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Abstract Teeth disengagement or back-side teeth

engagement induced by backlash reduces the trans-

mission quality and dynamic performance of gear

systems, and the accurate interpretation of multi-state

meshing behavior can provide guidance for structural

optimization and performance evaluation. Therefore,

the multi-state meshing behavior of the gear system is

elaborated. A new nonlinear dynamic model of a spur

gear system with five-state meshing behavior is

established based on the time-varying backlash and

contact ratio. The time-varying meshing stiffness and

time-varying backlash considering the elastic contact

of gear teeth, gear temperature rise and lubrication are

included in the model. The five-state meshing behav-

ior is clearly characterized by constructing five

Poincaré maps, and its generation mechanism is

revealed using dynamic meshing force time history,

teeth relative displacement time history and phase

portrait. The bifurcation and evolution of five-state

meshing behavior are analyzed under the effects of

load factor, meshing frequency and error coefficient.

The results show that the mutation in the direction of

dynamic meshing force leads to teeth disengaging and

back-side single- or double-tooth contact, forming

multi-state meshing behavior. Bifurcation caused by

parameter changes greatly affects the evolution of

five-state meshing behavior, particularly grazing

bifurcation can decrease the number of teeth disen-

gagement. Chaotic behavior or trajectory expansion

inspires multi-state meshing vibration of the system.

Previous gear system models could not reveal these

phenomena due to ignoring the multi-state meshing

behavior.

Keywords Spur gear pair � Five-state meshing

behavior � Multi-state contact mechanism � Time-

varying backlash � Bifurcation and chaos

1 Introduction

Gear transmission is a basic key component for

transmitting motion and power in mechanical equip-

ment and is commonly used in critical fields such as

aviation, ships, vehicles, wind power generation, and

manufacturing. The dynamic instability and vibration

caused by teeth meshing of the gear system has always

been a concern for scholars and engineers [1–4].

Accurate elaboration of gear-tooth contact character-

istics is the basis of dynamic modeling and analysis of

gear systems [5–7]. The multi-state meshing behavior
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of the gear system, such as single-tooth drive-side

meshing, double-tooth drive-side meshing, single-

tooth back-side meshing and double-tooth back-side

meshing, is possible due to the interaction between

single and double teeth alternately meshing as well as

backlash. This exacerbates the contact impact vibra-

tion, dynamics instability, and gear failure of the gear

system [8, 9]. Therefore, this paper is dedicated to

studying the possible multi-state meshing behavior of

gear systems, analyzing its generation mechanism and

evolution process, and exploring the inherent law

between multi-state meshing behavior and dynamic

response.

The study on the characteristics of single- and

double-tooth alternating meshing mainly focuses on

the time-varying meshing stiffness [10]. The contact

areas of single and double teeth along the tooth profile

or line of action were accurately identified according

to contact ratio [11]. Yang et al. [12] considered the

influence of single- and double-tooth meshing char-

acteristics and derived an analytically model of time-

varying meshing stiffness of the spur gear system

including Hertzian contact stiffness, bending stiffness

and axial compressive stiffness based on the energy

method. Subsequently, Tian [13] added shearing

stiffness on the base of the Yang’s model. Wang

[14] and Sainsot [15] evaluated the effect of the fillet-

foundation deflection and added the fillet-foundation

stiffness based on Tian’s model. The jump of time-

varying meshing stiffness is observed in these studies

when the single-tooth and double-tooth meshing are

switched, which causes periodic meshing impact

between the gear teeth. Thus, the studies on the tooth

profile modification are carried out by many scholars

in order to reduce shock and vibration during the gear

mesh [16]. Recently, various models of the time-

varying meshing stiffness under faulty gears are

developed, such as cracked gears [17–19], tooth

surface pitting [20], and tooth surface wear [21].

Although diverse time-varying meshing stiffness

models have been obtained considering various influ-

encing factors, the effects of tooth surface temperature

rise and lubrication are rarely reported in the current

literature. Gear temperature rise and lubrication are

indispensable in gear transmission. Therefore, it is

necessary to establish a comprehensive time-varying

meshing stiffness model including elastic deforma-

tion, thermal deformation, and oil film thickness

deformation in the single- and double-tooth areas for

the analyses of time-varying meshing characteristics

and dynamics of gear systems. In addition, it is worth

noting that single-tooth and double-tooth meshes are

rarely considered in the nonlinear dynamic modeling

and analysis of gear systems in the previous studies.

At present, the meshing vibration of the gear system

is equivalently simplified to the coupling vibration

between two rotating bodies connected by a spring and

a damper [22–24], which is convenient for modeling

and analysis. In these studies, the gear contact

characteristics are only described by time-varying

meshing stiffness with single and double teeth

[25–27]. However, the real time-varying contact

characteristics are ignored, such as the time-varying

geometric properties of the meshing point along the

tooth profile and the contact behaviors of gear teeth

induced by backlash and contact ratio (single-tooth

drive-side meshing, double-tooth drive-side meshing,

single-tooth back-side meshing and double-tooth

back-side meshing).

The constant backlash can clearly describe the

drive-side engagement, disengagement and back-side

contact of the gear systems [12, 28], but it cannot

effectively distinguish between single and double

teeth during drive-side or back-side tooth meshing.

Nevertheless, this can be accurately identified by the

time-varying backlash [29]. Due to gear installation

and machining errors, tooth surface wear and tooth

deformation, the backlash is time-varying along the

tooth profile [30–35]. Therefore, numerous calculation

models of time-varying backlash involving various

influencing factors were proposed for different pur-

poses. Li et al. [30] used a first-order sine function to

characterize the time-varying backlash caused by the

deformation of the support bearing and the transmis-

sion shaft. Chen et al. [31] established a random

fluctuation model of backlash including the influence

of random factors. Chen et al. [32] proposed the

dynamic backlash model by deriving the relationship

between the gear center distance and backlash. Based

on the finite element method, Wang et al. [33]

established a time-varying backlash model consider-

ing the geometric error of the gear and the deviation of

the gear center distance. Wu et al. [34] established a

time-varying backlash model that accumulates with

the amount of wear according to the static tooth

surface wear prediction model. Chen et al. [35]

developed a fractal model of the time-varying back-

lash of a gear system based on the fractal theory.
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Although these models describe the time-varying

properties of backlash, they cannot distinguish

between single and double teeth during drive-side

and back-side meshing since the gear-tooth contact

characteristics are not considered. As such, the time-

varying contact behavior and multi-state meshing

behavior of the gear system cannot be precisely

elaborated. The authors proposed a new calculation

model of the time-varying backlash of the spur gear

system considering the influence of the elastic defor-

mation, thermal deformation, oil film thickness defor-

mation at the meshing point [29], which can accurately

identify the multi-state meshing behavior.

Based on the time-varying backlash model, this

paper proposes a new nonlinear dynamic model of the

involute spur gear system including five-state meshing

behavior, such as single-tooth drive-side meshing,

double-tooth drive-side meshing, teeth disengaging,

single-tooth back-side meshing and double-tooth

back-side meshing. The time-varying backlash and

the time-varying meshing stiffness considering elastic

contact, gear temperature rise and lubrication are

calculated in detail, and are introduced into the model

of the gear system established in this work. Further-

more, the mechanism of multi-state meshing behavior

is analyzed, and the bifurcation and evolution of five-

state meshing behavior under the influence of meshing

frequency, load factor and transmission error factor

are investigated in detail via phase diagram, Poincaré

map, bifurcation plot and time history chart of the

dynamic meshing force. Some new and interesting

results that were impossible to obtain in previous

studies were observed. This research can provide a

useful reference for dynamic performance optimiza-

tion, parameter design and further study of gear

transmission system, such as gear-tooth meshing-

impact dynamics.

The remainder of this paper is structured as follows.

In Sect. 2, a nonlinear dynamic modeling of a spur

gear pair based on time-varying meshing characteris-

tics is derived strictly. Classification of multi-state

meshing behavior is presented in Sect. 2.1, and the

Fig. 1 A simplified

physical model with

considering drive-side and

back-side tooth meshes

Fig. 2 A meshing schematic diagram of a spur gear pair with

drive-side and back-side tooth meshes

Fig. 3 A schematic diagram of force analysis of the spur gear

pair under double-tooth drive-side meshing state
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dynamic modellings of different meshing states are

established based on 2nd Newtonian law in Sect. 2.2,

and the dimensionless normalized model of the spur

gear pair with five-state meshing behavior is described

in Sect. 2.3. Also, time-varying backlash, time-vary-

ing meshing stiffness and time-varying meshing

damping are calculated in Sect. 3. Further, some

results and discussions are described in Sect. 4.

Finally, some conclusions are outlined in Sect. 5.

2 Modeling of a spur gear system with five-state

meshing behavior

Under low-speed and heavy-load conditions, the gear

system is in a state of drive-side tooth mesh. However,

under high-speed and light-load conditions, backlash

induces periodic teeth disengagement or back-side

tooth contact behavior. Therefore, the multi-state

meshing behavior of the gear system under complex

and time-varying conditions is possible. In order to

have a better understanding of the multi-state meshing

characteristics, it is assumed that the gear pair is

rigidly supported and only the torsional vibration of

the gear pair is taken into account. A simplified

physical model of an involute spur gear pair with

drive-side and back-side tooth meshes is shown in

Fig. 1. Ti, Ii, hi and Rbi are the torques, mass moment

of inertia, torsional vibration displacement and base

circle radius of pinion and gear, where i = p represents

pinion and i = g represents gear. Drive-side and back-

side tooth meshes are considered in this work. The red

line is drive-side line of action (Drive-side LoA), and

the blue line is back-side line of action (back-side

LoA). kdðsÞ, ldðsÞ, edðsÞ and cdðsÞ are the time-

varying meshing stiffness, time-varying friction coef-

ficient, comprehensive transmission error and time-

varying meshing damping alone Drive-side LoA,

where s is dimensional time. Also, kkðsÞ, lkðsÞ,
ekðsÞ and ckðsÞ are the time-varying meshing stiffness,

time-varying friction coefficient, comprehensive

transmission error and time-varying meshing damping

alone back-side LoA. DðsÞ is half of the time-varying

backlash of the spur gear pair.

