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Abstract This article addresses the problem of finite-
time stabilization via output feedback for high-order
planar systems subjected to an asymmetric output con-
straint. By delicately exploring the features of nonlin-
earities and utilizing skillful manipulations of signum
functions, a new fraction-type asymmetric barrier Lya-
punov function and a distinctive non-smooth state
observer are developed. On the basis of the pro-
posed barrier Lyapunov function along with the state
observer, the celebrated adding a power integrator
technique is elegantly renovated to develop a novel
approach by which a continuous output feedback finite-
time stabilizer is constructed in a systematic fashion
while ensuring the fulfillment of a pre-specified asym-
metric output constraint. The presented scheme is a
unification approach able to achieve the finite-time sta-
bilization via output feedback for systems subjected to
or free from output constraints simultaneously, with-
out needing to change both the controller and observer
structures. A numerical is provided to illustrate the
superiority of the developed method.
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1 Introduction

Without doubt, the asymptotic or finite-time stabiliza-
tion for high-order nonlinear systems has been exten-
sively known as a challenging problem in the nonlin-
ear control field, primarily due to the system inher-
ent nonlinearities as well as the lack of controllabil-
ity/observability or the non-existence of the Jacobian
linearization around the origin [1,2]. A technologi-
cal breakthrough was made by Qian and Lin in [1,3]
where the celebrated strategy named adding a power
integrator technique was developed to derive solutions
to the stabilization issue for high-order nonlinear sys-
tems. The underlying philosophy behind the adding a
power integrator technique is the mechanism of feed-
back domination, which not only contributes to a dis-
tinctive perspective in dealing with the deep-seated
obstacles stemming from system inherent nonlinear-
ities but also potentially provides insights, for out-
put feedback design, into constructing a state observer
without relying on the separation principle, thereby
stimulating considerable elegant results dedicated to
the stabilization problem of high-order nonlinear sys-
tems; see, e.g., [4—17] and the references therein.
When a more ambitious objective, namely the sta-
bilization subjected to some pre-specified output con-
straints, is pursued further for safety reasons and/or
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performance specifications [18-24], in the literature
relatively less progress has been made toward high-
order nonlinear systems [25-30], where [28-30] are
particularly concerned with finite-time stabilization.
The major remedy proposed in [28-30] for coping
with the finite-time stabilization problem of high-order
nonlinear systems subjected to output constraints is to
introduce/employ a proper barrier Lyapunov function
(BLF) (for the definition, see [30,31]) together with
the decisive requirement of full-state availability. When
full-state measurements are unavailable, the schemes
in [28-30] are no longer applicable, and a new method
using output feedback design surely deserves further
investigation/development. Notably, tackling this issue
is a nontrivial and challenging task essentially due to
the deficiency of constructive/explicit designs of BLFs
and state observers in handling competently the output
feedback finite-time stabilization subjected to asym-
metric output constraints. As a matter of fact, even for
a two-dimensional case, the problem of how to synthe-
size an output feedback finite-time stabilizer for high-
order nonlinear systems subjected to asymmetric out-
put constraints remains unknown and largely open in
the literature.

Motivated by the results reviewed above, in this
paper we focus our attention on the problem of finite-
time stabilization via output feedback for high-order
planar systems subjected to an asymmetric output con-
straint described by

X1 =xb + 10,
Xy =60(x,Hu+ ¢p(x, 1)

y=x (1)
where x = (x;,x2) € R>, u € Randy € R
denote the system state, control input, and output,
respectively, and p € R:dd ={r e R|r =

r1/r2 with r; and r, being positive odd integers}. For
i = 1, 2, the nonlinearity ¢; : R x R* and unknown
parameter 6 : R> x Rt — R are continuous. The ini-
tial state is represented by x (o) € R* with 7y € R
being the initial time, and the asymmetric output con-
straint is formulated as —«; < y(t) < «k, for all
t > ty where k; and «, are pre-specified positive
real constants. Because appropriate conditions on sys-
tem uncertainties and nonlinearities are essentially nec-
essary for output feedback stabilization [4,9,14], we
impose the assumptions below on system (1).
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Assumption 1 The unknown parameter 6 (x, t) is uni-
formly bounded in the sense that there exist two posi-
tive smooth functions § : R — (0,00) and  : R —
(0, 00) such that

0(x1) < 0(x,1) <0(x1)

for all (x, 1) € R? x R™.

