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Abstract Advanced prostate cancer (PCa) is usu-
ally treated with androgen deprivation therapy (ADT),
which is initially effective but can lead to metastatic
castration-resistant prostate cancer. The dendritic cell
vaccine immunotherapy can enhance the antitumor
immune responses to help fight cancer and has been
shown to be effective. A stochastic impulsive PCa
model incorporating ADT and immunotherapy is devel-
oped in this article to analyze the elimination of
androgen-dependent and androgen-independent cancer
cells under the noise interference. Besides the exis-
tence, uniqueness and boundedness of global positive
solution of the model, some sufficient conditions of
extinction and persistence in mean of PCa cells are
also obtained by using the 1t6’s formula and the com-
parison theorem of stochastic differential equation. Our
study illustrates that high-intensity noise perturbation
can inhibit the development of PCa and verifies theo-
retically and numerically that frequent vaccination can
improve the survival time of the patient with ADT.
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1 Introduction

Prostate cancer (PCa) is the second most common can-
cer in male cancer patients, and the fifth leading cause
of death [1]. Beginning as early as the second decade of
life, the development of PCa can require over 50 years
to reach a detectable state. Due to the slow growth rate
of PCa, chemotherapy has a limited effect on the dis-
ease. Instead, treatment focuses on surgery and radio-
therapy for localized disease and hormone therapy for
metastatic cancer [2,3].

The growth of PCa is highly dependent on androgen,
such as testosterone and dihydrotestosterone, mainly
produced by testis. Therefore, for metastatic cancer, the
standard hormone therapy is androgen deprivation ther-
apy (ADT) [3-6]. Although androgen suppression ini-
tially succeeds in reducing PCa in most patients, almost
all patients with metastatic disease relapse within a few
years, known as metastatic castration-resistant prostate
cancer (mCRPC). At this hormone refractory stage, the
androgen-dependent (AD) cancer cells have mutated
into the androgen-independent (AI) cancer cells, and
the Al cancer cells are not sensitive to androgen inhibi-
tion and able to sustain growth even in androgen defi-
cient environment and may be resistant to the apop-
tosis effect of this environment [2,6-9]. During the
development of AD to Al cancer cells, most differen-
tially expressed genes and signal networks are down-
regulated, which indicates that the performance of AD
cancer cells in proliferation, apoptosis and movement
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is different from that of AI cancer cells. Therefore,
when AD and Al cancer cells compete for nutrition
resources, the competition intensity should be differ-
ent [10-12]. Jackson proves for the first time through
mathematical modeling that the relapse following pos-
itive responses to hormonal castration is because PCa
is composed of different cell subpopulations, and each
has different dependence on androgen [13]. Ideta et
al. establish a model of ADT considering the mutation
from AD to Al cancer cells and investigate the factors
affecting an Al relapse [14]. However, Jackson’s and
Ideta et al. models do not directly incorporate the com-
petitive effect of the two populations. To address this
limitation, Shimada, Aihara and Yang propose models
to directly explain the competition between two kinds
of cancer, and both of their numerical simulation show
that the competition between two kinds of cancer cells
can prevent the recurrence of PCa [15,16]. Zhang et al.
utilize a three-population Lotka—Volterra type model
to investigate solely the competition aspect of cancer
sub-populations, and their results show that AD cells
are likely to have a significant competitive advantage
over Al cells when treatment is not applied [17].

For the treatment of asymptomatic or minimally
symptomatic mCRPC, sipuleucel-T is the only
immunotherapy currently approved by the United
States Food and Drug Administration. The sipuleucel-
T, atype of dendritic cell (DC) vaccine immunotherapy,
is manufactured by extracting DCs from the patient,
loading antigen in DCs, and injecting DCs into the
patient’s body. DCs are the most powerful antigen-
presenting cells in the human body, and they ingest
antigens and present antigen substances to the naive
and memory T-cells, which then clear specific antigens
[18-20]. The sipuleucel-T stimulates the anti-tumor
immune response against PCa cells carrying prostatic-
acid phosphatase (PAP) antigen and has shown evi-
dence of efficacy in reducing the risk of death among
men with asymptomatic or minimally symptomatic
mCRPC [9,21]. Therefore, researchers began to pay
attention to the application of mathematical model in
the vaccine immunotherapy of PCa. Peng et al. con-
struct a differential equation system composed of two
kinds of PCa cells and immune microenvironment.
Their study shows the potential of a system biology
type approach in the modeling of PCa [22]. Kirschner
and Panetta explore the effects of immunotherapy
on the tumor-immune system taking T-cells, cytokine
interleukin-2 and tumor cells into consideration [23].
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By combining the models of [14] and [23], Portz and
Kuang study a system of ordinary differential equa-
tions of PCa treatment with ADT and DC vaccine
immunotherapy [4]. They simulate the injections of
DC vaccine numerically, and the result illustrates that
the DC vaccination can successfully stabilize the dis-
ease with ADT. Rutter and Kuang appropriately modify
Portz and Kuang’s model and further research the effect
of DC vaccine injection frequency on relapse time of
cancer by simulating [18].

Great progress has been made in the mathemati-
cal modeling of ADT and immunotherapy for PCa.
However, it should be noted that these models above
are deterministic systems, while actually the therapeu-
tic effect is usually affected due to the sensitivity of
tumor microenvironment. d’Onofrio points out that the
extremely complex interaction between tumor cells and
immune effectors justifies the inclusion of noise on a
deterministic model of tumor-immune system in order
to take into account a plethora of relevant phenomena,
such as the variable intensity of neoantigen that stim-
ulate the immune response, the expression or absence
of expression of molecules needed for T-cell activa-
tion [24]. Therefore, random perturbation should be
included in deterministic models in order to consider
more related phenomena [25-30]. By taking the effect
of white noise into the model of ordinary differential
equations in [18], Zazoua and Wang investigate the
dynamic behaviors of AD and Al cancer cells with
ADT and reveal the impacts of random disturbance
and tumor cancer competitiveness on the recurrence
of cancer [12].

