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Abstract This paper addresses the stabilization prob-
lem of an Euler—Bernoulli beam system subject to
an unknown time-varying distributed load and bound-
ary disturbance. Based on Lagrangian—Hamiltonian
mechanics, the model of the beam system is derived as a
partial differential equation. Based on Lyapunov func-
tions, a sliding surface is designed, on which the system
exhibits exponential bounded stability and robustness
against the external disturbances. A sliding mode con-
troller which only uses boundary information is further
proposed to drive the system to reach the sliding sur-
face in finite time. Numerical simulations are shown to
illustrate the validity of the proposed boundary control.
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L Length of the beam

m Mass of the payload

Ey Bending stiffness of the beam
T Tension of the beam
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0 Uniform mass per unit length of the beam

w(x,t) Displacement of the beam at the position x
for the time ¢

f(x, 1) Time-varying distributed load on the beam
except end point

u(t) Boundary control force at the end of the beam

d(t) Boundary input disturbance force at the end

of the beam
C! Continuously differentiable function space
RT The sets of positive real numbers

1 Introduction

Nowadays, the control of flexible beams has attracted
more and more attention, not only because of its wide
application in engineering, such as marine risers for
oil transportation [1,2], flexible aircraft wings [3] and
flexible manipulators for grasping [4,5], but also since
it is a theoretical challenge due to the difficulty of the
control. Different from lumped parameter systems rep-
resented by ordinary differential equations, the flexible
beam is modeled as a distributed parameter system,
which is related to time and spatial position. In addi-
tion, the distributed parameter system has an infinite
dimensional state space, which brings the challenge of
its control problems for such systems.

In the past few decades, a lot of researches have
focused on the controller design and stability analy-
sis of flexible beams [6—8]. There are various control
methods for the stabilization of flexible beams such as
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back-stepping technique, Lyapunov synthesis methods
and so on. The back-stepping technique is a power-
ful method for designing the control law for the dis-
tributed parameter system [9]. Its main idea is trans-
forming the system into a stable and convergent target
system through a kernel function, and explaining the
existence and well-posedness of the kernel function
further. Then, the control gain function of the system
can be easily obtained. Some existing results are given
in [10-12]. The controllers proposed in these papers
are all designed by combining order reduction and the
back-stepping method. The difference is that the system
is transformed into a coupled heat-like system by using
a complex variable in [10,11], while in [12], an alter-
native transformation is developed, which transforms
the fourth-order system into two coupled second-order
systems. On the basis of [11,13] develops a fault com-
pensation scheme to deal with certain boundary input
faults. However, the controllers designed by the back-
stepping method usually require full measurement of
the system states rather than the boundary information.
It means that the sensor needs to detect all the displace-
ments of the flexible beam in the process of vibration or
to obtain the full state information by designing an addi-
tional observer, which limits the application of these
controllers.

Lyapunov synthesis provides a method to prove the
stability of the system without knowing the exact solu-
tion of the system, which is used widely in the con-
trol field. There are some remarkable results [1,4, 14—
17] for the flexible beam which just use the informa-
tion at the boundary of the system. In [1] and [14],
the authors apply the adaptive control to deal with
unknown system parameters. For the boundary distur-
bance, a robust controller and a disturbance observer
are employed in [1,14] to suppress the effect of the
boundary disturbance. Different from [1] and [14,15]
puts forward a hybrid backstepping-boundary itera-
tive learning control to stabilize the flexible beam
under external disturbances. The prescribed perfor-
mance technique is applied in [4] and a barrier Lya-
punov function is presented in [16] to handle the vibra-
tion of the flexible beam. The authors in [17] employ
the Lyapunov method to design an output feedback
controller and show the existence of a solution to
the closed-loop system by using a Galerkin approx-
imation scheme. A backlash-like input nonlinearity
and the output constraint problem are considered in
[18]. In [19], for the input and output constraint prob-
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lems for Euler—Bernoulli beam, a boundary scheme is
developed and this method is expanded to the three-
dimensional Euler—-Bernoulli beam in [20]. In [21], the
problem of actuator faults is considered and an adaptive
actuator fault-tolerant control scheme is developed.

