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Abstract This paper presents an adaptive trajectory
tracking controller with full state feedback for vector
propulsion unmanned surface vehicle (USV). The con-
troller solves the problem of strong coupling of con-
trol inputs with vector propulsion by virtual control
point method. Then, a guidance trajectory is designed
to avoid input saturation asmuch as possible. In order to
be closer to the reality ofUSV system, the tracking con-
troller is also designed for its actuator. When design-
ing the trajectory tracking controller, neural network-
minimum learning parameter (NN-MLP) technology
and parameter adaptive correction method are used
to approximate and compensate the actuator error,
model uncertainty and unknown environmental distur-
bances. By introducing a continuously differentiable
approximate saturation function, the oscillation prob-
lem caused by the discontinuous signum function in the
standard slidingmode control method is avoided. Next,
the Lyapunov stability analysis of designed control
law shows that the controller is ultimately uniformly
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bounded stability. Then, the zero-dynamics stability
condition of virtual control point is also proved. Finally,
compared with standard method, numerical simulation
results verify the effectiveness of proposed method.
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Guidance trajectory · Input saturation · Actuator
control

1 Introduction

Trajectory tracking control of unmanned surface vehi-
cle (USV) is one of the important research fields in
ship engineering. At present, it is the most concerned
research direction in the field of ship control. This
growing interest stems from the need for stability,
robustness and execution efficiency of USV controller
systems [1,2]. The USV can be used in practical appli-
cations, including maritime surveillance [3], water res-
cue [4], independent exploration [5] and water quality
sampling [6]. In fact, the control of vector propulsion
USV ismore challenging than that of fully actuated ves-
sel, which is due to the highly coupled characteristics
of vector propulsion inputs between various degrees of
freedom [7,8]. Although this characteristic enhances
the maneuverability of USV, the design difficulty of
controller increases correspondingly. In addition, envi-
ronmental disturbances, model uncertainty, and input
saturation also bring great challenges to the control sys-
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tem. These factors lead to the complexity of motion
control of USV.

In recent years, with the rapid development of ship
engineering technology, the development of USV has
attracted more and more attention and obtained cer-
tain research results [9]. At first, the trajectory track-
ing control of fully actuated USV was studied [10].
However, most of the USVs are small ships, which
are not suitable for carrying side thruster transposi-
tion. Therefore, the research direction has turned to
underactuated USV [11]. Li et al. used the barrier Lya-
punov method to solve the full state constraint prob-
lem in trajectory tracking control of underactuated
USV [12]. In the literature [13], a model free guidance
and control integrated framework is proposed to solve
the continuous waypoint tracking problem under com-
pletely unknown dynamics and environmental factors.
Khooban et al. extended the standard T-S fuzzy model
and linear matrix inequality, which made the controller
effective in reducing the tracking time and improving
the robustness of the controller [14]. On the basis of
the research on the trajectory tracking control of single
USV, literatures [15,16] extend it to the multi-USVs
formation tracking problem.

At present, scholars have studied the trajectory
tracking control for USV from different aspects and
achieved some results. Due to the USV sailing in com-
plexmarine environment, the external disturbances and
model uncertainty will affect the trajectory tracking
control performance, so it is necessary to study the
trajectory tracking control with external disturbances
and model uncertainty. In [17–19], to enhance the dis-
turbance rejection and tracking accuracy of the con-
troller, the disturbance observer, homogeneous distur-
bance observer, and extended state observer are used
to estimate the model uncertainty and external distur-
bance, respectively, so as to realize the exact trajec-
tory tracking control of the USV. Huang et al. [20]
adopt reducing order extended state observer to esti-
mate internal and external disturbances. In [21], the
nonsingular sliding mode manifold is developed by
the bi-limit homogeneous theory with strong robust-
ness against lumped uncertainties. The adaptive online
construction fuzzy tracking control method is used to
estimate the uncertainties without exact information of
dynamic model and external environment disturbances
in [22]. Then, [23] solves the influence of initial error
by prescribed performance function and enhance the
robustness of sliding mode controller by error trans-

formation technique. In [24], the neural network is
used to approximate the unknown external disturbance
and uncertainty and ensures the robustness of track-
ing performance through error transformation function.
And the radial basis function neural network and dis-
turbance observer are used to estimate and compen-
sate the influence of disturbances in [25]. The above
method only considers the external disturbances and
model uncertainty, but does not consider the influence
of actuator error.

In addition, the range of any actuator is limited, so
it is necessary to consider the problem of input sat-
uration. In the integral sliding mode trajectory track-
ing controller designed by [18], a smooth function is
employed to adaptively approximate the input satura-
tion nonlinearity. In [26], the trajectory tracking con-
trol problem of state constraint is addressed by a tan-
type Barrier Lyapunov function to avoid the constraint
state reaching the boundary value. Park [27] does not
use adaptive or intelligent technique, but uses auxil-
iary variables to deal with the problem of input satura-
tion. These methods are to solve the nonlinear problem
of input saturation. However, one of the main reasons
for input saturation is the overshoot of control input
caused by excessive tracking error. Therefore, avoid-
ing excessive tracking error is also an effective way
to solve the problem of input saturation. In addition,
for dealing with the input saturation problem, the anti-
windup compensator adjusts the controller to achieve
better control performance when the control input has
been saturated. The anti-windup compensator can be
directly modified on the existing controller to improve
the performance of whole closed-loop system under
input saturation [28]. The design of anti-windup com-
pensator has been fully discussed in [28–30]. In recent
years, some scholars began to discuss the problem of
fault-tolerant control in trajectory tracking of USV. In
[31], the adaptive technique combined with the back-
steppingmethod is adopted to enable the actuator fault-
tolerant controller to address the fault effects and the
system is guaranteed to be uniformly bounded under
certain actuator failure. In [32], an online fault esti-
mator is devised to detect, isolate, and accommodate
unknown faults and disturbances without using a pri-
ori knowledge, so as to achieve accurate tracking with
passive fault tolerance.

