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Abstract In this Comment, several enhancements on
the results in the paper “Bilinear Bicklund transforma-
tion, soliton and periodic wave solutions for a (3+1)-
dimensional variable-coefficient generalized shallow
water wave equation” (Nonlinear Dyn. 87,2529, 2017)
are described. With respect to the stream under a pres-
sure surface in the water, for the same equation, using
the Hirota method and symbolic computation, we are
able to build a set of the bilinear forms, two sets of
the bilinear auto-Bicklund transformations along with
some analytic solutions, as well as a set of the similar-
ity reductions. Beyond those in the paper (Nonlinear
Dyn. 87, 2529, 2017), our results are dependent on the
variable coefficients in the equation, while those coeffi-
cients respectively represent the perturbed effects, dis-
persion and nonlinearity.
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1 Introduction

Fluids have been actively studied [1-42], e.g., recent
investigations on the nonlinear dynamics of certain
marine inertial particles [1], triadic-interaction energy
transfer in the fluid flow [2], nonlinear vibrations of
a fluid-filled circular shell [3], shallow water waves
[6,9], incompressible fluids [10,30], motion of a rigid
plate in a Newtonian fluid [11], heat-conducting flu-
ids [12], capillary fluids [13], fluids confined in the
cylindrical and slit pores [14], shallow water in an
open sea [15], oceans in the Solar System [16-18]
and liquids with the gas bubbles [26]. Nowadays, such
models have been proposed to describe the fluids [8—
42], as different Navier—Stokes systems [10,12,13],
a fractional Bagley—Torvik system [11], an extended
Peng-Robinson system [14], a generalized (2+1)-
dimensional dispersive long-wave system [15,38], a
variable-coefficient nonlinear dispersive-wave system
[16,17], a higher-order Boussinesq-Burgers system
[18,19], different extended (2+1)-dimensional coupled
Burgers systems [20,34], an Ablowitz—Kaup—-Newell-
Segur system [21-24], a generalized Konopelchenko—
Dubrovsky—Kaup—Kupershmidt system [25], a (3+1)-
dimensional nonlinear wave equation [26], different
(3+1)-dimensional generalized Kadomtsev-Petviash-
vili-type systems [9,27,36,39,41],a (2+1)-dimensional
generalized Caudrey—Dodd-Gibbon—Kotera—Sawada
equation [8], amodified Korteweg—de Vries—Calogero—
Bogoyavlenskii-Schiff equation [28,29], a (2+1)-
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dimensional generalized Boiti—-Leon—-Manna—Pem-
pinelli equation [30], a (2+1)-dimensional reduced Yu—
Toda—Sasa—Fukuyama equation [31], a (2+1)-
dimensional generalized Bogoyavlensky-Konopel-
chenko equation [32], a (2+1)-dimensional generalized
Hirota-Satsuma-Ito equation [33], a Sharma-Tasso-
Olver-Burgers equation [35], a (3+1)-dimensional gen-
eralized Yu-Toda-Sasa-Fukuyama equation [37], and a
(3+1)-dimensional  generalized Konopelchenko—
Dubrovsky—KaupKupershmid equation [40,42].

Currently interesting, Ref. [43], i.e., the paper (Non-
linear Dyn. 87, 2529, 2017), has studied the follow-
ing (3+1)-dimensional variable-coefficient generalized
shallow water wave equation for the stream under a
pressure surface in the water:

T (t)uyt + TZ(I)uxxxy + T3(I)quxy
+T3(t)uyuxx + Y4 (Duy, =0, (1

with u(x, y, z, t) being the real differentiable function
of the variables x, y, z and ¢, the real functions Y (¢)
and Y4(r) denoting the perturbed effects, Y»(¢) imply-
ing the dispersion, Y3(f) representing the nonlinear-
ity, while the subscripts meaning the partial derivatives
[43,44]. For Eq. (1), Ref. [43] has obtained certain
bilinear form, bilinear Bicklund transformation, Lax
pair, soliton and periodic wave solutions.