Sliding mode theory is a nonlinear control technique
in essence, which can handle the uncertainty and the
external disturbance of the system as the system per-
formance rely on the sliding surface only. Sliding mode
control (SMC) has been widely used in many fields
including linear systems [22], nonlinear systems [23]
and distributed parameter systems [24-26] due to its
strong robustness. For the Euler—Bernoulli beam, [27]
and [28] propose a boundary feedback controller based
on sliding mode control to reject the unknown boundary
disturbance and analyze the stability of the closed-loop
system. Comparisons of the active disturbance rejec-
tion control and the sliding mode control are made in
[29].

In this paper, we consider an Euler—Bernoulli model
with tension term subject to unknown external dis-
turbances including time-varying distributed load and
boundary disturbance. A novel boundary vibration con-
trol is proposed to suppress the vibration of the system.
The main contributions of the paper are as follows:

(i) The unknown external disturbances are consid-
ered systematically.

(i) A sliding mode controller is developed to sup-
press unknown external disturbances for the sys-
tem. Only information at the boundary is used in
the proposed controller.

(iii)) The exponential bounded stability for the closed-
loop system is analyzed using the Lyapunov
method.

The structure of the rest of the paper is as follows.
The problem statement is given in Sect. 2, which intro-
duces the partial differential equation (PDE) model of
the Euler—Bernoulli beam and some necessary prepa-
rations. The sliding mode controller is developed in
Sect. 3. It is shown that both the exponential bounded
stability of the system on the sliding surface and the
reach-ability of the sliding surface are achieved by the
proposed controller. Section 4 presents the numerical
simulations to verify the effectiveness of the control
law. The conclusion of the paper is offered in Sect. 5.
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Fig. 1 The top view of a typical beam system

2 Problem statement

In this paper, we consider a beam system that moves in
the horizontal direction, whose length can be stretched
by the external force. When the diameter/length ratio
of beam is very small and the rotary inertia of the
beam is neglected, the beam system can be modeled
as an Euler-Bernoulli beam [14]. Figure 1 shows an
Euler—-Bernoulli beam exerted by the unknown time-
varying distributed load f(x,t), unknown boundary
disturbance d(t) and a control force u(z). The left
boundary of the beam is fixed at origin.

2.1 Dynamic model

In order to derive the Euler—Bernoulli beam model, the
kinetic energy Ey (), the potential energy E , (¢) and the
non-conservative work W (¢) of the system are listed as
follows. For clarity, we make the following definition
()x = 0()/0x,(-); = a(-)/at, where x and ¢ rep-
resent the independent spatial and temporal variables,
respectively, and § is a variation sign.

L] 2 1 2
Ep(t) = Ep/[w,(x,t)] dx + Fmlw (L, DI,
0

L L
E,(t) = %EI/[wxx(x, NH1Pdx + %T/[wx(x, N1dx,
0 0

SW(t) =u@®)Sw(L,t) +d()Sw(L,t)

L
+/ Fx, )dw(x, t)dx.
0

Then, the calculus of variation is used to derive the
model of the Euler—Bernoulli beam system

n

/S[Ek(t) — Ep(t) + W(r)ldt =0, (1)
n
where 71 and #, are two time instants satisfying #; <

1 <.
Through the direct calculations of (1), it yields

PWi (X, 1) + Eqwyxxx (X, 1) — Twyy (x, 1) = f(x,1),
V(x,t) € (0, L) x [0, 00), 2)

and the boundary conditions are given as follows for
vt € [0, 00)

w(0,1) = wy(0,1) = wyy (L, 1) =0, 3)
—Eywyxx (L, 1) + Twy(L, 1) = u(t)
+d(t) — mwy (L, t). @

Assumption 1 For the unknown time-varying dis-
tributed load f (x, t) and boundary disturbance d(¢), we
make the assumption that there exist positive constants
f e Rt andd € R, suchthat f(x,1) < f,V(x,t) €
(0, L) x [0, 00) and |d(1)| < d, ¥t € [0, 00).

