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Abstract We use the physics-informed neural net-
work to solve a variety of femtosecond optical soliton
solutions of the high-order nonlinear Schrodinger
equation, including one-soliton solution, two-soliton
solution, rogue wave solution, W-soliton solution and
M-soliton solution. The prediction error for one-
soliton, W-soliton and M-soliton is smaller. As the
prediction distance increases, the prediction error will
gradually increase. The unknown physical parameters
of the high-order nonlinear Schrédinger equation are
studied by using rogue wave solutions as data sets. The
neural network is optimized from three aspects
including the number of layers of the neural network,
the number of neurons, and the sampling points.
Compared with previous research, our error is greatly
reduced. This is not a replacement for the traditional
numerical method, but hopefully to open up new ideas.
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1 Introduction

With the development of plasma physics, optical fiber
communication and other disciplines, the nonlinear
problem has attracted more and more attention [1-3].
These nonlinear phenomena can be described by
nonlinear partial differential equations (NPDEs).
Solving the NPDEs, one can reveal the nature of
nonlinear phenomena [4, 5]. The nonlinear Schrodin-
ger equation (NLSE) can be used to describe the
propagation of optical solitons in optical fibers. In
recent years, the research of ultrashort pulse lasers has
become a popular direction. But for describing the
femtosecond light pulses propagating in optical fibers,
the standard NLSE becomes insufficient. High-order
effects, such as third-order dispersion (TOD) and
nonlinear response effects, will play a crucial part in
the propagation of ultrashort pulses, such as fem-
tosecond pulses. In order to understand this phe-
nomenon, the high-order nonlinear Schrodinger
equation (HNLSE) was proposed [6]. Recently, neural
networks have also been used to study NLSE and other
partial differential equations [7-9] and get multiple
forms of solutions [10, 11]. However, they have not
been extended to study optical soliton excitations of
HNLSE.

In recent decades, the rapid development of data
processing and computing capabilities has promoted
the application of deep learning in the field of data
mining, such as face recognition, machine translation,
biomedical analysis, traffic prediction, and
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autonomous driving [12-14]. However, the acquisi-
tion of data is a huge challenge. How to obtain
information effectively and accurately when part of
the data is missing is an urgent and arduous task
[15, 16]. At the same time, due to the lack of sample
data and poor robustness, the results obtained by the
traditional maximum likelihood method are often
unreliable. In fact, it seems impossible to use the
maximum likelihood method of input and output data
to draw conclusions related to the laws of physics,
especially for high-dimensional problems [15, 17].
Researchers speculate that defects in the prior laws
related to physical systems may be one of the main
reasons. Therefore, many researchers try to use the
maximum likelihood algorithm and some physical
laws to improve the accuracy of the unknown solution
of the physical model [18, 19].

Recently, Raissi et al. fully integrated the informa-
tion related to the physical system into the neural
network, using the maximum likelihood technique to
establish a deep learning method for physical con-
straints [20, 21], called the physics-informed neural
network (PINN) and its related improvements [22, 23].
It is a method that is not only suitable for solving the
forward problem of NPDEs, but also suitable for
solving the inverse problem of NPDEs [24, 25]. The
PINN can obtain very accurate solutions with less data
and has good robustness [26]. At the same time, the
physical information is expressed by differential
equations, which also provides good physical meaning
for predicting the solution [27]. This paper proposed a
data-driven algorithm with high computational effi-
ciency to derive solutions of more complex NPDE:s.

The general form of HNLSE is as follows [28]

iQ+71 Q2|01 Q + A3 Qru+4(10Q),
+250(10),] =0,

where Q is a complex function related to the delay
time x and longitudinal propagation distance ¢ in
Eq. (1). A1,A2,A3,A4 and A5 are the real parameters,
respectively, related to group velocity dispersion, Kerr
nonlinearity, TOD, self-steepening, and self-fre-
quency coming from stimulated Raman scattering. If
a picosecond optical pulse is studied, then A3,A4 and As
in Eq. (1) are all zero, and the HNLSE degenerates
into the standard NLSE. If the duration of the pulse is
less than 100 fs,A3, A4 and A5 will not be zero.

(1)
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The main novelty of this paper is as follows. (i) The
HNLSE is firstly studied by the PINN; (ii) five
femtosecond optical soliton excitations including
one-soliton, two-soliton, rogue wave and W-soliton,
M-soliton solutions of the HNLSE are trained by the
PINN. Compared with the previous research [26], the
error in this paper is smaller. (iii) In the inverse
problem, the structure of the neural network is
optimized from three aspects: the number of layers
of the neural network, the number of neurons, and the
sampling points. These research perspectives are not
considered by previous literatures.