For modeling the DC vaccination, in fact, after each
injection of DC vaccine, the number of DCs increases
transiently, which is one of the key factors to activate
T-cells and stimulate antitumor immunity. In [4], the
vaccinations are administered every 30 days in model
simulations, and the numerical simulations suggest that
immunotherapy can promote the stabilization of PCa
treated by ADT. In [18], Rutter and Kuang run a series
of simulations varying only the dosage level and fre-
quency of the DC immunotherapy. They illustrate that
increasing the frequency of the injections but keeping
the total dosage identical can vast improve the survival
time of the patient. However, in the existing studies
on vaccine immunotherapy of PCa model, the pulse
effect of vaccine injection is only simulated by com-
puter, while there is lack of theoretical research on the
elimination of PCa cells by immunotherapy. Therefore,
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in our model, we introduce an impulsive equation to
depict the pulse effect of DC vaccination and theoreti-
cally investigate the extinction and persistence of PCa
cells with ADT and vaccine immunotherapy. In addi-
tion, our model considering the incorporation of ADT
and DC vaccination is the extension of the reference
[12] that considering two kinds of PCa cells under ADT
alone.

The structure of the article is as follows: In Sect. 2,
the mathematical model is formulated and some pre-
liminaries for the study are given. Section 3 focuses
on the analysis of the dynamic behaviors of cells and
obtains the sufficient conditions for cancer cell extinc-
tion and persistence in mean. In Sect. 4, numerical sim-
ulations are implemented to demonstrate our results.
Our main conclusions are recalled in Sect. 5. Section 6
presents the general discussions of this paper.

2 Mathematical model
2.1 Model formation

Zazoua and Wang [12] investigate the following stoch-
astic model of ADT considering androgen, AD and Al
cancer cells,

dA = |:— y(A — ao) — yaou}dt,

X| +aX
dX, (1) = {r1A<l _ %)

A

- <d1 +m1)<1 - —)}det + 01 X,dBy (1),

ao
X+ X

BX1 + 2)X2

dX,(t) = {r2<1 — X

A
+m1(1 — —)Xl}dl‘ + 0 X>dBs (1),
ao
(D

where X; and X, are the concentrations of AD and
Al cancer cells, respectively, A is the concentration of
androgen, r; and d; are the AD cancer cell prolifer-
ation and death rate, respectively, r; is the Al cancer
cell net proliferation rate, ap is the normal androgen
concentration, ¢ and S are the positive rivalry intensity
of the two cancer cells, m is the maximum mutation
rate from AD to Al cancer cells, u is the ADT effi-
cacy, K is the carrying capacity of these cells, y is

the clearance and production rate of androgen, B;(t)
(i = 1, 2) are independent one-dimensional standard
Brownian motions defined on a given complete proba-
bility space (.Q F AF >0, 73), and aiz (i =1,2)are
the intensities of white noise.

Now, we introduce immunotherapy of DC vaccines
into model (1). When the DC vaccine is injected into
the body, a large number of DCs increase suddenly
in vivo and then activate T-cells to induce antitumor
immunity. Therefore, we utilize an impulse differ-
ential equation to describe the change of DC num-
ber with DC vaccination and add the description of
anti-tumor immune responses in the model as fol-
lows:

K

A eTX)
—(dl-l—ml) 1—— )| X1 — ————1dt
ag g1+ X1+ X2

+ o1 X1dB (1),

dX,(t) = {r2<1 — w)x;

A
+m1<1 - *)Xl
ao

+02X2dBy (1),

— MT)dt,

dX () = {[r1A<l— M)

exT X, }d[
g+ X1+ X2

esD
d7(t) = (
g+ D

dA(r) = [y (ao - A) - yaou]dt,
dD(t) = —cDdt, t#nt,nelZ",
AX (1) = AXy (1) = AT (1) = AA(t) =0,
AD(t) = DntY)—Dmt)=h, t=nt,nel",

2

where T is the concentration of T-cell, p is T-cell
death rate, ¢ is the decay rate of DCs, e; and e;
are the max killing rate of T-cells to AD and Al
cancer cells, respectively, g; and g, are the AD
and the AI cancer cell saturation level for T-cell
kill rate, respectively, e3 is maximum activation rate
of DCs to T-cells, g3 is DC saturation level for
T-cell activation, / is the number of DCs injected
with vaccination, 7 is the period of the DC vaccina-
tion.
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2.2 Preliminaries

We list some notations, lemmas and definitions of the
paper here. For convenience, we give some notations,

f@* =lim sup f(¢), [f()x = liminf f(¢),
t—+00 1—+00

1 t
{(fn)= */ f(s)ds,
t 0 3)
e3h (

h
Hy = , H= 637 )
nlg3(e® — 1) +h] nlgz(l —e=¢T) + hl

R’i:{x:(xl ..... xn)eR":x,->O,i=1,...n},

where f(¢) is an integrable function on [0, 4+-00).
For the following subsystem of system (2),

t#nt,nel",

t=nt,neZt,

“)

dD(t) = —cDdrt,
D(ntt) = D(nt) + h,

the following Lemma 1 gives its solution.

Lemma 1~ [31] System (4) has a unique t-periodic
solution D(t), where

- hefc(tfnt)
D(t) = 1 —e—cT ’
~ h

DO) =1

foranyt € (nr, (n + 1)1:] and n € ZT. For each
solution D(t), we have that lim;_ oo D(t) = 5(t).

From the periodic solution of D(z), it is easy to
obtain its boundedness that

. he T oo
D(t)y=————=D@1t) < ——— = D)7,
| —ect

I —e* ™
and other basic properties. It is noted that androgen
dynamics evolves much faster than cancer cell dynam-
ics and androgen concentration can reach equilibrium
in a relatively short time. So, we consider the steady
state of androgen concentration, A* = ag(1 — u), and
in the sequent research, we focus on the following sys-
tem:
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dX,(t) = {R(l - M) —U

K

elT
— Y lx,dr 4 01 X1dB, (1),
g1~|—X1+X2} 1 1X1dB(¢)
X+ X
dXs(1) = {r2<1 _ w)xz
K
+muX el X }dt+ Xd By (1)
muX; — ——— o ,
A o+ X1+ X2 20205
D(t
AT (1) = (ﬁ _ ;LT)dt,
g3+ D()

(5)
where R = riap(1 —u), U = (di + m)u.