2.2 Preliminaries

The following essential lemmas, which will be used
to design and analyze the boundary control law, are
introduced.

Lemma 1 [30] Let ¢y, ¢ € C([0, L] x [0, 00) : R).
Then, the following inequalities hold:

K 1
D106, 0620, 1) = ST D + g3 (D), ()
where Kk is a positive constant.

Lemma 2 [31] Let ¢ € C!([0,L] x [0,00) : R),
which satisfies ¢ (0, t) = O, then the following inequal-
ity holds for vVt € [0, 00) :

L
¢ (x, 1) < L/[q)x(x, H]%dx, Vx € [0, L. (6)
0

Similarly, while ¢(0,t) = 0, for Yt € [0, 00), the
following inequality also holds

L
$r(x, 1) < L/[¢xx(x, HPdx, Vx € [0, L]. (7
0
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3 Sliding mode controller design

The control objective is to suppress the vibration of
the Euler—Bernoulli beam system (2)-(4) under the
unknown time-varying distributed load f(x,?) and
boundary disturbance d(¢). In this section, the Lya-
punov synthesis method and sliding mode control are
used to design a boundary controller u(¢) at the right
boundary of the beam including an analysis of the
closed-loop stability of the system and the reach ability
of the sliding surface.

Here, a Lyapunov function and a sliding surface are
proposed to guarantee that the beam system (2)—(4) has
exponentially bounded stability on the sliding surface.
The sliding surface is chosen as

S:w,(L,t)—i—%wx(L,t):O. 8)

In order to make the system reach the sliding surface
in finite time, the sliding mode control law is proposed
as follows

u(t) = —Eqywyxx (L, 1) + Twy (L, 1)
BmL -
—waz(L, 1) — kys(t) — (d 4 kz)sgn(s (1)), (9)
where k1, o, B and kj are positive constants and sgn(-)
is a sign function defined as

1, s>0,
sgn(s) =30, s=0,
—-1,s5s <O,

and the corresponding sliding mode function is defined
as

BL
$(@O) = wy (L, 1)+ —we(L, 1), (10)

Remark 1 For the proposed controller (9), the first
three terms —Ejwy.x(L,t), Twy(L,t) and —%—L
wy; (L, t) are introduced mainly to cancel these dynam-
ics on the boundary of the system, the fourth term
—kys(¢) is to drive the system to quickly reach a small
neighborhood of the sliding mode surface, and the last
term (d + ko)sgn(s(t)) is to suppress the boundary dis-
turbance d(¢) and ensure that the system reaches the
sliding mode surface.

Remark 2 From the sliding mode function (10), it can
be found that the signs of w; (L, ¢) and w, (L, t) are the
same when |w(L, t)| increases and are opposite when
|w(L, t)| decreases in normal circumstances. There-
fore, the value of the sliding mode function s(#) can
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reflect the vibration of the system to a certain extent.
Furthermore, when s(¢) = 0 and |w(L, t)| decreases,
|lw, (L, t)| and |wy (L, t)| will always decrease, then
wy(L,t) =0and w,(L,t) = 0 hold.

Theorem 1 For the system dynamics described by the
governing equation (2) and the boundary conditions
(3)—(4), suppose that Assumption 1 holds. Given that
the parameters of the controller satisfy the following
conditions

k] > 0, k2 > 0,
min (ap,x%ocT)
'B; k1pL ’
T L
o Pk (1)
2B8L 2
BT KkaBL
e 0,
b a
Po_ 8% ),
2 2

where o, B, k1, k3 and k3 are positive constants, the
proposed sliding mode control (9) yields that

(i) there exists aty = % In (1%2(0” + 1) such that the
system reaches the sliding surface as t > to,

(ii) the state of the closed-loop system is exponentially
bounded stable on the sliding surface and it will
eventually converge to the compact set 2 defined
by

Q= {w(x, 1) € R| lim |w(x, 0| < D,Vx € [0, L]},
11— 00

B 2Les _ __ kippL =
where D = \/m’ B1 = min(epkiaT)’ &=

(B +52) L2 and >0,

2K 23

Proof First, we show that the proposed control law (9)
ensures that the states of the system (2) reach the sliding
surface in finite time and remain there afterward. Define
the following Lyapunov candidate function

