a multi-innovative Levenberg—Marquardt
algorithm with an innovation vector composed of
fractional-order variables as the model input is
designed, and the auxiliary model method is combined
to solve the unknown noise variables to estimate the
system parameters and fractional order. Finally, a
fractional-order Hammerstein nonlinear ARMAX
system with colored noise and a flexible manipulator
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system are taken as examples to prove the effective-
ness of the proposed algorithm.
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1 Introduction

Fractional calculus is widely used in research fields
such as electrochemical systems, fluid mechanics and
viscoelastic materials [1-3]. The chemical properties
of many physical materials show strong fractional-
order dynamic behavior. A large number of references
show that the use of fractional-order system model
modeling and identification can better express this
dynamic behavior than integer-order systems. Frac-
tional calculus, as a tool that can accurately reflect the
operating state of the system, is currently focused on
the research of fractional-order modeling and identi-
fication and fractional-order control methods.

The application of fractional calculus in the field of
control is relatively mature compared to the field of
modeling and identification, and some researchers
have achieved fruitful results. Many researchers have
combined fractional calculus and control algorithms to
produce many new control algorithms, such as frac-
tional-order nonlinear time-delay multi-agent control
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[4]; fractional state feedback control [5, 6]; fractional
output feedback control [7]; adaptive internal model
control with fractional parameters [8]; and fractional
fuzzy control [9, 10] control algorithms. The modeling
and identification of the system are the prerequisite
that the system can be accurately controlled. There-
fore, it is particularly important to use fractional
calculus to model and identify the dynamic behavior
of the system.

The difficulty of modeling and identification of
fractional-order systems compared with integer-order
systems is that it not only needs to identify the
structural parameters of the system but also the
fractional order of the system, so that the difficulty
of system identification is greatly increased. Accord-
ing to the identification model, the system fractional-
order model can be divided into fractional-order
transfer function model and state-space model. For
these two different models, researchers have carried
out a lot of research and achieved rich results. In the
identification of fractional-order state-space model,
Jonscher et al. [11] established a fractional-order state-
space model of inductance and capacitance; Tan
Cheng et al. [12] used Lyapunov stability theory to
design a fractional-order nonlinear controller and
successfully controlled the pseudo-continuous Boost
circuit in mode; Karima Hammar et al. [13] used the
Levenberg—Marquardt algorithm to identify the state-
space model of the fractional-order Hammerstein
system.

In the identification of the fractional-order transfer
function model, Victor et al. [14] used a fractional
filter to propose a time domain identification method
based on equation error and output error; Fahim et al.
[15] extended the auxiliary variable method to the
fractional-order system and improved it; Shalaby et al.
[16] proposed an identification method for fractional-
order continuous systems based on orthogonal basis
functions and block impulse functions; Karima Ham-
mar et al. [17] used Levenberg—Marquardt algorithm
to study Hammerstein-Wiener nonlinear fractional-
order system identification problem and successfully
identified the system structure parameters and system
fractional order. In the identification of fractional-
order Hammerstein nonlinear ARMAX system with
colored noise, some scholars have also made a series
of research. Cheng Songsong et al. [18] proposed a
multi-innovation fractional stochastic gradient algo-
rithm to identify Hammerstein nonlinear ARMAX
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system. Jin Qibing et al. [19] proposed adaptive
differential evolution with the local search strategy
(ADELS) algorithm with the steepest descent method
and the overparameterization-based auxiliary model
recursive least squares (OAMRLS) algorithm to deal
with the identification of the fractional-order Ham-
merstein model. There are some problems in the
identification methods of systems with colored noise,
such as slow convergence speed and low accuracy.
Therefore, based on the Levenberg—Marquardt (L-M)
algorithm, combined with the multi-innovation iden-
tification algorithm, this paper proposes the multi-
innovation Levenberg—Marquardt (MILM) algorithm
to identify the fractional-order Hammerstein nonlinear
ARMAX system that contains colored noise. At the
same time, the auxiliary model is used to deal with the
unknown noise variables. It can identify the structural
parameters and fractional order of the system with
colored noise, and it can also improve the convergence
speed and accuracy of the algorithm.
The contributions of this paper are as follows:

(1) Solved the problem of high identification diffi-
culty for the fractional-order Hammerstein
nonlinear ARMAX system with colored noise;

(2) Combine the multiple innovation algorithm
with the L-M identification algorithm to
improve the convergence speed and accuracy
of the algorithm;

(3) Using auxiliary model method to solve the
problem of unknown noise term;

(4) Solve the problem of parameter coupling and
multiple identification parameters.