Also for Eq. (1), Ref. [45] has worked out certain
lump-solution characteristics, Ref. [44] has got cer-
tain breathers, Ref. [47] has investigated a Kadomtsev—
Petviashvili hierarchy reduction, some soliton and
semi-rational solutions, while Ref. [50] has found
some nonautonomous lump solutions and an interac-
tion between a lump wave and a kink soliton. Special
cases of Eq. (1) have been a (3+1)-dimensional gener-
alized shallow water equation [for Y () = Yo (¢) = 1,
Y3(t) = —3 and Y4(¢) = —1] applied in the weather
simulations, tidal waves, irrigation and tsunami pre-
diction [45-47] (and references therein), and a (3+1)-
dimensional Jimbo-Miwa equation [for Y(f) = 2,
Yo(t) = 1, Y3(t) = 3 and Y4(r) = —3] mod-
elling some wave phenomena [27,47] (and references
therein).

This Comment will be to enhance the issues pub-
lished in Ref. [43], in order to make them more com-
plete. Results in this Comment, to be seen below, will
also be different from those in Refs. [44,45,47,50].

In Sect. 2 of this Comment, making use of sym-
bolic computation [48,49], we will construct a set of
the bilinear forms for Eq. (1), which is different from
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and beyond thatin Ref. [43], while in Sect. 3, two sets of
the bilinear auto-Bécklund transformations for Eq. (1),
different from and beyond that in Ref. [43]. In addition,
using symbolic computation, we will find a set of the
similarity reductions for Eq. (1) in Sect. 4. Section 5
will be our conclusions.

2 Bilinear forms for Eq. (1)

Making use of the Hirota method [51] and symbolic
computation, we assume that

u(x,y,z,t) =y[In f(x,y, z, 0],
—0(y) — ¥ () —a(y)B(2), 2

with f(x, y, z, t) being areal differentiable function of
x,y,zand t, ¢(y), ¥ (z), «(y) and B(z) denoting the
real differentiable functions, while y meaning a real
non-zero constant.

Substituting Assumption (2) into Eq. (1) and inte-
grating the outcome once as for x with the integration
function vanishing bring about

Y1) (n f)y, + To(0) (An )y,
+yY3(1) (In f)y, (n f)y,
=Y3(0) [¢'(») + ' (VB (n f),,
+Y4() (In f),, =0, )

in which ¢/(y) = 45 ¢() and &' (v) = 5 ().
On account of the formulae [51]

2(n f), = —Dnyt{'f,
D3D,f -
2(ln f)xxxy = fyzf f
Dif-fDiDyf-f
ST I
D2f -
200 e = 25
D.D,f -
23n ), = %
D, D,
2(In f),, = fzf f,

for the sake of transforming Eq. (1) into certain bilinear
forms, we choose

_ To(1)
T3(t)

’
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to obtain

{Tl ()Dy D, + Ya(t) D3 D,
~13(0) [¢' () + & (1)B()] D
+T4(I)DxDz} f-fr=0, “4)

with Dy, Dy, D, and D, given by [51]
D DYDY D H(x, y,z,1) - G(x, y, 2. 1)
d a\™ (9 3\
:<5_8_xo> (5_37())
a a\"™ [0 a\"™
(G-5) G-w)

H(x,y,z,t) G(xo0, Y0, 20, t0)

I

X0=X, Yo=Y, 20=2, lo=t

X0, Y0, z0 and fp meaning the formal variables,
H(x,y, z,t) representing a C* function of x, y, z and
t, G(xo, Yo, 20, tp) representing a C* function of x,
Y0, 2o and g, while m 1, my, m3 and m4 being the non-
negative integers [51].

In short, under the variable-coefficient constraint

T3(1) = YoT2(2), ®)

choosing y = %, we find a set of the bilinear forms
for Eq. (1), i.e.,

{n ()Dy D, + Y2 (1) D3 D,
~ToX2 (1) [¢' () + &' (»)B(2)] D?
+TaODD.) £ - f =0, (6)

with Y implying a real non-zero constant.