L,
Vi(t) = 3ms (1). (12)

Combining the boundary condition (4) and substituting
the control law (9), then the derivative of the Lyapunov
function (12) can be written as

Vo) = s (mu 2.0+ P, 0)
o
= 5O Erwes (L, 1) = Ty (L, 1)

Tult) +d@t) + %wm@, t))
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= —kis*(t) — (d + k2)Is()| +d(®)s (D). (13) where
From Assumption 1, the boundary input disturbance is B1 = KI‘B—'OL 21)

bounded, i.e., d(t) < d. According to Lemma 1, one
gets from (13)

Vi(t) = ms(0)$(t) = —kis*(t) — (d — d(®))|s ()]
—kals(t)]
< —kis%(t) — kals(0)]. (14)

Obviously, it can be seen that the Lyapunov function
(12) decreases all the time until reaching the sliding
surface. When |s(0)] # 0, |s(¢)] # 0 holds before
reaching the sliding surface. Therefore, dividing both
sides of the inequality (14) by |s(¢)| results in

ms(1)sgn(s(1)) < —kyis(t)sgn(s(r)) — ka. 15)

k
Multiplying both sides of the above inequality by e’
and integrating it with respect to time from O to ¢ lead
to

k k
SO < IsOle™ " 4 e =22, 16)

With easy calculation 1o = £ In (%50)\ + 1), when
t > 1y, |s(t)| = 0,1i.e., the system will reach the sliding
surface in finite time.

Next, the system stability on the sliding surface is

proved. Consider the Lyapunov candidate function as
Vo(t) = Vi) + Va(1), (17

where the energy term V() and the crossing term V> (¢)
are defined as

L L
Vi(t) = %p / [wy (x, £)]Pdx + %El / [way (x, 1)]12dx
0 0

L
+%T/[wx(x,t)]2dx, (18)
0
L
Vo(t) = ﬁp/xwt(x,t)wx(x,t)dx. (19)
0

According to Lemma 1, we have

L
1
a0l = ot [ (St 0F + 5w, (e, 0P
0
< BiVi(®), (20)

min (a,o, KIZOZT)

Obviously, «, B and k1 can be chosen to satisfy 81 <
1 such that the Lyapunov candidate function (17) is
positive definite.

The derivative of Lyapunov function (17) is

Vo(t) = Vi(t) + Va().

The derivative of the energy term V (r) yields

Vi) = A1) + As(t) + As() 22)
with
L
Ar) =apfw,<x,r>wn<x,r>dx,
0
L
Ar(t) = aEy / W (. Dwger (6, 1),
0
L
As(t) = aT f wy (6, Dw (x, 1)dox. (23)
0

Substituting the governing equation (2) into A1 (¢) and
integrating the equation by parts yield

L
A(r) = O‘/ wy(x, t)(_ Etwyyxx(x, 1)
0
+Twyy(x,t) +f(x,t))dx

= ot[w,(x, t)( — Etwyxy (x, 1) + Twy (x, t))]g

L

— / Wy (x, t)( — Eqwyyx (x, 1)
0
+Twy (x, t))dx

L
+oc/f(x, Hw;(x, t)dx. 24)
0

Similarly, integrating A, (¢) by parts yields
L
Aa(t) = @i wy (v, Dwa (e, 1) |
L
—abt [ Dt @5)
0
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Substituting (23)—(25) into (22) and combining with
the boundary condition (3) give

Vi(t) = —aEyw; (L, Dwxxx (L, 1) + aTwy (L, Hwy (L, 1)

+oz/f(x,t)w,(x,t)dx. (26)

Substituting (2) into the derivative of crossing item
V5 (1) leads to

L

Va(t) = ﬁp/X(wn(x,t)wx(x, 1) 4wy (x, Dwy (x, 1))dx
0
= Bi(t) + Ba(t) + B3(1) + Ba(t), 27)
where
L
Bi(t) = —ﬁEI/xwx(x,t)wxxxx(x,t)dx,
0