Although a lot of research work has been done in
terms of the trajectory tracking control of USV, their
control inputs are in the form of force and torque,
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without considering the influence of actuator in USV
system, including actuator input saturation and actua-
tor error. In addition, the current underactuated con-
trol inputs are independent of each other. However,
in the actual ship control, especially in the form of
vector propulsion, the control inputs have strong cou-
pling relationship. Motivated by the above problems,
this paper designs an adaptive trajectory tracking con-
troller with actuator error, input saturation and input
coupling.

In this paper, the virtual control point method with
the zero-dynamics stability analysis is used to solve
the strong coupling of control input. On this basis, the
guidance trajectory is designed to enhance the ability to
suppress input saturation. Considering the problem of
actuator stabilization and other disturbance factors, the
neural network-minimum learning parameter method
is used to approximate the actuator error, external dis-
turbance and model uncertainty. Then, the bound value
of approximation error is estimated by parameter self-
adaptive correctionmethod. Finally, an adaptive sliding
mode trajectory tracking controller for vector propul-
sionUSV is designed, and the effectiveness of proposed
method is verified by simulation experiment. The main
contributions of the proposed trajectory tracking con-
troller can be summarized as follows:

(1) In this paper, the coupling problem of control input
is considered in the design of trajectory tracking
controller, and the virtual control point method is
used to solve this problem. The stability condition
for control input coupling is determined by zero-
dynamics stability analysis.

(2) Considering that the excessive tracking error will
cause the overshoot of control input and lead to
the saturation of control input, this paper designs
a guidance trajectory between the desired trajec-
tory and the vessel to avoid the excessive tracking
error and ensure that the guidance trajectory can
eventually converge to the desired trajectory, so as
to realize the tracking of the desired trajectory and
suppress the problem of input saturation.

(3) In the design of trajectory tracking controller,
considering the actuator error and other distur-
bance factors, the neural network-minimum learn-
ing parameter method is used to approximate
the actuator error, external disturbance and model
uncertainty. And the bound value of approxima-
tion error is estimated by parameter self-adaptive

Fig. 1 The description of earth-fixed and body-fixed reference
frames

correction method. In addition, for the problem of
oscillation convergence of sliding mode controller
caused by the discontinuity of signum function,
this paper introduces a continuously differentiable
approximate saturation function instead of signum
function to improve the performance of controller.

The rest of this paper is organized as follows: Sect. 2
presents the mathematical model and control struc-
ture of vector propulsion USV. The adaptive trajectory
tracking controller and stability analysis are provided in
Sect. 3 and Sect. 4. The actuator controller is designed
in Sect. 5. Simulations are carried out in Sect. 6, and
conclusion is finally stated in Sect. 7.

2 Problem formulation

2.1 Mathematical model of vector propulsion USV

To study the USV motions, the Earth-fixed oa − xa ya
and the Body-fixed ob − xb yb reference frames are
defined in Fig. 1 [33,34].

The kinematics and dynamics equations of USV
model are as follows [35,36]
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = u cosψ − v sinψ

ẏ = u sinψ + v cosψ

ψ̇ = r
u̇ = fu + Δu + 1

m11
(Tu + bu)

v̇ = fv + Δv + 1
m22

(Tv + bv)

ṙ = fr + Δr + 1
m33

(Fr + br )

, (1)

with

fu = m22

m11
vr − d11

m11
u

fv = −m11

m22
ur − d22

m22
v
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Fig. 2 Control structure for vector propulsion USV

fr = m11 − m22

m33
uv − d33

m33
r

Here, (x, y, ψ) are the vessel position and yaw angle
in the earth-fixed frame, u and v are the longitudinal
and transverse linear velocities in surge (body-fixed xb)
and sway (body-fixed yb) directions, respectively, and
r is the angular velocity in yaw axes in the body-fixed
frame (see Fig. 1). (Tu, Tv, Fr ) are the thrust (moment)
component of the surge, sway, and yaw axes.m11,m22,
m33 are the vessel inertia including added mass effects,
and d11, d22, d33 are the hydrodynamic damping coef-
ficients. (Δu,Δv,Δr ) and (bu, bv, br ) are the unmod-
eled dynamics and external disturbances induced by
wind, waves, and ocean currents acting on surge, sway,
and yaw directions.