With respect to the stream under a pressure surface
in the water, under Variable-Coefficient Constraint (5)
and Assumption (2), Bilinear Forms (6) for Eq. (1) are
dependent on the dispersion coefficient Y (¢) as well as
perturbed-effect coefficients Y (z) and Y4(¢) in Eq. (1).
Bilinear Forms (6) are different from the one presented
in Ref. [43].

Bilinear Forms (6) are useful, e.g., for us to build
some bilinear auto-Bicklund transformations, to be
seen below.

3 Bilinear auto-Bicklund transformations
with analytic solutions for Eq. (1)

Based on Bilinear Forms (6), with the Hirota method,
motivated by Ref. [27], assuming that g (x, y, z, ) be
another solution of Bilinear Forms (6), we take into
account the expression

2| riop, D+ 120DD,

—To2(0) [¢'(») + &' (NB()] D3

+Y4(1) Dx D }g . g}

—gz{{ Y1(t)Dy Dy + Ya(t) D3 Dy

~To2(0) [¢'(y) + &' (MB)] D3

DD |1 £, (7)
and make use of the exchange formulae [51]
G*(DyD;H - H) — H* (DyD; G - G)

=2D,(D;H-G)-(GH), (8a)
G> (D)%H~H) —HZ(D)%G-G)

=2D,(DyH-G)-(GH), (8b)
G?> (DD, H -H) — H> (DD, G - G)
=2D,(D.H-G)-(GH), (8¢)

G*(pip, H-H) ~ H* (DD, G- G)
:%Dx (P2Dy H-G) - (GH)
+%Dy (D)%H-G)-(GH)
—3D, (D«DyH-G)-(DyH-G)
—%Dx(Dfﬂ-G)-(DyH-G)

—%Dy(D)%H-G)-(DxH'G)a (8d)

to get

fz{ { Y1(t)Dy D, + To(t) D3 D,
~Yo2(t) [¢' () + & (1)B(2)] D?
+Y4(t) Dy D, } 8- g}

- gz{ { Y1(t)DyD; + Ya(t) D3 Dy
—YoT2(t) [¢' () + & (1)B(2)] D?
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+:0D.D | 1+ f]
=110 [ f2(DyDig - 8) = & (D, DS - f) |
+ 720 [ 12 (DiDyg - )
~g*(Dinyf - £) |
— 0020 [¢'0) + & (BR)]
[ 12 (p2s-¢) —g*(D2f- 1) ]
+ 1) | £ (DxD:g - 9)
— (DuD.f - )]

201(t) Dy (Dr g - f)-(f8)
—2YoN2(1) [¢' () + &' (B ()]
Dy (Dxg-f)-(fg)

3
+T2(0) [5 . (DIDyg-f)- (fo)

150y (P2e- 1) (o)
20, (P2g- 1) (Deg- )
3Dy (DxDyg- f) - (Dig- f)
~Ip, (Dﬁg-f)-(Dyg-f)}
+2Y4() Dx (D g - f) - (f8)

1
5 Dx{ {3 Y2(t) D2Dy — 4T Ya (1)

[6 )+ MB@] D+ 100D} g ] (fo)

+ % D, {[4 Y1 (t)D; + Tz(t)Df] g f} (f9)

—3Y2(t)Dy (D<Dyg - f) - (Dxg - f)
3
~ 31200, (Dig-f) - (Dyg- f)

3
~ 320D, (Dig-f)-(Dxg-f) . ©)
Making the assumptions that

Dx{ {3 Y2(t)D2Dy — 4 YL (1)
[¢'() + ' ()B(2)] Dx
+4Ts)D:} g 1} (f9) =0, (10a)

