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Abstract The thermal effect has a significant influ-

ence on the performance of angular contact ball

bearings and thus affects the motion accuracy and

stability of spindle-bearing system of computerized

numerical control (CNC) lathe. In this paper, a

comprehensive coupled CNC lathe spindle-bearing

model considering the thermal effect is proposed to

predict the dynamic characteristics of system. The

spindle is modeled as Timoshenko’s beam by consid-

ering the centrifugal force and gyroscopic effects. The

bearing is analyzed by a five degrees-of-freedom

(DOF) quasi-static model considering the thermal

effect in order to obtain the static deformations and

thermal deformations of rolling bodies. The dynamic

differential equation of system is established by the

finite element method. Runge–Kutta integral method

is used to solve the system equation numerically to

study its nonlinear dynamic behaviors. The correct-

ness of thermal model of CNC lathe spindle-bearing

system is verified by testing the housing temperature.

The simulation values of system response considering

thermal effect or not are compared with the experi-

mental results, which shows that the proposedmodel is

feasible. Moreover, the effects of key parameters such

as rotational speed, pulley eccentricity and bearing

preload on the nonlinear characteristics of system are

investigated. Single-periodic, multi-periodic, quasi-

periodic and chaotic motions are observed by time

history curve, 3-D frequency spectrum curve, phase

diagram, Poincare section and bifurcation diagram

under different operating conditions. The analytical

model developed here can be also helpful to the design

and optimization of CNC lathe spindle-bearing

system.

Keywords Spindle-bearing system � Angular
contact ball bearing � Quasi-static analysis � Bearing
temperature distribution � Nonlinear vibration �
Dynamic behaviors

1 Introduction

As the core component of CNC machine tools, spindle

bearing system will generate a lot of heat when

running at a high speed, which will have a great impact

on the cutting stability and machining accuracy of

CNCmachine tools [1]. Therefore, it is very important

to analyze and evaluate the dynamic characteristics of

system for improving its machining accuracy and

providing guidances to optimize its design. At present,

the machining accuracy of CNC machine tools is
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required to be higher and higher [2]. The research on

the thermal effect of bearings is a very complicated

work [3], which involves the change of thermal

resistance, bearing parameters, lubricant viscosity

and the calculation of heat source, etc., because the

dynamic characteristics of system are directly affected

by bearing performance, especially the thermal effect

of bearings [4, 5]. Therefore, the study of dynamic

characteristics of CNC lathe spindle-bearing system

should not only consider the mechanical characteris-

tics of spindle, but also the thermal–mechanical

coupling effect caused by the high-speed operation

of bearings [6–8].

Angular contact ball bearings are most frequently

used in machine tools due to their favorable stiffness

properties, low friction loss and ability to bear axial

and radial loads. With the increase of friction heat

generated by bearings, the temperature distribution

inside bearings will have a significant impact on their

stiffness, working accuracy and even service life [9].

Over the years, many researchers have devoted

themselves to the study of bearing heat transfer.

Palmgren [10] was one of the early researchers who

studied the mechanism of bearing temperature and put

forward an empirical formula to calculate the friction

torque. Subsequently, Harris and Kotzalas [11] pro-

posed one of the most widely used comprehensive

formula of bearing friction loss power on the basis of

Palmgren’s research. Later, Brecher et al. [12]

proposed a new, simple calculation model to estimate

the cage-induced frictional losses in spindle bearings

under high rotational speed by experiments. Than et al.

[13] present an inverse method to estimate time-

varying heat sources in a high-speed spindle based on

experimental temperatures of housing surface,

because the thermal estimation accuracy of the

empirical formula is relatively low. The frictional

thermal mechanism of bearings was further studied by

many scholars for more accurate assessments. Tong

et al. [14] explored the running torque when the

angular misalignment of angular contact ball bearings

was factored. A skidding analysis of angular contact

ball bearings subjected to various boundary conditions

was implemented by Oktaviana et al. [15]. Zhang et al.

[16] proposed a friction torque model of ball bearings

with geometrical imperfections.

Combining the friction heat source and the nodes of

spindle-bearing system, the heat balance equations can

be established to solve the node temperatures by the

thermal network method [17]. The thermal deforma-

tions of the balls and the inner and outer raceways can

be obtained by the temperature distribution of bearing

parts [18]. Lin and Tu [19] introduced the thermal

deformations of rolling bodies into the study on

thermal–mechanical coupling of bearings. Alfares

et al. [20] investigated thermal variation impact on

the dynamics of a spindle-bearing system by consid-

ering thermal deformation. However, the change of

contact angle was not taken into account, so that the

calculation of friction heat is inaccurate. Zheng et al.

[21, 22] established a ball load balance model

considering centrifugal force, gyroscopic torque and

thermal deformation, where the change of contact

angle was considered to improve the accuracy of

calculation results. Subsequently, the effect of struc-

ture and assembly constraints on temperature of high-

speed angular contact ball bearings with thermal

network method was investigated by Zheng et al. [23].

Liu et al. [24] proposed the closed-loop iterative

modeling method of thermal characteristics and ana-

lyzed the thermal–structure interaction mechanism to

improve the modeling accuracy.

As the most complex and accurate theoretical

model to describe the dynamic characteristics of

spindle, Timoshenko beam model takes into account

the moment of inertia and shear deformation [19, 25].