For vector propulsion system, the thrust transforma-
tion equation showing the relationship between (Tu,
Tv, Fr ) and (vector propulsion angle δ, thruster speed
n )is [37,38]

⎧
⎨

⎩

Tu = T cos(δ)
Tv = −T sin(δ)
Fr = T sin(δ)L/2

T = (
1 − tp

)
ρn2D4

pKT

, (2)

where T is the thrust of propulsion system, and L is
the length of vessel hull. By solving the (2) in reverse,
the actuator transformation equation [39,40] can be
obtained as follows can be obtained by actuator trans-
formation equation as
⎧
⎪⎨

⎪⎩

δ = arctan
(
2Fr
Tu L

)

n =
√

Tu
(1−tp)ρD4

pKT cos(δ)

. (3)

As an actuator, the propulsion angle δ and thruster
speed n of propulsion system need a certain response
time during execution, so their response model [41,42]
is
{
Tqṅr + nr = Kqna
δ̈r + 2ζωn δ̇r + ω2

nδr = Kδω
2
nδa

, (4)

where (na, δa) and (nr , δr ) are the control inputs and
actual outputs of actuator, respectively; Tq and Kq

denote the time constant, gain of n; ωn , ζ , and Kδ

refer to the natural frequency, damping ratio, and pro-
portionality coefficient of δ. The n ∈ [0, nm] and
δ ∈ [−δm, δm] are the executable ranges of actuator.

2.2 Control structure

Aiming at the vector propulsion USV with the influ-
ence of input saturation, input coupling, actuator error,
model uncertainty, and external disturbances in the
marine environment, an adaptive trajectory tracking
control with full state feedback is proposed for vector
propulsion USV.

Figure 2 shows the structure of proposed controller.
The controller structure diagram is divided into four
blocks, including guidance trajectory block (pink), tra-
jectory tracking control block (cyan), actuator control
block (yellow), and USV model block (green). The
guidance law converts the desired trajectory Pd into
the guidance trajectory Pg . Control input saturation is
mainly caused by large disturbances and initial state
error [43,44]. To avoid the problem of control input
saturation, guidance law is adopted to avoid input sat-
uration. In the design of control structure, consider-
ing the influence of actuator error, the actuator control
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is also designed, and the thrust (moment) components
(Tu, Tv, Fr ) and (thruster speed n, propulsion angle δ)
are transformed by Eqs. (2) and (3). Considering the
input coupling problem, the trajectory tracking con-
troller is designed on the basis of virtual control point,
and the disturbance effects such as actuator error,model
uncertainty and unknownenvironment disturbances are
reduced by neural network-minimum learning parame-
ter and parameter adaptive correction method. In addi-
tion, a continuously differentiable approximate satura-
tion function is used to avoid the oscillation caused by
the signum function in controller design.

3 Trajectory tracking control

3.1 Preliminaries

In the stabilization and tracking process of the actua-
tor, there are tracking errors between the actual control
inputs ur= [Tur , Frr ]T and command control inputs
uc= [Tuc, Frc]T , so the actuator errors ue= [Te, Fe]T

for thrust and torque are Te = Tur − Tuc and Fe =
Frr − Frc.

According to (2), the dynamics equation of vessel
model (1) will be modified to be

⎧
⎪⎨

⎪⎩

u̇ = fu + 1
m11

Tur + du
v̇ = fv − 2

m22L
Frr + dv

ṙ = fr + 1
m33

Frr + dr

, (5)

where the disturbances terms are du = Δu + 1
m11

bu,

dv = Δv + 1
m22

br , dr = Δr + 1
m33

br .

Assumption 1 The disturbances term d and actuator
errors (Te, Fe) are bounded. In otherwords, there exists
the positive constants d̄i , d̄T and d̄F , such as |di | ≤ d̄i ,
i = u, v, r , |Te| ≤ d̄T and |Fe| ≤ d̄F .

The vector propulsion mode causes the coupling
problem of control inputs with (5), which makes the
internal dynamics of system unstable [38,45]. There-
fore, the virtual control point method is introduced
to transform it into a dynamic system with internal
stability. The virtual control point P is located on
the longitudinal symmetrical axis of vessel with posi-
tive distance l from the geometric center as shown in
Fig. 3.

Fig. 3 The virtual control point P

The position P is given by

P =
[
xp(t)
yp(t)

]

=
[
x(t)
y(t)

]

+ l

[
cosψ(t)
sinψ(t)

]

, l > 0. (6)

where l > 0, the reference trajectory γ of vessel
tracking is represented by the desired output Pd =
[xd(t), yd(t)]T , which is generated by a virtual refer-
ence vessel with the same dynamics parameters, but
without the effect of modeling uncertainties and exter-
nal disturbances.

Assumption 2 The reference trajectory γ is sufficient
smooth with the xd , ẋd , ẍd , yd , ẏd , ÿd bounded.

Due to the excellent performance and global approx-
imation ability of radial basis function neural network
(RBFNN), it is used to approximate the unknown non-
linear disturbance term in the system.

For an arbitrary continuous function N (X), the
radial basis function neural network (RBFNN) can
approximate it by N (X) = WT h(X) + ε with ideal
weight W , input variable X , Gauss basis function h,
and approximation error ε [46]. To avoid increasing
the computational complexity for the on-line estima-
tion of W , the minimal-learning parameter method is
used to design the adaptive law of parameter estimation
φ = ‖W‖2, φ > 0 instead of the weight W adjust-
ment, with the estimated value φ̂ and estimation error
φ̃ = φ̂ − φ.