The overall structure of this paper is as follows:
Sect. 2 describes the fractional-order calculation and
fractional-order linear model; Sect. 3 constructed a
fractional-order Hammerstein nonlinear ARMAX
system with colored noise; Sect. 4 first introduces
the L-M algorithm and the multi-innovation identifi-
cation algorithm, and then combines the two algo-
rithms to propose the MILM identification algorithm
and finally makes an overall summary of the algorithm
proposed in this paper; Sect. 5 uses academic example
and flexible robotic arm example to verify the
proposed method.
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2 Mathematical description

This part introduces the basic concepts related to
fractional-order calculations and the fractional-order
linear Hammerstein model. First, the principle part of
fractional-order calculation gives the calculus used in
this paper. Then, the linear model of the fractional-
order Hammerstein transfer function is described and
defined in detail.

2.1 Calculation of fractional-order system

In the past decades in system modeling and control,
fractional-order systems have attracted continually an
increasing interesting among researchers. The most
commonly used in discrete cases are GL fractional
calculus [20], RL fractional calculus [21] and Caputo
fractional calculus [22], which is used in this paper is
the definition of GL calculus is expressed as follows:

k
) = > (1) (4 )tk =) (1)

=0

where A” is the fractional-order difference operator of
order o; x(kh) denotes a function of # = kh, which k is
the k-th sampling, and % is assumed to be equal to 1.

The term ( 7) is the binomial term defined by

forj=0

1
(O_‘): w1t ) L @)
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According to (1) and (2), we give the following
recurrence equation:

w(0) = 1
w(j) = (1 - “}L 1>w(j— 1) forj=1,2,..k
(3)
where
wi) =1/ (). @

According to (4), (1) can be written as the following
equation,

k

A%x() = 3wk —j). (5)

J=0

In this paper, we use (5) as the fractional calculation
to study the modeling of the fractional-order Ham-
merstein system (FOHS) in subsequent sections.

2.2 Fractional-order linear models

In fractional-order systems, there exist different linear
models defined from the fractional-order systems
[23-25]. In this paper, we use the transfer function
model of the fractional-order description. This linear
transfer function is defined as follows:

y(k) = G(2)u(k) = = u(k). (6)

where u(k) and y(k) are the system input and the
system output, respectively. A(z) and B(z) are the
denominator polynomial and the numerator polyno-
mial, respectively,

AD) =l1+az ™ +az ? + - +a,z ™,
B(Z) — blZ*% + sz*”/z + o4 bnbziy"b;

o; and v = 1,2,...,n, and j = 1,2,...,n;,) are the
corresponding fractional orders of the polynomials,
% € R" and y; € R*, and z~! is a unit backward shift
operator with z7'y(k) = y(k — 1).

When the fractional orders of the denominator
polynomial and the numerator polynomial in (6) are
completely different, the fractional-order models of
(6) are generally non-identical (disproportionate)
order systems; otherwise, each fractional order is an
integer multiple of the base order (« is order factor),
o;=ia, y;=jo (i=1,2...,n, j=1,2....,n), such a
model is defined as a homogeneous (proportionate)
order system. In this paper, consider a proportional
fractional-order system. Then, (6) can be written as:

B(z)
) = 35Uk
b br P A by
= 1+ Cl]Zia + a2Z72o: + 4 anaan('“ u

(k).
(7)

By means of the discrete fractional-order operator
A and the derivation [17], (7) can be derived as
follows:
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y(k) = [1 = A(z)]y(k) + B(z)u(k)
—a1A*y(k—1) — a;A*y(k—2) — - -
— a,, A"y(k — ng) + biA*u(k — 1)

+ boAu(k — 2) + - - + b, A"u(k — ny)

ng ny

== aNy(k—i)+> b ulk —i).
i=1 i=1

(8)

This linear model in (8) is employed as the model of
the linear part of the fractional-order Hammerstein
system.

3 Problem description

Assume that the general structure of a Hammerstein
system in Fig. 1 is defined by the series connection of
one nonlinear block with a linear fractional dynamic
block, which is described by an ARMAX model.