The main content of this paper is as follows. In
Sect. 2, we introduce the PINN method. In Sect. 3, we
derive the one-soliton, W-soliton solution, M-soliton
solution, two-soliton solution and rogue wave solution
of the HNLSE. In Sect. 4, the higher order model is
established by using the rogue wave data set in PINN.
The conclusion is given in the Sect. 5.

2 PINN method

Neural networks have the properties of general
function approximators and can approximate any
function. Therefore, it can be directly used to deal
with nonlinear problems, avoiding limitations such as
preset, linearization, or local time stepping. In this
paper, the improved PINN method is used to recon-
struct the dynamic characteristics of the HNLSE, and
the parameters of the HNLSE are obtained by data
driving. The general form of (1 + 1)-dimensional
complex NPDE is as follows

Qt +N(7\’7Qa Qxanxxa' : '7) = 07 X e (x17x2)a t
€ (tlat2)7 (2)

where N is a combination of linear and nonlinear terms
about Q. Equation (1) is the underlying physical
constraint, thus forming one multilayer feed forward
neural network Q(r,x) and PINN f(z,x) that share
parameters with each other (such as, scaling factors,
weights, and deviations). Neural networks learn
shared parameters by minimizing the mean square
error (MSE) caused by the initial boundary value
conditions associated with the feed forward neural
network Q(z,x) and PINN £(t,x). Since Q(t,x) is a
complex valued number, we need to separate the real
and imaginary parts of Q(t,x), whose real part is
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g(t,x) and imaginary part is a(t,x). From Eq. (2), we
get

fg = gl""Ng(}"?gvgbgW?”")’ <3)
fh = hz+Nh(k7h7hx>hm7.“7)' <4)

The predicted solution Q(1,x) (O = /g2 + h?)
embedded in PINN through Eqs. (3) and (4), which are

used as physical constraints to prevent the overfitting
phenomenon of the neural network, as well as to
predict the solution, which provides a good physical
interpretation. The loss function I has the following
form

=T+ 1+1y+T7, (5)
in which
Z\g ) (6)
‘l],
1 Ny 2
Ty =5 > W, x) — BT (7)
q |=1
1 2
_ J J
r, Nf;vg(,g,fg’ (8)
1
_ J J
I, NfZ W(t] %7 ) 9)

Here, the initial value and boundary value data
N,
: T VA
about Q(f,x) are obtained from {tg,xg,g }]:l,and
N, . .
{tﬁl, xil, hl} 1> In the same way, the collocation points

N
of fi(¢,x) and f, (1, x) are specified by {t]{ X} } " and
(RS |

{tﬁ,xfh } In this paper, N, = 100, N; = 10000. In

PINN, we choose to use the Adam optimizer to
optimize the loss functions expressed by Eq. (5),
combining the advantages of AdaGrad and RMSProp,
which has become one of the mainstream optimizers.
In addition, we choose the hyperbolic tangent function
tanh as the activation function, which has better
learning ability, especially in the early stage of
training, and has greatly improved the convergence
speed and solving precision [29]. The specific form is

as follows tanh(na*L£(z*~1)), where n>1 is a prede-
fined scaling factor, the variable a € R is the slope of
the activation function, and £(z¥!) is the output of the
k — 1 layer of the neural network. In this article, the
initial na = 1,n = 20,a = 0.05.

3 Data-driven optical soliton solutions

In this section, we investigate HNLSE by using a
PINN, and train five femtosecond optical soliton
excitations including one-soliton, two-soliton, rogue
wave and W-soliton, M-soliton solutions via PINN.

3.1 One-soliton solution

We take the parameter A; = 0.5, = 1,3 =
—0.18,A4 = —1.08 and A5 = 1.08 in Eq. (1), and the
exact solution of the one soliton is as follows [30]

0(1,x) = —0.5sech(0.5x + 0.02251)e™ 12" x
€ [-15,15],t € [0,5]. (10)

To use the PINN deep learning, we let the initial
condition

0(0,x) =

and the Dirichlet-Neumann periodic boundary
condition

Q(t7 715) =

The sampling points set is obtained by means of
pseudo-spectral method with space-time region
(x,1) € [-15,15] x [0,5][0,5], and the exact one-
soliton solution is discretized into [256 x 201] data
points. The initial and Dirichlet periodic boundary
data are obtained by Latin hypercube sampling [31].
The sampling points set used in the nine-layer neural
networks consists of points N, = 100 randomly sam-
pled from the initial data given by Eq. (11), and the
periodic boundary data given by Eq. (12), and collo-
cation points Ny = 10000 for the PINN £ (z, x) given by
Eq. (1). In addition, the MSE loss function given by
Eq. (5) is learned by using a PINN with seven hidden
layers of 30 neurons in each layer. After 4000
iterations of learning, the network achieved a relative