The control objective is to design an adaptive track-
ing controller, which can ensure the uniformly ulti-
mately bounded for the vector propulsion USV under
Assumptions 1 and 2.
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3.2 Guidance trajectory

Define the along and cross tracking errors between the
virtual point and the desired position:

[
xe
ye

]

= J T (φd)

[
xp − xd
yp − yd

]

, (7)

with

J (φd) =
[
cosφd − sin φd

sin φd cosφd

]

,

where φd = atan2 (ẏd , ẋd).
The time derivation of xe is

ẋe = (ẋ − ẋd) cosφd − (x − xd) φ̇d sin φd

+ (ẏ − ẏd) sin φd + (y − yd) φ̇d cosφd

− l
(
r − φ̇d

)
sin (ψ − φd)

= ẋ cosφd + ẏ sin φd −Ud + φ̇d ye

− lr sin (ψ − φd)

(8)

where Ud = ẋd cosψd + ẏd sinψd =
√

ẋ2d + ẏ2d .
According to (1), (8) can be written as

ẋe = u cos (ψ − φd) − (v + lr) sin (ψ − φd)

−Ud + φ̇d ye

= Up cos (ψ − φd + χ) −Ud + φ̇d ye (9)

where Up =
√
u2 + (v + lr)2 and χ = atan2(v +

lr, u).
Next, the time derivation of ye along (1) is

ẏe = u sin (ψ − φd) + (v + lr) cos (ψ − φd) − xeφ̇d

= Up sin (ψ − φd + χ) − xeφ̇d

(10)

The yaw angle and speed of designed guidance tra-
jectory are:
{

ψg = φd + arctan
(− ye

Δ

) − χ

Ug = (Ud−kxe)
√

y2e+Δ2

Δ

(11)

with k > 0, Δ > 0. And the surge and sway velocities
of designed guidance trajectory are such that
{

ug =
√

Ug
2 − vg2

vg = v + lr
(12)

So the time derivation of designed guidance trajec-
tory Pg can be described as

Ṗg =
[
ẋg
ẏg

]

= J
(
ψg

)
[
ug
vg

]

(13)

When the following error
{
eu = u − ug
eψ = ψ − ψg

(14)

converges to zero, the tracking error xe and ye can be
guaranteed to converge to zero gradually. The proof is
as follows:

The following Lyapunov function V1 are con-
structed:

V1 = 1

2
x2e + 1

2
y2e (15)

Differentiating (15) along (9) and (10) gives

V̇1 = xe ẋe + ye ẏe
= xe

(
Ug cos

(
ψg − φd + χ

) −Ud + φ̇d ye
)

+ ye
(
Ug sin

(
ψg − φd + χ

) − xeφ̇d
)

= − kx2e −Ug
ye2

√
Δ2 + ye2

(16)

It can be obtained from (16) that V̇1 < 0, so the
tracking error xe and ye are converge to zero.

3.3 Controller design

In this section, we present a constructive design tech-
nique to solve the trajectory tracking control with con-
trol input coupling problem that steers vessel systems
(1) along the guidance trajectory Pg . The trajectory
tracking control with virtual control point method is
developed to construct feedback control input uc =
[Tuc, Frc]T . We set χ(ψ) = [cosψ, sinψ]T , o(ψ) =
[−sinψ,

cosψ]T , R(ψ) = [χ(ψ), o(ψ)]. For any x =
[x1, x2, · · · , xn]T , y = [y1, y2, · · · , yn]T ∈ R

n(n ≥
1), we have 〈x, y〉 = ∑n

i=1 xi yi , ‖x‖ = √〈x, x〉.
Firstly, according to Eqs. (1) and (5), the second

derivative of virtual control point (6) is obtained by

P̈ =
[
ẍ p
ÿp

]

= o(ψ)ur + χ(ψ)

(

fu + 1

m11
Tur + du

)

+ o(ψ)

(

fv − 2

m22L
Frr + dv

)

− χ(ψ)vr

+ o(ψ)l

(

fr + 1

m33
Frr + dr

)

− χ(ψ)lr2

. (17)
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Next, Eq. (17), written in a compact form, will be
modified to be

P̈ = F + Bur + N0, (18)

with

F = R(ψ)

[
fu − vr − lr2

fv + ur + fr l

]

,

B =
[
χ(ψ)

m11
,−o(ψ)

(
2

m22L
− l

m33

)]

,

ur = uc + ue = [Tur , Frr ]
T , N0 = R(ψ)

[
du

dv + dr l

]

.

The control input uc is designed so that the redefined
output P can converge to the guidance trajectory Pg .

To this end, the target is to stabilize the Peg =
P− Pg , an adaptive sliding mode control has been pro-
posed. To stabilize the Peg , the sliding mode manifold
S is defined with the form

S = Ṗeg + λPeg + σ

∫ t

0
Peg(τ )dτ, (19)

where S = [S1, S2]T , λ = diag (λ1, λ2), λi > 0,
σ = diag (σ1, σ2), σi > 0, i = 1, 2.