In Fig. 1, the nonlinear ARMAX model of the
Hammerstein system is shown as follows:

$(8) = (k) + w(k). o)
x(k) = G(z)u(k) = %u(k) (10)
w(k) = N(2)v(k) = %v(k) (11)

where u(k) and y(k) are the input signal and the output
signal of the overall system, respectively. u(k) and
x(k) are the input and the output of the linear block,
respectively. Meanwhile, u(k) is the output of the
nonlinear block. v(k) is the outside noise signal. w(k)
is a contaminated noise signal. Here, A(z), B(z) and
D(z) are polynomials in the shift operator given the
following polynomials:

(k) u (k)
! 120

Fig. 1 The structure diagram of the nonlinear fractional-order
stochastic system
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A =l14+az ™ +az ™+ +ayz ™
e (12)

=1 —+ Z al'Zia'
i=1

B(z) =biz P 4 byz P o by
= ibizfﬁi' (13)
i=1

D(z)=1+dz " +dyz "+ +dyz "
ng
=14 Z diz".
P

The nonlinear block is represented by the nonlinear
function f(-), which is expressed as a linear combina-
tion of a known basis functions. It is written as the
following equation:

u(k) = f(u(k))
= cifi(u(k)) + cafa(u(k)) + - -+ + cufn(u(k))-
(15)

From (1)—(3), the Hammerstein nonlinear ARMAX
model is given as the following form,

A(z)y(k) = B(z)u(k) + D(z)v(k). (16)

(14)

u(k) = f(u(k))
= c1fi(u(k)) + cafa(u(k)) + - - - + cmfm(u(k)).
(17)

For the motivation of this paper, the identification
method is developed to identify the parameters a;, b;,
¢i, d; and fractional orders o;, f3;, 7;.

Using (12)—(14), replacing A(z), B(z) and D(z) in
(16) gives

W) = =Sz ) + 3 b (k)
in:dl i=1 (18)
+ Zdiz_""‘v(k) + v(k).

Substituting (17) in (18) results in the overall
model:
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= - i a;z “y(k
+ Zdz Tiv(k

)+ Zb:biz_ﬁ' Zm:cjﬁ(u(k))

)+ v(k).

(19)

In this paper, consider the commensurate order in
(19), o; = ia, f; = jo, y, = la. (19) can be rearranged
in the time domain, using the difference operator A in
[17]:

—iaiA&y(k—i) +ibiZCjA&ﬁ(u(k))
+zyA“
:—ZaiAiy(k

+cm2b A% (u

k—i)+v(k)
—i)+chb,-A°?f,(u(k—i))+~-~

k—i) +ZdAv k—i)+v(k)

(20)

In this paper, the main work is to design or develop
a new identification method to estimate the unknown
parameters and fractional commensurate order of the
Hammerstein nonlinear model.

4 Identification method

The identification goal consists in confirming the
parameters a;, b;, ¢;, d; as well as the order o in (20).
The L-M algorithm is proposed to identify these
parameters and the corresponding fractional order. It is
a robust nonlinear optimization approach which
includes the Gauss—Newton optimization and the
gradient descent. However, this method suffers from
the drawback points, including multiple parameters
coupling, complex computation and slow conver-
gence. This paper extends the multi-innovation L-M
algorithm for the identification of the Hammerstein
model by the multi-innovation identification principle.
The principle of multi-innovation identification is
proposed in [26-29]. The basic idea of multi-innova-
tion identification is to extend scalar innovation to
multi-innovation vector and innovation vector to
innovation matrix, which uses both current data and

past data. The research results of many papers have
shown that the proposed multi-innovation identifica-
tion algorithms can improve the convergence of the
algorithms and the accuracy of parameters estimation.
Therefore, this paper introduces it into the identifica-
tion algorithm. For (20), the regression representation
of the nonlinear relationship is written as the following
form,

y(k)=¢" (k, a)0+v(k). (1)

where the parameter vector 0 and information vector
@(k, d) are defined as

a

Clb
- 62b
0= e R,

c,b

L d |

[ V(D) ]
A*v(k—1)