L
By (1) = ,BT/xwx(x,t)wxx(x,t)dx,

L

Bs(1) Zﬂp[xwt(x,t)th(x,t)dx,
0

Ba(t) = ,B/xf(x,t)wx(L,t)dx. (28)
0

Integrating Bj(¢) by parts twice and combining the
boundary condition (3) yield

Bi(t) = _,BElex(L DWwyxx (L, 1)

3,3E1

/ (w3 (x, ) Pdx. 29)

Similarly calculating B, () yields

L
TL T
By(1) = ﬂT[wx(L, D1 - ﬂ? / [wy (x, 1)]*dx.

(30)

Integrating the equation B3(#) by parts and using the
boundary condition (3), we have

B3 (1) = ﬁL[ (L, 01 — ko /[wt(x HPPdx. (31)
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Combining (28)—(31), we obtain

: BTL s
Va(t) = —BE1Lwy (L, Dwxex (L, 1) + T[wx(L,t)]

L

BpL

+—[ (L, 0] — [wyy (x, 1)]%dx

0
L

L
—%JhMMWm—%/WMﬁmx
0

0
+ﬂ/xf(x,t)wx(L,t)dx. (32)
0

Next, substituting (26) and (32) into (17) arrives at

Vo(t) = = Erwae (L, 1) (@wi (L, 1) + BLu(L, 1))

+%[wx (L, T

+aTw, (L, Hw, (L, t)+ﬁL[w,(L N1

L L
— SPE: /[wxx (x,t)]2dx — %/‘[wx (x,t)]zdx

0

S

L
—%p f[w, (x, HPdx+a /f(x, Hw; (x, 1)dx
0

0
+ﬂ/xf(x,t)wx(L,t)dx. (33)

Substituting the sliding surface (8) into (33) and com-
bining Lemma 1, we obtain

Vott) =~ P e, o - gﬁ—L[wt(L Nk
+ﬂi[wx(L, N1’
+ﬂL[ (L, )P
3BE

/ [wx (x, 1)]2dx
0

L
—% / [wy (x, 1)]%dx

L

—'87/ wy(x, 1)] 2d)c

0



Sliding mode vibration control of an Euler—Bernoulli beam

1399

+oe/f(x,t)w,(x,t)dx

L
+ﬁ/xf(x, Hwy (L, t)dx
0

o’T  BpL

< (357~ 75 Jom.0F
_3BE /[wxx(x,t)]zdx
0
~(5 -2 / [wy (x. ) Pdx
(2 -5 f[wt(x HPdx
+(§K2 /f (x. £)dx
< —=AVo(t) + &y, (34)
where
_(BL 2N\ =
o (2K2 * 2K3)Lf ’

and the constants «, B, k1, k2 and k3 are chosen to
satisfy the conditions (11) such that

1 38 2 2
_ min (2,270 272) (35)
14 B a o ap
Whereol—’gT—"z’gL andog—ﬂp =5
Therefore, it follows from (34) that
Vo) < (Vo(©) - %f)e—“ + %f (36)

Using the inequalities (6), (20) and combining with
(18), (36), we have

L
—[w(x HP < TT/ we (e, HPdx < Vi)
0

IA

_1/31 ((VO(O) - T)e_)‘[ n Tf)

The above inequality implies that the system state
w(x, t) converges uniformly in x:

2L ery £
lw(x, 1)l S\/m((VO(O)_T)e M+7)’

V(x,t) € [0, L] x [0, 00).

Furthermore, it shows

. 2L8f
lim |lwx, 1) < | ——f
=00 arT (1= B1)

This completes the proof. O

Based on the above analysis, the following corollary
can be obtained.

Corollary 1 For the system dynamics described by
the governing equation (2) with f(x,t) = 0 and the
boundary condition (3)—(4), suppose that Assumption
I holds. Given that the parameters of the controller
satisfy the following conditions

k] > 0, k2 > 0,
min <ap, K1205T>

<
p K1pL
o’T  BpL

)

2L 2

: (37)

where o, B and k1 are positive constants, the proposed
sliding mode control (9) yields that

(i) there exists a ty = % In (/%Z(O)I + 1) such that the
system reaches the sliding surface ast > to,

(ii) the state of the closed-loop system is exponentially
stable on the sliding surface.