With the design of Eq. (18), the time derivative of S
can be written as

Ṡ = F + Bur + N0 − P̈g + λṖeg + σ Peg

= F + Buc + N − P̈g + λṖeg + σ Peg. (20)

where N = Bue + N0.
Then, the control law can be chosen as

uc = B−1 (
P̈g − λṖeg − σ Peg − F − N

)
. (21)

Based on Subsection 3.1, the disturbance term N
can be approached by RBFNN with the form

N = WT h(X) + ε. (22)

where the ideal weight is W = diag(W1,W2). And
according to Assumption 1, ε is bounded, so |ε| ≤ � ,
� > 0. Define φi = ‖Wi‖2, i = 1, 2, and update the
control law

uc =B−1 (
P̈g − λṖeg − σ Peg − F

)

− 1

2
B−1φ̂ShT h,

(23)

with the designed adaptive law

˙̂
φi = γi

2
S2i h

T h − κiγi φ̂i . (24)

Here, γi > 0, κi > 0, i = 1, 2.
To ensure the convergence of sliding manifold [47],

the corresponding control law with a continuously
derivable approximate saturation function can be writ-
ten as

uc =B−1
(

−1

2
φ̂ShT h + P̈g − λṖeg − σ Peg

)

+ B−1 (−F − μS − ℵ�̂
)

, (25)

where μ = diag (μ1, μ2), μi > 0;

ℵ = diag {sat(S1/ϑ1), sat(S2/ϑ2)} ,

sat(Si/ϑi ) =
{
sgn(Si ), |Si | >

ϑi
ρi−1

ρi Si|Si |+ϑi
, |S| ≤ ϑi

ρi−1

,

and ρi > 1, ϑi > 0, i = 1, 2; sgn(·) denotes signum
function.

The update law for �̂ is designed as

˙̂�=η
[
ℵS − Λ

(
�̂ − � 0

)]
, (26)

where η = diag (η1, η2) and Λ = diag (Λ1,Λ2) are
all the positive design parameter diagonal matrices. �̂
is the estimation vector of� ;� 0 ∈ R2 is prior estimate
of � .

4 Stability analysis

4.1 Stability analysis for controller

Consider the following candidate Lyapunov function
as

V2 = 1

2

(

ST S + 1

γi

2∑

i=1

φ̃2
i + �̃ T η−1�̃

)

, (27)

where φ̃i is the approximation error for φi such that
φ̃i = φ̂i − φi , i = 1, 2; �̃ is the estimation error for
� such as �̃ = �̂ − � .

The time derivative of V2 can be obtained as

V̇2 =ST Ṡ + 1

γi

2∑

i=1

φ̃i
˙̂
φi + �̃ T η−1 ˙̂�. (28)
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According to (20) and (22), we can get

ST Ṡ = ST
(
F + Bur + N0 − P̈g + λṖeg + σ Peg

)

= ST
(
F + Buc + ε − P̈g + λṖeg + σ Peg

)

+ STWT h. (29)

With φi = ‖Wi‖2,

S2i φi h
T h + 1 = S2i ‖Wi‖2‖h‖2 + 1

= S2i

∥
∥
∥WT

i h
∥
∥
∥
2 + 1 ≥ 2SiW

T
i h.

(30)

Thus,

ST Ṡ ≤ST
(
F + Buc + ε − P̈g + λṖeg + σ Peg

)

+ 1

2
STφShT h + 1

2
. (31)

Substituting the control law (25) into (31), which
can be rewritten as

ST Ṡ ≤ − STμS + ST� − STℵ�̂

− 1

2
ST φ̃ShT h + 1

2
. (32)

Consider the adaptive law (24), we have

1

γi
φ̃i

˙̂
φi = φ̃i

(
1

2
S2i h

T h − κi φ̂i

)

. (33)

Because (φ̃i + φi )
2 ≥ 0, then φ̃2

i + 2φ̃i (φ̂i − φ̃i ) +
φ2
i ≥ 0, i.e., 2φ̃i φ̂i ≥ φ̃2

i − φ2
i , so the (33) is

1

γi
φ̃i

˙̂
φi ≤ 1

2
S2i φ̃i h

T h − 1

2
κi φ̃

2
i + 1

2
κiφ

2
i . (34)

In light of update law (26), we can get

�̃ T η−1 ˙̂� =�̃ T η−1η
[
ℵS − Λ

(
�̂ − � 0

)]

=�̃ TℵS − (
�̂ − �

)T
Λ

(
�̂ − � 0

). (35)

According to the following inequalities,

− (
�̂ − �

)T
Λ

(
�̂ − � 0

)

= −1

2

(
�̂ − �

)T
Λ

(
�̂ − �

)

− 1

2

(
�̂ − � 0

)T
Λ

(
�̂ − � 0

)

+ 1

2

(
� − � 0

)T
Λ

(
� − � 0

)

≤ −1

2

(
�̂ − �

)T
Λ

(
�̂ − �

)

+ 1

2

(
� − � 0

)T
Λ

(
� − � 0

)

. (36)

We obtain

�̃ T η−1 ˙̂� ≤�̃ TℵS − 1

2

(
�̂ − �

)T
Λ

(
�̂ − �

)

+ 1

2

(
� − � 0

)T
Λ

(
� − � 0

)

≤�̃ TℵS − 1

2
λmin (Λη) �̃ T η−1�̃

+ 1

2

(
� − � 0

)T
Λ

(
� − � 0

)

. (37)

where λmin (•) represents the minimum eigenvalue of
the matrix.