o(k,a)= | AVk=2) | er,

| Av(k — nyg) |

n=ng,+ mny + nyg
a bl
as by
where a=| . | €eR", b=| . | e R",
ana bnb
1 d
C d2
c=| . | eR"d= € R™
Cm dl‘ld
‘I’O(ka %)
‘I’l (ka Of)
Yk, a) = Vo(k,a) | ¢ R,
v, (k, o)
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r_ Aiy(k —1) (24). In order to deal with this problem, combine with
_ A&y(k -2) auxiliary model ideas [30], use their corresponding
Volk,d) = | —AY(k=3) | e R, estimates —A%y(k — 1), A%fi(u(k — 1)), A%(k — i) to
replace the unknown variables —A%y(k — 1),
| —A%(k — ng) A*fi(u(k — 1)), A*v(k — i). From (21), the estimates
i v(k) are given by
[ Afu(e—1)) T o
; i(k)=y(k) — y(k)=y(k) — ¢ (k,a)0. 25
Afi(u(k —2)) V(k)=y(k) — y(k)=y(k) — ¢ (k,a) (25)
Vi (k, a) = Afi(u(k —3)) | ¢ R, where ¢(k, &) and 0 are
©a
; b
A% (u(k = ny)) o
H— 2 2
j=12,...,m. b— . cR"
The identification process of the Hammerstein : .
system requires the estimation of the total parameter Cmb
vector O which includes the parameter vectors a, b, d | d |
of the linear block and the parameters r lﬁ (k o%) 7
ci(i=1,2,...,m) of the nonlinear block as well as . ’
the fractional order. The total parameter vector is A%k —1)

defined as,
~T T
e:[e a]eRg, Rp=n+1.

Consider the quadratic output criterion,
| &
J==Y ék). 22
N2 (22)

where N is the total number of the sampled data.e(k) is
the estimation error to be minimized,

e(k) = y(k) = ¥(k) = y(k) — " (k, 2)0. (23)
where y(k), £ and a are the estimates of y(k), 0 and 4.
The iterative L-M algorithm is used to confirm the
total parameter vector as the following form:

0+ =9l 4 {[J” + M]“J’} (24)

=00

Based on the calculation of the gradient J’, and the
Hessian calculation J” with respect to all parameters
of 0. Using the calculation in (21), a difficulty of arises
because A*v(k —i) and the fractional order & are
unknown in ¢(k), thus ¢(k) in the expression on the
right-hand side of (23) contains the unknown elements
—A%y(k — 1), Nfi(u(k —1)), A*v(k—i), so it is
impossible to estimate the parameter vector @ by
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Glk,3) = | A%(k—2) | eR",

where
ar by
. a - by
a= € R"™, b= e R™,
dl’l“ bAI’Ib
é] d:l
. ) < d»
c=| . | eR"d= ) € R™,
& d,
Define ® as Kronecker product or direct product,
éib
L éb
eg,.c®b=1| _ |,
éub
lé() (kv oiz)
. lkl (kv OE)
lp(ka 5‘) - lﬁ2(ka &) € an
Uk, )
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—ANy(k—1)

| —Ak—-2)

Yolk,3) = | —Aiy(k—3) | e R™
—Aiy(k — ny)
Afi(ulk — 1))

| MRute-2)

Uik, 3) = | A%(u(k—3)) | € R™,
N (ulk — ny))

j=12,...m.

Based on (25), Aé\f(kfi) is calculated as the
following equations,

k—i
w(j)v(k —i—j). (26)

W(0) = 1

W) = (1—"2”?1)w(;—1), forj=1,... k—i

(27)

In addition, 4 in (24) is a tuning coefficient for the
convergence. Based on the recursive equation of the
prediction error in (22), the estimated parameters can
be computed by the following gradient and the

Hessian equations with respect to 0:

Ty = = 00 [y(0) - 7k 30 (28)

i = ok D9 k.3, 29)

The calculation equation of the gradient and the

Hessian of fractional order « is as follows:

%’”ﬂ (6 — 6" (k. 2]

=2 [E9) hie) - ]

’
Ti=—y

o
_% {ay(k)/o?r [y(k) - ¢ (k, 509}

where ay(k) /o= a)a( L is the output sensitivity function

with respect to 5. The sensitivity function is shown as
follows:

(30)

where 84 is a small variation of 4.
The Hessian J; can be calculated by

o2 (k)" [Oy(k)
%:N<2&)(2&> (31)
=~ (wvw/a) (a3)/3).