2.1 Classification of multi-state meshing behavior

Figure 2 is a schematic diagram of drive-side and

back-side tooth meshes for a spur gear pair. Ri and Rai

are the pitch radius and addendum radius, respec-

tively. em is the contact ratio of the gears, which is

1:0\em\2:0. Thus, the alternate meshing between

single tooth and double teeth is obtained along Drive-

side LoA or back-side LoA. Let x ¼ Rbphp � Rbghg �
eðsÞ be the relative displacement of meshing gear

teeth. eðsÞ is the comprehensive transmission error,

which is eðsÞ ¼ edðsÞ for drive-side meshing and

eðsÞ ¼ ekðsÞ for back-side meshing. Based on the

moving position of the meshing point and the

geometric relationship between x and DðsÞ, five

meshing states of the spur gear system and their

corresponding boundary conditions are summarized as

follows.

(i) Double-tooth drive-side meshing state (AB

and CD areas in Fig. 2). The boundary

condition is x�DðsÞ and nTm � s�ðem �
1Þ nTm ðn ¼ 0; 1; 2; � � �Þ;

(ii) Single-tooth drive-side meshing state (BC

area in Fig. 2). The boundary condition is

x�DðsÞ and ðem � 1ÞnTm\s�ðnþ 1ÞTm;
(iii) Double-tooth back-side meshing state (A0B0

and C0D0 areas in Fig. 2). The boundary

condition is x� � DðsÞ and nTm � s�
ðem � 1ÞnTm;

(iv) Single-tooth back-side meshing state (B0C0

area in Fig. 2). The boundary condition is

x� � DðsÞ and ðem � 1ÞnTm\s�ðnþ 1Þ
Tm;

(v) Teeth disengaged state. The boundary condi-

tion is jxj\DðsÞ and nTm � s�ðnþ 1Þ
Tm.

Herein, Tm¼2p
�
ðzpxpÞ is a complete meshing

cycle including single-tooth and double-tooth meshes

(pitch AC or A0C0). zp and xp, respectively, represent

the tooth number and rotational angular velocity of

pinion. According to the above five meshing states, the

corresponding dynamic models are, respectively,

established below.

123

2038 J. Shi et al.



2.2 Dynamic models of the spur gear pair

under different meshing states

2.2.1 Double-tooth drive-side meshing

Figure 3 is the force analysis diagram at the meshing

points under double-tooth drive-side meshing state.

There are two pairs of gear teeth participating in the

meshing at the same time. The load is unevenly

distributed on the two pairs of gear teeth. FNp1, FNp2,

FNg1, and FNg2 are the forces acting on the pinion and

gear, which are along drive-side LoA. Ffp1, Ffp2, Ffg1,

and Ffg2 are the friction forces acting on the pinion and

gear, which are perpendicular to the direction of

Drive-side LoA. According to the principle of gear

transmission and 2nd Newtonian law, the absolute

torsional vibration equation of the pinion and gear

under double-tooth drive-side meshing state can be

obtained by Eq. (1).

Ip€hp þ RbpFNp1 þ Sdp1ðsÞFfp1 þ RbpFNp2 þ Sdp2ðsÞFfp2 ¼ Tp

Ig€hg � RbgFNg1 � Sdg1ðsÞFfg1 � RbgFNg2 � Sdg2ðsÞFfg2 ¼ �Tg

(

ð1Þ

where FNp1, FNp2, FNg1 and FNg2 can be written as:

FNp1 ¼ FNg1 ¼ Ld1ðsÞFm;FNp2 ¼ FNg2 ¼ Ld2ðsÞFm

ð2Þ

where Ld1ðsÞ and Ld2ðsÞ are the load sharing ratio (see
Ref. [36]). Fm is the dynamic meshing force, which

can be calculated by Eq. (3).

Fm ¼ kdðsÞ x� DðsÞ
� �

þ cdðsÞ _x ð3Þ

In Eq. (1), Ffp1, Ffp2, Ffg1 and Ffg2 can be expressed

as:

Ffp1 ¼ Ffg1 ¼ ld1ðsÞLd1ðsÞFm;Ffp2 ¼ Ffg2

¼ ld2ðsÞLd2ðsÞFm ð4Þ

where ldiðsÞ is the friction coefficient, and its direction
related to the relative slip velocity of two gears

[37, 38], see Sect. 3.4 for details.

Sdp1ðsÞ, Sdp2ðsÞ, Sdg1ðsÞ and Sdg2ðsÞ in Eq. (1) are

the friction moments of the tooth pairs, respectively,

which can be written as:

Sdp1ðsÞ ¼ ðRbp þ RbgÞtana�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
ag � R2

bg

q
þ Rbpxps

Sdg1ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
ag � R2

bg

q
� Rbpxps

8
><

>:
;

Sdp2ðsÞ ¼ Sdp1ðsþ T0Þ

Sdg2ðsÞ ¼ Sdg1ðsþ T0Þ

(

ð5Þ

Therefore, the relative torsion dynamic equation of

the spur gear pair under the double-tooth drive-side

meshing state can be got by subtracting the two

formulas in Eq. (1), as expressed in Eq. (6).

me
€xþ ½1þ ld1ðsÞgd1ðsÞLd1ðsÞ
þ ld2ðsÞgd2ðsÞLd2ðsÞ�½kdðsÞðx� DðsÞÞ þ cd _x�
¼ Fm þ FhðsÞ ð6Þ

where me ¼ IpIg

.
ðR2

bpIg þ R2
bgIpÞ is the equivalent

mass of the gear pair. FhðsÞ ¼ �me €edðsÞ is the error

excitation force of the gear pair. gdjðsÞ ¼
RbpIgSdpjðsÞ þ RbgIpSdgjðsÞ
� � .

R2
bpIg þ R2

bgIp

� 	
ðj ¼

1; 2Þ is the equivalent friction arm of the tooth pair.

Fm ¼ RbpIgTp þ RbgIpTg
� �.

R2
bpIg þ R2

bgIp

� 	
is the

average torque of the gear pair.

2.2.2 Single-tooth drive-side meshing

Figure 4 is the force analysis diagram at the meshing

point under single-tooth drive-side meshing state.

There is one pair of gear tooth engaging. The total load

acts on the one pair of gear tooth. According to the

principle of gear transmission and 2nd Newtonian law,

the absolute torsional vibration equation of the pinion

Fig. 4 A schematic diagram of force analysis of gear teeth

under single-tooth drive-side meshing state
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and gear under single-tooth drive-side engaging state

can be obtained by Eq. (7).

Ip€hp þ RbpFNp2 þ Sdp2ðsÞFfp2 ¼ Tp

Ig€hg � RbgFNg2 � Sdg2ðsÞFfg2 ¼ �Tg

(

ð7Þ

where

FNp2¼FNg2¼Fm;Ffp2¼Ffg2¼ld2ðsÞFm ð8Þ

Therefore, the relative torsion dynamic equation of

the spur gear pair under the single-tooth drive-side

meshing state can be written as:

me
€xþ ½1þ ld2ðsÞgd2ðsÞ�½kdðsÞðx� DðsÞÞ þ cd _x�
¼ Fm þ FhðsÞ

ð9Þ

2.2.3 Double-tooth back-side meshing

When the back-side tooth engages, the rotation

direction of the gears remains unchanged, and the

back-side tooth profile of gear pushes the drive-side

tooth profile of pinion to transmit motion and power

along back-side LoA. Figure 5 is a schematic diagram

of the force analysis of the gear pair at the meshing

points under double-tooth back-side meshing state.

Based on 2nd Newtonian law, the absolute torsional

vibration equation of the pinion and gear under

double-tooth back-side meshing state can be obtained

by Eq. (10).

Ip€hp � RbpFNp1 � Skp1ðsÞFfp1 � RbpFNp2 � Skp2ðsÞFfp2 ¼ Tp

Ig€hg þ RbgFNg1 þ Skg1ðsÞFfg1 þ RbgFNg2 þ Skg2ðsÞFfg2 ¼ �Tg

(

ð10Þ

where FNp1, FNp2, FNg1 and FNg2 can be expressed as:

FNp1¼FNg1¼Lk1ðsÞFm;FNp2¼FNg2¼Lk2ðsÞFm ð11Þ

where Lk1ðsÞ and Lk2ðsÞ are the load distribution

coefficients of the first and second meshing tooth pairs

under double-tooth back-side meshing state [36]. Fm is

the total dynamic meshing force along back-side LoA,

which can be calculated by Eq. (12).

Fm ¼ kkðsÞ �x� DðsÞ
� �

� ckðsÞ _x ð12Þ

Also, Ffp1, Ffp2, Ffg1 and Ffg2 can be expressed as:

Ffp1 ¼ Ffg1 ¼ lk1ðsÞLk1ðsÞFm;Ffp2 ¼ Ffg2

¼ lk2ðsÞLk2ðsÞFm ð13Þ

where lk1ðsÞ and lk2ðsÞ are the friction coefficients

along back-side LoA.