Lemma 2 [32] Suppose f (1) € cc(:zx[o, +00), R+).

1. If there are constants Ly > 0,¢1 > Oand 1 > 0
such that

t n
g0 <3 =0 [ F)ds+ Y 0B
0

i=1
for any t > t1, where o; is a constant, 1| <i <n,
A
then (f(1))* < o a.s.

0
2. If there are constants Ly > 0,11 > O and A > 0
such that

t n
In £(t) > At — AO/ f()ds +) " 0idBi (1)
0

i=1
for any t > t|, where o; is a constant, 1| <i <n,

then (f(t))s > i a.s.
A0

Lemma 3 [12] Let M = {M;};>0 be a real-valued
continuous local martingale vanishing at time zero. If

M, M),

lim sup <00 a.s.,

t—>—+00

then

.M
lim — =0 a.s.
t—>—+o0o f
The Brownian motion B(f) is a continuous square
integrable martingale, and its quadratic variation is
(B(t), B(t)); = t(t > 0). Therefore, from Lemma 3,

lim &zO a.s. 6)

t—+o00
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and for any small € € (0, 1), there exists a T such that

)

'w € I—S>T a.s

r—s

Definition 1 [12]
1. The population X;(¢) becomes extinct if

Iim X;(t) =0 a.s.

—400

2. The population X;(#) becomes persistent in mean
if
(Xi)* >0 a.s.

Definition 2 [12] The system (5) is stochastically ulti-
mately bounded in the sense that for any € € (0, 1),
there is a positive constant M such that for any initial
value X (0) = (X1(0), X2(0), T(0)) € R3, the solu-
tion of system (5) satisfies

limsupP{|X(t)| > M} <e.

t——+00

3 The dynamical analysis of system (5)

The following two theorems will show the existence,
uniqueness and boundedness of global positive solu-

tions (Xl(t), X2 (1), T(t)) of system (5).

Theorem 1 Forany initial value (XI(O), X5(0), T(O)) c
Ri_, model (5) has a unique global solution (X1 (1), Xo(1),
T(t)) € Ri a.s.

Proof This proof is inspired by reference [33]. We

firstly show the existence of unique local positive solu-
tion of model (5). For the following equations:

2649
dx(t) = {R(l ety
K
_ 5012 - gl—i-i’l‘(e’%}dt + o1d B (1),
dy(r) = {72(1 _ ﬂeX(t)I:_ ey(t)) mleb;(e:;(t)

1, eret®
— 50'2 - m dr + O'dez(l),
e3D(1)
0= (—EPO
W=+ pape ~*

®)

with initial data (x(O), y(O),z(O)) - (lnXl(O),ln
X»(0),In T(O)), model (8) has a unique local solu-

tion (x(t), y(1), z(t)) on [0, #,) under the local Lip-
schitz condition, where 7, is the explosion time. It
is from It6’s formula that (Xl(t), X5 (1), T(t)) =

(ex 0 ey® ez(’)) is the unique local positive solution
of model (5).

Now, it suffices to prove t, = 4o00. Consider the
following auxiliary equations:

_ e3D(1)x _
a0 = (L2 05 — ko), ©)
_ e3D(1)* _
Ao (1) = (75;3 SnE /m)(t))dt, (10)
AN(t) = N(t)(R —U- gN(r))dt FoNOdB (1),  (11)
_ BraN(@) e®@) nr
dm(t) = m(t)(rz S S Em(t))dt
+oom()dBy (1), (12)
muN(@) rp
AM(@t) = M(t)(r2 L ?M(t)>dz
+or M(t)dBy (1), (13)
B «RM() e1®(t) R
dn(t) = n(z)(R U T En(t))dt
+on(t)dB (1), (14)
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with @(0) = ¢0) = TO),NWO) = n0) = Theorem 2 The system (5) is stochastically ultimately
X1(0), M(0) = m(0) = X,(0). According to the com- bounded.
parison theorem for stochastic differential equations )
[34], for t € [0, 7,), Proof Define the function V(t, X1, Xo, T) =¢' (Xf—l—
p . .
B(1) < T(1) < D), m(t) < Xa(t) < M(D), n(r) X§ +T7). where p > 1. Applying 11's formula o
< X,(t) <N@) as. v<t, X1, X, T) yields

We can compute equations from (9) to (14) and get their
solutions as follows:

() =e M (0) + Hy

1— e_’”>,

(
D) = e D) + H(1—e ),
1
2!

exp{[R [ —— ]t+alBl(t)}

N(1) = )

1

R 1
o+ Efot exp{ [R-U- Eof]s +0131(S)}ds

1
exp [ fot [r2— 3 05 — ,Brzj{\f(s) e2§2(s)]ds + asz(t)}
[r2 —

1, BnNG) ez¢(S)]ds +02B2(v)}dv’

m(t) = 1

"
er%fotexp{fo

7 K 82
mluN(s)

) ]ds + szBz(t)}
miuN (s)

m(s)
1 RM (0]

exp{fo [R U—— 5 12 ¢ K(S) elgl(s)]ds—i—a]Bl(t)}

—U —

o2 dRM(s) e1D(s) ’

1
i ]ds+01Bl(v)}dv

1
e | o[ =3 22+

M(t) = I

2
r b
30+ g ew [ [ = 307 + TS s + a8 fau

n(t) =

1 R . v
m"';foexl’{fo[

where Hy and H are given in (3). Note that ¢(¢) >
0,®(t) >0,N(t) >0,m(t) >0, M(t) > 0,m(t) >
0 hold for all + > 0, therefore t, = +00. O
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aV (1 X1, Xa.T) = e (X] + X2+ T7)dr + pe' (X' aXy + X5~ Xz + 777147