—0.5sech(0.5x), x € [—15, 15], (11)

0(1,15), t € [0,5). (12)
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Fig. 1 One-soliton solution Q(f,x): a Exact one-soliton
solution |Q(#,x)| with the boundary and initial sampling points
depicted by the cross symbol; b Reconstructed one-soliton
space—time dynamics; ¢ Comparison between exact and

error L, as L, = [|Q(t, x) — Q(1,x)[]/Q(t,x) of
9.125253 x 1073 in about 5545.7248 seconds.
Figure 1 exhibits reconstructed one-soliton space—
time dynamics. In Fig. 1a, the sampling point config-
uration |Q(t, x)|=+/g>(t, x) + h2(t, x) of the initial and
boundary is clearly analyzed. Figure 1b reconstructs
the space-time dynamics of one-soliton for the
HNLSE. We compare the predicted solution with
exact solution for three different distances =

1.5,2.5,4 in Fig. 1d. Figure 1d shows an Error Er =
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predicted solutions at three distances, with the red hollow dots
as the predicted values and the blue solid lines as the exact
values; d Three-dimensional stereogram of error. (Color figure
online)

|Q(t, x) — Q(t,x)| between the predicted solution

Q(t,x) and exact solution Q(, x).
3.2 Two-soliton solution

Here, we consider two-soliton interaction and take the
parameter A} = 0.5k = 1,A3 = 35,04 =0.2  and
As = —0.2 in Eq. (1). Exact solution of the two-

soliton interaction is given in Ref [32] as follows
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0.02205 cosh(1.1x 4 0.1331£)¢®5 — 0.024255 cosh(x + 0.17)¢*60%

(1) 0.0025 cosh(2.1x + 0.23317) + 1.1025 cosh(0.1x + 0.03317) — 1.1 cos(0.105¢) (13)
Among the region x € [—10,10], r € [-5,5], we
get the initial condition
0.02205 cosh(1.1x — 0.6655)e ™2 — 0.024255 cosh(x + 0.5)e~*025
0(~5.1) = ( ) x4 ) (14)

~0.0025 cosh(2.1x — 1.1655) + 1.1025 cosh(0.1x — 0.1655) — 1.1 cos(—0.525)’

and the Dirichlet-Neumann periodic boundary
condition

0(t,—10) = 0(1,10), t € [-5,5]. (15)

The sampling points set is obtained by means of
pseudo-spectral method with space-time region
(x,1) € [-10,10] x [—5, 5], and the exact two-soliton
solution is discretized into [512 x 401] data points.
Similar to the procedure of one-soliton, after 4000
iterations of learning, the network achieved a relative
error L, of 1.633679 x 102 in about 11801.0978
seconds.

Figure 2 exhibits reconstructed two-soliton space—
time dynamics. In Fig. 2a, the sampling point config-
uration of the initial and boundary is clearly analyzed.
Figure 2b reconstructs the space—time dynamics of the
two solitons of the HNLSE. In Fig. 2¢, we compare the
predicted solution with exact solution at three different
distances t = —2.5,0,2.5. Figure 2d shows the Error
Er= ’Q(z,x) — Q(t,x)| between the predicted and
exact solutions. It can be seen from the density map
that the optimized PINN prediction results have good
accuracy in the whole time and space domains.

3.3 Rogue wave solution
We take the parameter A; = 0.5,A; = 1,A3 = 0.1,4 =

0.6 and A5 = —0.6 and derive exact solution of rogue
wave for Eq. (1) as follows [30]

O(1.x) = /(052 =052 41 +0.6x1 — 0.187 +0.375)
R 0.52 + 0.5x2 — 0.6xt + 0.1872 + 0.125 ’
x€[-2,2],t€[-1.5,1.5],

(16)
and thus
(3*1-5"(—0.5x2 —1.155 — 1.5i — 0.9x)
-1.5 =
O(-1.5,x) 1.655 + 0.5x2 — 0.9x a
€ [_27 2]7
(17)

with the Dirichlet-Neumann periodic boundary
condition

o(t,=2) = Q(t,2), t € [-1.5,1.5] (18)

The sampling points are obtained by means of
pseudo-spectral method with space—time region
(x,1) € [-2,2] x [-1.5,1.5], and the rogue wave
solution is discretized into [513 x 401] data points.
Similar to the procedure of one-soliton, after 4000
iterations of learning, the network achieved a relative
error L, of 2.555952 x 1072 in about 47319.1462
seconds.