According to (32), (34) and (37), (28) can be written
as

V̇2 ≤ − STμS + ST� − STℵ� − 1

2

2∑

i=1

κi φ̃
2
i

+ 1

2

2∑

i=1

κi φ̂
2
i + 1

2
− 1

2
λmin (Λη) �̃ T η−1�̃

+ 1

2

(
� − � 0

)T
Λ

(
� − � 0

)

.(38)

For Siℵi�i = Si�i sat(Si/ϑi ), when |Si | >
ϑi

ρi−1 ,

Siℵi�i ≤ |Si | �i ; when |Si | ≤ ϑi
ρi−1 , that is

Si 2|Si |+ϑi
≤

1
ρi

|Si |, so Siℵi�i ≤ �iρi S2i|Si |+ϑi
≤ |Si | �i . It can be con-

cluded that according to the continuously differentiable
approximate saturation function, Siℵi�i ≤ |Si | �i , so

V̇2 ≤ − STμS − 1

2

2∑

i=1

κi φ̃
2
i + 1

2

2∑

i=1

κi φ̂
2
i + 1

2

− 1

2
λmin (Λη) �̃ T η−1�̃

+ 1

2

(
� − � 0

)T
Λ

(
� − � 0

)

. (39)

When q1 = μ, q2 = 1
2λmin (Λη), ∇ = 1

2 +
1
2

∑2
i=1 κi φ̂

2
i + 1

2

(
� − � 0

)T
Λ

(
� − � 0

)
, then (39)
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becomes

V̇2 ≤ −ST q1S − 1

2γi

∑2

i=1
γiκi φ̃

2
i − q2�̃

T η−1�̃

+∇. (40)

Therefore, it is obvious that the derivative of V2 with
respect to time can be rewritten as

V̇2 ≤ −2qV2 + ∇, (41)

where

q = min

{

q1, q2,
1

2
γ1κ1,

1

2
γ2κ2

}

> 0. (42)

Theorem 1 Consider the kinematics equation of (1)
and dynamics equation (5) with Assumptions 1 and
2, the adaptive law is designed according to (24) to
approach the disturbance term N, and the parameters
updating law is designed according to (26) to estimate
the bound value of approximation error. Finally, the
control law (25) is designed. By properly adjusting
the control parameters λ, σ, μ, η, γ, κ, ϑ1, ϑ2, ρ1, ρ2
to satisfy the condition of (42), the uniform ultimately
bounded stable of all variables in the closed-loop sys-
tem can be guaranteed .

Proof By solving inequality (41), the following result
can be obtained.

0 ≤ V2 (t) ≤ ∇
2q

+
(

V2 (0) − ∇
2q

)

e−2qt (43)

Therefore, V2 (t) is uniformly ultimately bounded.
According to (27), the variables S,φ̃i , �̃ in the system
are uniformly ultimately bounded, and then Peg and
Ṗeg are bounded. According to (13)-(16), the tracking
errors xe and ye are bounded. The boundedness of φ̂i is
obtained from the boundedness of φ̃i andφi , the bound-
edness of �̂ is from the boundedness of �̃ and � , so
that all variables in the closed-loop system of track-
ing control can be guaranteed to uniformly ultimately
bounded. ��

4.2 Zero-dynamics stability analysis

For the virtual control point method, the sway force
caused by control input coupling will cause the insta-

bility of the control system due to the position selection
of virtual control point P . In Fig. 3, the difference β

between the yaw angle ψ of vessel and the reference
velocity γ̇ can express the state of zero dynamics. It is
assumed that the virtual control point has tracked the
desired trajectory, so the velocity u, v of vessel can be
rewritten

u = U cos(β), v = −lr −U sin(β), (44)

where reference speed is U = ‖γ̇ ‖. By (1) and (6), we
can obtain

u = 〈γ̇ , χ(ψ)〉 , v = −lr + 〈γ̇ , o(ψ)〉 ,

u̇ = 〈γ̈ , χ(ψ)〉 + vr, v̇ = −lṙ + 〈γ̈ , o(ψ)〉 − ur.
(45)

Assume the disturbances terms dv = 0, based on
Eqs. (44) and (45), the second equation of (5) by lin-
earizing it about β = 0 yields, we can give

lβ̈ +
(
d22l + (m22 − m11)U

m22

)

β̇ + d22
m22

Uβ

= ∂

m22
τr + 〈γ̈ , o(ψ)〉 , (46)

and its characteristic equation is given by

p2 +
(
d22l + (m22 − m11)U

m22l

)

p + d22
m22l

U = 0.

(47)

The roots of (47) can be calculated by

r1,2 =
−(

d22l+(m22−m11)U
m22l

) ±
√

4Ud22
m22l

√
ξ − 1

2
, (48)

where ξ = (d22l+(m22−m11)U )
4Ud22m22l

2
.

When ξ = 1, the zero dynamics of system is critical
damping with a compact form as

aς2 − cς + b = 0, (49)

where ς = U
l , a = (m22 − m11)

2, b = d222, c =
2(m11 + m22)d22. Therefore, its roots are

ς1 = c − √
c2 − 4ab

2a
, ς2 = c + √

c2 − 4ab

2a
. (50)

123



2286 X. Sun et al.

To ensure sufficient stability of the system, the posi-
tion of virtual control point is l = U/ς1 + o with a
small positive constant o. At this time, the system enter
the edge of over-damped state with 0 < U < ς1l to
avoid excessive under damping effect.

5 Design of actuator controller

The backstepping method enables the actuator to track
the command input variables (δc, nc) quickly and sta-
bly, which can be obtained by the output variables
(Tuc, Frc) of trajectory tracking controller with Eq. (3).