In Eq. (10), Skp1ðsÞ, Skp2ðsÞ, Skg1ðsÞ and Skg2ðsÞ are
the friction moments of the tooth pairs at the meshing

points under back-side tooth meshing, respectively,

which can be expressed as:

Skp1ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
ap � R2

bp

q
� Rbgxgs

Skg1ðsÞ ¼ ðRbp þ RbgÞtana�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
ap � R2

bp

q
þ Rbgxgs

8
><

>:
;

Skp2ðsÞ ¼ Skp1ðsþ TmÞ

Skg2ðsÞ ¼ Skg1ðsþ TmÞ

(

;

ð14Þ

Thus, the relative torsion dynamic equation of the

spur gear pair under the double-tooth back-side

meshing state can be achieved by Eq. (15).

me
€x� ½1þ lk1ðsÞgk1ðsÞLk1ðsÞ
þ lk2ðsÞgk2ðsÞLk2ðsÞ�½kkðsÞð�x� DðsÞÞ � ck _x�
¼ Fm þ FhðsÞ

ð15Þ

where gkjðtÞ ¼ ðRbpIgSkpjðtÞ þ RbgIpSkgjðtÞÞ
.

R2
bgIpÞ:

ðR2
bpIg þ R2

bgIpÞ ðj ¼ 1; 2Þ is the equivalent friction

arm of the tooth pairs at the meshing point under back-

side tooth meshing state.

2.2.4 Single-tooth back-side meshing

Figure 6 is a schematic diagram of the force analysis

of the gear pair at the meshing point under single-tooth

back-side meshing state. Based on 2nd Newtonian

Fig. 5 A schematic diagram of force analysis of gear teeth

under double-tooth back-side meshing state
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law, the absolute torsional vibration equation of the

pinion and gear can be got by Eq. (16).

Ip€hp � RbpFNp2 � Skp2ðsÞFfp2 ¼ Tp

Ig€hg þ RbgFNg2 þ Skg2ðsÞFfg2 ¼ �Tg

(

ð16Þ

where FNp2 ¼ FNg2 ¼ Fm and Ffp2 ¼ Ffg2 ¼
lk2ðsÞFm.

Therefore, the relative torsion dynamic equation of

the spur gear pair under the single-tooth back-side

meshing state can be expressed by Eq. (17).

me
€x� ½1þ lk2ðsÞgk2ðsÞ�½kkðsÞð�x� DðsÞÞ � ck _x�
¼ Fm þ FhðsÞ

ð17Þ

2.2.5 Teeth disengaged state

The pinion and gear are separated from each other

under teeth disengaged state, and there is no move-

ment and power transmission between the gear pair.

The two meshing gears can be used as two mutually

independent rotating bodies. Figure 7 is a schematic

diagram of the gear pair under teeth disengaged state.

According to 2nd Newtonian law, the absolute

torsional vibration equation of the pinion and gear

under teeth disengaged state can be written as:

Ip€hp ¼ Tp

Ig€hg ¼ �Tg

(

ð18Þ

Therefore, the relative torsion dynamic equation of

the spur gear pair under teeth disengaged state can be

obtained by Eq. (19).

me
€x ¼ Fm þ FhðsÞ ð19Þ

2.3 Dimensionless normalized model of the spur

gear system with five-state meshing behavior

Based on the dynamic models of the spur gear pair

under five meshing states as well as their boundary

conditions, a normalized nonlinear dynamic model

with multiple states is obtained by introducing a

meshing force function, f ðx;DðsÞÞ, and a meshing

state function, hðs; xÞ, as expressed in Eq. (20).

Double-tooth drive-side meshing, single-tooth drive-

side meshing, double-tooth back-side meshing, single-

tooth back-side meshing and teeth disengaged states

are included in this model.

me
€x� hðs; xÞf ðx;DðsÞÞ ¼ Fm þ FhðsÞ ð20Þ

where f ðx;DðsÞÞ and hðs; xÞ can be expressed as

Eqs. (21) and (22), respectively.

f ðx;DðsÞÞ ¼
kdðsÞ x� DðsÞ

� �
� cdðsÞ _x ðx�DðsÞÞ

0 ðjxj\DðsÞÞ
kkðsÞ xþ DðsÞ

� �
� ckðsÞ _x ðx� � DðsÞÞ

8
><

>:

ð21Þ

hðs; xÞ ¼
hdtðs; xÞ nTm � s\ðem � 1ÞTm ðn ¼ 0; 1; 2 � � �Þ
hstðs; xÞ ðem � 1ÞTm � s\ðnþ 1ÞTm

(

ð22Þ

where hdtðs; xÞ and hstðs; xÞ, respectively, represent
the meshing state function of the double-tooth and the

single-tooth meshes, which can be written as:

Fig. 6 A schematic diagram of force analysis of gear teeth

under single-tooth back-side meshing state

Fig. 7 A schematic diagram of the gear pair under teeth

disengaged state
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hdtðs; �xÞ ¼
1þ ld1ðsÞgd1ðsÞLd1ðsÞ þ ld2ðsÞgd2ðsÞLd2ðsÞ ð�x� �DðsÞÞ
0 ðj�xj\ �DðsÞÞ
1þ lk1ðsÞgk1ðsÞLk1ðsÞ þ lk2ðsÞgk2ðsÞLk2ðsÞ ð�x� � �DðsÞÞ

8
<

:
;

ð23Þ

hstðs; �xÞ ¼
1þ ld2ðsÞgd2ðs ð�x� �DðsÞÞ
0 ðj�xj\ �DðsÞÞ
1þ lk2ðsÞgk2ðsÞ ð�x� � �DðsÞÞ

8
<

:
ð24Þ

Some dimensionless parameters are defined as:

xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kav=me

p
is the natural frequency of the gear

pair, where kav is the average meshing stiffness. x ¼
xh=xn is the dimensionless meshing frequency, where

xh is the dimensional meshing frequency. t ¼ s=xn is

dimensionless time. DðtÞ ¼ DðtÞ
�
Dc is the dimen-

sionless time-varying backlash,Dc is the characteristic

size. The remaindered dimensionless parameters are

x3 ¼ x=Dc, kdðtÞ ¼ kdðsÞ
�
ðmex2

nÞ, kkðtÞ ¼ kkðsÞ
�

ðmex2
nÞ, ndðtÞ ¼ cd=ðmexnÞ ¼ 21

ffiffiffiffiffiffiffiffiffiffi
kdðtÞ

p
, nkðtÞ ¼ ck=

ðmexnÞ ¼ 21
ffiffiffiffiffiffiffiffiffiffi
kkðtÞ

p
, ex2 cosðxtÞ ¼ FhðtÞ

�
Dc, F ¼

Fm

�
ðmeDcx2

nÞ.
Thus, the dimensionless form of Eq. (20) is

expressed by Eq. (25).

€x3 þ hðt; x3Þ kðtÞf ðx3;DðtÞÞ þ n _x3½ �
¼ F þ ex2 cosðxtÞ ð25Þ

where

f ðx3;DðtÞÞ ¼
kdðtÞ x3 � DðtÞ½ � þ nd _x3 ðx3 �DðtÞÞ
0 ðjx3j\DðtÞÞ
kkðtÞ x3 þ DðtÞ½ � þ nk _x3 ðx3 � � DðtÞÞ

8
><

>:
;

ð26Þ

hðt; x3Þ ¼
hdtðt; x3Þ nTm � t\ðem � 1ÞTm ðn ¼ 0; 1; 2 � � �Þ
hstðt; x3Þ ðem � 1ÞTm � t\ðnþ 1ÞTm

(

;

ð27Þ

hdtðt; x3Þ ¼
1þ ld1ðtÞgd1ðtÞLd1ðtÞ þ ld2ðtÞgd2ðtÞLd2ðtÞ ðx3 �DðtÞÞ
0 ðjx3j\DðtÞÞ
1þ lk1ðtÞgk1ðtÞLk1ðtÞ þ lk2ðtÞgk2ðtÞLk2ðtÞ ðx3 � � DðtÞÞ

8
<

:
;

ð28Þ

hstðt; x3Þ ¼
1þ ld2ðtÞgd2ðtÞ ðx3 �DðtÞÞ
0 ðjx3j\DðtÞÞ
1þ lk2ðtÞgk2ðtÞ ðx3 � � DðtÞÞ

8
<

:

ð29Þ

The dimensionless dynamic meshing force Fm is

calculated by Eq. (30).

Fm ¼ hðt; x3Þ kðtÞf ðx3;DðtÞÞ þ n _x3½ � ð30Þ

Therefore, the dimensionless normalized expres-

sion of nonlinear dynamic model of the spur gear pair

including five states (such as double-tooth drive-side

meshing, single-tooth drive-side meshing, double-

tooth back-side meshing, single-tooth back-side mesh-

ing, and teeth disengaging) and time-varying meshing

parameters (such as time-varying meshing stiffness,

time-varying meshing damping, and time-varying

backlash) is obtained, as written in Eq. (25). This

model provides a basis for the study of nonlinear

dynamics and multi-state meshing behavior of a spur

gear system. Due to the significant importance of the

time-varying meshing parameters to the nonlinear

dynamics and meshing characteristics of the gear

system, the time-varying backlash, the time-varying

meshing stiffness, and the time-varying meshing

damping considering the elastic deformation and

thermal deformation at the meshing point for gear

teeth as well as the deformation of the oil film

thickness are calculated, as seen from Sect. 3‘f[.