In recent years, many scholars have proposed a

coupling model based on finite element spindle model

and bearing model [26–28]. Li et al. [29] presented the

dynamic model of high-speed motorized spindle in

free state and working state. Xi et al. [30] proposed a

new dynamic modeling method for a spindle-bearing

system supported by angular contact ball bearings and

floating displacement bearings to study the influence

of key parameters on the system dynamics. The above

model provides a theoretical basis for the study of

rotor dynamics, but ignores the thermal effect of

bearings. Li and Shin [31, 32] proposed a bearing load

model including thermal deformation based on dis-

crete spindle dynamic model, and then analyzed the

bearing stiffness, thermal deformation and natural

frequency of spindle system. Truong et al. [33]

proposed a new workflow for analyzing the thermal–

mechanical properties of a spindle-bearing system by

adding the stiffness coefficient affected by tempera-

ture into the finite element model. Zheng et al. [34]

studied the thermal estimation of angular contact ball

bearings with vibration effects. Based on the error
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mechanism of spindle system, Liu et al. [35] carried

out thermal error modeling and compensation.

According to the above research, few studies take

thermal effect into consideration in spindle-bearing

system and carry out thorough research on its nonlin-

ear characteristics, which is not conducive to the

analysis of dynamic behaviors of system. The purpose

of this work is to propose a comprehensive spindle-

bearing system model of CNC lathe considering

thermal effect to analyze the nonlinear characteristics

of system. Firstly, a spindle model based on the

Timoshenko’s beam theory is established, and a five

DOF quasi-static model of bearings considering

thermal effect is proposed. The validity of spindle-

bearing thermal model is verified by experiments at

different speeds. Then, the comparison between

numerical results and experimental results of system

response shows that the proposed model is feasible.

And then, the variation of contact angle, contact load

and bearing stiffness with rotational speed and preload

between balls and raceways are compared and

analyzed under the condition of considering thermal

effect or not. In order to investigate the effects of

rotational speed, pulley eccentricity and bearing

preload on the nonlinear characteristics of system,

time history curve, frequency-spectrum curves, phase

diagram, Poincare section and bifurcation diagram are

employed. Finally, some conclusions are drawn to

predict the motion accuracy and stability of system.

2 Dynamic model of spindle-bearing system

A lathe spindle refers to the shaft on the lathe that

drives the workpiece to rotate. As shown in Fig. 1, a

spindle component is usually composed of a shaft, a

bearing, and a transmission element (pulley). It is

mainly used to support transmission parts in machine

tools to transmit motion and torque. The spindle

contains two sets of angular contact ball bearings. The

front two bearings are in tandem and three bearings are

tandem at the rear. Preload is used for positioning and

preload the inner raceway of bearings, which is

conducive to obtaining higher bearing stiffness.

2.1 Dynamic equation of the spindle

According to the structure of spindle, it is discretized

into a finite number of beam elements in Fig. 2. The

specific spindle unit parameters can be found in

Table 1. Timoshenko beam is used to model the beam

elements, where each node has three translational

degrees of freedom and two rotational degrees of

freedom. Similar to the kinetic energy of pulley, the

total kinetic energy of beam element includes hori-

zontal motion energy and rotational kinetic energy.

The total potential energy of beam element includes

the elastic bending potential energy, shear potential

energy and axial compression potential energy of

beam.

According to the generalized Hamilton’s Principle,

the dynamic equation of the spindle obtained is

rewritten into the matrix form by finite element

method as follows:

Fig. 1 A CNC spindle-bearing system
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Ms þMpð Þ€q� X Gs + Gpð Þ _qþ Ks � X2Ms
C

� �
q ¼ Fp

ð1Þ

whereMs is the mass matrix of spindle,Mp represents

the mass matrix of pulley, Ms
C is the mass matrix used

for computing the centrifugal forces, Gs is the

gyroscopic matrix of spindle, Gp represents the

gyroscopic matrix of pulley, Ks is the stiffness matrix,

and Fp represents unbalanced force. q ¼ x; y; z;uy;
�

uzÞ
T
represents displacement vector. The details of

matrices can be obtained by the finite element matrices

[36].

2.2 Thermal model of spindle-bearing system

2.2.1 Ball loads analysis of angular contact ball

bearing

In fact, the thermal effect of bearing parts will change

the center position of rolling bodies. Thus, the contact

deformation of ball-raceway changes accordingly. In

this paper, the thermal effect of bearing parts is

integrated into the normal contact forces Qij and Qoj

between the jth ball with the inner and outer raceways.

The centrifugal force Fcj and gyroscopic moment Mgj

of balls at any position wj are considered. The load

equilibrium equations of the jth ball can be as follows

[11]:

Qij sin aij � Qoj sin aoj �Mgj
�
Db

kij cos aij � koj cos aoj
� �

¼ 0

Qij cos aij � Qoj cos aoj þMgj
�
Db

kij sin aij � koj sin aoj
� �

þ Fcj ¼ 0

8
<

:

ð2Þ

where kij = 0 and koj = 2 represent the friction

coefficients between the jth ball and the inner and

outer raceways, respectively, which can be determined

according to the outer raceway control theory [37]. aij
and aoj are the normal contact forces and contact

angles between the jth ball with the inner and outer

raceways, respectively.

The geometric constraint equations considering the

thermal expansion of bearing parts shown in Fig. 3 can

be expressed as [11]:

A1j � Z1j
� �2þ A2j � Z2j

� �2� ðfi � 0:5ÞDb þ dij � eb
� �2¼ 0

Z2
1j þ Z2

2j � ðfo � 0:5ÞDb þ doj � eb
� �2¼ 0

8
<

:

ð3Þ

whereDb is the ball diameter, eb represents the thermal

expansion of ball.fi and fo denote the groove curvature

coefficients of inner and outer raceways, respec-

tively;Z1j, Z2j, A1j and A2j are the auxiliary variables

to describe the position relationship between bearing

Fig. 2 Finite element node

diagram of the machine tool

spindle

Table 1 Dimensions of CNC lathe spindle unit

Unit

number

Length

(mm)

Inner/outer

diameters(mm)

Unit

number

Length

(mm)