5.1 Propulsion angle control

Define the state variables x1 = δr and x2 = δ̇r , the
response model of propulsion angle in (4) is trans-
formed into state space equation
{
ẋ1 = x2
ẋ2 = −2ξωnx2 − ωn

2x1+Kδωn
2δa

. (51)

Step 1: Define the propulsion angle surface

zδ1 = x1 − δc. (52)

According to (51), we obtain

żδ1 = x2 − δ̇c. (53)

Step 2: Define the velocity error surface

zδ2 = x2 − α (zδ1) , (54)

then (53) becomes

żδ1 = zδ2 + α (zδ1) − δ̇c. (55)

To stabilize (51), the virtual controlα (zδ1) is chosen
as

α (zδ1) = −k1zδ1 + δ̇c, (56)

where k1 is a positive design parameter. And

α̇ (zδ1) = −k1 (zδ2 − k1zδ1) + δ̈c. (57)

Consider the Lyapunov function candidate Vδ1 as

Vδ1 = 1

2
zδ1

2. (58)

The time derivative of Vδ1 is

V̇δ1 = zδ1
(
zδ2 + α (zδ1) − δ̇c

)

= −k1zδ1
2 + zδ1zδ2.

(59)

From (51) and (54), we obtain

żδ2 = −2ξωnx2 − ωn
2x1 + Kδωn

2δa − α̇ (zδ1)

= f (x1, x2) + Kδωn
2δa − α̇ (zδ1)

, (60)

where f (x1, x2) = −2ξωnx2 − ωn
2x1.

Consider the Lyapunov function candidate Vδ2 as

Vδ2 = Vδ1 + 1

2
z2δ2. (61)

The time derivative of Vδ2 is

V̇δ2 = −k1zδ1
2 + zδ1zδ2 + żδ2zδ2

= zδ2
(
f (x1, x2) + Kδωn

2δa − α̇ (zδ1) + zδ1
)

−k1zδ1
2. (62)

Next, we design the following nonlinear propulsion
angle tracking control law

δa = 1

Kδωn
2 (−k2zδ2 − zδ1 − f (x1, x2))

+ 1

Kδωn
2 α̇ (zδ1)

. (63)

Then, (62) can be written as

V̇δ2 = −k1zδ1
2 ≤ 0. (64)

Thus, the actual propulsion angle δr of USV can
track the command propulsion angle δc by the control
input δa of propulsion angle with globally uniformly
asymptotically stable.

5.2 Thruster speed control

Define the state variables x3 = nr and x4 = ṅr , the
response model of thruster speed in (4) is transformed
into state space equation
{
ẋ3 = x4
ẋ4 = Kqna−nr

Tq

. (65)

Define the thruster speed surface

zn = x3 − nc. (66)

According to (65), we obtain

żn = x4 − ṅd = Kqna − nr
Tq

− ṅc. (67)

We design the following nonlinear thruster speed
tracking control law

na = Tqṅc/Kq + nr − Tqk2zn, (68)
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where k2 is a positive design parameter.
Consider the Lyapunov function candidate Vn as

Vn = 1

2
z2n . (69)

The time derivative of Vn is

V̇n = żn zn = −Tqk2z
2
n ≤ 0. (70)

Thus, the actual thruster speed nr of USV can track
the command thruster speed nc by the control input na
of thruster speed with globally uniformly asymptoti-
cally stable.

6 Simulation study

To verify the effectiveness of vector propulsion tra-
jectory tracking controller designed in this paper, a
vector propulsion USV in [42] is used for simula-
tion. The vessel length is 7.02 m, other parameters are
m11 = 2652.25, m22 = 2825.29, m33 = 4201.26,
d11 = 848.05, d22 = 2825.29, d33 = 22719.39. And
for response models of thruster speed and propulsion
angle, their parameters are set as Tq = 3, Kq = 1,
ωn = 2.84, ζ = 1.53, and Kδ = 1.02. Moreover, the
proposed method (PM) is compared with the standard
sliding mode control method (SM) [48,49] with the
same parameters to highlight the advantages of pro-
posed method. For the standard sliding mode control
method, the control law (25) is replaced by

uc =B−1 (
P̈g − λṖeg − σ Peg − F

)

+ B−1 (−μS − ηsgn(Si ))
.

In the simulation, the model uncertainties and exter-
nal disturbances are added at 30 s. The uncertainty part
of system is taken as Δi = 0.2 fi , i = u, v, r . The dis-
turbing force andmoment [50,51] produced by external
wind, wave and current are taken as

bu = 1000 [1 + 0.5 sin(0.2t) + 0.3 cos(0.5t)] ,

bv = 1000[1 + 0.5 sin(0.2t) + 0.3 cos(0.4t)],
br = 1000 [1 + 0.2 sin(0.1t) + 0.2 cos(0.2t)] .

The magnitudes of actuated control variables are
specified in the ranges given by n ∈ [0 2670](r/min),
δ ∈ [−5 5](◦).

The reference trajectory Pd is generated by the ref-
erence vessel with reference control variables, and the
model parameters of reference vessel are consistent
with the USV. For reference vessel, the initial state is

Fig. 4 Trajectory tracking result

(xd , yd , ψd , ud , vd , rd ) (0) = 0. The reference control
variables are

nd = 2500 r/min, δd =
{
0◦, t ≤ 20 s
5◦, t > 20 s

.