Assumption 2 The nonlinearities ¢;(xy,t) and ¢;
(x, t) satisfy locally homogeneous growth conditions;
i.e., there exist a negative real constant o and two non-
negative smooth functions Ei ‘R —> Rt fori =1,2
such that

mj+o

|1(x1, D] < @y o) lxa| 1
_ mp+ao my+o
|f2(x, D] = Pa(x1) <IX1| " lxa] ™2 )

for all (x, 1) € R2 x R, where m; = 1, my = (m; +
o)/p>0andmy 4+ 0o > 0.

Based on the above assumptions, a new fraction-
type asymmetric BLF acting a delicate treatment of
asymmetric constraints is first designed by exploiting
and using the intrinsic characteristics of the system non-
linearities ¢;(-)’s. Next, a continuous state feedback
controller working as an intermediate design is synthe-
sized by elaborately renovating the adding a power inte-
grator technique through an artful implantation of the
developed fraction-type asymmetric BLF together with
exquisite manipulations of signum functions. Further-
more, a one-dimensional non-smooth state observer
furnished with a state-dependent gain is organized by
carefully pondering the nonlinearities inherent in sys-
tem (1). By skillfully integrating the observer with
the state feedback controller and befittingly setting the
observer gain, a continuous output feedback finite-time
stabilizer can be explicitly constructed for system (1),
thereby fulfilling the finite-time stabilization task and
meanwhile preventing the violation of the constraint on
the output.

As the first work successfully achieving the finite-
time stabilization via output feedback for high-order
planar nonlinear systems subjected to asymmetric out-
put constraints, this paper offers the following appeal-
ing novelties/innovations. First, the proposed fraction-
type asymmetric BLF is significantly distinguished
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from the common tangent-type [19,20,22,23] and log-
arithm-type [21,28,29,31] BLFs in the aspect that the
construction of the fraction-type asymmetric BLF in
this paper fully takes into account and elegantly sub-
sumes the intrinsic characteristics of the system non-
linearities ¢;(-)’s, thus offering the feasibility/utility
of the designed fraction-type BLF to system (1) and
some remarkable features (also, see Remark 4). Sec-
ond, the presented scheme is a unification methodol-
ogy by which one is able to achieve simultaneously
the finite-time stabilization by output feedback for sys-
tem (1) subjected to or free from asymmetric output
constraints, without needing to change the controller
and observer structures. That is to say, when the out-
put constraint is purposely assigned to be infinity (i.e.,
considering the scenario of no constraint), the proposed
strategy will directly evolve into the one applicable to
dealing with the pure task of output feedback stabi-
lization for system (1) without output constraints (also,
refer to Remark 5).

Notation: The notations utilized in this paper are
listed below. R denotes the set of real numbers, R”
represents the n-dimensional Euclidean space, RT is
the set of nonnegative real numbers, and R:d g =1re

R |r = ry/r, withry and r, being positive odd integers}.

Suppose that c; is a nonnegative real constant, ¢; for
i = 2,3 are two positive real constants, and U C
R" is an open connected set (i.e., a domain); we let
[2]¢ = |z|sign(z) for all z € R with [7]° = 1 if
z = 0, where sign(-) being the standard signum func-
tion, M (ca2, ¢3) = {(z1, ..., z)T e R | —¢cp < 71 <
c3} C R fori =1,...,n,and dU be the boundary of
U.

2 Preliminaries and technical lemmas

Because the finite-time convergence can be secured
only by non-Lipschitz continuous systems [13,32], we
first recall the definition and relevant lemma of a BLF in
regard to a continuous time-varying nonlinear system.