Inner/outer

diameters(mm)

Unit

number

Length

(mm)

Inner/outer

diameters(mm)

1 50 50/150 2 30 40/120 3 40 40/130

4 60 40/100 5 110 50/80 6 120 50/80

7 100 50/80 8 40 40/65 9 40 40/65

10 40 40/65 11 40 40/65 12 60 40/65

13 50 40/65
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parts. A1j and A2j can be expressed as:

where dx, dy, dz, uy, uz denote the displacements of

inner raceway;eir and eor denote the thermal expansion

of inner and outer raceways, respectively;Ri denotes

the orbit radius of inner raceway groove curvature

center [10]. The centrifugal expansion ucent of inner

raceway can be estimated as [22]:

ucent ¼
qx2

c

32E
dm D2

i ð3þ lÞ þ d2mð1� lÞ
� �

ð5Þ

where Di is the inner diameter of spindle; xc is the

rotational speed of spindle;q, E and l are the density,

elastic moduli and Poisson ratio of material of spindle,

respectively.

Taking inner raceway as analytic targets, the force

equilibrium equations can be obtained as:

Fx �
Xj¼Z

j¼1

Qij cos aij þ
kijMgj

Db
sin aij

� �
coswj ¼ 0

Fy �
Xj¼Z

j¼1

Qij cos aij þ
kijMgj

Db
sin aij

� �
sinwj ¼ 0

Fz �
Xj¼Z

j¼1

Qij sin aij �
kijMgj

Db
cos aij

� �
¼ 0

Mx �
Xj¼Z

j¼1

Qij sin aij �
kijMij

Db
cos aij

� �
Ri þ

kijMgj

Db
fi

	 

sinwj ¼ 0

My �
Xj¼Z

j¼1

Qij sin aij �
kijMij

Db
cos aij

� �
Ri þ

kijMgj

Db
fi

	 

coswj ¼ 0

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

ð6Þ

where Fx, Fy, Fz, Mx and My represent the external

forces and moments acted on the inner raceway of

bearing.Z indicates the number of balls.

The initial values of main variables dx, dy, dz,ux,uy

are set, and the Newton–Rapshon method is used to

solve the Eqs. (2) and (3) to obtain the auxiliary

variables X1j, X2j, dij and doj. The obtained auxiliary

variables are brought into Eq. (6) to verify whether the

main variables meet the accuracy requirement. If the

requirement is not met, the main variables are updated

and returned to the previous step. The iteration will be

terminated until the main variables meet the accuracy

requirement. Finally, the contact forces Qij, Qoj and

contact angles aij, aoj can be obtained.

2.2.2 Heat generation model

The friction torque [10] of rolling bearing is composed

of two parts as shown in Eq. (7)

M ¼ Mv þM1 ð7Þ

whereMv is frictional torque generated by the viscous

friction of lubricant andM1 is frictional torque caused

by applied load, which can be obtained according to

reference [11].

The friction torque is distributed to the contact

surfaces of balls with the inner and outer raceways

[10]. The resulting power loss between the balls and

the inner and outer raceways can be expressed as:

Pij ¼ xmjDb= Zdið ÞM
Poj ¼ xmjDb= ZDoð ÞM

(

ð8Þ

where xmj is revolution speed of balls.

The spin-induced friction torques Msj between the

balls and the inner raceway can be rewritten as:

Msj ¼
3lsiQij

P
j

8

Psj ¼ xsjMsj

8
<

:
ð9Þ

where lsi is the friction coefficient between the balls

and inner raceway,xsj is the spin speed of balls and Rj

is the second kind of complete contact elliptic integral

between the balls and the raceways.

Combined with the above factors, the power loss of

bearing, namely the total friction heat generated by the

heat source, can be expressed as:

A1j ¼ BDb sin aþ ux ¼ BDb sin aþ dx þ Riuz coswj � Riuy sinwj

A2j ¼ BDb cos aþ ur ¼ BDb cos aþ dz sinwj þ dy coswj þ eir þ ucent � eor

(

ð4Þ
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Ptotal ¼ Pi þ Po ¼
XZ

j¼1

Pij þ Psj

� �
þ
XZ

j¼1

Poj ð10Þ

2.2.3 Transient thermal network model

Based on the principle of heat flux conservation, the

general form of transient heat balance equation can be

established as:

Tkþ1
0 � Tkþ1

1

R0�1

þ Tkþ1
0 � Tkþ1

2

R0�2

þ Tkþ1
0 � Tkþ1

3

R0�3

þ Tkþ1
0 � Tkþ1

4

R0�4

¼ Q0 � C0q0V0

Tkþ1
0 � Tk

0

Dtk
ð11Þ

where Tkþ1
0 is the heat source temperature at tkþ1; T

k
0 is

the heat source temperature at tk; T
kþ1
i is the outside

node temperature at tkþ1; R0-i is the thermal resistance

between the heat source and the outside node

(i = 1,2,3,4);Q0 is the total frictional heat generated

by the heat source;Dtk ¼ tkþ1 � tk is the step size of

time series.

Figure 4 shows the cross section of thermal

network diagram of spindle-bearing element, which

is divided into 9 nodes in this study. Therefore, we can

obtain 9 equations similar to Eq. (11) to solve the

temperature field of spindle-bearing system.

All nodes in Fig. 4 include three types of thermal

resistance: conduction thermal resistance, contact

thermal resistance and convection thermal resistance.

The specific expressions of each thermal resistance are

shown in Tables 2, 3 and 4.