Hence, the gradient Jle and the Hessian calculation

Jyy are shown as follows:

J.
_ |7
y

J

SRS

(32a)

J,,_m_g ¢ (k. 2)¢" (k. 3)
O FA RN OTIRE (k)3 |

For the L-M algorithm in (24), it can be considered
as the single-innovation estimation algorithm by using

(32b)

the error y(k) — @™ (k,a)0. For the single-innovation
L-M algorithm, it can suffer from low convergence
speed and low modeling accuracy. For this reason,
propose a multi-innovation L-M identification algo-
rithm (MILM).

First, define the L-dimensional innovation vector

E(L,k,%), the input—output information matrix
®(L,k,0), the stacked output vector Y(L,k) as
follows:
E(L.k,a)=[v(k)— ¢ (k,2)0,y(k—1)
" (k—1,4)0,...,
y(k—L4+1)—¢" (k—L+1,4)0)" e R

O(L,k,5) = [(p(k,2),p(k—1,8),..
¢(k—L+1,a)]€R™
(33a)
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Y(L, k) = [y(k),y(k = 1), ...,y(k — L+ 1)]"e RE,

n = ng, + mny + ny.
(33b)

The L-dimensional innovation vector E(L, k, &) can
be also expressed as

E(L,k,&) = Y(L,k) — O (L, k, &)b. (34)
Define the stacked sensitivity function vector
E(L, k, o) as
E(L,k, 2) = [oy(k) /2, 0y (k — 1)/a, ..., 0y (k — L
+1)/a)"
€ Rh
(35)
Thus, the gradient Jj and the Hessian calculation Jj

are rearranged by the above multi-innovation variable
definitions,

J.
Jy= Jf
o [ Bk &) ¥ (k) — &' (2. k,5)0]
R | 2@k, &)]T[Y(k) — &Lk, &)(3}
(36a)
o[ _2 B(L, k,5)®" (L,k, &)
‘ [J”l N [E(L,k,&}T{E(L,k,&)]
(36b)

Using the definitions of ®(L, k, @) and Y (L, k), the
multi-innovation L-M identification algorithm is
organized as follows:

) —1
. %{ [IEVqS(L, k) (L k5 + M]

B(Lk,3) [¥ (LK) — B (L &)5} b

0=0
(37a)
( m 2] |2 -
3m+1) _ Sm it —ET E 2
o o —I—N [N (Lyk,a) (L,k,oc)—i-/ll}
—T 2 ~T A
=N (LD (LK) = O (L kD).
=0
(37b)
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After obtaining the estimated parameter vector 0,
the first n, element in 0 is the estimate of the vector a,
and the element n,+1 to the n,+m X n; in 0 is the
estimate of the vector ¢ ®b. By observing the
parameter vector é there are n;, estimate ¢,,, the last

ng element in 0 is the estimate of the vector d. To this
end, they are calculated by the average method.

o L RO -y
cj:n—b;’T, j=2,3,..,m. (38)

In this paper, the MILM method is proposed to deal
with the parameter identification of FOHS and to
estimate the fractional order. The whole steps of the
proposed method can be summarized as follows:

Step 1 Collect the input and output data set
{u(k),y(k)} of the system;

Step 2 Let i = 1, and set the initial values éo, v,
v(k)® and 64;

Step 3 Construct the information matrix ®(L, kq, ),
the stacked output vector Y(L,k;) using (33a) and
(33b), respectively, and compute the output fractional-
order sensitivity function gy, (k;)/d using (30);

Step 4 Construct the stacked sensitivity function
vector E(L, ks, d) using (35);

Step 5 Compute Jg using (36b) and J:g using (36a),
update the fractional order estimate & using (37b) and
the parameter estimate 0 using (37a);

Step 6 Update the noise sequence according to (25),
compute the objective function in (22);
|J((j<w1))7j<0<m))|
decrease 4 and set = 0™ and J() = J(6'), then go
to Step 3.