3 Calculating of time-varying parameters

3.1 Time-varying backlash

Time-varying backlash can identify multi-state mesh-

ing behavior of spur gear system. The elastic defor-

mation of gear tooth and the deformation of the oil film

thickness increase backlash, and the thermal defor-

mation of tooth reduces backlash. It is assumed that

the gear pair is installed as standard, thus the time-

varying backlash, D(t), is expressed as [29]:

DðtÞ = d0 þ dðtÞ ð31Þ

where d0 is the amount of static backlash, which refers

to the tooth side clearance reserved in the design and is

considered a constant. dðtÞ is a time variable caused by

the elastic deformation and thermal deformation of

gear teeth as well as the oil film thickness deformation

at the meshing point. dðtÞ can be obtained by Eq. (31)
[29].

dðtÞ ¼ deðtÞ � dtðtÞ � hoilðtÞ½ �cosð2aÞ ð32Þ

where a is the pressure angle. deðtÞ, dtðtÞ and hoilðtÞ are
the elastic deformation amount, thermal deformation

amount and oil film thickness deformation at the
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meshing point, respectively. The detailed calculation

of these deformations can be found in Ref. [29].

The parameter properties of the studied gear pair

are shown in Table 1. The static backlash amount is

d0 ¼ 200lm in this work. The distribution character-

istics of the time-varying backlash along the action

line are shown in Fig. 8. AB and CD represent the

double-tooth meshing areas, and BC is the single-tooth

meshing area. The time-varying backlash in the single-

tooth area is greater than the one in the double-tooth

areas. The backlash jumps when switching between

single and double teeth, such as B and C points.

Additionally, the time-varying backlash can be

regarded as a constant in the single-tooth and

double-tooth areas due to its very small change, as

shown in Fig. 8. Therefore, half of the dimensionless

time-varying backlash is Ds = 0.89 in the single-tooth

area and Dd = 0.79 in the double-tooth areas. This

helps to identify and analyze the single-tooth and

double-tooth meshing behavior of the gear pair.

3.2 Time-varying meshing stiffness

The accuracy of the time-varying meshing stiffness

model reflects the precision and validity of the

dynamic model of the gear system. The mesh stiffness

is mainly characterized by the elastic stiffness in the

dynamic modeling and analysis of the gear systems

[10–15]. Recently, many improved time-varying

meshing stiffness models have been proposed to

consider different influencing factors. Ma et al. [39]

established an improved time-varying mesh stiffness

considering the effects of ETC, nonlinear contact

stiffness, revised fillet-foundation stiffness, and tooth

profile modification. Also, various time-varying stiff-

ness calculation models including the effects of crack

propagation path [40], the realistic spalling morphol-

ogy [41], and roughness [42] are obtained. However,

the influence of gear temperature is not considered in

these time-varyingmesh stiffness models. The thermal

deformation caused by the tooth temperature is of

great significance for the meshing stiffness of spur

gear systems during gear meshing. This thermal

deformation is different from the elastic deformation

caused by the contact load, such as Hertzian contact

deformation, shear deformation, bending deformation

and axial compression deformation, etc. In this paper,

the stiffness caused by thermal deformation is defined

as temperature stiffness. As the reviewer said, the

temperature stiffness should be an elastic stiffness

considering the effect of temperature. However, there

is a certain difference between elastic stiffness and

temperature stiffness. That is, the elastic stiffness does

not depend on the change of the load, but the

temperature stiffness is positively correlated with the

load when the thermal deformation is constant.

Therefore, in order to highlight this difference, the

temperature stiffness is defined additionally. The

temperature stiffness and the oil film stiffness caused

by the oil film thickness deformation have an impor-

tant influence on the time-varying meshing stiffness of

the gear system. Thus, a comprehensive time-varying

meshing stiffness model, kmðtÞ, including elastic

stiffness, temperature stiffness and oil film stiffness

is developed in this paper, as expressed as Eq. (33).

Table 1 Parameter properties of the studied spur gear system

Parameter properties Pinion Gear

Number of tooth 21 26

modulus m (mm) 5 5

Moment of inertia I (kg.mm2) 0.21 0.26

Tooth width b(mm) 50 48

Contact ratio 1.594988

Pressure angle a (�) 20 20

Static backlash amount d0 (lm) 200

Fig. 8 The time-varying backlash along the tooth profile or

LoA
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1

kmðtÞ
¼ 1

keðtÞ
þ 1

ktðtÞ
þ 1

koilðtÞ
ð33Þ

where keðtÞ, ktðtÞ and koilðtÞ are elastic stiffness,

temperature stiffness and oil film stiffness, respec-

tively. The elastic stiffness, keðtÞ, includes bending

stiffness kebðtÞ, axial compression stiffness keaðtÞ,
shear stiffness kesðtÞ, fillet-foundation stiffness kefðtÞ
and Hertzian contact stiffness keh, which can be

written as in Eq. (34) [12–15].

1

keðtÞ
¼ 1

keh
þ 1

kebðtÞ
þ 1

keaðtÞ
þ 1

kesðtÞ
þ 1

kefðtÞ
ð34Þ

The temperature stiffness, ktðtÞ, can be calculated

by Eq. (35).

ktðtÞ¼
Fm

dtðtÞ
ð35Þ

where Fm and dtðtÞ are the dynamic meshing force and

thermal deformation amount at the meshing point,

respectively.

The oil film stiffness, koilðtÞ, can be got by Eq. (36)
[43].

koilðtÞ ¼ DFm

DHoilðtÞ
ð36Þ

where DFm is the change in load, and DHoilðtÞ is the
change in oil film thickness caused by DFm.

The studied gear parameters are seen from Table 1.

The oil film stiffness koilðtÞ, temperature stiffness ktðtÞ,
elastic stiffness keðtÞ as well as comprehensive time-

varying meshing stiffness kmðtÞ along the action line

(LoA) for one tooth pair are shown in Fig. 9a and b. It

is thus clear that the introduction of oil film stiffness

and temperature stiffness reduces the comprehensive

time-varying meshing stiffness. In contrast, the tem-

perature stiffness has a greater effect on the compre-

hensive time-varying meshing stiffness, while the

effect of the oil film stiffness is small due to its larger

value.

According to the boundary conditions of single-

tooth engagement and double-tooth engagement in the

time domain: single-tooth engagement ðem �
1ÞTm � t\ðnþ 1ÞTm and double-tooth engagement

nTm � t\ðem � 1ÞTm ðn ¼ 0; 1; 2 � � �Þ, the expression
of the comprehensive time-varying meshing stiffness

calculation model under single- and double-tooth

engaging conditions is expressed as Eq. (37).

A comparison of the time-varying meshing stiff-

ness in this paper with the one in the published

Fig. 9 The changes of the

time-varying meshing

stiffness along the action

line (LoA): a The oil film

stiffness koilðtÞ; b Elastic

stiffness keðtÞ, temperature

stiffness ktðtÞ and
comprehensive time-

varying meshing stiffness

kmðtÞ
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literatures is carried out in order to verify the proposed

model including the temperature stiffness and oil film

stiffness, as illustrated in Fig. 10. The dark blue curve

is the time-varying meshing stiffness calculated by the

proposed model including the temperature stiffness

and oil film stiffness. The red curve represents the

time-varying meshing stiffness calculated from the

published literature models [10–15], which is only the

elastic stiffness. The stiffness proposed in this paper is

less than the stiffness in the literature because the

temperature stiffness and oil film stiffness are consid-

ered. However, the stiffness changes of the two

models are consistent and within the same order of

magnitude. Notably, the thermal deformation caused

by temperature changes and oil film thickness defor-

mation can reduce the meshing stiffness of the gear

system. Therefore, the influence of temperature and

lubrication cannot be ignored in the analysis of gear

meshing vibration.

3.3 Time-varying meshing damping

The meshing damping of the spur gear pair is related to

the meshing stiffness. Thus, the time-varying meshing

damping cmðtÞ of the spur gear pair can be calculated

by Eq. (38).

cmðtÞ¼ 21
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mekmðtÞ

p
ð38Þ

where 1 is the meshing damping rate and is 1 ¼ 0:07 in

this work.

3.4 Time-varying friction coefficient under EHL

The oil film stiffness under the elastohydrodynamic

lubrication (EHL) condition is calculated in this work,

so the time-varying friction coefficient under EHL

condition is referred to in the dynamic modeling and

analysis of the gear system. Based on the studies of He

et al. [44], the time-varying friction formula for the ith

meshing tooth pair are expressed as Eq. (39).

liðtÞ ¼ kiðtÞef ðSRiðtÞ;PhiðtÞ;gM;RaavgÞPb2
hi SRiðtÞj jb3

� ðveiðtÞ=2Þb6gb7Mq
b8
ri ðtÞ

ð39aÞ

f ðSRiðtÞ;PhiðtÞ; gM;RaavgÞ ¼ b1
þ b4jSRiðtÞjPhiðtÞ lg gM
þ b5e

�jSRiðtÞPhiðtÞ lg gMj

þ b9e
Raavg

ð39bÞ

where Raavg ¼ ðRa1 þ Ra2Þ=2 is the averaged surface

roughness and gM ¼ 0:058 is the dynamic viscosity of

the oil entering. The maximum Hertzian pressure

PhiðtÞ of the ith meshing tooth pair is written as

Eq. (40).

PhiðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fe



pqrðtÞð

1� v2

E
Þ

� �s

ð40Þ

Herein, fe is the unit normal load, and qriðtÞ is the
composite relative radius of curvature of the ith

meshing tooth pair.Fig. 10 A comparison between the stiffness proposed in this

article and the stiffness of published literature

1

kmðtÞ
¼

1

kehi
þ 1

kebiðtÞ
þ 1

keaiðtÞ
þ 1

kesiðtÞ
þ 1

kefiðtÞ
þ 1

ktiðtÞ
þ 1

koiliðtÞ
; ðem � 1ÞTm � t\ðnþ 1ÞTm

X2

i¼

1

kehi
þ 1

kebiðtÞ
þ 1

keaiðtÞ
þ 1

kesiðtÞ
þ 1

kefiðtÞ
þ 1

ktiðtÞ
þ 1

koiliðtÞ


 �
; nTm � t\ðem � 1ÞTm

8
>>><

>>>:

ð37Þ
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In Eq. (39), SRiðtÞ ¼ 2vsiðtÞ=veiðtÞ is the dimen-

sionless slide-to-roll ratio of the ith meshing tooth

pair. vsiðtÞ is the sliding velocity of the ith meshing

tooth pair. veiðtÞ is the entraining velocity of the ith

meshing tooth pair. kiðtÞ is the direction coefficient of

the friction force and can be obtained by the Eq. (41).

kiðtÞ ¼ sgn vsiðtÞ½ � ð41Þ

Herein, sgn [•] is the sign function, used to

determine the direction of friction force.

4 Results and discussion

4.1 Characterization of five-state meshing

behavior

Based on the analysis in Sect. 2.1, five-state meshing

behavior of the spur gear system, such as double-tooth

drive-side meshing, single-tooth drive-side meshing,

double-tooth back-side meshing, single-tooth back-

side meshing as well as teeth disengaging, is obtained.

Therefore, the existence areas of the five-state mesh-

ing behavior in the phase plane can be observed

according to the numerical relationship between the

teeth relative displacement and time-varying backlash,

as shown in Fig. 11. Ds is half of the dimensionless

backlash in the single-tooth area and Dd is half of the

dimensionless backlash in the double-tooth areas,

where Ds[Dd.

As shown in Fig. 11, single-tooth drive-side mesh-

ing only occurs in area I (x3 C Ds). Single-tooth

disengagement occurs in II [ III [ IV area (|x3|\Ds).

Single-tooth back-side meshing only occurs in V area

(x3 B -Ds). Also, double-tooth drive-side meshing

occurs in I [ II area (x3 C Dd). Double-tooth disen-

gagement only occurs in III area (|x3|\Dd). Double-

tooth back-side meshing occurs in IV [ V area (x3 B -

Dd). Additionally, area I only appears single-tooth and

double-tooth drive-side meshes, where the phase orbit

is characterized by the symbol C1. area II appears

single-tooth disengagement and double-tooth drive-

side meshing, where the phase orbit is characterized

by C2. area III appears single-tooth disengagement,

where the phase orbit is characterized by C3. area IV
appears single-tooth disengagement and double-tooth

back-side meshing, where the phase orbit is charac-

terized by C4. area V appears single-tooth and double-

tooth back-side meshes, where the phase orbit is

characterized by C5.
In order to clearly solve and identify the five-state

meshing behavior of the gear system, five different

Poincaré mapping sections can be constructed based

on Fig. 11, such as time-period mapping section,

single-tooth disengagement mapping section, single-

tooth back-side contact mapping section, double-tooth

disengagement mapping section, and double-tooth

back-side contact mapping section below.

(1) Time-period mapping section: Rn ¼ ðx3; _x3; tÞf
2 R2 � Rþ;modðt; 2p=xÞ ¼ 0g;

(2) Single-tooth disengagement mapping section:

Rp ¼ ðx3; _x3; tÞ 2 R2 � Rþ; x3 ¼ Dd
� �

;

(3) Single-tooth back-side contact mapping section:

Rq ¼ ðx3; _x3; tÞ 2 R2 � Rþ; x3 ¼ �Dd
� �

;

(4) Double-tooth disengagement mapping section:

Rr ¼ ðx3; _x3; tÞ 2 R2 � Rþ; x3 ¼ Ds
� �

;

(5) Double-tooth back-side contact mapping section:

Rs ¼ ðx3; _x3; tÞ 2 R2 � Rþ; x3 ¼ �Ds
� �

.

According to the five different Poincaré mapping

sections above, the multi-state meshing behavior of

the gear system can be characterized by the symbol n-

p-q-r-s. n represents the number of system periodic

motion; p represents the number of single-tooth

disengagement; q represents the number of single-

tooth back-side meshing; r represents the number of

double-tooth disengagement; s represents the number

of double-tooth back-side meshing. If p, q, r or s is

zero, it indicates that the there is no single-tooth

disengagement, single-tooth back-side engagement,

double-tooth disengagement, or double-tooth back-

Fig. 11 The existence area of five meshing states in the phase

plane
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side engagement occurring. Thus, the multi-state

meshing behavior and nonlinear dynamics of the gear

system are obtained by analyzing the characteristics of

n-p-q-r-s.

4.2 Mechanism of multi-state meshing behavior

The nonlinear dynamic equation, Eq. (25), of the spur

gear system including five-state meshing behavior and

time-varying meshing parameters is solved numeri-

cally by using fourth-order Runge–Kutta method. The

mechanism of five-state meshing behavior is analyzed

in this section by means of phase diagrams, Poincaré

maps and dynamic meshing force time history

diagrams.

4.2.1 Drive-side tooth meshing state

The system dimensionless parameters x = 0.3,

F = 0.1 and e = 0.15 are fixed. Figure 12a and b

shows the phase diagram and the time history diagram

of the corresponding dynamic meshing force, respec-

tively. The relative displacement of the system is

always greater than half of the single-tooth and

double-tooth backlash, x3[Ds = 0.89 and x3-
[Dd = 0.79. Also, the dynamic meshing force of

the system is always greater than zero, Fm[ 0.0. It

means that the drive-side tooth meshing persists under

this parameter condition, and there are no teeth

disengagement and back-side tooth meshing. The

teeth relative displacement and relative speed of the

gear system jump between single tooth and double

teeth more obviously because of their small vibration

amplitude, as shown in Fig. 12a.

4.2.2 Drive-side tooth meshing and teeth disengaged

states

x = 0.3 and F = 0.1 are fixed and other parameters are

kept unchanged. Figure 13a is the phase diagram and

Fig. 12 Drive-side tooth

meshing state: a phase

diagram; b time history

diagram of the dynamic

meshing force

Fig. 13 Drive-side tooth

meshing and teeth

disengaged state: a phase

diagram and Poincaré map;

b time history diagram of the

dynamic meshing force
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Poincaré map where both drive-side tooth mesh and

teeth disengagement are observed. The symbol ‘‘•’’
represents Poincaré mapping point. The system per-

forms a stable period-1 behavior as shown in Fig. 13a,

and the phase orbit is distributed in I, II and III regions,

as in red marked by C1, blue marked by C2 and purple
marked by C3. Figure 13b is the time history diagram

of the corresponding dynamic meshing force Fm. Fm

changes periodically between greater than zero (Fm-

[ 0) and equal to zero (Fm = 0). This means that the

drive-side tooth mesh and teeth disengagement occur

periodically. The disengagement state occurs in the

single-tooth area and the double-tooth area. As shown

in Fig. 13b, when the drive-side tooth mesh (Fm[ 0)

transitions to the teeth disengagement (Fm = 0), the

dynamic meshing force has two sudden changes,

namely: Fm[ 0 ? Fm = 0 ? Fm\ 0 ? Fm-

= 0 ? Fm[ 0 ? Fm = 0 ? Fm\ 0 ? Fm = 0

(partially enlarged in the picture).

In order to reveal the mechanism of teeth disen-

gagement, it is necessary to analyze the mutation

process of dynamic meshing force in detail. Figure 14

shows the changes of the dynamic meshing force and

teeth relative displacement in the time domain when

the drive-side tooth mesh is transferred to the teeth

disengagement. The dynamic meshing force of the

system jumps periodically, and the force of the

double-tooth area (double-tooth Fm) is greater than

that of the single-tooth area (single-tooth Fm).

The dynamic meshing forces are greater than zero

before point F1, and the system performs drive-side

tooth meshing state. At point F1, the single-tooth Fm

decreases to zero, and then increases in the opposite

direction (see area F1F2). In the F1F2 area, the system

is still in contact with the single-tooth drive-side

because the teeth relative displacement is greater than

half of the single-tooth backlash (x3[Ds). However,

the meshing gear teeth tend to separate from each

other due to the change in the direction of the meshing

force. At point F2, the relative displacement is equal to

half of the single-tooth backlash (x3 = Ds) and the

single-tooth Fm suddenly becomes zero. It indicates

that the meshing gear teeth are about to separate.

Subsequently, teeth relative displacement is smaller

than half of the single-tooth backlash, and the single-

tooth meshing force is equal to zero, and thus the

single-tooth disengagement occurs in the area F2F3.

Double-tooth drive-side meshing persists in F2F3

since double-toothFm is greater than zero and the teeth

relative displacement is higher than half of the double-

tooth backlash (x3[Dd). The double-tooth meshing

force decreases to zero at point F3 and then increases

in the opposite direction (see area F3F4). In the F3F4

area, the system is in double-tooth drive-side contact

state because the relative displacement is still greater

than half of the double-tooth backlash (x3[Dd). But

the meshing teeth tend to separate from each other due

to the change of the direction of the meshing force. At

F4, x3 = Dd and double-tooth Fm = 0 mean that the

meshing gear teeth are about to separate. And then, the

relative displacement is less than half of the double-

tooth backlash (x3\Dd) and the dynamic meshing

force is equal to zero (Fm = 0). The system is

completely disengaged after F4.