+ %p(p — e [X{’_z (dX1)2 + Xg_z(dXZ)z}

X X T
= pe'{x{’[R@—ﬂ)— —el—]dr+oled31(t)}
K g1+ X1+ X
_ X1+ X, erT Xy
1 xr 1[ 1—'3—X X——]dz‘ XPdB,(t
—i—pe{ 2 rz( K )2+m1u1 ot X1+ X2 + 02X5dB) (1)

+ Pe’T”_l[ e
g+

PR

IA

_ 1
+ e’{pmlquXé7 : + (1 + p(r2 + E(p - 1)022))Xé7 -

pexD
g+D

1
e’{[l +p(R+5(p - 1)012)])({’ - 7){{’“ }dt

D 1
S - uT Jde + e (X7 + X2+ 77 )dr + S€¢'p(p - D(o?X] + 03 X5 )i

o xgt fa

2
e’{—T”_l +(1- pM)Tp}dt +pe' Y oiXIdBi(r)

i=1

2
<e'(Q1+ 02+ 03)dr + pe' Y i XV B (1),
i=1
(1)

where constants Q1, Q2, Q3 > 0. Write Q = Q1 +
0> + Q3. Integrating both sides of (15) from O to # and
calculating the expectation of both sides leads to

E[e’ (Xf(t) + X0 + T”(t))]
< X[+ XL +T7O) + 0(e' 1),
and then
E[X{’(t) + X2+ T”(t)]
<! (X} + X0 +T70) + 01— ¢ 7).

Therefore,

lim sup E[X{’(t) +x2() + Tp(t)] <. (16)

t——+00

Note that

p/2
IX|P = (X%+X§+T2) < 3P/2(X{’+X§+TP).
(17)

Hence, from (16) and (17), we get

lim sup E[|X|P] <3729,

t——+00

For any € € (0, 1), let x = \/g(Q/e)l/p. According
to the Chebyshev inequality,

limsupP{|X| > X] :limsupP{|X|p > X”}

t—+00 t—+00
3r/20
ST Aamop? €
[V3(e/e)""]

So the solutions of the model are stochastically ulti-
mately bounded. O
Theorem 3 Assume that

1,
R—U—Eo—l <0, (18)

then there are the following assertions:

(1) Androgen-dependent cells X1 will be extinct.
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ai) If It is clear that
1 X1+ X
ry — 5022 <0, 19)  dXa(t) = {r2<1 - %)Xz T+ muX;
erT X

then androgen-independent cells X, will be extinct.
(iii) 1f
I , e

rm— -0 ——H >0, (20)
27 g

then androgen-independent cells X, are persistent
in mean.

Proof i) Let us prove the extinction of androgen-
dependent cells X; under condition (18). Applying
1t6’s formula to In X (#) and integrating from O to ¢
lead to

X (t 1 R [! R [!
In 1) = (R —-U - 7(712)t — —/ X1(s)ds — %/ Xo(s)ds
0 0

X1(0) 2 K
! e1T(s)
7/0 S FKI) + Ko D T BI:
then,
1L Xx0 _, ,_ 13 R _oR
B L I
7( e T (1) > UlBl(f)
g1+ X1(0) + Xa(0) t

Taking the superior limit of (21) and then using (6) and
(18) yields

i 1 X1() 1,

limsup — In <R-U~-—-0; <0 a.s.
t—>+o0 1 X1(0) 2

Therefore,

lim X;(#)=0 a.s.
t—400

That is to say, for £21 = {a) € 2 : limy— 400 X1 (1,
w) = 0}, P(£21) = 1 holds. In view of & € £1, for
any &1 > 0, there is a large 71 (1, w) > 0 such that for
all + > Ty, we have

Xi(t,w) < e;. (22)

(i1) Next, the extinction of androgen-independent
cells X» under conditions (18) and (19) will be proved.
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— ——————— tdt + 02 X2d By (¢
g2+X1+X2} 2X2d B (1)

< (mluxl + erz)dt + 02 X>dB)(1).
In view of (22), forall t > Ty and w € £2;,

dXo(t, w) < (m1u£1 T X, w))dz + 02X (1, )dBs (1, w).

Consider this following stochastic differential equation

o(t, ) = (mlusl—i—rzgo(t, w))dt—i—azgo(t, ©)dBy (1, )
(23)

with initial value ¢ (0, @) = X7(0, w). The solution of
(23)i1s

1 B> (t,
(1, ®) = (0, w) exp {(Vz — 503 o 2(§ “)))z}

! 1 By (t, w) — Ba(s, w)
2 , s
— - —_—_— l_ S d‘_
+m1u81/ exp{(rz oy + o2 R )( A)} N

By virtue of (7), we see that there is a constant 75 > 0
such that

B [’ —B )
‘ 2( a)) 2(S a)) < g1, t—S>T2 a.s. (24’)

t—s

Without losing generality, it is assumed that (24) holds
for any w € £21. Hence, for all 1 > T>,

Lit _ L1 T»
e e
o(t, w) < @0, w)e!! +m1u81(11 + —)

Ly
(25)
where
T 1 )
0= [ oo (- )
1 /0 exp{ r 502 v
+ 02<Bz(t, w) — Ba(t — v, a)))}dv,
1,
Li=r— 502 + one; < 0. (26)
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From the Kolmogorov Theorem [35], for all 1 > T,
there is a positive constant M7 such that

I < M. Q27)

Therefore, taking the superior limit of (25) and accord-
ing to (26) and (27), we get

€L1T2
limsup ¢(t, w) < m1u81<M1 — >
t—+00 L]

From the arbitrariness of ¢; and the comparison theo-
rem, we obtain that for all w € 2

lim sup X» (¢, w) = 0.

t——+00

According to P(£21) = 1, we conclude that

Iim X,() =0 a.s.
t—+00

(iii)) Now, let us show that androgen-independent
cells X» will be persistent in mean when (18) and (20)
occur. Applying It6’s formula to In X () and then inte-
grating from O to 7 yields

Xo(1) I, rnp [’
"X0 T (rz 2 2)’ ~x ), K10ds
r ! "X1(s)
—E/O Xz(s)ds+m1u/0 Xg(s)ds

ds + 07 By(1).
(28)

_/’ er T (s)
0o &+ Xi(s) + Xa(s)