Figure 3 exhibits space—time dynamics of recon-
structed rogue wave. In Fig. 3a, the sampling point
configuration of the initial and boundary is clearly
analyzed. Figure 3b reconstructs the space—time
dynamics of the rogue wave for the HNLSE. In
Fig. 3c, we compare the predicted solution with exact
solution at three different distances

t = —0.375,0,0.375. Figure 3d shows the Error Er =

@ Springer
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Fig. 2 Two-soliton solution Q(#,x): a Exact two-soliton
solution |Q(z, x)| with the boundary and initial sampling points;
b Reconstructed two-soliton space—time dynamics; ¢ Compar-
ison between exact and predicted solutions at three distances,

|QA(t7 x) — Q(t,x)| between the predicted and exact
solutions with an error below 2 x 10!, and thus these
predictions are relatively accurate.

3.4 W-soliton solution
We take the parameters A; = 0,4, = 0.1, =

0,A4 = 0.01 and As = —0.015 in Eq. (1), and exact
solution of W-soliton is as follows [33]
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with the red hollow dots as the predicted values and the blue
solid lines as the exact values; d The error density plot. (Color
figure online)

O(t,x) = i — i(1 + V2)sech(x — 1), x € [-10,10], ¢
€[0,5],

(19)
with the initial conditions
0(0,x) = i(1 — (1 + v2)sech(x)), x € [~10,10],
(20)
and the periodic condition

Q(tv _10) = Q(ta 10)3 re [Oa 5] (21)
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Fig. 3 Rogue wave solution Q(z,x): a Exact solution |Q(z, x)|
with the boundary and initial sampling points; b Reconstruct
spatiotemporal dynamics of rogue wave solution; ¢ Comparison
between the exact and predicted solutions at three distances,

The sampling points set is obtained by means of
pseudo-spectral method with space—time region
(x,t) € [-10,10] x [0, 5], and the W-soliton solution
is discretized into [256 x 201] data points. Similar to
the procedure of one-soliton, the MSE loss function
given by Eq. (5) is learned by using a PINN consisting
of seven hidden layers with 40 neurons in each layer.
After 4000 iterations of learning, the network achieved
a relative error L, of 9.128569 x 10~3 in about
3826.5934 seconds.

Figure 4 displays space—time dynamics of recon-
structed W-soliton. In Fig. 4a, the sampling point
configuration of the initial and boundary is clearly

|Q(t,x)|

o

(d)

0.15

0.1

Er

0.05

o
N

with the red hollow dots as the predicted values and the blue
solid lines as the exact values; d The three-dimensional
stereogram of error. (Color figure online)

analyzed. Figure 4b reconstructs the space—time
dynamics of the W-soliton for the HNLSE. In Fig. 4c,
we compare the predicted solution with exact solution
at three different distances ¢t = 0.55,2.5,4.5. Fig-
ure 4d shows that the error between the predicted and
exact solutions is very small, and the predicted result is
accurate in the whole time and space domains.

3.5 M-soliton solution
We take the parameters A; = 0,A; = 2,A3 = 0,A4 =

0.0247 and As = —0.03705 in Eq. (1), and the exact
solution of M-soliton is as follows [34]

@ Springer
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Fig. 4 W-soliton solution Q(z,x): a Exact solution |Q(z,x)|
with the boundary and initial sampling points; b Reconstructed
W-soliton space-time dynamics; ¢ Comparison between the
exact and predicted solutions at three distances, with the red

0(t,x) = sech(0.5(x — t)) tanh(x — 1)/ 3097 x
€ [-10,10], t € [0,5].

(22)

To use the PINN deep learning, we consider the
initial condition

0(0,x) = sech(0.5x) tanh xe 37 x € 10, 10],
(23)

and the Dirichlet-Neumann periodic boundary
condition

0(t,—10) = Q(z,10), t € [0, 5]. (24)
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hollow dots as the predicted values and the blue solid lines as the
exact values; d The three-dimensional stereogram of error.
(Color figure online)