Therefore, the transition process from drive-side

tooth mesh to teeth disengagement occurs in the F1F4

area. The mechanism of gear teeth disengagement is

described as follows. The single-tooth dynamic

Fig. 14 Mechanism of the

transition from drive-side

tooth meshing to teeth

disengagement
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meshing force first decreases to zero and then

increases in the opposite direction until the relative

teeth displacement is equal to the half value of the

single-tooth backlash (point F2). Then the teeth

disengagement occurs in the single-tooth area (such

as F2F3 area). Subsequently, the double-tooth

dynamic meshing force decreases to zero, and then

increases in the opposite direction. Until the relative

teeth displacement is equal to the half value of the

double-tooth backlash (point F4), the double-tooth

dynamic meshing force suddenly decreases to zero,

and then the system is completely in a state of teeth

disengagement. Thus, the dynamic meshing force

experienced two sudden changes in the direction,

respectively, in the single-tooth and double-tooth

areas, resulting in the occurrence of gear teeth

disengagement.

4.2.3 Back-side tooth meshing and teeth disengaged

states

Take x = 1.4, other parameters are consistent with

those in Fig. 13. Figure 15a is the phase diagram and

Poincaré map of the gear system where double-tooth

drive-side mesh (C1 and C2), single-tooth drive-side

mesh (C1), double-tooth back-side mesh (C4 and C5),
single-tooth back-side mesh (C5) and teeth disen-

gagement (C3) are observed. The system performs a

stable period-3 behavior and its phase orbit are

distributed in I, II, III, IV and V regions. The meshing

state of the system becomes extremely complicated.

Figure 15b shows the time history of the correspond-

ing dynamic meshing force Fm, which changes

periodically between greater than zero (Fm[ 0),

equal to zero (Fm = 0) and less than zero (Fm\ 0).

It indicates that the single-tooth drive-side meshing,

double-tooth drive-side meshing, single-tooth back-

side meshing, double-tooth back-side meshing and

teeth disengagement appear periodically as shown in

Fig. 15a. Additionally, when the drive-side tooth

meshing (Fm[ 0) transitions to teeth disengaging

(Fm = 0) or the back-side tooth meshing (Fm\ 0)

transitions to teeth disengaging (Fm = 0), the dynamic

meshing force has undergone two sudden changes,

such as local magnifications in the picture. The

mutation process from drive-side tooth engagement

to teeth disengagement is the same as that in Fig. 14.

However, the mutation process from back-side tooth

meshing to teeth disengagement is analyzed in detail

below.

Figure 16 shows the changes of dynamic meshing

force Fm and teeth relative displacement x3 in the time

domain when the back-side tooth meshing transitions

to teeth disengagement. The dynamic meshing forces

are less than zero, and the system performs the back-

side tooth meshing state before point F1. At F1, the

absolute value of single-tooth Fm is reduced to zero

and then increases in the opposite direction (see area

F1F2). Between F1 and F2, the single-tooth drive-side

contact persists because the teeth relative displace-

ment is less than half of the negative value of single-

tooth backlash (x3\-Ds). However, the contact

teeth tend to separate from each other in the single-

tooth area because of the change in the direction of the

dynamic meshing force (single-tooth Fm). At F2, the

relative displacement is equal to half of the negative

value of single-tooth backlash (x3 = -Ds) and the

single-tooth Fm suddenly becomes zero. It means that

the back-side meshing teeth are about to separate.

Subsequently, the relative displacement is greater than

Fig. 15 Drive-side tooth

meshing and teeth

disengaged state: a phase

diagram and Poincaré map;

b time history diagram of the

dynamic meshing force
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half of the negative value of single-tooth backlash

(x3[-Ds), and the single-tooth meshing force is

equal to zero, so the single-tooth disengagement

appears between F2 and F3. However, double-tooth

back-side meshing persists in the F2F3 area because

double-tooth Fm is less than zero and the teeth relative

displacement is lower than half of the negative value

of double-tooth backlash (x3\ -Dd). The double-

tooth meshing force decreases to zero at point F3 and

then increases in the opposite direction (see area

F3F4). The double-tooth drive-side contact state

persists because the relative displacement is less than

half of the negative value of double-tooth backlash

(x3\-Dd) between F3 and F4. But the double-tooth

meshing teeth tend to separate from each other due to

the change of the meshing force in direction. At F4,

x3 = -Dd and single-tooth Fm = 0 indicate that

double-tooth meshing teeth are about to separate.

Subsequently, the relative displacement is larger than

half of the negative value of double-tooth backlash

(x3[-Dd) and the dynamic meshing force is equal to

zero (Fm = 0). The completely teeth disengagement is

obtained after F4.

Therefore, the transition process from back-side

tooth meshing to teeth disengagement appears in the

F1F4 area. The single-tooth dynamic meshing force

first changes in direction between F1 and F2. And then

single-tooth back-side teeth disengagement occurs

between F2 and F3. Subsequently, the double-tooth

dynamic meshing force changes in direction between

F3 and F4. Finally, the system enters a completely

teeth disengaged state after point F4. Similarly, the

mutation in the direction of the dynamicmeshing force

leads to the occurrence of teeth disengagement.

4.3 Bifurcation and evolution of five-state

meshing behavior

Due to time-varying meshing stiffness, time-varying

backlash, dynamic transmission error, and switching

between different meshing states, the gear system

becomes a non-smooth nonlinear strong time-varying

system. The five-state meshing behavior and nonlinear

dynamics caused by the system parameters have a

significant impact on the transmission efficiency and

motion quality of the system. The effects of meshing

frequency, load factor, and transmission error coeffi-

cient on the nonlinear dynamics of five-state meshing

behavior of the gear system are discussed in detail as

follows.

4.3.1 Effect of meshing frequency

Take F = 0.13 and e = 0.25 and the meshing fre-

quency x is used as the control parameter. Based on

five different Poincaré mapping sections established in

Sect. 3.1, the bifurcation diagram of the five-state

meshing behavior of the system and the corresponding

top Lyapunov exponent (TLE) are shown in Fig. 17a–

d increasing in x. Figure 17a is the bifurcation

diagram in time-period mapping section Rn in blue.

In Fig. 17b, the bifurcation diagrams in single-tooth

disengagement mapping section Rp and single-tooth

back-side contact mapping section Rq are in magenta

and green, respectively. In Fig. 17c, the bifurcation

diagrams in double-tooth disengagement mapping

section Rr and double-tooth back-side contact map-

ping sectionRs are in red and grass green, respectively.

Figure 17d shows the corresponding top Lyapunov

Fig. 16 Mechanism of the

transition from back-side

tooth meshing to teeth

disengagement
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exponent (TLE), which is used to analyze the dynamic

stability of the system. TLE value less than zero

indicates a stable periodic behavior, and TLE value

greater than zero means an unstable chaotic behavior.

TLE value is approximately equal to zero or jumps

indicate the bifurcation or sudden change of the

dynamic behavior of the system, such as the black dot

‘‘•’’ (A, B, C, D, E and F).

When the meshing frequency x is small (left side

of point A), the system shows a stable 1-0-0-0-0

behavior, where no teeth disengagement and back-

side tooth meshing occur. The corresponding TLE

values are lower than zero. Figure 18a shows the

phase portrait and Poincaré map calculated for

x = 0.2 where the symbol ‘‘•’’ is Poincaré mapping

point. The vibration amplitude between single-tooth

and double-tooth is obviously jumping due to the

slight vibration. The time history of the correspond-

ing dynamic meshing force is shown in Fig. 18b,

which is always greater than zero. With the increase

in x, single-tooth disengagement appears at point A.

The system performs a stable 1-1-0-0-0 behavior

between A and B points. The phase portrait and

Poincaré map are displayed in Fig. 18c as x = 0.5.

The phase portrait crosses the half of the value of

single-tooth backlash (Ds = 0.89), where C1 is the

portrait of single-tooth and double-tooth drive-side

meshing portrait and C2 is the portrait of single-tooth

disengagement and double-tooth drive-side mesh.

Figure 18d shows the corresponding meshing force

in time domain. It is observed that the dynamic

meshing force is equal to zero in the single-tooth area

(see partial enlargement), and the dynamic meshing

force in the double-tooth area is always greater than

zero. This means that the single-tooth disengagement

occurs periodically.

At B, 1-1-0-0-0 behavior jumps and transitions to a

1-1-1-1-1 behavior and then the system performs a

stable 1-1-1-1-1 behavior between B and C points. The

multi-state dynamics of the system become more

complicated. The phase trajectory of the system passes

through half of the value and half of the negative value

of the single-tooth and double-tooth backlash, as

marked by C1, C2, C3, C4 and C5, as shown in

Fig. 18e. The phase trajectory of the system becomes

smoother than that of Fig. 18a and c due to the

expansion of its topology, and thus the jump of

vibration amplitude between single and double teeth is

not obvious. The corresponding dynamic meshing

force changes periodically between greater than zero

(drive-side meshing), equal to zero (disengagement)

and less than zero (back-side meshing), as illustrated

in Fig. 18f. Also, the mutation of the meshing force is

observed when the drive-side meshing transitions to

disengagement or back-side meshing transitions to

disengagement.