Theorem 1 implies that there exists 7y > 0 such that
T(t) < H forall t > ty, where H is given in (3). It is
from (22) that for any w € £21 and ¢ > T =T v 1o,

Xo(t, 1
lan rz(l—&>——022—e—2Ht
X2(0, ) K 2 8

ra !
——/ X2 (s, w)ds + 02 Ba ().
K Jo

1 2
exp [<R_U_§(71
X1, w) =

€l
1

R B
“ro)- S o)+ o 20) |

By Lemma 2 and (20), we can obtain that forall w € §24

1 [t
lim inf 7/ X5 (s, w)ds >
0

t——4o00

Due to the arbitrariness of €1 and P(£21) = 1, we get

1 t
limsup—/ Xo(s)ds >0 a.s.
0

t——+00

This completes the proof. O
Theorem 4 [f the following condition is satisfied,

1 e
R-U--oc2—"H>o0,

2 8
then androgen-independent cells X, are persistent in
mean.

Proof We will complete the proof by contradiction.
Suppose that X» are not persistent in mean, that is to
say, for 25 = {w €2 (Xa(w)* = 0}, P(2,) > 0
holds. Therefore, in view of w € §2;, for any small &3,
there is a 73 > 0 such that

(X2(w)) < &2, t > T;5. (29)

Notice that

el aR R
ax, > {R -8y, —Xl}det
81 K K

+01X1dB(t) a.s.

According to the comparison theorem for stochastic
differential equations,

t

1
X1(0)

1

R ) el oaR
+ 2 Joexp {S(R —U- 501> - J3 T©)d0 = == [; X2(6)do +0131(s)}ds

’

@ Springer



2654

H. Yang, Y. Tan

almost surely, and then we have

! < ! exp{—t(R—U—l(r]z—e—l(T(t))
X1, @) ~ X1(0) 2 81
BlU))}
t

_oR
+§/0[exp{<t7s)

K
1 Bi(s,w) — B1(t,w
(- R0+ Jof e A2 a0

(x20)+ 01

t R t
+ 4 / (e + 28 / Xo (&) déy (30)
81 Js K Js

almost surely. It follows from (7) that for the ¢;, there
exists a large T4 > 0 such that

Bi(t, w) — Bi(s, w)
t—s

<egy, t—s>Ty as. (31)

Itis general to suppose that (31) is valid forany w € £2;.
Substituting (29) and (31) into (30), we see that for
allt > T2 :=1yv T3V Tyand w € 2,

1 1 R
L2f+—{12+

elot _ eLsz
< e - - b
X1, w) — X1(0) K

L,

where

1 2 €l R
L2=—R+U+—O’1 4+ —H + (01 + —)e2 <0,
2 81 K

TZ
1,
Izzf exp{v(—R+U+—Ul)
0 2
+01<Bl(t_v’w)_31(t»w))

er [V aR [V
+ —f T (52)d& + —/ Xo (&, w)d&}dv-
g1 Jo K Jo

From the Kolmogorov Theorem, we obtain that there
exists a constant M» > 0 such that

L <M, t>T?

and then for all w € 27,
1 R eL2T2

limsup—f—(Mz— )

t>4o00 X1(t, w) K L

Thus, there exists a positive constant 1 such that

X (t,w) > Ky, t>T>. (32)

@ Springer

In view of Theorem 2, we have that there exists positive
constants M3 and T5 such that for all 1 > T5,

X1(t) <Mz as. and Xo(t) < M3 a.s.

Therefore, forallt > T3 := 1y Ts v T? and w € 25,
we get

BM3 + M3 e

dXr (1, w) > {("2(1— )—fH)Xz-‘rmlu/q}dt
82

K
+02X2dBy (1),
thus,
M M
Xa(6) = X2 (0) exp {t(r2(l N
K 82

1 By (1)
— E()'22-‘1-0’2 / )]

+m1uK1/0teXp{<t—s)<r2(l _M)

1 5 Bz(t,w)—Bz(s,w)>}dS.

e
-2y 05 +o3
t—s

$) 2

According to (7), we have that for the ¢, there is a Tg
such that

<eg, t—s>Tg a.s. (33)

By (t, w) — By(s, w)
f—s

In general, it is assumed that (33) is valid for any w €
§2,. Therefore, forall t > T4 := Te Vv T3 and w € 25,

t

Xo(t) > mlqu/ el3vdu,
T4

where

BM3 + M3 e 1,
Lyi=rn(1 -0y 22 - e.
3= r( X ) - 502 + 0282

If L3 = 0, then for all r > T*
Xo(t, w) > myuki(t — TY).
If L3 # 0, then for all 1 > T4,

miuKki 4
Xo(t, w) > L—<eL3’ — T )
3

As aresult, if L3z > 0, then
lim inf X5 (f, ) = +00,
t—400

and if L3 < 0, then

.. miuki 4
liminf X, (f, w) > e plsT ,
t——+00 L3

which contradicts the previous hypothesis. So X, are
persistent in mean. O
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Theorem S The androgen-dependent cells X1 will
become extinct if one of the following two conditions is
satisfied,

n 82
aff <1
1 2 R 1 )
(i) R—U — zo§ ——(rz—— 2——H> < 0and
2 rp 2 82
aff > 1

Proof Divide both sides of (28) by ¢ to get

L X(0) I , nB )
| —r— = ——<Xt>——<Xt>
p nX2(O) r2= 503~ = 1(0) X 2(1)
Xq(t
+m1u< 1()>
X (1)
< ex T (1) > By (1)
- + o .
g2+ X1(t) + X2(7) t
(34)
. . aR .
For case (i), computing (21)——(34) yields
r
1 X1(1)
! ln<xz(t)aR/r2)
- t_l(ln X, (0) — ";—R In X2(0))
2
1 2 aR 1 2
+(R—U—Eol)—z(r2—iaz>
R aRmyu | X (1)
_?(1_“ﬁ)<xl(t)>_ = (xz(z)>
_< e1T(t) >
g1+ X1(1) + X2(1)
@( B0) > Bi(t) R By()
r Vg2 + X1() + X2(0) P T
(35)
and then,
t~'In (—Xl(t) )
Xo(t)«R/r2
1 aR
<t (lnXl(O) — —lan(O)) +R
n
1 , aR 1,
U= 50i = (= 533)
oR e R Bi(t)
+222(1) - £ = ap)(Xi ) + o
rn g2 K
R B (t
_ 5, 2R B0 (36)
r t