Similar to the procedure of W-soliton, after 4000
iterations of learning, the network achieved a relative
error L, of 6.015803 x 1073 in about 7924.9628
seconds. Figure 5 displays space—time dynamics of
reconstructed M-soliton. In Fig. 5a, the sampling
point configuration of the initial and boundary is
clearly analyzed. Figure 5b reconstructs the space—
time dynamics of the M-soliton for the HNLSE. In
Fig. 5c¢, we compare the predicted solution with exact
solution at three different distances t = 0.55,2.5,4.5.
Figure 5d represents the density map of the error
between the predicted and exact solution. From the
density map, it can be seen that the prediction results
of the optimized PINN are very accurate globally.
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Fig.5 M-soliton solution Q(z, x): a Exact solution |Q(z, x)| with
the boundary and initial sampling points; b Reconstructed
M-soliton space—-time dynamics; ¢ Comparison between the

4 Data-driven parameter discovery of HNLSE

In this section, we considered the data-driven param-
eters discovery of the HNLSE using the PINN.
Mathematically, for Eq. (1), many authors have
studied the completely integrable case, which called
Hirota equation [30]. The HNLSE is as follows

i0; + MO + 22|01 Q + i(A3 0 +24|01* Q) = 0,
(25)

where the pulse envelope Q = u(x, ) + iv(x, ) with
the real and imaginary parts u,v, coefficients

0.6

0.4

(d)
. Error Dynamics
1
0.014
0.012
5
0.01
— 0.008
%0
0.006 5
5 0.004
0.002
-10
0 1 2 3 4 5

t

exact and predicted solutions at three distances, with the red
hollow dots as the predicted values and the blue solid lines as the
exact values; d The error density plot. (Color figure online)

A1, A2, 23, A4 are unknown parameters that need to be
determined by the PINN training.
The network f(x, ¢) is defined as

f = th + )Vlex + 7L2|Q|2Q + i()V3Qxxx+/14|Q|2Qx)7
(26)
and the f(x,7) has both real and imaginary parts as
SO, 1) = fulx, 1) + ify (x, 1), thus
fio =ty 4+ Mvee + M (6 + V) + Mattee + Mgt (8 +v?)
fr =i — Mgy — kz(uz + vz)u 4+ A3Virr + 7»4vx(u2 + vz)7
(27)

@ Springer



612

Y. Fang et al.

Table 1 Correct HNLSE and the identified equation obtained by learning the unknown parameter A; and A,

Correct HNLSE

i0; 4+ 0.50;, + |Q|2Q + i(o-lex,r+0.6\Q\2Qx) =0 Error

Identified HNLSE (clean data) 0, 4+ 0.50004Q,, + 1,0003\Q\2Q + i(0~1Q.\'.\'x+0~6|Q|2Qx) =0
iQ; + 0.499820,, + 0.99982|0*Q + i(0.1Q,+0.6/0]*Q,) =0 ;1= 0.03508%, 4, = 0.01777%

Identified HNLSE (1% noise)

M= 0.00739%, 4, = 0.00254%

Table 2 Correct HNLSE and the identified equation obtained by learning the unknown parameter A;,A; and A3

Correct HNLSE

i0; + 0.504 + |01*0 + i(0.10:+0.6|00,) = 0 Error

Identified HNLSE (clean
data)

Identified HNLSE (1%
noise)

iQ, + 0500060, + 1.0004|Q*Q + i(0.10003Q,+0.6|0|*Q,) = 0

M= 0.01121%, 4, = 0.00397%
A3 = 0.02848%

i0; 4 0.500010,, 4 0.99997|Q1Q + i(0.099950,,,+0.6|0*Q,) =0 A= 0.00177%, 2, = 0.00311%

A3 = 0.05355%

Table 3 Correct HNLSE and the identified equation obtained by learning the unknown parameter A;,Az,A3 and Ay

Correct HNLSE

i0; +0.50, + |00 +i(0.10:+0.6/0]*0,) = 0 Error

Identified HNLSE
(clean data)

Identified HNLSE
(1% noise)

iQ; + 0.500080;, + 0.99997|Q[*Q + i(0.10001Q,,+0.59992|0°Q,) = 0

iQ; + 0.500220,, + 1.00009|Q|*Q + i(0.09971Q,,,+0.59848|0|*Q,) = 0

M= 0.01578%, 4, = 0.00308%
A3 = 0.01290%, s = 0.01366%
M= 0.04470%, 4, = 0.00870%
A3 = 0.28720%, s = 0.25308%

to build a multi-output neural network with the
output being the complex value of network f(x,1).
These unknown parameters in PINN can be learned by
minimizing the MSE loss function
1
L0SS = =3 ([ule ) = /[P +p(d ) = |
[ =1
G P ).
(28)

According to the previous research [26], we use the
rogue wave solution as the data set. By using the
pseudo-spectral method, exact rogue wave solution for
the HNLSE (25) with parameters A ;= 0.5, A,= 1, 13=
0.1, 4, = 0.6 is considered to make sampling pointsets
with space—time region (x,1) € [—8,8] x [-2,2], and
exact rogue wave solution is discretized into [256 X
201] data points.