@ Springer

py{[4 10D + 200D} g 1} (£9) =0,

(10b)
D, (D:Dyg- f)-(Dxg- f)=0, (10c)
D.(Dig 1) (Dyg- 1) =0, (10d)
D, (Dig-f)-(Dig- =0, (100)

we can obtain two sets of the bilinear auto-Bécklund
transformations for Eq. (1) in the following:

Set1l: D2g-f #0and D,Dyg-f #0
We work out the following set of the bilinear auto-
Bécklund transformations for Eq. (1):

6
s Vo & =—1I » Vo &y X
u(x,y,z,1) TO[nf(x ¥: 2, 0)]
—o(y) — ¥ () —a(y)B(2), (11a)

6
U(X, Y, Z’t) = T_() [lng(x, Y, th)]x

—¢o() =¥ (@) —a(y)p(2), (11b)
(371200020, — 4100 [ 0) + & (MB@)] D

+4Ts()D:} g f =0, (11c)
[4 Y\ (1)D; + Tz(t)Di] ¢ - f=0, (11d)
DyDyg-f=x()Dyg- f, (11e)
D2g-f=h(Dyg-f, (11f)
Dlg-f=x)Dig- f, (11g)

in which A1(#), A2(¢) and A3(¢) denote the real non-
zero differentiable functions of 7z, while v (x, y, z, 1)
represents another solution of Eq. (1).

With respect to the stream under a pressure sur-
face in the water, under Variable-Coefficient Con-
straint (5), mutually consistent (as seen right below),
Bilinear Auto-Bidcklund Transformations (11) for
Eq. (1) are dependent on the dispersion coefficient
T, (t) as well as perturbed-effect coefficients Y () and
Y4(t) in Eq. (1). Bilinear Auto-Bécklund Transforma-
tions (11) are different from the one given in Ref. [43].

Bilinear Auto-Bicklund Transformations (11)
denote a system of the equations which connects a set
of the solutions of Eq. (1) to another set of the solu-
tions of Eq. (1) itself. Hence, we might, in principle
at least, be capable of progressively finding more and
more complicated solutions of Eq. (1).
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Next, for the mutual consistency, or explicit solvabil-
ity in relation to f and g, we will construct some ana-
lytic solutions for Eq. (1) via Bilinear Auto-Bicklund
Transformations (11).

Under the variable-coefficient constraint

Y4(t) = po Y2(1), (12)

with the choices of

A1) = 0 (1),
of

A (1) = — (),
o

A3(1) = o1 Ta(2),
p(y) =81y +,
a(y) =8y + 4,
B() =B only, (13)

we construct out the following analytic solutions
for Eq. (1) via Bilinear Auto-Bécklund Transforma-
tions (11):

6
u(xv y,Z,t) = T_[lnf(xa y’th)]x - (§IY+§2)
0
— Y (@) - B3y +i&a), (14a)
6
U(.x, Y, th) = T_() [lng(-x1 Y, th)]x

—Gy+o)—Yv@—-B&y+i), (14b)
fx,y,z,t) =1, (14¢)

g(X,J’aZ,t) - 1+€13XP{O'1X+O'2y
_o1[30102+4Y (& —i-,3§3)]Z

4 jvo
3
_ "_1/_T2(” dt}, (14d)
4 ] Y1)

with wo, o1, 0o and €1 as the real non-zero constants,
while ¢1, {2, £3 and ¢4 as the real constants.

With respect to the stream under a pressure surface
in the water, under Variable-Coefficient Constraints (5)
and (12), Analytic Solutions (14) are dependent on the
dispersion coefficient > (#) as well as perturbed-effect
coefficient Y (¢) in Eq. (1).