Taking the superior limit on both sides of (36), and then
according to (6) and the conditions of (i), we get

. —1 X1(1)
limsup (¢ " In (—) <R-U
t—+400 X (t)xR/m
1 R 1
——012 - a_<r2 - = 22 - e—zH) <0 a.s.
2 rn 2 82
Hence,
X (¢
lim sup 1) =0 a.s.

t—+400 X2(t)aR/r2

Theorem 2 indicates that there exists a upper bound M3
of X, (t), therefore,

X _ X0
M;xR/rz - Xz(t)otR/rz

0< (37)

Taking the superior limit on both side of (37) yields

I Xi()
1msupT/r2_0 a.s. (38)

t——+00 M3

R
For case (ii), computing (21)— _,3(34) yields
rn

—1 Xl(t)
L (Xz(t)R/(rzﬂ))

< t_l(lnXl(O) - %lan(O)) +R
r

1 R 1
U2t (- 2a3)
&

2 2 2
+ %%{T(r)} - K%(aﬁ —1)(x20)
+o 20 0y 220 (39)

Taking the superior limit on both sides of (39), and
applying (6) and the conditions of (ii) gets

. _ X1(1)
1 _ A
imsup (1~ (o))

Using the same method as in case (i), we obtain

X1 _ o 4. (40)

lim sup —Mf/(”ﬂ) =

t——+00
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According to (38) and (40), in both cases (i) and (ii),

lim X{(#)=0 a.s.
—+400

This completes the proof. O

Theorem 6 If the following conditions are satisfied,

1 1
—7022)>0, rz—fazz—e—zH>O,
81 r 2 2 82
41)

then androgen-dependent cells X| are persistent in
mean.

Proof We make use of reduction to absurdity in the
following proof process. Supposing that the androgen-
dependent cells are not persistent in mean, then we

have that P(£23) > 0 holds for 23 = {a) e 2 :

(X1(@)*
small &3, there is a 77 > 0 such that

= O}. Thus, in view of w € 23, for any

(X1(w)) < &3, t>T7. 42)

Noting that

rp
dXs (1) > {}’2 - 7X1 - g—T — EXz}Xz(t)dt

+02X2dBs(t) a.s.,

t t
;e / T(Edes + 2 / X1(§3)d§3}d5 43)
82 Js K K

almost surely. It follows from (7) that for the €3, there
exists a large 73 > 0 such that

By (t, w) — By (s,
’ 21, ) 265, @) <e3, t—s>Tg a.s. (44)

t—s

It is supposed that (44) is valid for any w € £23 in
general. Substituting (42) and (44) into (43), we see
thatforallt > T2 := 1y v Ty v Tg and w € £23,

1 1 Lat _ L4T5

= ekt + 2 Iz + e - ,

o - %0° 1K I
(45)

where

1
L4:_r2+§”22+;%1‘1+(f72+%)53 <0,

T3 B B

13_/ exP{ ( ’2+102 + oo Byt U""z Bz(hw))

+ */ T (&4 )d€4+ ya X1($4,w)d€4}dv-

According to the Kolmogorov Theorem, there exists a
constant M4 > 0 such that

we obtain <My, t>T°,
1 B
o= i) -2} 2]
Xo(t, ») >
2 ;Jrr—zf’ exp fs[rz—loz— @Xl(e)——T(e)]deJrasz(s)
X20) " KOTP TR T g s

almost surely, thus,

! ! L, np
Xo(t, ) = X,(0) exp{ - ( - 502 - 7<X1(t)>

_ §<T(t)> + o BZI(I))}

e (t )( + 152
—_— €X' — S — T —0-
X Jo P 2 792

B> (s, w) — B (¢, a)))
t—s

+ o2

@ Springer

and then for all w € 23,

1 r L4T§
limsup —— < — (M4 — )
t—>+o0 X2(f, w) Ly

Therefore, there exists a positive constant k> such
that

Xo(t, w) >k, t>T°. (46)
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Substituting (46) into (35) yields that for all + > T
and w € 23,

1 aR 1
-InX(t,w) — ——1In X, (z, w)
t rp t

1 R 1,
z—<1nX1(0)——lnX2(0)>+<R—U——01
r 2
R 1
o) o )
81 2 2
R  «afR aRm1u< Bi(t, w)
 — - = X [> -
(K X = ) 1))+ o1
R B(t
_ o, 2R Bt o) 7
r t

From (46) and boundedness of X»(z), we get that

In X (¢
lim i 2()=0 a.s.
t— 400 t
Notice that

In X (¢
lim nX1@O
t——+400 t

As a consequence, taking the limit on both sides of (47)
leads to

I, e R 1
0>R—-U~--of——H- (2——02)>0
2 81 r 2
where a contradiction occurs. So the androgen-
dependent cells X (¢) are persistent in mean. O

Remark 1 In model (2), when the parameters e and e
are equal to zero and there is no pulse DC vaccination,
model (2) becomes model (1), and Theorem 4.8, (i)
and (iii) of Theorem 4.9 in reference [12] become the
special cases of Theorem 3, Theorem 4 and Theorem 5
of this article, respectively. Therefore, our model is an
extension of reference [12].

4 Numerical simulations

In this section, we use numerical simulations for model
(2) to show the effects of intercellular competition,
random disturbance and the cancer treatment combin-
ing ADT and immunotherapy on tumor dynamics. In
order to show approximate solutions with initial condi-
tions, we use the Milstein’s higher order method [36].