In order to learn these unknown parameters
A1,A2,A3 and A4 via the PINN, the number of samples

@ Springer

is randomly selected from the sampling points
Ny = 5000, and six layers of deep neural network
and network structure of 50 neurons in each layer are
chosen to learn the PINN f(x,f). Tables 1, 2, 3
illustrate the training results of unknown parameters in
different situations and show the training error is given
at the last column. In Table 1, parameters A3 and A4 are
fixed as 0.1 and 0.6 in the neural network, and
parameter A4 is fixed as 0.6 in the neural network in
Table 2. We find that even if the sampling points are
destroyed by noise, the PINN can correctly identify
unknown parameters and give very high accuracy. The
network can recognize HNLSE with significant accu-
racy, even if the sampling points are corrupted by 1%
irrelevant noise. Meanwhile, with the gradual increase
in training parameters, the error will gradually add, but
these results are still robust.

Under the condition of a small amount of sampling
points, our main purpose is to predict the important
physical parameters of the model and make our error



Data-driven femtosecond optical soliton excitations and parameters discovery of the high-order NLSE using the PINN 613

Fig. 6 Training errors of (a) 0.2 (b) 0.2
unknown parameters ) -
(M1, A2, A3, A4) with different R o
number of neurons in each 0.15 0.15
layer. The neural network
structure is chosen as eight 0.1
layers, and the sampling

points Ny = 5000 0.05 0.05 I
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Fig.7 Training errors of unknown parameters (A, A2, /3, 44) in different sampling sizes and hidden layers with a 8 hidden layers with
50 neurons in each layer, and b 50 neurons in each layer. Here, the sampling points Ny = 5000

Table 4 Time cost of structures of the neural network in Fig. 6

Neurons 10 20 30 40 50 60 70 80 90 100

Time/s 805.64 916.99 1057.99 1207.20 1358.45 1497.68

1727.77 1853.80 2008.44 2287.70

further reduced. However, our optimization for

other models, so we need to find a more general rule.
HNLSE may be effective for this model, but not for

This will be our next research direction.
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Table 5 Time cost of structures of the neural network in Fig. 7a

6.5

5.5

4.5

35

2.5

1.5

1

Sampling points(x10%)

845.09  905.12  987.73 1062.12  1146.26  1221.20 129498  1358.45 1443.11 1492.03  1581.58 1651.25

792.64

Time/s

In order to further analyze how to reduce the
training error, we conducted a systematic study on the
total number of sampling points, the number of
neurons and the number of hidden layers of neural
networks. We use the control variable method to find
an optimal structure for the neural network. These
results are shown in Figs. 6 and 7. Even if the number
of neurons changes, the training results are still stable.
By observing the training results of four unknown
parameters, we find 50 neurons per layer is a
suitable choice considering the operation speed of
neural network. In Fig. 7, by changing the randomly
sampled sampling points and the number of hidden
layers, we find that the sampling points as Ny = 5000
and the hiding layer as 6 will be a better choice. Time
cost of different structures of the neural network
corresponding to Figs. 6, 7a, b is given in Tables 4, 5,
6. Increasing the number of neurons, the sampling
points, and the number of layers of the neural network,
the time cost will gradually increase. Because the
neural network structure is more complex, the amount
of calculation is even greater. Due to different
computer performance, time will change, but the
growth trend will not change. Compared with previous
literatures on data-driven parameter discovery
[20, 26], our error is greatly reduced. Similar training
results can be obtained by using bright solitons and
other exact solutions as data sets.

Of course, our neural network structure is only a
local optimal choice, and we are not sure whether there
will be better results if we continue to increase these
three variables, that is, the total number of sampling
points, the number of neurons and the number of
hidden layers of neural networks. We hope to find a
general rule in the next research.

5 Conclusion

In conclusion, we study the one-soliton solution, two-
soliton solution, rogue wave solution, W-soliton
solution and M-soliton solution of HNLSE via the
multilevel PINN deep learning method under different
initial and periodic boundary conditions. In particular,
when we use the network to train W-soliton and M-
soliton, we find that the relative error L, of the
predicted results reaches 1 x 1073, and the training
speed is fast. The results show that the training effect
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Table 6 Time cost of structures of the neural network in Fig. 7b

Layers 2 3 4 5 7 8 9 10
Time/s 470.29 702.66 926.34 1144.70 1358.45 1578.71 1798.95 2027.52 2255.15
for simple soliton is better. In Figs.4d and 5d, as the References

learning distance increases, the error gradually
increases. Since the sampling position is on the initial
boundary, as the learning distance increases, the error
between the predicted result and the actual situation
will gradually increase.