The overall algorithm process is summarized as
follows:

Step 7 If < ¢, increase /, otherwise

5 Simulation examples

This part uses two examples to verify the effectiveness
of the proposed method. The first example is an
academic example of a fractional-order Hammerstein
nonlinear ARMAX system, which proves the theoret-
ical feasibility of the method in this paper. Secondly,
the method of this paper is applied to the actual system
example of the second flexible manipulator
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yik.a+3a)=p (ko +5@)0+v(k)

—

— - Calculating the
»E(Lk,,q) objective function J

yk,a)=g (k.a)0+v(k)

J(0") < (0

- ' [ wka) |
A%k -1)

No
v

. (33b Output estimation

parameters

| ok, @) =| A®v(k-2)
| D(z) :
@ | 4G l
—

Fractional order

LA™k -n,)]

| Hammerstein
u(k) nonlinear ARMAX
system

Colored noise system

initialization I_

| ok @)= A%y(k-2)
—_— | A%k -n,) .
R y(k)=g" (k,@)8+v(k) y(k )
“la | sy 11
A%v(k-1)

A 4

% ; 2 [ B(L,k,&)D" (L k, a)+u
Hm) — gom 4 =
N B(Lk, a) Y(L,k)- " (L,k, a)a

Determine the
L-dimensional
innovation
vector

- I

: I

=

2 2

= PIRNE 1 {[ E(Lk,&)E(L,k a)+u] \
= 2 J

E(L,k, &)Y (L,k)-B" (L k,&)6]

Multi-innovation LM algorithm

Fig. 2 Overall algorithm flow chart

experiment, which proves that the modeling effect of
this paper is better and the degree of fitting with the
actual system is relatively high (Fig. 2).

5.1 Academic example

In order to verify the effectiveness of the proposed
algorithm, consider the following fractional-order
Hammerstein nonlinear ARMAX system, the system
structure coefficient is n, = 2,n, = 3,ny = 2, nonlin-
ear output block adopts the polynomial form of m = 3,
and the fractional order of the system is o = 0.6,
respectively.

AlR) =a1z7* + a7 ™
B(z) = biz* + byz ¥ + b3z %,
D(z) =diz*+d,z**
3
Fu(l) = cnfulu(k)).
m=1

The overall output of the system is expressed as
follows:

2 3
== @l (y(k — i)+ 1 > biAfi (ulk — i)
=1 i=1
3 3
+ e ZbiAO’G S (u(k — i) +c3 ZbiAO'G S(u(k — i) with
i=1 i=1

2
+ ) dA v(k — i) + v(k).
i=1

y(k) = —ay A®y(k — 1) — apA®Sy(k — 2) + c1b; A% u(k — 1)
+ c1hy A" u(k — 2) + ¢1b3A"Su(k — 3)
+ b1 A" (k= 1) + c2by A™Su? (k — 2)
+ b3 AP (k — 3) + e3b1 AP (k — 1)
+ c3ba AU (k — 2) + 3b3A%0u3 (k — 3)
+d, Ak = 1) + dyA®Sv(k — 2) + v(k).

The true values of the parameter vector to be
estimated are:

a=la a]'=[01 02]"
b=1[b bybs]"=103 0204]"
c=[cr ca]™=[1 0705]"
d=[d d]"=1[0.2505]".
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The input signal u(k) is a random signal with a
mean value of 0 and a variance of 1, and the noise
signal v(k) is a Gaussian random signal with a mean
value of zero and a variance of ¢>= 0.01. The data set
length is N = 1000, and the number of iterations is 50
times. Before parameter estimation, we must first

Table 1 Structure test results of academic example

[na7nb7nd7m] [273723} [273727 1] [273:22} [27 27 27 1]

J 0.000662  0.888778 0.186151  0.194271

15 T T T T

—a—[n, =2,n,=3,n,=2,m=2]

1, =2,m, =2, =2,m=1]

Zoom

Number of iterations

Fig. 3 J under different structure combinations

determine the best structure of the system and test
various combinations of n,,n,,n; and m. The index
value J under various test combinations is shown in
Table 1 and Fig. 3. It can be clearly seen that the
structural parameters when the combination is
[fa, np, ng,m] = [2,3,2,3] [2,3,2,3], the index value
is the smallest, so this parameter combination is
determined as the best structure.

In the study, the length of multiple innovations is
selected as L = 1,3,5. In order to verify the effec-
tiveness of the proposed method, the relative error of
parameter estimation RMSE =1%"" (0 —0)*, the
relative error of fractional-order estimation ¢ :=
|[& — «|| and the secondary index J are used as
indicators to verify. Following Table 2 continues to
show the identification results of parameters and
fractional orders under different innovation numbers.
Figure 4 shows the J index curves of different multi-
innovation systems.