Proof The proof follows analogously to the proof of
Theorem 1. O

Remark 3 From the above analysis, it can be seen
that the system is exponentially bounded stable on the
proposed sliding surface (8) and the convergence rate
depends on the selection of parameters « and 8, i.e., the
selection of the sliding surface. From (8), it is clear that
the parameters o and $ affect the same item wy (L, 1).
When 8 is fixed, from (11), due to 81 < 1, it can be
concluded that

1 . 201 207,
A > — min (3,3, —_—, —)
2a T
Obviously, the decrease of the parameter o will result

in the increase of the A; thus, the convergence rate of
the system on the sliding surface is enlarged.

Remark 4 Compared with using an isokinetic reaching
law (i.e., ss < —ki|s|) to make the system reach the
sliding surface in [29], the exponential reaching law
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Table 1 Parameters of the beam

Parameter Description Value

E; Bending stiffness 7 Nm?

L length of the beam 1m

T Tension 10N

P Uniform mass per unit length 0.1 kg/m
m Mass of the payload 1kg

(i.e.,s8 < —kys? — ko|s1) is used in the proposed con-
trol law (9) instead. It will result in that the switching
amplitude of the controller is determined by k» + d
rather than k| 4+ d when the system is stable. In order to
guarantee the velocity of reaching the sliding surface,
k1 should be chosen as large as possible. While k; can
be chosen as a small constant due to the introduction of
the exponential item, thus the chattering phenomenon
will be improved.

Remark 5 All feedback states in the control law (9)
can be obtained relatively more easily. w(L, t) can be
measured by a laser displacement sensor at the right
boundary of the beam. w, (L, t) can be sensored by
an inclinometer and wyy (L, ) can be measured by a
shear force sensor. Then, the backward difference algo-
rithm can be used to calculate the signals w; (L, ) and
wy (L, t). It should be noted that all the desired signals
can be measured directly or obtained by one derivative
with respect to time, thus avoiding the measurement
noise caused by high-order difference, i.e., wy (L, 1)
and w4 (L, 1).

4 Numerical simulations

In this section, we provide a simulation to verify the
effectiveness of the proposed controller (9) by using the
finite difference method (FDM) [32] to approximate the
solution of the PDE. The space step and the time step are
chosen as Ax = 1/9m and Ar = 0.0001 s. The initial
conditions of the beam are taken as w(x,0) = 0.1x
and w;(x,0) = 0. The detailed parameters used in
simulation are provided in the Table 1.

In the simulation, the boundary disturbance d(¢) is
generated by the following equation

d(t)=0.440.4sin(t) + 0.8sin(2wt) + 1.6 sin(37t).
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w(x,t)/m

0.4

0.8
x/m 10 t/s

Fig. 2 Displacement of beam without control under external
disturbances

and the time-varying distributed load f (x, ¢) is described
as

fx, 0

[1+2sin(0.17x1) 43 sin(0.27x1) +4 sin(0.37 x1) |x
100L '

The dynamic responses of the Euler—Bernoulli beam

are examined for the following four cases.

4.1 Without control

The responses of system state for free vibration (i.e.,
u(t) = 0) under external disturbances are shown in
Fig. 2. There are significant vibrations along the beam
due to the initial condition of the system and external
disturbances.

4.2 Boundary control without sliding mode

For comparison, the response of the system state with
the controller

u(t) = —Eywy (L, 1) +Twy(L, 1)
BmL

—waz(L,t) —kis(r) (38)
without the sliding mode term is shown in Fig. 3. The
parameters are chosen as @ = 1.5, 8 = Sand k1 = 10
in the simulation. It can be seen that the system state
still vibrates at the equilibrium position due to the input
disturbances, although it converges quickly. Therefore,
the boundary control cannot work well with the input
disturbances.