In addition, based on rogue wave solution, the data-
driven parameter discovery of HNLSE is studied. We
add the noise to judge the stability of the neural
network. The prediction error will increase as the
number of unknown parameters adds. These changes
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predict solutions of HNLSE, and physical parameters
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optical fields, such as dynamical behavior prediction
of solitons and model predictive control. The present
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the propagation process of solitons.

Acknowledgements This work is supported by the Zhejiang
Provincial Natural Science Foundation of China (Grant No.
LR20A050001), the National Natural Science Foundation of
China (Grant Nos. 12075210 and 11874324) and the Scientific
Research and Developed Fund of Zhejiang A&F University
(Grant No. 2021FR0009).

Declarations

Conflict of interest The authors have declared that no conflict
of interest exists.

Ethical Standards This research does not involve human
participants and/or animals.

1. Peregrine, D.H.: Water waves, nonlinear Schrodinger
equations and their solutions. J. Aust. Math. Soc. Ser. B 25,
16-43 (1983)

2. Ablowitz, M.J., Clarkson, P.A.: Solitons, Nonlinear Evo-
lution Equations and Inverse Scattering. Cambridge
University Press, Cambridge (1992)

3. Han, H.B., Li, H.J., Dai, C.Q.: Wick-type stochastic multi-
soliton and soliton molecule solutions in the framework of
nonlinear Schrédinger equation. Appl. Math. Lett. 120,
107302 (2021)

4. Li, P.F., Li, RJ., Dai, C.Q.: Existence, symmetry breaking
bifurcation and stability of two-dimensional optical solitons
supported by fractional diffraction. Opt. Express 29,
3193-3209 (2021)

5. Wang, B.H., Wang, Y.Y., Dai, C.Q., Chen, Y.X.: Dynam-
ical characteristic of analytical fractional solitons for the
space-time fractional Fokas-Lenells equation. Alex. Eng. J.
59, 4699-4707 (2020)

6. Kodama, Y., Hasegawa, A.: Nonlinear pulse propagation in
a monomode dielectric guide. IEEE J. Quantum Electron
23, 510-515 (1987)

7. Marcucci, G., Pierangeli, D., Conti, C.: Theory of neuro-
morphic computing by waves: machine learning by rogue
waves, dispersive shocks, and solitons. Phys. Rev. Lett 125,
093901 (2020)

8. Bar-Sinai, Y., Hoyer, S., Hickey, J., et al.: Learning data
driven discretizations for partial differential equations.
PNAS 116, 15344-15349 (2019)

9. Zhang, R.F., Bilige, S.: Bilinear neural network method to
obtain the exact analytical solutions of nonlinear partial
differential equations and its application to p-gBKP equa-
tion. Nonlinear Dyn 95, 3041-3048 (2019)

10. Zhang, R.F., Bilige, S., et al.: Bright-dark solitons and
interaction phenomenon for p-gBKP equation by using
bilinear neural network method. Phys. Scr. 96, 025224
(2021)

11. Zhang, R.F., Li, M.C,, et al.: Generalized lump solutions,
classical lump solutions and rogue waves of the (24 1)-di-
mensional Caudrey-Dodd-Gibbon-Kotera-Sawada-like
equation. Appl. Math. Comput. 403, 126201 (2021)

12. Urbaniak, 1., Wolter, M.: Quality assessment of compressed
and resized medical images based on pattern recognition
using a convolutional neural network. Commun. Nonlin.
Sci. Numer. Simul. 95, 105582 (2021)

13. Ge, C.P,, Liu, Z., Fang, L.M., et al.: A hybrid fuzzy con-
volutional neural network based mechanism for photo-
voltaic cell defect detection with electroluminescence
images. IEEE Trans. Parallel Distrib. Syst. 32, 1653-1664
(2021)

@ Springer



616

Y. Fang et al.

14.

15.

16.

18.

19.

20.

21.

22.

23.

24.

25.

Alipanahi, B., Delong, A., Weirauch, M.T., Frey, B.J.:
Predicting the sequence specificities of DNA-and RNA-
binding proteins by deep learning. Nat. Biotech-nol 33,
831-838 (2015)

Duda, R.O., Hart, P.E., Stork, D.G.: Pattern Classification.
Springer-Verlag, New York (2000)

Lake, B.M., Salakhutdinov, R., Tenenbaum, J.B.: Human-
level concept learning through probabilistic program
induction. Science 350, 1332-1338 (2015)

. P.Johri, J. K. Verma, S. Paul (ed.), Applications of Machine

Learning, Springer Singapore, (2020).