Rewrite (X1, X», T, A, D) as (x,y, z, p, q) for con-
venience and get the discretization equations of model
(2) as follows:

X+ ayg
Xl =X + [HPk(l - T)
- (d1 +m1)<1 - ﬂ) - L})%At
aop 81 + Xk + Yk

1
+orxpV/ Argy + 5012)%({;(2 — DA,

_ Bxk + Y\
Vik+1 =Yk + |2 I_T Vk
€22k Vk

+m1(lfﬁ)xk7 _—
ag 82 + Xk + Yk

1
+ ook v Aréy + Eazzyk(ékz - DA,
e3qk
83+ ax

]At

Tk+1 =2k + ( - Mzk)Ata

Pk+1 = Pk + (V(ao = Pr) — Vaou)At,

Gk+1 = gk — cqkAt,

where the step size Ar = 0.01. At the impulsive point
series {nt},cz+, the corresponding program is xx41 =
Xk+1> Yk+1 = Yk+1> Zk+1 = Zk+1,> Pk+1 = Pk+1 and
Gk+1 = qk+1 + h.

The parameter values are shown in Table 1, and
the initial values are set as X1(0) = 15 x 10° cells,
X2(0) = 0.1 x 10° cells, T(0) = 0 cells, A(0) = 30
nmol/L, D(0) = 0 cells [18,20]. Making use of the
numerical simulation method given above and apply-
ing parameters in Table 1, we verify the main results in
Sect. 3 and get some interesting conclusions.

Firstly, the inhibitory effect of stochastic perturba-
tion on cell proliferation is indicated by Fig. 1. We fix
u=05a0=09=08hL=40x 100 (unit: cells)
and T = 30 (unit: days), and the values of o1 and o, are
labeled at the top of each subgraph. For each subgraph,
we calculate that the following conditions hold,

L, oaR
(a) R— U—=oj ——H——(rz——o*z) =0.0152 >
12 gl r
,Ip— -0y — —H = X 1077 > €0-
0 2 H 1.4172 x 10~* > 0. Th
2 2

rem 6 indicates the persistence of AD cancer cells;

1 1
2
(b) R— U—Eal =-0.027 <0, — 3 Z_EH_
1.4172 x 10~* > 0. The conditions (iii) of Theo-

rem 3 show that Al cancer cells are persistent;

1
(c) R—U- —ol = —0.027 < 0. The condition (i) of
2

Theorem 3 illustrates the extinction of AD cells;
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Table 1 Parameter values

Parameters Biological Meaning Value Source
r Proliferation rate of AD cancer cells 0.025/day [18]
1) Net proliferation rate of Al cancer cells 0.006/day [18]
di AD cancer cell proliferation rate 0.064/day [18]
my Maximum mutation rate from AD to Al cancer cells 0.00005/day [18]
K Tissue capacity for cancer cells 11 x 10° cells [18]
el Max killing rate of T-cells to AD cancer cells 0.75/day [18]
e Max killing rate of T-cells to Al cancer cells 0.75/day [18]
e3 T-cell max activation rate 20 x 106cells/day [18]
g1 AD cancer cell saturation level for T-cell kill rate 10 x 10%cells [18]
2 Al cancer cell saturation level for T-cell kill rate 10 x 10%cells [18]
23 DC saturation level for T-cell activation 400 x 10°cells [18]
% T-cell death rate 0.03/day [18]
y Androgen clearance and production rate 0.08/day [18]
ap Base level androgen concentration 20 nmol/L [14]
u The efficacy of ADT 0-1 [12]
c DC death rate 0.14/day [18]
Fig. 1 Inhibitory effect of a) +.=0.2. +.=0.05 b) +.=0.7. +.=0.05
random disturbance of 25 % 107 ( ) ! 2 x108 ( ) ! 2
environment on 151
proliferation of PCa 2
2 15 b2 1O
8 g
E =
5 L
0.5
0 0
0 1000 2000 3000 0 1000 2000 3000
Time(days) Time(days)
L0 (€) +,=0.7, 0,=0.05 108 (d) 0,=07, 0,=0.2
25 5
2 4
2 2
é‘:’ 15 8 3
<
< 2
0.5 1
0 Ha 0
0 1000 2000 3000 0 1000 2000 3000
Time(days) Time(days)
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Fig. 2 Treatment effect under different efficacy of ADT

1, 1,
d R-U - 301 = —-0.027 < 0,y — 702 =
—0.014 < 0. The conditions (ii) of Theorem 3
demonstrate that Al cells go to extinction.

By comparing subfigures (a) and (c), subfigures (b) and
(d) of Fig. 1, it is obvious that random disturbance can
inhibit two types cancer cell proliferation, and when
the stochastic perturbation reaches a certain intensity,
it will even lead to the complete elimination of cancer
cells.

Secondly, Fig. 2 illustrates the influence of efficacy
of ADT on the development of cancer. We fix « = 0.9,
B = 0.8, h =40 x 10° (unit: cells), T = 30 (unit:
days), o1 = 0.04 and 0o = 0.02, change the value
of u to explore the efficacy of ADT on the develop-
ment of cancer. When 0.1 < u < 0.5, the graph shows
the persistence of AD and Al cancer cells, and that
the Al cancer cells are at a controllable level. How-
ever, as the value of u continues to increase from 0.5,
the AD cancer cells tend to be extinct, while the Al

cancer cells increase rapidly, which means that can-
cer has developed into more fatal metastatic castration-
resistant prostate cancer (mMCRPC). Therefore, in this
simulation, # = 0.5 is the approximate optimal value
to control both AD and Al cancer cells, and Al cancer
cells cannot turn over AD cancer cells until more than
8 years when u < 0.5.