Figure 5a shows the estimated relative error curves
of system parameters with different multi-innovation
systems, and Fig. 5b shows the estimated relative error
results of the fractional orders of different multi-
innovation systems. Through the analysis and com-
parison of these results, it is obvious that appropriately
increasing the length of multiple innovations can
speed up the identification convergence speed, and the
identification accuracy is higher. Through appropriate
partial enlargement of Figs. 4 and 5, it can be found
that when the number of innovations L =5, the
relative error of parameter estimation and the relative
error of fractional-order estimation are the smallest.

Table 2 Partial parameter L -
identification results of the

Gby Gby

fractional-order nonlinear

| 0.0989
system (L =1, 3, 5)

s 0.0995
s 0.0999

True values 0.1

0.1993
0.1995
0.1997
0.2

0.3
0.2999
0.3004
0.3

0.2003
0.2002
0.2006
0.2

0.2090
0.2097
0.2100
0.21

0.1383
0.1398
0.1400
0.14

L &by

G3by

&by &by d d> a

1 0.2788
3 0.2797
5 0.2798

True values 0.28

0.1498
0.1499
0.1498
0.15

0.0996
0.1000
0.0999
0.1

0.2003
0.2000
0.1998
0.2

0.3503
0.3646
0.2851
0.25

0.6387
0.6451
0.5660
0.5

0.6014
0.6010
0.6006
0.6
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Fig. 4 J under different number of innovationscxs

Figures 6a and 7 are the parameter estimation curve
and the fractional-order estimation curve of the system
when the innovation length L =5. The estimated
value is basically consistent with the true value. The
final convergence value and estimation error of the
parameters are shown in Fig. 6b. The estimated value
can be seen in Table 1. Figure 8 compares the
estimated output of the identification model under
the innovation length L = 5 with the actual output of
the system. After partial amplification and comparison
and combined with the system estimation error shown

11 T T T T
—— — 0. 005 T

S 100y L=] -
g —e—] =3
< L -
£ 09f|l——1=5
7 08t g
= F : -
8 07 i
[}
g 0.6 4
g,

osEl .
‘45 0.000 | q
5 04 i
o
E 0.3
e T ‘ } i
E 02r| ® ® zoom 1
& o1f \ P E E

00 BRANAAL e innna 00 :_

»01 1 1 II- - - -~ I_ - - -

0 10 20 30 40 50

Number of iterations

Q Relative error of parameter estimation (L =1,3,5)

in Fig. 9, the output has a high degree of fit and
basically coincides.

5.2 Example of a flexible manipulator

The flexible manipulator data obtained in the standard
database DAISY [31] are further used to verify the
effectiveness of the method proposed in this paper.
The measured data set contains 1024 data samples.
The input of this system is the reaction torque of the
structure on the ground, and the output is the
acceleration of the flexible manipulator. Same as
Example 1, we first determine the best structure
combination of the system. The index value J under
different structure combinations is shown in Table 3
and Fig. 10. When the combination structure is
[fa, np,m,ng] = [1,3,2,1], the index value J is the
smallest. The structure combination of is the best
structure combination.

Therefore, the optimal structure of the fractional-
order Hammerstein nonlinear ARMAX model of the
flexible manipulator system is determined as follows,
the parameter vector |ai, by by, b3, c1,¢2,d] is the
parameter to be identified, and « is the fractional order
to be identified. From the conclusion of the calculation
example 1, it can be seen that an appropriate increase
in the innovation number L can speed up the conver-
gence speed and improve the identification accuracy,
and the effect is best when the innovation number
L = 5. Therefore, this flexible manipulator calculation

= 0.25 T T T T

,% ' —— =1 )

'g L — 3 0. 005

g 0.20 (¢ —— L =5 oout 4]

E 0.003

-

2 0.15 - 0.002 i

= 0.