Based on the above analysis, the process of solving

the transient temperature field of spindle- bearing

system by thermal network method can be obtained as

shown in Fig. 5. The front and rear bearing sets adopt

7016C and 7014C, respectively. More detailed

spindle-bearing system parameters are shown in

Table 5. Firstly, given the spindle speed and system

loading conditions, the ball loads equilibrium equa-

tions of bearings are established according to

Sect. 2.2.1 to obtain the contact angle and contact

load of balls. Then, the friction heat generated by

bearings is calculated according to Sect. 2.2.2. At the

same time, combining bearing parameters and taking

room temperature as the initial temperature, the heat

transfer coefficient of system components can be

obtained according to the formulas in Tables 2, 3 and

4. Subsequently, the transient heat balance equations

of system are established and solved based on

Sect. 2.2.3. In the process of iterative solution, we

Fig. 3 Deformation

relationship between ball

and inner and outer

raceways
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only need to solve the corresponding linear equations.

If the temperature value obtained at this time does not

converge, then the bearing parameters, lubricant

viscosity and heat transfer coefficient are updated

according to this temperature value and taken as the

inputs for the next iteration calculation. The calcula-

tion does not stop until the results of temperature field

meet the given convergence condition. Finally, the

temperature values of key nodes of system are output

to calculate the deformations of the rolling bodies.

Subsequently, eb and ein are the thermal expansion

of balls and inner raceway can be calculated from

Stein and Tu [46].eout is the thermal expansion of

housing, which can be obtained as [47].

Hence, the total deformation dijt of bearings caused
by thermal effect can be expressed as:

dijt ¼ eb þ
ein � eoutð Þ

2
ð12Þ

2.2.4 Calculation of stiffness matrix of angular

contact ball bearing

Under the condition of high-speed rotation of angular

contact ball bearing, the balls are under the combined

Fig. 4 Spindle unit thermal

network node diagram

Table 2 Formula of thermal conduction resistance

Formula Application situation Reference

R ¼ ln dext=dintð Þ=2pkDL Inner/outer rings, housing and shaft Ref. [38]

R ¼ DL=AK Ball, shaft and housing Ref. [39]

Table 3 Contact thermal resistance formula

Formula Application situation Reference

R ¼ 1
p

a
b

� �
1

kDa
ffiffiffiffi
Pe

p Hertzian contact between balls and raceways Ref. [38]

0.02; 0.1 Inner ring and shaft; outer ring and housing Ref. [39, 40]
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action of centrifugal force, gyroscopic moment and the

thermally-induced preload. According to the relation-

ship between bearing parts deformation and acting

force, it can be expressed as [31]:

Kb ¼ � oF

odT
¼ �

XZ

j¼1

R½ �T
oQT

j

ouj
R½ � ð13Þ

where

Table 4 Convection thermal resistance formula

Formula Application situation Reference

R ¼ 1
Aw

L
kDNu

� 

Ref. [41]

Nu ¼ 1:2þ 0:53 qlubDb=glub � xmdm=2ð Þ0:64
� 


�

glub=adqlubð Þ0:3 gTb
�
gTlub

� �

Ball and lubricant Ref. [42]

Nu ¼ 2 Ta\41

Nu ¼ 0:167 qgr rinxð Þl�1
ffiffiffiffiffiffiffiffiffiffiffiffi
gr=rin

p� �0:69
Pr0:4 41\Ta\100

Nu ¼ 0:401 qgr rinxð Þl�1
ffiffiffiffiffiffiffiffiffiffiffiffi
gr=rin

p� �0:5
Pr0:4 Ta[ 100

8
<

:

Outer surface of inner ring and lubricant Ref. [43]

Nu ¼ 0:4
ffiffiffiffiffiffi
Re

p
Pr1=3 Re\2:5 � 105

Nu ¼ 0:238Re0:8 Pr0:6 Re[ 3:2 � 105
�

Shaft end Ref. [44]

Nu ¼ 0:825þ 0:387Re1=6

1þ 0:492=Prð Þ9=16ð Þ8=27
Housing end face and ambient air Ref. [45]

Fig. 5 Solution flow of transient temperature field of spindle-bearing system
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oQT
j

ouj
¼

JoJ
�1
b Ji 0 0

0 0 0

0 0 0

2

4

3

5 ð14Þ

R ¼
cosðwjÞ sinðwjÞ 0 �Rp sinðwjÞ Rp cosðwjÞ

0 0 1 Ri sinðwjÞ �Ri cosðwjÞ
0 0 0 � sinðwjÞ cosðwjÞ

2

64

3

75

ð15Þ

where Rp is the axial distance between the center of

ball and the center of bearing inner raceway, Jb can be

obtained by deriving the load balance Eq. (2) of balls

in horizontal and vertical directions. Jb ¼ Ji þ Jo is

the obtained stiffness matrix.

2.2.5 Nonlinear restoring forces and moments

associated with the bearings

The influence of thermal expansion of bearing parts on

bearing performance is vital. Therefore, it is very

necessary to consider the thermal effect of bearings to

analyze the nonlinear dynamic characteristics of CNC

lathe spindle-bearing system. The schematic diagram

of system is shown in Fig. 6. Since the two sets of

bearings are mounted back to back, the left bearing

coordinate is consistent with the system coordinate,

while the right bearing is opposite. Hence, the

nonlinear restoring forces and moments of two sets

of bearings should be derived respectively.

Ignoring the eccentricity of spindle, the dynamic

displacements of spindle will only lead to the changes

of deformation between balls and inner raceway. The

dynamic deformation of the jth ball in the left bearing

could be approximately expressed as [48]:

dijdL ¼
�z sinðwjÞ cosðaijÞ þ y cosðwjÞ cosðaijÞþ
xþ uzRi cosðwjÞ � uyRi sinðwjÞ
� �

sinðaijÞ

" #

ð16Þ

where x; y; z;uy;uz denote the dynamic displacements

of bearing inner raceway.dijtL is the thermal deforma-

tion, which can be derived from Eq. (12). Then, the

total deformation of the jth ball of left bearing could be

expressed as:

dTL ¼ dijdL þ dijsL þ dijtL

¼ dijdL þ dijsL þ eLb þ
eLin � eLout
� �

2
ð17Þ

where dijsL means the dynamic deformation and static

deformation between the jth ball and inner raceway.