Lagaris, LE., Likas, A., Fotiadis, D.I.: Artificial neural
networks for solving ordinary and partial differential
equations. IEEE Trans. Neural Netw 9, 987-1000 (1998)
Liu, Y., Yi, Xu., Ma, J.: Synchronization and spatial patterns
in a light-dependent neural network. Commun. Nonlin. Sci.
Numer. Simul. 89, 105297 (2020)

Raissi, M., Perdikaris, P., Karniadakis, G.E.: physics-in-
formed neural networks: a deep learning framework for
solving forward and inverse problems involving nonlinear
partial differential equations. J. Compt. Phys. 378, 686-707
(2019)

Raissi, M., Karniadakis, G.E.: Hidden physics models:
machine learning of nonlinear partial differential equations.
J. Comput. Phys. 357, 125-141 (2018)

Raissi, M., Perdikaris, P., Karniadakis, G.E.: Numerical
Gaussian processes for time-dependent and non-linear par-
tial differential equations. STAM J. Sci. Comput. 40, A172—
A198 (2017)

Raissi, M., Yazdani, A., Karniadakis, G.E.: Hidden fluid
mechanics: learning velocity and pressure fields from flow
visualizations. Science 367, 1026-1030 (2020)

Jagtap, A.D., Kharazmi, E., Karniadakis, G.E.: Conserva-
tive physics-informed neural networks on discrete domains
for conser-vation laws: Applications to forward and inverse
problems. Comput. Methods Appl. Mech. Engrg 365,
113028 (2020)

Rudy, H.S., Brunton, S.L., Proctor, J.L., Kutz, J.N.: Data-
driven discovery of partial differential equations. Sci. Adv.
3, 2375-2548 (2016)

@ Springer

26.

217.

28.

29.

30.

31.

32.

33.

34.

Publisher’s Note Springer Nature
regard to jurisdictional

Wang, L., Yan, Z.Y.: Data-driven rogue waves and para-
meter discovery in the defocusing NLS equation with a
potential using the PINN deep learning. Phys. Lett. A 404,
127408 (2021)

Pu, J.C., Li, J., Chen, Y.: Soliton, breather and rogue wave
solutions for solving the nonlinear schrodinger equation
using a deep learning method with physical constraints.
Chin. Phys. B (2021). https://doi.org/10.1088/1674-1056/
abd7e3

Xu,Z.Y.,Li,L.,Li, Z.H., Zhou, G.S.: Modulation instability
and solitons on a cw background in an optical fiber with
higher-order effects. Phys. Rev. E 67, 026603 (2003)
Jagtap, A.D., Kawaguchi, K., Karniadakis, G.E.: Locally
adaptive activation functions with slope recovery term for
deep and physics-informed neural networks. Proc. R. Soc. A
476, 2239 (2020)

Tao, Y.S., He, J.S.: Multisolitons, breathers, and rogue
waves for the Hirota equation generated by the Darboux
transformation. Phys. Rev. E 85, 026601 (2012)

Stein, M.L.: Large sample properties of simulations using
latin hypercube sampling. Technometrics 29, 143-151
(1987)

Xu, Z.Y., Li, L., Li, Z.H., Zhou, G.S.: Soliton interaction
under the influence of higher-order effects. Optics Com-
munications 210, 375-384 (2002)

Li, Z.H., Li, L., Tian, H.P., Zhou, G.S.: New types of soli-
tary wave solutions for the higher order nonlinear Schro-
dinger equation. Phys. Rev. Lett 84, 18 (1999)

Tian, J.P., Tian, H.P., Li, Z.H., Kang, L.S., Zhou, G.S.: An
inter-modulated solitary wave solution for the higher order
nonlinear Schrédinger equation. Phys. Scr. 67, 325-328
(2003)

remains neutral with

claims in published maps and

institutional affiliations.


https://doi.org/10.1088/1674-1056/abd7e3
https://doi.org/10.1088/1674-1056/abd7e3

	Data-driven femtosecond optical soliton excitations and parameters discovery of the high-order NLSE using the PINN
	Abstract
	Introduction
	PINN method
	Data-driven optical soliton solutions
	One-soliton solution
	Two-soliton solution
	Rogue wave solution
	W-soliton solution
	M-soliton solution

	Data-driven parameter discovery of HNLSE
	Conclusion
	Acknowledgements
	References