15 S i ]

S 0.001

£ DDA

E 010 L 0.000 - |

Gt

=} -0.001 |

=

S

5 0.05 %% | %]
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= zoom
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|
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Number of iterations

b Relative error of fractional order estimation (L = 1,3,5)

Fig. 5 a Relative error of parameter estimation (L = 1,3, 5), b relative error of fractional-order estimation (L = 1,3,5)
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System parameter estimates

G T a4 T b T éb [
E’]l;3 —— &b —— é,b, |
6253 — & Al —— G Az
eby —— 4 —— 4, i
-1.0 L 1 L L
0 10 20 30 40 50

Number of iterations

Q System parameter estimation (L =5)

0.6 [|—m— Parameter estimates
—e— Parameter truth
0.5 H—*— Parameter estimation error -

Parameter value

a &b &b &b, &b b 4

b Parameter estimates and error values

Fig. 6 a System parameter estimation (L = 5), b parameter estimates and error values

Estimated value of system fractional order

1 1 1 1
0 10 20 30 40 50
Number of iterations

Fig. 7 Estimated and true values of the fractional order of the
system

example directly uses the innovation number L = 5,
and the system parameters and fractional-order iden-
tification results are shown in Table 4 and Figs. 11 and
12. The specific values can be seen in Table 4.

Alzg) = a1z
B(z) = b177% 4+ baz % + b3z 3%,
D(z) =diz™*

fu(k)) = cifi(u(k)) + cafa(u(k))-

The overall output system equation is as follows:

@ Springer

y(k)

200 400 I 600 800 1000

I |—®— The actual output of the system
6 k| —®— System estimated output i

460 480 500 520 540

Fig. 8 System estimation and actual output



Identification of fractional-order Hammerstein nonlinear ARMAX system with colored noise 3227

y() = —ar A (y(k — 1) + 1 S B (uk — i)

i=1

3
+oa Y biNf(u(k — i) + di A" (k — i) + v(k),
i=1

y(k) = —a1A%(k — 1) + c1b) A%u(k — 1)
+ c1byA*u(k — 2) + ¢1b3A%u(k — 3)
+ b AuP (k — 1) + crby AU (k — 2)
+ cab3 A" u? (k — 3) + dy A™v(k — 1) + v(k).

Using the method proposed in this paper, the model
output and actual output identified by the flexible
manipulator system are shown in Fig. 13. After partial
magnification and combined with the identification
output error results of Fig. 14, it can be clearly seen
that the accuracy of the identification model is high,

which is basically the same as the actual output.
Fittingly, the error is almost 0.

6 Conclusion

Based on the Levenberg—Marquardt algorithm and
combined with the multiple innovation identification
algorithm, this paper proposes a new MILM algorithm
to model and identify the fractional-order Hammer-
stein nonlinear ARMAX system with colored noise.
The innovation vector composed of multiple fractional
variables is used as the model input. The proposed
MILM algorithm not only identifies the parameters
and fractional order of the system, but also solves the
problem of slow convergence speed and low accuracy
of the pure Levenberg—Marquardt algorithm. Finally,
two examples are combined to verify the accuracy and
effectiveness of the method proposed in this paper.
The control problem of the fractional-order Hammer-
stein nonlinear ARMAX system with colored noise is
the author’s future research direction.

T T T T 2.5 T T T T
0.06 7 [n,=Ln, =Lm=Ln,=1] | 20
20 F| [—e— -
[n,=Ln, =2m=1Ln,=1]
: L
g s [n, =1n, =3,m=1n, =1]
9] S N
3 —— \/
é b | [n, =Ln, =4,m=1n, =1]
g {1 e
qé el H]" Ay J 1LoF [n, =1n, =3,m=1,n,=2] 7
2 LT[,
5’ Ly Jlﬂ‘h‘.ﬂmf A AT I A N Y,
. I 0.5 - \ E
A N ~ zoom
n’ /\ - -
0.0 - s s
-0. 04 - L L L . 1 1 1 1
0 200 400 600 800 1000 0 20 40 60 80 100
k Number of iterations
ig. 9 System estimation error Fig. 10 J under different structure combinations
Table 3 Structure test results of flexible manipulator
(24, iy, m, 4] (1,1,1,1] [1,2,1,1] (1,3,1,1] (1,4,1,1] [1,3,2,1]
J 0.001474 0.00168 0.001109 0.001396 0.000774
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Table 4 Parameter identification results of the fractional-order nonlinear system

ag é]b] (f]bz (f]b3 (fzbl ézbz ézbg, d1

K>

— 1.1926 — 0.17155 0.119088 — 0.2278 0.071784 — 0.0249 0.037548 0.69852
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