Set2: D2g-f=0and DyDyg-f =0

Similarly, we find the second set of the bilinear auto-
Bécklund transformations for Eq. (1):
6
M(xa yv re t) == ? [lnf(x’ y5 <, t)]x
0
—¢(y) — ¥ () —a(y)B(2), (15a)
6
v(x,y,z, 1) = T (Ing(x,y, z, 0l
0
—¢(y) — ¥ () —a(y)B(2), (15b)

{3 Y2(1) DDy — 4o Va2(1) [¢'(3) + & ()B(2)] Dx

+4T4(l)Dz}g - f=0, (15¢)
[4 Y\ (t)D; + Tz(z)Dﬁ] ¢ - f=0, (15d)
D.Dyg-f =0, (15¢)
Dlg-f=0. (15f)

With respect to the stream under a pressure surface
in the water, under Variable-Coefficient Constraint (5),
Bilinear Auto-Bécklund Transformations (15) rely on
the dispersion coefficient Y5 () as well as perturbed-
effect coefficients Y1 (¢) and Y4(¢) in Eq. (1). Bilin-
ear Auto-Bicklund Transformations (15) are different
from the one reported in Ref. [43].

Bilinear Auto-Bicklund Transformations (15)
denote a system of the equations which connects a set
of the solutions of Eq. (1) to another set of the solu-
tions of Eq. (1) itself. Hence, we might, in principle
at least, be capable of progressively finding more and
more complicated solutions of Eq. (1).

Next, for the mutual consistency, or explicit solvabil-
ity in relation to f and g, we will construct some ana-
lytic solutions for Eq. (1) via Bilinear Auto-Bécklund
Transformations (15).

Via Bilinear Auto-Bécklund Transformations (15),
under Variable-Coefficient Constraints (5) and (12),
with the choices of

o) =0y+ 0,
a(y) =28y + 84,
B(z) = only, (16)

we also construct out the following analytic solutions
for Eq. (1):

6
M(X, y7Z7t) = ?O[lnf(x7y’ Z’t)]x
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—Gy+o)—v@—-B&y+i), (17a)
6
v(x,y,z,t) = T_o [Ing(x,y,z, )],
—(C1y+&)—v@ —B&y+L), (17b)

f(X,y,Z,t):l—egexp{alx—}—azy

o1[30100+47Yy (&1 + ﬂCs)]Z

4 uo
3
9] [N } 170
4 ] Y1()
gx,y,z,t)=1+e exp{olx +o2y
0130102 +470 (& +,3§3)]Z
4 uo '
3
9] [N } 17d)
4 ] Y1()

with €; as the real non-zero constant.

With respect to the stream under a pressure surface
in the water, under Variable-Coefficient Constraints (5)
and (12), Analytic Solutions (17) are dependent on the
dispersion coefficient Y5 (¢) as well as perturbed-effect
coefficient Y (¢) in Eq. (1).

4 Similarity reductions for Eq. (1)

To start with, similar to those in Refs. [52-55], the form
we assume, i.e.,

ulx,y,z,t) =0(x,y,z,1)
+r(x,y,z,)plrx, y,z, D], (18)

could help us seek certain similarity reductions for
Eq. (1), in which 0(x, y, z, 1), k(x,y,z,t) # 0 and
r(x,y,z,t) # 0 represent the real to-be-determined
differentiable functions of x, y, z and ¢, while p(r)
implies a real differentiable function as for r.

Taking into account r(x, y, z, t) = r(¢) only, using

symbolic computation' and substituting Assumption (18)

into Eq. (1), we obtain

T (t)/(yr/(t)p/ + Y3(7) (Kxny + Knyx) PZ
+ [Tl (t)Kyt + TZ(t)Kxxxy + Y4 (t)kx;
+7Y3(2) (Kxexy + nyex + Kyexx + Kxxey)] P

I More on the symbolic computation can be seen, e.g., in Refs.
[56-62].
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+ [Tl (t)gyt + TZ(I)exxxy + T4(1‘)9)%

+Y3(1) (exexy + 0}‘9)6)6)] =0, (19)
where /(1) = S r(t) and p' = & p(r).