The initial state of USV is (x, y, ψ, u, v, r) (0) =
{−10,−10, 0, 0, 0, 0}. The control point P is at the
bow position with l = Ug/ς1 + o, o = 0.7. The
control parameters are λ = diag[0.3, 0.003], σ =
diag[0.0001, 0.0001], μ = diag[0.01, 0.1], η =
diag[0.1, 1.0], γ = diag[10, 10], κ = diag[0.0005,
0.0005], ϑ1 = ϑ2 = 0.02, ρ1 = ρ2 = 2, α = 0.001
and Δ = 100.

The simulation results of the standard method (SM)
and proposed method (PM) are shown in Figs. 4 - 11.
Fig. 4 shows the reference trajectory Pd curve, the
guide trajectory Pg curve and the actual motion tra-
jectory P curve. It can be seen from the curve in Fig.
4 that the guidance trajectory can guide the controller
to smoothly and gradually track the reference trajec-
tory under the condition of large error, thus avoiding
the problem of excessive control input in the initial
stage. Fig. 5 shows the curves of the velocity of surge,
sway and the yaw rate vary with time. It can be seen
that the proposedmethod can achieve accurate tracking
of the desired speed, while the standard method can-
not achieve accurate tracking due to the disturbance.
To explain the tracking effect more clearly, according
to the curves of velocity tracking error ue = u − ud ,
ve = v − vd , re = r − rd shown in Fig. 6, the velocity
tracking error of the proposed method has better con-
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Fig. 5 Velocities of surge, sway and yaw

Fig. 6 Velocity tracking errors of surge, sway and yaw

vergence than the standardmethod. Fig. 7 describes the
control inputs n and δ, and the black dotted line rep-
resents the input saturation value. Under the constraint
of input saturation, due to the influence of disturbance
factors, the control input of standard method fluctuates
obviously, while the control input curve of proposed
method is smoother. And it can be seen that the actual
control input (nr , δr ) can also achieve better tracking
results when tracking the command control input (nc,
δc) from trajectory tracking controller. Figs. 8 and 9
show slidingmodemanifold (S1,S2) and themagnitude
of tracking error E = |P − Pd | in the two methods.
Because the parameters of the proposed method and

Fig. 7 Control inputs

Fig. 8 Sliding mode manifold

standard method are completely consistent, it can be
seen that the convergence curves of the two method
are very similar in Figs. 8 and 9 before the model
uncertainties and external disturbances are added at 30
s. However, after 30 s, the standard method is diffi-
cult to track accurately only relying on its own robust-
ness. Although the convergence curves of the proposed
method fluctuate at 30 s, they converge quickly after-
wardwith a high precision. On the other hand, although
the standard method cannot achieve accurate tracking
due to model uncertainties and external disturbances,
the standard method can still achieve tracking with cer-
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Fig. 9 The magnitude of tracking error

Fig. 10 The approximation curve of NN-MLP

tain errors under the guidance trajectory even if there is
input saturation. Figs. 10 and 11 are the approximation
of model uncertainty and environmental disturbance.
It can be seen that NN-MLP can approach it well in
Fig. 10, and its approximation error is estimated by �

in Fig. 11. Consequently, the simulation results demon-
strate that the proposed controller is capable of attaining
satisfactory tracking performance with the influence of
input saturation, input coupling, actuator error, model
uncertainty, and external disturbances.

Fig. 11 The approximation error estimation boundary

7 Conclusions

In this paper, an adaptive trajectory tracking control
method is proposed for vector propulsion USV. The
control strategy aims to improve the robustness of sys-
tem under the influence of input saturation, input cou-
pling, actuator error, model uncertainty and external
disturbances. Comparing with the previous research,
the effects associated with the actuator, including input
saturation, input coupling and actuator error, are con-
sidered in the development of the trajectory tracking
controller, which is more in accordance with the engi-
neering requirements. For the input coupling prob-
lem caused by vector propulsion, the virtual control
point method is used to solve, and the stability con-
dition is obtained by zero-dynamic stability analysis.
To solve the problem of input saturation, a guidance
trajectory is designed between the desired trajectory
and the vessel to avoid overshoot of control input due
to large error. Aiming at actuator error, model uncer-
tainty and unknown environment disturbances in vessel
motion control, a neural network estimation and upper
bound estimation method are proposed. In addition, in
the design of controller, to reduce the oscillation of
controller caused by signum function, a continuously
differentiable approximate saturation function is intro-
duced instead of the signum function. In comparison
with the standard slidingmode controlmethod, the pro-
posed controlmethod cannot only reduce the chattering
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of the error variable of E , but also make the E have a
better performance and a small error, thus being more
effective to be applied in the practical ship motion con-
trol for vector propulsion USV.

Note, this work naturally cannot attend to every
detail of themotion controller design for vector propul-
sion USV, e.g., introducing anti-windup compensator
to improve the performance of controller under input
saturation, and fault-tolerant control for trajectory
tracking with actuator failure. And considering that the
selection of controller parameters will also affect the
performance of the controller, to avoid adjusting too
many control parameters, how to further simplify the
number of controller parameters is also a very interest-
ing problem to be discussed on the premise of ensuring
that the controller has the same control performance.
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