Next, Fig. 3 implies the therapeutic effect of dif-
ferent frequency of DC vaccination. We fix u = 0.5,
h = 500x10° (unit: cells),a = 0.9, =0.8,01 = 0.7
and o, = 0.05 such that the condition (i) of Theorem
3 is satisfied (R — U — 1/2012 = —0.027 < 0) and the
AD cancer cells go to extinction. We change the value
of T to observe how the number of Al cancer cells
would evolve under different injection frequencies. It
is clear from Fig. 3 that more frequent DC vaccination
leads to the extinction trend of Al cancer cells. On the
other hand, by calculation, we gain that the value of
ry — 1/2022 equals 0.0047 in the three subfigures (a),
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Fig. 3 Treatment effect 5 (a) =40
under different frequency of x10 , , , , ,
the DC vaccine injection 2+ 4
K]
3
- 1 b
<
0 Il —l | Il
0 500 1000 1500 2000 2500 3000
Time(days)
10 (b) =30
2 T T T T T
2
8 1 ]
<
O 1 L 1 1 1
0 500 1000 1500 2000 2500 3000
Time(days)
105 (c) =20
2 T T T T T
£
8 1 ]
<
O 1 1 1 1
0 500 1000 1500 2000 2500 3000
Time(days)

(b) and (c¢) and the values of r, — 1 /2c722 —eyH/g) are
—0.0231, —0.0232 and —0.0238, respectively. There-
fore, this simulation shows that when the case 0 <
rm—1 /2022 < ey H/g> occurs, the Al cancer cells may
eventually become extinct.

Finally, through the comprehensive analysis of
Figs. 4, 5 and 6, we will obtain the effects of o and S
for the remission of mCRPC. Here, we fix u = 0.5,
h = 40 x 10% (unit: cells), © = 30 (unit: days),
o1 = 0.6 and oo = 0.05. It is obvious from Fig. 4
that larger o and smaller S can promote the reduction
in AD cancer cell number. However, at the stage of
mCPRC, the extinction of AD cancer cells would mean
the more fatal androgen independent cancer. In order
to more clearly get how the number of Al cancer cells
changes when « and B vary, respectively, in according
to Fig. 5, we draw the Al cancer cell quantity differ-
ences between different situations as in Fig. 6, which
indicates that in the process of decreasing the value of
o (see the subfigures (a) and (c)) or increasing the value
of B (see the subfigures (b) and (d)), the number of Al
cancer cells always tends to decrease. From Figs. 4, 5
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and 6, it is apparent that smaller « and larger 8 may
play a role in delaying the occurrence of mCRPC and
improving the quality of life of patients.

5 Conclusion

In this paper, we study an impulsive stochastic model
for prostate cancer (PCa) with androgen depriva-
tion therapy (ADT) and dendritic cell (DC) vaccine
immunotherapy. In addition to the effects of differ-
ent competition intensities and random interference on
the proliferation of PCa cells are considered, the pulse
effect of periodic injection of DC vaccine is also taken
into consideration. The sufficient conditions of extinc-
tion and persistence in mean for cancer cells are derived
by using the Itd’s formula and the comparison theorem
of stochastic differential equation.

According to the sufficient conditions of cancer cell
extinction and persistence and Fig. 1 in numerical sim-
ulation, we can obtain that the higher the intensity of
environmental disturbance, the greater the inhibitory
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Fig. 4 AD cancer cell
densities versus time in days
under different values of o
and B

Fig. 5 Al cancer cell
densities versus time in days
under different values of o

and
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Fig. 6 Smaller o and larger
B can promote the reduction
in Al cancer cells in the

(@) Histogram of the difference that
Al cancer cell number when a=0.1

(b) Histogram of the difference that
Al cancer cell number when 3=0.1
«10° minus number when 3=0.4

treatment of mCRPC
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effect on the development of PCa. Then, from Fig. 2,
there is an optimal treatment efficacy of ADT, which
makes AD and Al cancer cells be well controlled and
prevents cancer from developing into a more terrifying
resistant cancer. Moreover, by combining the definition
of H = e3h/u[g3(1 — e %) + h] in theoretical results
and Fig. 3 in numerical simulation, we can illustrate that
more frequent injections of the DC vaccine can prolong
the survival time of the patient with ADT. Finally, the
time series diagrams of Figs. 4 and 5 and the histogram
of Fig. 6 show that the greater the competitiveness 8 of
AD cancer cells or the smaller the competitiveness o of
Al cancer cells may delay the occurrence of metastatic
castration-resistant prostate cancer.

6 Discussion

Here are some discussions of our model and results
by comparing with some existing research and putting
forward the future work worthy of study. Firstly, our
model considers the DC vaccination by constructing
an impulsive differential equation to describe the pulse
effect of cell transient increase after vaccine injection,
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which makes up for the lack of modeling the pulse
vaccination of PCa in current research.

Secondly, our theoretical results show that when the
parameters representing the lethality of T-cells to both
AD and Al cancer cells are equal to 0, the correspond-
ing conclusions about the extinction and persistence of
PCacellsin [12] can be obtained obviously. In addition,
from the sufficient conditions of extinction and persis-
tence of AD and Al cancer cells and the definition of
H = e3h/u[g3(1—e ")+ h], one can see that a small
T means the possibility of cancer cell extinction, which
is in accordance with the assert obtained by numera-
tion simulation in reference [ 18] that the more frequent
injections improve the survival time of the patient.

Thirdly, Theorem 3 shows that under the assump-
tionthat R—U — 1/ 2012 < 0, the Al cancer cells go to
extinction whenrp—1/ 2022 < 0 while will be persistent
in mean whenry — 1/ 2022 —exH /gy > 0. Our theoret-
ical analysis does not get the dynamic behavior of Al
cancer cells under the case 0 <rp — 1 /2022 <eyH/g
due to the complexity of tumor immune response with
pulse effect. But Fig. 3 shows that the Al cancer cells
will eventually become extinct in a certain period of
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time when(0 < r,—1/ 2022 < epH/g>. The correspond-
ing theoretical analysis and more detailed numerical
simulation are remained for our future research.

Finally, another issue worth discussing is that
besides the small disturbances in the internal environ-
ment, there are some large perturbations that can also
affect the cancer cell proliferation. For example, if a
patient’s mood suddenly collapses due to certain stim-
ulation, it may lead to faster growth and spread of can-
cer cells, correspondingly, the parameters in model will
switch from the original value to another. Liu and his
coauthors point out that such switch can be described by
the region-switching system and investigate the effects
of regional switch on cancer cell growth [37,38]. There-
fore, itis interesting to extend our model by introducing
region-switching system and observe how the similar
fluctuations influence cancer cell growth with ADT and
pulse immunotherapy.
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