The nonlinear restoring forces and moments of the

jth ball of left bearing in the global coordinate system

could be determined as:

FLx = � Kd1:5TL sinðaijÞ
FLy = � Kd1:5TL cosðaijÞ cosðwjÞ
FLz = Kd1:5TL cosðaijÞ sinðwjÞ
MLy = Kd1:5TL sinðaijÞRi sinðwjÞ
MLz = � Kd1:5TL sinðaijÞRi cosðwjÞ

8
>>>>>>><

>>>>>>>:

ð18Þ

Table 5 Specifications of spindle-bearing system

Parameter Value Parameter Value

Spindle density 7.86*103 kg/m3 Poisson’s ratio of ball 0.26

Specific heat capacity of spindle 485 J/(kg��C) Density of rings 7.81*103 kg/m3

Spindle thermal conductivity 42.3 W/(m��C) Elasticity modulus of rings 207GPa

Bearing chamber density 7.3*103 kg/m3 Poisson’s ratio of rings 0.3

Specific heat capacity of bearing chamber 510 J/(kg��C) Specific heat capacity of rings 450 J/(kg��C)
Bearing chamber thermal conductivity 45.0 W/(m��C) Rings thermal conductivity 40.1 W/(m��C)
Ball density 7.85*103 kg/m3 Relative radius of curvature 0.523

Specific heat capacity of ball 800 J/(kg��C) Bearing inner diameter 65 mm

Ball chamber thermal conductivity 11.6 W/(m��C) Bearing outer diameter 100 mm

Elasticity modulus of ball 320GPa Number of balls 19

Initial contact angle 15� Ball diameter 11.5 mm
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where K is the load–deflection parameter between the

jth ball and the inner and outer raceways [11].

Similarly, the nonlinear restoring forces and

moments of the jth ball of right bearing in the global

coordinate system could be expressed as:

FRx = Kd1:5TR sinðaijÞ
FRy = � Kd1:5TR cosðaijÞ cosðwjÞ
FRz = � Kd1:5TR cosðaijÞ sinðwjÞ
MRy = Kd1:5TR sinðaijÞRi sinðwjÞ
MRz ¼ Kd1:5TR sinðaijÞRi cosðwjÞ

8
>>>>>>><

>>>>>>>:

ð19Þ

By assembling equations of spindle and bearings,

the nonlinear dynamic equations for CNC lathe

spindle-bearing system can be obtained:

M €qþ C _qþ Kq ¼ F tð Þ ð20Þ

where

M ¼ Ms þMp,C ¼ Gs þ Gp þ Cs,-

,K ¼ Ks � X2Ms
C,F

b qð Þ is the vector of nonlinear

restoring force and moments associated with bearings

from Eqs. (18) and (19). Among them,Cs = aM þ bK
is the structural damping which can be expressed as

[49]:

a ¼ 2
n2
x2

� n1
x1

� ��
1

x2
2

� 1

x2
1

� �

b ¼ 2 n2x2 � n1x1ð Þ
�

x2
2 � x2

1

� �

8
><

>:
ð21Þ

where x1 and x2 are the first two natural frequencies

of CNC lathe spindle-bearing system, respectively.n1
and n2 are the corresponding damping ratios,

respectively.

By using the restoring force method, the total

nonlinear restoring forces and moments of bearings

are added into the force vector of system. The specific

parameters of CNC lathe spindle-bearing system can

be obtained from the Tables 1 and 5 in this paper.

Thus, the mathematical expression of system differ-

ential equation can be obtained. For this purpose, the

ODE45 function (an explicit Rung-Kutta method) is

used to solve Eq. (20) through MATLAB software.

3 Experimental validation

The experiment rig of CNC lathe spindle-bearing

system shown in Fig. 7 is used to verify the feasibility

of proposed model. The specific parameters of CNC

lathe spindle-bearing system are listed in Tables 1 and

5. The schematic diagram of system experimental

device is shown in Fig. 8. The rear bearing (NSK

7013C) of system is taken as the experimental object

Fig. 6 Geometric relationship of spindle-bearing system
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in this study. The infrared thermal imager (model:

FLUKE Ti32) is used to monitor the temperature of

housing at the tail of spindle. All tests are carried out in

a laboratory with a controlled ambient temperature of

24–26 �C and a relative humidity of 20–25%.

Fig. 7 Radial response experiment rig for CNC lathe spindle-bearing system

Fig. 8 Schematic diagram of CNC lathe spindle-bearing system experiment rig
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The spindle-bearing system is frequency swept by

using an experimental device as shown in Fig. 7. The

rotational speed of spindle starts from 0 r/min, and the

rotational speed increment is 100 r/min and increases

to 3000 r/min. The radial displacement data of spindle

end are measured by using laser displacement sensor

(model: optoNCDT2300-20) and LabView software

in the computer. Fast Fourier Transform is carried out

on the radial responses at each rotating speed to obtain

their corresponding amplitudes, and all amplitudes are

fitted to obtain the frequency response curve as shown

in Fig. 9. Where xa1 = 250 r/min, xb1 = 318 r/min,

xn1 = 280 r/min and xa2 = 530 r/min, xb2 = 600 r/

min, xn2 = 560 r/min. The damping ratio is estimated

by using the half power bandwidth method, which can

be expressed as [50]:

ni ¼ xbi � xaið Þ=xni ð22Þ

The first two damping ratios of CNC lathe spindle-

bearing system are n1 = 0. 1214 and n2 = 0. 0625,

respectively.