At C, 1-1-1-1-1 behavior shifts to a stable 1-1-0-1-0

behavior. Single-tooth and double-tooth back-side

meshes disappear for 1-1-0-1-0, but single-tooth and

double-tooth disengagements persist. Phase trajecto-

ries of different meshing states are marked by the

symbols C1, C2 and C3 as shown in Fig. 18g. The

dynamic meshing force of the system appears period-

ically between greater than zero and equal to zero, as

seen from Fig. 18h. 1-1-0-1-0 behavior enters a short

chaotic behavior via period-doubling bifurcation

sequence and then degenerates to a stable 2-2-0-2-0

behavior by inverse period-doubling bifurcation

sequence. The phase orbit and dynamic meshing force

in time domain of 2-2-0-2-0 behavior are shown in

Fig. 18i and j. 2-2-0-2-0 behavior degenerates to 2-1-

Fig. 17 Bifurcation diagrams in different Poincaré mapping

sections and corresponding top Lyapunov exponent (TLE) with

the increase in x. a time-period mapping section in blue;

b single-tooth disengagement mapping section in magenta and

single-tooth back-side contact mapping section in green;

c double-tooth disengagement mapping section in red and

double-tooth back-side contact mapping section in grass green;

d top Lyapunov exponent (TLE)
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0-1-0 behavior via grazing bifurcation at point D.

Then 2-1-0-1-0 behavior turns into chaos at point E.

The chaotic attractor in time-period Poincaré mapping

section is depicted in Fig. 18k and the corresponding

dynamic meshing force is shown in Fig. 18l. The

meshing force changes periodically between Fm[ 0,

Fm = 0 and Fm\ 0. Thus, the single-tooth and

double-tooth disengagements as well as single-tooth

and double-tooth back-side meshes are observed in

chaos. As x increases further, the chaos degenerates

into a 2-1-1-1-1 behavior, and then 2-1-1-1-1 behavior

enters chaos. Subsequently, the chaos degenerates into

a 3-1-1-1-1 behavior. The phase trajectory of the

system crosses Ds, -Ds, Dd and -Dd, as shown in

Fig. 18m. The five-state meshing behaviors are

observed as marked by C1, C2, C3, C4 and C5. The
time history of the corresponding dynamic meshing

force is shown in Fig. 18n, which appears periodically

between Fm[ 0, Fm = 0 and Fm\ 0. 3-1-1–1-1

behavior transfers to a 1-1-0-1-0 behavior at point F.

The system performs drive-side tooth mesh, single-

tooth and double-tooth disengagements after F. Fig-

ure 18o is the phase portrait and Poincaré map of 1-1-

0-1-0.

Therefore, the system performs a stable drive-side

meshing state when the meshing frequency x is small.

With the increase in x, the system gradually appeared

multi-state meshing behavior such as single-tooth and

double-tooth disengagement, double-tooth back-side

meshing and single-tooth back-side meshing. The

multi-state meshing behavior of the system become

complicated decreasingx. In addition, the bifurcation,
periodic jump, and chaos are found between B and F

points (0.5\x\ 2.0). Teeth disengagements and

back-side meshes caused by bifurcation or chaos are

also obtained in this area. Bifurcations such as B, C, D,

E and F points not only modify the type of motion, but

also change the multi-state meshing behavior of the

system. Also, chaotic behavior stimulates tooth dis-

engagement and back-side tooth contact, forming a

multi-state meshing behavior. When x is large (to the

right of point F), although the system exhibits a

stable period-1 behavior, the single-tooth and double-

tooth disengagement still occurs, as seen from 1-1-0-

1-0 behavior.

4.3.2 Effect of load factor

x = 1.3 and e = 0.12 are fixed, and other parameters

remain unchanged. Figure 19 shows the bifurcation

diagrams of the gear system in different Poincaré

sections and TLE diagram with the decrease in load

factor F. When F is large (on the right of point A), the

system exhibits a 1-1-0-1-0 behavior, which is a

period-1 motion and the corresponding TLE values are

less than zero. Only the single- and double-tooth

disengagements are observed and no back-side teeth

bFig. 18 Phase portraits, Poincaré maps, and time histories of

dynamic meshing force. a Phase portrait and Poincaré mapping

as x = 0.2; b Dynamic meshing force as x = 0.2; c Phase

portrait and Poincaré mapping as x = 0.5; d Dynamic meshing

force as x = 0.5; e Phase portrait and Poincaré mapping as

x = 0.68; f Dynamic meshing force as x = 0.68; g Phase

portrait and Poincaré mapping asx = 0.74; hDynamic meshing

force as x = 0.74; i Phase portrait and Poincaré mapping as

x = 0.87; j Dynamic meshing force as x = 0.87; k Poincaré

mapping as x = 1.05; l Dynamic meshing force as x = 1.05;

m Phase portrait and Poincaré mapping asx = 1.75; nDynamic

meshing force as x = 1.75; m Phase portrait and Poincaré

mapping as x = 2.0

Fig. 19 Bifurcation diagrams in different Poincaré mapping

sections and top Lyapunov exponent (TLE) with the decrease in

F. a time-period mapping section in blue; b single-tooth

disengagement mapping section in magenta and single-tooth

back-side contact mapping section in green; c double-tooth

disengagement mapping section in red and double-tooth back-

side contact mapping section in grass green; d top Lyapunov

exponent (TLE)
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mesh occurring for 1-1-0-1-0 behavior. The phase

portrait and Poincaré map are depicted in Fig. 20a, and

the phase trajectories in different meshing states are

marked by C1, C2 and C3, respectively. The corre-

sponding dynamic meshing force is shown in Fig. 20b,

which changes periodically between Fm[ 0 and

Fm = 0.

With the decrease in F, 1-1-0-1-0 behavior creates a

2-2-0-2-0 behavior via period-double bifurcation at B

point where TLE value is equivalent to zero. And then

the system performs a stable period-2 motion and there

are two single-tooth disengagements and two double-

tooth disengagements for 2–2-0–2-0. The phase por-

trait and dynamic meshing force are illustrated in

Fig. 20c and d, respectively. 2–2-0–2-0 transitions to

2–2-0-1-0 at B point by grazing bifurcation and the

phase portrait is described in Fig. 20e where the curve

C2 is tangent to the straight line Dd, and then double-

tooth disengaging is reduced once. The phase trajec-

tory crosses x3 = Ds twice and crosses x3 = Dd once,

as indicated in Fig. 20f. The corresponding dynamic

meshing force is illustrated in Fig. 20g.

At C point, 2-2-0-1-0 jumps and transitions to a 4-2-

0-2-0 behavior. Figure 20h and i shows the phase

trajectory and dynamic meshing force in time domain

for 4-2-0-2-0. Subsequently, 4-2-0-2-0 enters into a

chaotic behavior by short period-double bifurcations

and TLE values of the chaotic behavior are higher than

zero. Figure 20j is Poincaré mapping diagram of chaos

calculating for F = 0.09, and Fig. 20k is the corre-

sponding dynamic meshing force. The dynamic

meshing force changes periodically between Fm[ 0

and Fm = 0, and no Fm\ 0 appearing. Thus, there is

not any back-side teeth mesh occurring for the chaos.

However, the chaotic attractor enlarges at E point and

then single-tooth and double-tooth back-side meshes

appear. The enlarged chaotic attractor is depicted in

Fig. 20l and the corresponding dynamic meshing

force is shown in Fig. 20m where Fm\ 0 is observed.

As F is further decreased to point F, the chaotic

behavior degenerates to a 3-1-1-1-1 behavior. The

system performs a stable period-3 behavior, but the

teeth disengagements and back-side tooth mesh persist

as shown in Fig. 20n. The corresponding dynamic

meshing force changes periodically between Fm[ 0,

Fm = 0 and Fm\ 0 as shown in Fig. 20o.

Therefore, when the load factor is large, the system

behaves as a stable period-1 behavior. The multi-state

meshing behavior is simple, and only single-tooth and

double-tooth disengagements occur. As decreasing in

load factor F, the system undergoes period-doubling

and grazing bifurcations, and five-state meshing

behavior is gradually observed. In addition, grazing

bifurcation (B point) reduces the number of double-

tooth disengagement. Bifurcation changes the multi-

state meshing behavior of the system. Additionally,

the single-tooth and double-tooth back-side meshes

are gradually observed. Both the multi-state meshing

behavior and nonlinear dynamics become complicated

decreasing in F.

4.3.3 Effect of transmission error coefficient

Take F = 0.05 and x = 1.3, Fig. 21 shows the bifur-

cation diagrams of the five-state meshing behavior of

the system with the increase in transmission error

coefficient e. When e is small (left of point A), the

system behaves as a stable 1-0-0-0-0 behavior, and the

corresponding TLE value is less than zero. There is a

complete drive-side meshing state is observed, and no

disengagement and back-side meshing appearing. The

system exhibits a flutter motion in the range of

extremely small vibration amplitude, as shown in

Fig. 22a calculating for e = 0.012.