Sliding mode vibration control of an Euler—Bernoulli beam

1401

Fig. 3 Displacement of beam with the controller (38)

4.3 Sliding mode boundary control

The responses of the system state with the sliding mode
boundary controller (9) under external disturbances are
illustrated in Fig. 4, where the design parameters are
chosen as

a=15 =5k =10,d=4, kr = 1.

The response of the sliding mode function is shown in
Fig. 5, in which the red line represents the reaching time
of the sliding mode surface, and the blue line represents
the time calculated by the equation ,’(”—1 In (l%z(o)l 1).
Obviously, the proposed sliding mode control (9) can
drive the system reach to the sliding surface in finite
time and remain there afterward, thus the vibration of
the beam system can be suppressed within 2 seconds
as shown in Fig. 4. In addition, the control input and
the boundary displacement of the beam system under
different « are shown in Figs. 6 and 7, respectively.

4.4 Boundary control with disturbance observer

For comparison, the response of the system state with
the boundary controller proposed in [14]

0.1

Fig. 4 Displacement of beam with SMC (9)
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Fig. 5 The sliding mode function s(t)
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Fig. 6 The control input u(¢) of SMC (9)
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Fig.7 Boundary displacement of beam with SMC under differ-
ent o

u(t) = —Eqwer (L, 1) + Twy (L, 1) — m[wy (L, 1)
—wyx (L, )]s — kug (t) — d (1) (39)

under different external disturbances is illustrated in
Fig. 8, where d(¢) is the estimate of the d(¢), k is the
control gain, and the auxiliary signal u,(¢) is defined
as

ug(t) = wi(L, 1) — wyxx (L, 1) +wy (L, 1).

The disturbance observer is designed as

d(t) = yua(t) — Layd ()

with two positive constants y and ¢;. Figure 8 shows
that the boundary control (39) can suppress the vibra-
tion of the system. However, as shown in Fig. 9, the
proposed sliding mode boundary control (9) leads to
better performace.

4.5 Discussion

This paper proposes a sliding mode control method
for the Euler—Bernoulli system under external distur-
bances. Compared with [14], the derivative of the state
Wyxxx (L, t) is not required in our control law. More-
over, since the sliding mode control approach is used
to suppress the boundary disturbance instead of a dis-
turbance observer, the bound of the convergence of the
system state can be smaller; thus, a better control per-
formance will be obtained. As shown in Fig. 9, the

@ Springer

w(x,t)/m

Fig. 8 Displacement of beam with controller in [14]

= sliding mode control (10)
= = controller proposed in [14]

Fig.9 The comparison for SMC and boundary controller in [14]

convergence bound of the system state under the pro-
posed controller is in magnitude smaller than that of the
controller in [14]. Besides, compared with [18,33] and
[19], the proposed controller does not depend on the
damping term of the system. Of course, the proposed
controller still has some limitations. Firstly, the chatter-
ing phenomenon of the system is still inevitable, espe-
cially when the external disturbances are large. Sec-
ondly, the proposed controller is dependent on system
parameters E1, T and the upper bound of the boundary
disturbance d (¢). For the above problem, the hyperbolic
tangent function can be used to replace the sign func-
tion to reduce the chattering issue and the adaptive laws
of Ey, T and d can be designed to solve the parameter
uncertainties, which are also the direction of the future
work.
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5 Conclusion

In this paper, a sliding mode boundary controller is
developed to stabilize an Euler—Bernoulli beam in
the presence of unknown disturbances including time-
varying distributed load and boundary disturbance. In
the control design, a sliding surface based on boundary
state information is adopted to handle the impact of
external disturbances. Further, the reachability of the
sliding surface and the stability of the closed-loop sys-
tem are analyzed by Lyapunov approach. The numer-
ical simulations validate the theoretical results. Com-
pared with the previous work about boundary control
of the Euler—Bernoulli beam system, the proposed con-
troller has following advantages: 1) It can stabilize the
beam system with the unknown external disturbances;
meanwhile, both the controller and the sliding surface
only require boundary state information. 2) The con-
trol design and stability analysis are based on partial
differential equations, and there is no need to simplify
or discretize the beam model.
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