As shown in Fig. 10, the trend of the theoretical

values is the same as the experimental results. The

deviation between theoretical values and experiment

results is small and the coincidence degree is high,

which proves that the thermal model adopted is

reasonable for the thermal calculation of CNC lathe

spindle-bearing system. With the spindle operating,

the laser displacement sensor (model:

optoNCDT2300-20) collects the radial response of

spindle to be tested in real time.

Figure 11 depicts the comparison of simulation

values and experimental results for the variation of

spindle radial response with operation time at three

different rotational speeds of 1500 r/min, 2000 r/min

and 2500 r/min. With the increase of rotational speed,

the radial response of spindle gradually increases and

tends to be stable. Compared with the simulation

values without thermal effect, the experimental results

are closer to the simulation values with thermal effect,

which proves the correctness of proposed model in this

study.

4 Results and discussion

4.1 The influence of rotational speed and preload

on contact angle and contact load

Figure 12 shows the variation of contact angle and

contact load with rotational speed when the bearing

preload is 500 N with or without thermal deformation.

The contact angle and contact load considering

thermal deformation are smaller than those without

Fig. 9 Frequency response experimental curve of CNC lathe spindle

123

142 H. Liu et al.



thermal deformation. Because the thermal deforma-

tion of bearing parts makes the radial distance between

the curvature centers of inner and outer raceways of

bearing large, this causes a decrease in the contact

angle. Meanwhile, due to the temperature rise of

bearing parts is uneven and the size of outer raceway is

larger than that of inner raceway, which lead to a

negative total thermal deformation, resulting in a

Fig. 10 Comparison of

theoretical and experimental

results of housing

temperature

Fig. 11 Comparison of simulation and experiment results of radial response of CNC lathe spindle-bearing system: a 1500 r/min;

b 2000 r/min; c 2500 r/min
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Fig. 12 Relationship between spindle speed and contact angle and contact load of bearing

Fig. 13 Relationship between preload and contact angle and contact load of bearing

123

144 H. Liu et al.



reduction in the contact load between balls and

raceways.

In Fig. 13, it can be seen the variation of contact

angle and contact load with preload when the rotating

speed is 4000 r/min with and without thermal defor-

mation. The contact angle between balls and inner and

outer raceways with thermal deformation is smaller

than without thermal deformation. The contact angle

of inner raceway decreases with the increase of

preload, while the contact angle of outer raceway is

opposite. This is mainly because the effect of

centrifugal force is weakened by preload. The contact

load between balls and inner and outer raceways with

thermal deformation is smaller than that without

thermal deformation, because the total thermal defor-

mation between balls and inner and outer raceways is

Fig. 14 Relationship between spindle speed and bearing stiffness

Fig. 15 Relationship between preload and bearing stiffness
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negative, which will make balls and inner and outer

raceways relaxed and lead to a decrease in contact

load.

4.2 The influence of rotational speed and preload

on bearing stiffness

The bearing stiffness will also be changed by the

variation of contact angle and contact load between

balls and inner and outer raceways. Figure 14 shows

the variation trend of bearing stiffness with spindle

Fig. 16 The largest Lyapunov exponent of the CNC lathe spindle-bearing system

Fig. 17 Bifurcation diagram and 3-D spectrum of horizontal radial of shaft end in the spindle-bearing system. aBifurcation diagram, b
3-D spectrum plot
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speed when the preload is set to 500 N. With the

increase of spindle speed, the bearing stiffness

decreases gradually. This reflects the softening effect

of rotational speed on stiffness. The bearing stiffness

considering thermal deformation is smaller than that

without thermal deformation. As can be seen from

Fig. 12c and d, the contact load between balls and

inner and outer raceways decreases by considering the

thermal deformation of bearing parts, which leads to

the decrease of bearing stiffness.

According to the variation trend of bearing stiffness

with preload when the rotating speed is set to 4000

r/min. It can be seen from Fig. 15, the greater the

bearing preload, the greater the bearing stiffness.

Fig. 18 Bifurcation diagram and 3-D spectrum of vertical radial of shaft end in the spindle-bearing system. a Bifurcation diagram, b
3-D spectrum plot

Fig. 19 Bifurcation diagram and 3-D spectrum of axial of shaft end in the spindle-bearing system. a Bifurcation diagram, b 3-D

spectrum plot
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However, the bearing stiffness considering thermal

deformation is smaller than that without considering

thermal deformation. The same reason is that the

bearing parts generate thermal deformation. However,

the total thermal deformation of balls and inner and

outer raceways is negative, which results in lowing the

bearing stiffness.

Fig. 20 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system. a Bifurcation

diagram, b 3-D spectrum plot

Fig. 21 Bifurcation diagram and 3-D spectrum of vertical radial torsion of shaft end in the spindle-bearing system. a Bifurcation

diagram, b 3-D spectrum plot
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Fig. 22 Nonlinear responses at x = 1400 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 23 Nonlinear responses at x = 1800 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 24 Nonlinear responses at x = 2720 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section
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Fig. 25 Nonlinear responses at x = 2754 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 26 Nonlinear responses at x = 2800 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 27 Nonlinear responses at x = 3900 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section
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4.3 The stability analysis of system

As shown in Fig. 16, Lyapunov exponent is used to

further study the influence of thermal effect on the

stability of response of spindle-bearing system of CNC

lathe. The Lyapunov exponents were similar to each

other. When the thermal effect is not taken into

account, the chaotic motion of the system appears

between 1400 r /min and 1600 r /min. When thermal

effects are taken into account, the chaotic motion of

the system shifts to between 1200 r /min and 1800 r /

min. This indicates that after considering the thermal

Fig. 28 Bifurcation diagram and 3-D spectrum of horizontal radial of shaft end in the spindle-bearing system. a Bifurcation diagram, b

3-D spectrum plot

Fig. 29 Bifurcation diagram and 3-D spectrum of vertical radial of shaft end in the spindle-bearing system. a Bifurcation diagram, b

3-D spectrum plot
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effect, with the increase of the rotational speed, the

chaotic motion appears at an earlier rotational speed

and the interval of the chaotic region increases.