With the decreasing in e, single-tooth disengage-

ment is observed at A point and then 1-1-0-0-0

behavior is obtained between A and B points. The

phase portrait and Poincaré map are depicted in

Fig. 22b, and the corresponding dynamic meshing

force is shown in Fig. 22c. The phase portrait crosses

x3 = Ds, as marked by C1 and C2. At B, 1-1-0-0-0
behavior jumps to 2-1-0-1-0 behavior. The system

performs a period-2 motion and appears double-tooth

disengagement between B and C points. Figure 22d is

the phase portrait and Poincaré map of 2-1-0-1-0

bFig. 20 Phase portraits, Poincaré maps and time histories of

dynamic meshing force. a Phase portrait and Poincaré mapping

as F = 0.16; b Dynamic meshing force as F = 0.16; c Phase

portrait and Poincaré mapping as F = 0.117; d Dynamic

meshing force as F = 0.117; e Phase portrait and Poincaré

mapping as F = 0.103; f Dynamic meshing force as F = 0.103;

g Phase portrait and Poincaré mapping as F = 0.11; h Dynamic

meshing force as F = 0.11; i Poincaré mapping as F = 0.09;

j Dynamic meshing force as F = 0.09; k Poincaré mapping as

F = 0.07; l Dynamic meshing force as F = 0.07; m Phase

portrait and Poincaré mapping as F = 0.02; nDynamic meshing

force as F = 0.02
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behavior. The phase portrait crosses x3 = Ds and

x3 = Dd, as marked with C1, C2 and C3. The

corresponding dynamic meshing force changes peri-

odically between Fm[ 0 and Fm = 0. Drive-side

mesh, single-tooth disengagement and double-tooth

disengagement occur periodically during gears

operating.

2-1-0-1-0 behavior jumps at C and D points, and

then enters chaos. The corresponding TLE value is

higher than zero. Poincaré map and dynamic meshing

force of the chaos are shown in Fig. 22f and g as

e = 0.07. The meshing force changes between Fm[ 0

and Fm = 0. Single-tooth and double-tooth disengage-

ments persist, but no back-side meshing occurs for the

chaotic behavior. However, the chaotic behavior

degenerates into 6-2-2-2-2 behavior at point E.

Single-tooth and double-tooth back-side meshes are

observed. The phase portrait passes through x3 = Ds, -

Ds, Dd and -Dd, as shown in Fig. 22h. The phase

trajectories under different meshing states are marked

with C1, C2, C3, C4 and C5. The dynamic meshing

force changes periodically between Fm[ 0, Fm = 0

and Fm\ 0, as shown in Fig. 22i.

Subsequently, 6-2-2–2-2 behavior enters to chaos

via a short period-doubling bifurcation sequence.

Teeth disengagements and back-side tooth meshes

persist for the chaotic behavior. Furthermore, the

chaotic behavior degenerates into a 6-1-2-1-2 behav-

ior at point F. 6-1-2-1-2 behavior exists in a larger

range of e and then enters chaos after a series of

bifurcation and evolution. Figure 22j and k shows the

Poincaré map and dynamic meshing force of the

chaotic behavior. The dynamic meshing force alter-

nates between Fm[ 0, Fm = 0 and Fm\ 0. Teeth

disengagements and back-side meshes always occur.

Therefore, when e is small, the system exhibits a

complete drive-side meshing state without disengage-

ment and back-side meshing. With the increase in e,
however, single-tooth disengagement occurs at point

A, and then double-tooth disengagement appears at

point B. Single-tooth and double-tooth back-side

meshes are observed at point E. Subsequently, teeth

disengagements and back-side tooth meshing persist

after point F. In addition, the system behaves as a

stable periodic behavior when the transmission error

coefficient e is small. Periodic jumps and bifurcation

points are obtained increasing in e, such as B, C, D, E

and F points. The system performs chaotic and

periodic behaviors where teeth disengagements and

back-side tooth engagements are observed as e is large.
Bifurcation leads to gear tooth disengagement and

back-side tooth contact, resulting in multi-state mesh-

ing behavior. The type of multi-state meshing behav-

ior is also changed through bifurcation or periodic

jump, such as B and E point. The transmission error

coefficient e greatly affects the nonlinear dynamics as

well as multi-state meshing behavior of the gear

system. When the motion trajectory is enlarged or

chaotic, the system behaves as a multi-state meshing

behavior.

In order to demonstrate the advantages of the

proposedmodel, the nonlinear vibration obtained from

the traditional method is compared with the proposed

method. A bifurcation diagram with the increase in the

transmission error coefficient e is calculated by the

traditional model, as shown in Fig. 23, which corre-

sponds to Fig. 21a.

Comparing Fig. 21a and Fig. 23, when e is small (at

the left of F), the two bifurcation graphs have a certain

similarity, and the evolutionary trend of dynamic

Fig. 21 Bifurcation diagrams in different Poincaré mapping

sections and corresponding top Lyapunov exponent (TLE) with

the increase in e. a time-period mapping section in blue;

b single-tooth disengagement mapping section in magenta and

single-tooth back-side contact mapping section in green;

c double-tooth disengagement mapping section in red and

double-tooth back-side contact mapping sectionin grass green;

d top Lyapunov exponent (TLE)
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Fig. 22 Phase portraits, Poincaré maps and time histories of

dynamic meshing force. a Phase portrait and Poincaré mapping

as e = 0.012; b Phase portrait and Poincaré mapping as

e = 0.028; c Dynamic meshing force as e = 0.028; d Phase

portrait and Poincaré mapping as e = 0.04; e Dynamic meshing

force as e = 0.04; f Poincaré mapping as e = 0.07; g Dynamic

meshing force as e = 0.07; h Phase portrait and Poincaré

mapping as e = 0.0985; iDynamic meshing force as e = 0.0985;

j Poincaré mapping as e = 0.25; k Dynamic meshing force as

e = 0.25
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behavior is basically the same. However, the differ-

ence is that the period-2 behavior near point B cannot

be revealed in Fig. 23, and the position of the

bifurcation point E (chaotic behavior degenerates to

period-6 behavior) is advanced, and the parameter

range of the period-6 behavior is shortened in Fig. 21a

compared to Fig. 23. When e is large (at the right of

point F), the bifurcation diagrams obtained by the two

methods are quite different. The dynamic behavior

obtained by the traditional method mainly shows

periodic behavior when e is large, while the dynamic

behavior obtained by the proposed model mainly

shows period-6 behavior and chaotic behavior, and the

nonlinear vibration of the gear system is unstable and

complex. Therefore, compared with the traditional

model, the proposed model in this work can better

reflect the dynamical characteristics of the influence of

the transmission error coefficient e on the gear system.

The proposed model in this work has certain

advantages.

Notably, based on the actual engaging process of

the gear pair, a dimensionless normalized model of the

gear pair system including five-state mesh is estab-

lished. Then five different Poincaré mapping sections

are obtained according to the switching conditions

between different meshing states. Based on this, the

multi-state meshing behavior is clearly characterized,

and the evolutionary mechanisms of single-tooth or

double-tooth disengagement and back-side tooth con-

tact are well revealed. However, these behaviors and

phenomena cannot be obtained in the traditional

model because the multi-state meshing characteristics

are not considered.

5 Conclusions

The time-varying contact characteristics of an involute

spur gear system considering backlash and contact

ratio are elaborated. A new nonlinear dynamic model

of the gear system with five-state meshing behavior,

such as single-tooth drive-side mesh, double-tooth

drive-side mesh, teeth disengagement, single-tooth

back-side mesh, and double-tooth back-side mesh, is

established in this work. The time-varying meshing

stiffness and time-varying backlash considering the

elastic contact of gear teeth, gear temperature rise and

lubrication are calculated and introduced into this

model. The generation mechanism of multi-state

meshing behavior is revealed by using dynamic

meshing force time history and phase portrait. The

bifurcation and evolution of five-state meshing behav-

ior are analyzed separately under the effects of

meshing frequency, load factor and transmission error

coefficient. The nonlinear vibration obtained from the

traditional method has been compared with the

proposed method to demonstrate the advantages of

the model. Some beneficial conclusions are obtained

as follows:

(1) Five different meshing states of a spur gear

system and their boundary conditions are clearly

described. A dimensionless normalized nonlin-

ear dynamic model of the gear system including

five-state meshing behavior together with the

effects of time-varying backlash and time-

varying meshing stiffness are elaborated. The

time-varying backlash and time-varying mesh-

ing stiffness are calculated in detail with the

considerations of the elastic contact of the gear

teeth, and the gear temperature rise and

lubrication.

(2) The mutation in the direction of the dynamic

meshing force results in the disengagement of

Fig. 23 The bifurcation

diagram with the increase in

e in time-period Poincaré

mapping section

123

2058 J. Shi et al.



gear teeth, and then five-state meshing behavior

is observed. This mutation occurs successively

in the single- and double-tooth meshing regions.

The five-state meshing behavior is well charac-

terized by constructing five different Poincaré

mapping sections, such as time-period mapping

section Rn, single-tooth disengagement map-

ping section Rp, single-tooth back-side contact

mapping section Rq, double-tooth disengage-

ment mapping section Rr, and double-tooth

back-side contact mapping section Rs.

(3) The meshing frequency, load factor, and trans-

mission error coefficient greatly affect the

nonlinear dynamics and multi-state meshing

behavior of the gear system. When meshing

frequency or load factor is small, the system

behaves as a complete drive-side tooth meshing

state and a stable period-1 behavior. The multi-

state meshing behavior, bifurcation, and chaotic

behavior gradually occur as meshing frequency

or load factor increase. The multi-state meshing

behavior stimulates the complexity of the non-

linear dynamics of the gear system. In addition,

grazing bifurcation reduces the number of

double-tooth disengagement. These phenom-

ena, however, cannot be obtained in the tradi-

tional method due to the neglect of the multi-

state meshing behavior.

This paper provides a scientific basis for the

parameter optimization design, dynamic performance

improvement and reliable application of the gear

transmission system, and also lays a foundation for

further research of the gear system in meshing-contact

impact characteristics.
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