To represent a real ordinary differential equation
(ODE), Eq. (19), for which we require that the ratios
of the coefficients of different derivatives and powers

of p(r) denote some functions with respect to r only,
turns into

Y1 (Dkyr (H)Q21(r) = Y3(t) (lecxy + /cy/cxx) , (20a)
Y1 (0eyr' (0)22(r) =

Y1 (B)kcyr + Vo () kxxxy + Va(t)iy,

+ 3(0) (exbry + kexyby + yOrx + Kaxby)

(20b)

1 ()keyr (1)23(r) = Y1(1)0yr + T2(1)0xxxy

+ Y4 (t)bx; + Y3(2) (9x9xy + GyGXX) , (20c)
with Q1(r), Q2(r) and Q23(r) as three real to-be-
determined differentiable functions of r.

Seeing that the second freedom in Remark 2 in Ref.
[52] helps us simplify Eq. (20a) into

1
K(x,y, 2, t)=§¢12?€2+¢2x+¢3(y) + da(2)+s (1),
(21a)

T
(1) = ¢1/T?Egdt, Qi(r) =0, (21b)

and that based on the first freedom in Remark 2 in Ref.
[52], Eq. (20c) leads to

O(x,y,z,1) =01x +62(2) +05(1),

Q3(r) =0, (22)
we can transform Eq. (20b) into
Q(r) =0, (23)

in which ¢; # 0, ¢> and 01 denote the real constants,

while ¢3(y), ¢4(z), ¢5(1), 62(z) and 63(¢) imply the
real differentiable functions.

In short, making use of symbolic computation, we
end up with a set of the similarity reductions for Eq. (1),
ie.,

u(x,y,z,t) = 01x + 62(2) + 03(¢)

1
+ [§¢12X2+¢2X+¢3(y)+¢4(1)+¢5(t)} plr()],
(24a)
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r() = ¢, / 132’; , (24b)

p + p (24¢)

in which ODE (24c¢) represents a known ODE, the prop-
erties of which can be found, e.g., in Ref. [63], and some
non-trivial solutions of which can be written as

pr) = (25)

r+n ’
with 7 as a real constant.
With respect to the stream under a pressure surface
in the water, Similarity Reductions (24) are dependent
on the perturbed-effect coefficient Y (¢) as well as non-
linearity coefficient Y3(¢) in Eq. (1).
What we can see is that Similarity Reductions (24)
transform Eq. (1) into a known ODE, i.e. ODE (24c).

5 Conclusions

Currently interesting, Ref. [43], i.e., the paper (Non-
linear Dyn. 87, 2529, 2017), has investigated Eq. (1),
a (3+1)-dimensional variable-coefficient generalized
shallow water wave equation.

In this Comment, with respect to the stream under
a pressure surface in the water, several enhancements
on Ref. [43] for Eq. (1) have been described, with the
aid of the Hirota method and symbolic computation, as
follows:

e Bilincar Forms (6), under Variable-Coefficient
Constraint (5), via Assumption (2);

e Bilinecar Auto-Bicklund Transformations (11),
under Variable-Coefficient Constraint (5), with
Analytic Solutions (14), under Variable-Coefficient
Constraints (5) and (12);

e Bilinear Auto-Bicklund Transformations (15),
under Variable-Coefficient Constraint (5), with
Analytic Solutions (17), under Variable-Coefficient
Constraints (5) and (12);

e Similarity Reductions (24), to a known ODE, i.e.,
ODE (24c).

‘We have known that (A) Bilinear Forms (6) are use-
ful for us to build some bilinear auto-Bécklund trans-
formations, (B) each of Bilinear Auto-Bicklund Trans-
formations (11) and Bilinear Auto-Bécklund Transfor-
mations (15), denoting a system of the equations which
connects a set of the solutions of Eq. (1) to another set
of the solutions of Eq. (1) itself, might lead to more and

more complicated solutions of Eq. (1), and (C) Simi-
larity Reductions (24) transform Eq. (1) into a known
ODE, i.e. ODE (24c¢).

Beyond those in Ref. [43], our results have been
shown to be dependent on the variable coefficients in
Eq. (1), while those coefficients have respectively rep-
resented the perturbed effects, dispersion and nonlin-
earity.
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