4.4 The influence of rotational speed on dynamic

characteristics of system without thermal

effect

The pulley eccentricity is set to 5 um, and the

rotational speed of spindle is limited to 1790 r /min

to 2090 r /min without considering the thermal effect

Fig. 30 Bifurcation diagram and 3-D spectrum of axial of shaft end in the spindle-bearing system. a Bifurcation diagram, b 3-D

spectrum plot

Fig. 31 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system. a Bifurcation

diagram, b 3-D spectrum plot
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of spindle-bearing system of CNC lathe. The bifurca-

tion diagrams and 3-D spectrum plots of shaft end of

CNC lathe spindle-bearing system with five DOF are

shown in Figs. 17, 18, 19, 20 and 21. The comparison

of five directional bifurcation diagrams and three-

dimensional spectrum plots show that the variation

trend of motion state and frequency composition at the

shaft end are basically the same, but the response

amplitudes are different in different degrees of

freedom.

In order to study the vibration characteristics of

shaft end of CNC lathe spindle-bearing system, the

horizontal radial degree of freedom of shaft end will be

regarded as an example in the following. The nonlin-

ear dynamic behaviors of system responses are

investigated through the time history, frequency

spectrum, phase plane diagram and Poincare sec-

tion. With the increase of rotational speed, the system

experiences chaotic motion, single-periodic, 7T-peri-

odic, 4T-periodic, quasi-periodic, 2T-periodic

motions shown in Figs. 22, 23, 24, 25, 26, and 27. In

Fig. 22, chaotic motion can be seen based on the time

domain response is no longer periodically changing,

the frequency domain presents continuous spectrum,

and the phase diagram and Poincare section are full of

a large number of discrete points. The system presents

Fig. 32 Bifurcation diagram and 3-D spectrum of vertical radial torsion of shaft end in the spindle-bearing system. a Bifurcation

diagram, b 3-D spectrum plot

Fig. 33 Nonlinear responses at x = 1000 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section
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single-periodic, 7T-periodic, 4T-periodic, and 2T-

periodic motions, which can be determined by the

frequency demultiplication component and discrete

Poincare points in Figs. 23, 24, 25 and 27. The quasi-

periodic motion appears at rotational speed reaches

2800 r/min; it can be seen from the continuous

Fig. 34 Nonlinear responses at x = 1056 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 35 Nonlinear responses at x = 1058 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 36 Nonlinear responses at x = 1800 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section
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Fig. 37 Nonlinear responses at x = 2996 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 38 Nonlinear responses at x = 3110 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 39 Nonlinear responses at x = 3732 r/min: a time history, b frequency spectrum, c phase plane diagram and Poincare section
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Fig. 40 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 1000

r/min. a Bifurcation diagram, b 3-D spectrum plot

Fig. 41 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 2000

r/min. a Bifurcation diagram, b 3-D spectrum plot
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Fig. 42 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 3000

r/min. a Bifurcation diagram, b 3-D spectrum plot

Fig. 43 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 4000

r/min. a Bifurcation diagram, b 3-D spectrum plot
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Fig. 44 Nonlinear responses at(Ec = 2 um): a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 45 Nonlinear responses at(Ec = 76 um): a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 46 Nonlinear responses at(Ec = 112 um): a time history, b frequency spectrum, c phase plane diagram and Poincare section
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frequency components in the spectrum plot and a

number of Poincare points form a closed loop in

Fig. 26.

4.5 The dynamic characteristics of system

with thermal effect

4.5.1 The influence of rotational speed on dynamic

characteristics of system

In order to investigate the influence of thermal effect

on CNC lathe spindle-bearing system, the bifurcation

diagrams and 3-D spectrum plots of five DOF of shaft

end are employed shown in Figs. 28, 29, 30, 31 and 32.

Similarly, the pulley eccentricity is set to 5 um and the

rotational speed of spindle is limited to 1790 r/min to

2090 r/min. The variation trend of motion state and

frequency composition at the shaft end are similar, but

the response amplitudes are different in different

degrees of freedom. Comparing with the above

situation without thermal effect shown in Figs. 17,

18, 19, 20 and 21, the response amplitude of system

considering thermal effect is significantly larger than

the system without thermal effect. This is due to

thermal effect causes bearing stiffness to decrease,

which increases the response of system.

In order to investigate the influence of thermal

effect on the vibration characteristics of shaft end of

CNC lathe spindle-bearing system, the horizontal

radial degree of freedom of shaft end taken as an

example for analysis. Figures 33, 34, 35, 36, 37, 38

and 39 demonstrate the time history curve, frequency

spectrum plot, phase plane diagrams and Poincare

sections under different rotational speeds. With the

increase of rotational speed, the system exhibits

single-periodic, 3T-periodic, 5T-periodic, chaotic

Fig. 48 Nonlinear responses at(Ec = 190 um): a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 47 Nonlinear responses at(Ec = 114 um): a time history, b frequency spectrum, c phase plane diagram and Poincare section

123

Nonlinear dynamic analysis of CNC lathe spindle-bearing system considering thermal effect 159



motion, 25T-periodic, quasi-periodic and 2T-periodic

motions. The 5T-periodic motion occurs as shown in

Fig. 35 when rotational speed is increased to 1058 r/

min, which can be determined by f=5 frequency

demultiplication component and 5 discrete Poincare

points. The chaotic motion in Fig. 36 is determined

based on the time-domain response without periodic

changes, the continuous spectral components and the

phase diagram and Poincare section are full of a large

number of discrete points. In the same way, we can

identify the motions in Figs. 33, 34, 37 and 39 as single

periodic, 3T-periodic, 25T-periodic and 2T-periodic

Fig. 49 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 1000

r/min. a Bifurcation diagram, b 3-D spectrum plot

Fig. 50 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 2000

r/min. a Bifurcation diagram, b 3-D spectrum plot
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respectively. As shown in the frequency spectrum and

Poincare section in Fig. 38, when the rotation speed is

3110 rad/min, an obvious quasi-periodic motion

appears, which can be seen from the continuous

frequency components and a number of Poincare

points form a closed loop.

4.5.2 The influence of pulley eccentricity on dynamic

characteristics of system

From the model of CNC lathe spindle-bearing system

considering thermal effect, it can be found that the

eccentric load of pulley is used as excitation, then the

Fig. 51 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 3000

r/min. a Bifurcation diagram, b 3-D spectrum plot

Fig. 52 Bifurcation diagram and 3-D spectrum of horizontal radial torsion of shaft end in the spindle-bearing system at x = 4000

r/min. a Bifurcation diagram, b 3-D spectrum plot
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eccentricity will affect the dynamic behaviors of

system. Therefore, the range of eccentricity is set at 2

to 200 um to investigate the nonlinear characteristics

of system. Figures 40, 41, 42 and 43 depict the

horizontal radial bifurcation diagrams and 3-D spec-

trum diagrams of shaft end at rotational speeds of 1000

Fig. 53 Nonlinear responses at (Preload = 60 N): a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 54 Nonlinear responses at (Preload = 117 N): a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 55 Nonlinear responses at (Preload = 201 N): a time history, b frequency spectrum, c phase plane diagram and Poincare section

123

162 H. Liu et al.



r/min, 2000 r/min, 3000 r/min, 4000 r/min, respec-

tively. With the increase of spindle speed, the

vibration system presents single-periodic, double-

periodic, multiple-periodic and quasi-periodic

motions.

Figures 44, 45, 46, 47 and 48 depict the change of

motion state of shaft end of CNC lathe spindle-bearing

system shown in Fig. 43 at different eccentricity

amounts when the spindle speed is 4000 r/min. The

system will undergo single-periodic, 2T-periodic, 3T-

periodic, 14-periodic and quasi-periodic motions

accordingly under the eccentricity is 2 um, 76 um,

112 um, 114 um and 190 um, respectively.

4.5.3 The influence of bearing preload on dynamic

characteristics of system

Bearing preload will affect the contact deformation

and load distribution of bearing parts, thus affecting

the contact angle between balls and inner and outer

raceways, bearing heat generation, bearing stiffness

and even the dynamic behaviors of the whole system.

Therefore, the preload will play an important role in

CNC lathe spindle-bearing system. In order to inves-

tigate the dynamic nonlinear characteristics of system,

the range of preload is set from 0 to 600 N. Figures 49,

50, 51 and 52 depict the horizontal radial bifurcation

diagrams and 3-D spectrum diagrams of shaft end at

rotational speeds of 1000 r/min, 2000 r/min, 3000

r/min, 4000 r/min, respectively. With the increasing of

spindle speed, the vibration system presents rich

nonlinear behaviors.

Fig. 56 Nonlinear responses at (Preload = 207 N): a time history, b frequency spectrum, c phase plane diagram and Poincare section

Fig. 57 Nonlinear responses at (Preload = 450 N): a time history, b frequency spectrum, c phase plane diagram and Poincare section
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Figures 53, 54, 55, 56 and 57 depict the change of

the motion state of shaft end shown in Fig. 52 at

different preloads when the spindle speed is 4000

r/min. The system will undergo single-periodic, 2T-

periodic, 4T-periodic, 5T-periodic and quasi-periodic

motions accordingly, when the preload is 60 N,

117 N, 136 N, 140 N and 300 N, respectively.

5 Conclusions

The dynamic performance of spindle-bearing system

is very important to the machining accuracy and

working stability of CNC lathe. Therefore, a compre-

hensive dynamic model of CNC lathe spindle-bearing

system considering thermal effect is proposed to

analysis the dynamic characteristics of system. The

experimental results are in good agreement with the

numerical simulation results, which verifies the cor-

rectness of the proposed model. The effects of spindle

speed, pulley eccentricity and bearing preload on the

dynamic behaviors of system are analyzed. In addi-

tion, the effects of rotational speed and preload on the

contact angle, contact load and stiffness of bearings

are also fully studied. Some conclusions are exhibited

as follows:

The contact angle and contact load between balls

and inner and outer raceways considering thermal

effect are smaller than those without thermal effect.

The bearing stiffness considering thermal effect is

smaller than that without thermal effect. These are all

attributed to the thermal deformation of bearing parts

which makes the radial distance between the curvature

centers of inner and outer raceways of bearing large

and the temperature rise of bearing parts is uneven.

The response of system considering thermal effect

is larger than the system without thermal effect, which

is due to the decrease of bearing stiffness considering

thermal effect.

In the whole range of rotational speed, the nonlinear

characteristics of system considering thermal effect

are richer than the system without considering thermal

effect. Moreover, after the thermal effect is taken into

account, the rotation speed of chaotic motion is

advanced, and the interval of chaotic region is

increased.

The rotational speed, pulley eccentricity and pre-

load have great influence on the nonlinear character-

istics of system which can be studied by means of time

history curve, 3-D frequency spectrum curve, phase

diagram, Poincare section and bifurcation diagram,

among which pulley eccentricity and preload are the

most sensitive to the influence of system.
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