Definition 1 ([25]) Consider a time-varying nonlinear
system described by

n=fm1, ) eR", neR" )
wheren = (1, ..., 7,)T € R%and f : R* xRt — R
is continuous. Suppose that U C R" satisfying 0 € U

is open connected (i.e., U C R” is a domain), and
W : U — R is positive definite and continuously dif-
ferentiable. If W (1) satisfies the two conditions:

i) W) > occasn — aU

(i) W(n(t)) <1 forallt > top with € RT and for
every complete solution!7(7) of system (2) starting
from the initial state n(f9) € U

then W(n) is called a BLF of system (2).

Remark 1 Definition 1 is an extension of the one in
[21,31]. Infact, the definition of a BLF presented in [21,
31] is with respect to time-invariant (autonomous) sys-
tems. In accordance with similar notions, Definition 1 is
established here so as to provide a comprehensive/self-
contained definition of a BLF when considering a gen-
eral time-varying (non-autonomous) nonlinear system
(2) which is continuous and not necessary to satisfy the
Lipschitz condition.

Remark 2 Suppose thatin the design process later there
exists a continuously differentiable and positive def-
inite function W : D ¢ R’ — R withi < n and
D being an open connected set, which exactly fulfills
(i) of Definition 1 but depends only on partial states
of system (1). Then, according to Definition 1, such
a function W (-) will be referred to, with an abuse of
terminology, as a BLF of system (1).

Lemma 1 (/25]) Consider system (2) and two posi-
tive real constants k; and k. If there exist two contin-
uously differentiable functions Wy : M (k;, k) — R
and Wy : M, (k, k) — R, where W1(n1) is positive
definite and W, (n) is nonnegative, such that

(i) Wi(n1) — oo asny — oM (ky, k)

(ii) When setting W (n) = W1(n1) + Wa(n), there hold

W) — oo as [[(n2,...,na)ll — oo with any
fixed n1 € M («;, k), and

oW ()
an

S, 1) =<0

forall (n, 1) € My, (k1, k) x RY

then every solution® n(t) of system (2) starting from
n(ty) € M, (k1, ky) is defined on [ty, 00) and fulfills
n(t) € M, (k;, k) forall t > to.

! That is, 5(r) is a maximal solution (for the definition, see [33])
defined on [fy, c0).

2 For any n(t9) € M, (x;, k), the solution of system (2) is in
general not unique because f (1, t) is only continuous [33].
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We next introduce five lemmas, which play a crucial
role in deriving the main results. The proof of the first
three lemmas can be found in [2, 5, 17], whereas the last
two lemmas are new and proved correspondingly.

Lemma 2 (/2]) Letc; > 0andc; > O0fori =2,3,4

be real constants. For any 71, 7o € R, there holds

c1lz1|® ]zl
(73

cq < c3 )%
(c3+cq) \c3+cq

| c3+cq

< |z +

_¢ (egteq)
xc,Yep oz

Lemma 3 (/5,17]) Let ¢ > 0 be a real constant. For
any z; € Rwithi =1, ..., n, there holds

(zil+ -+ 1zaD <@ (lz1l 4 - + |zal)

where o = n“Vifc>landa = 1ifc < 1.

Lemmad ([17]) Let c; > 1 and ¢ > 0 be real con-
stants. For any z1, 2o € R, there holds

€2 €2 1-L c o |
[211% = [z22]1°1 | <2 |[21] = [2219] 71 .

Lemmas5 Let ¢y € (0,1) and ¢, € [0, 1]. For any
z € R, there holds

(219 + 11— 21 + 31zl = 21 = ey ™.

Proof Let o; : R — R fori = 1, 2, 3 be three func-
tions respectively defined as

01(2) = [21 + [1 — 2] 4 3 z|'
02(2) = 01(z) — c3]z|'

03(2) = (02(x) — [21) |z ™' + 2.
Because p2(z) is differentiable on (—1, 0) U (0, 1) with

dox(@) _
dz

crlzlh — el — g1

for all z € (—1,0) U (0, 1), using the mean value the-
orem and the relation 01 (z) > 02(z) forall z € R, one
has

01(2) = min{g2(~1). 02} = (2 = 1) ;" (3)
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for all z € [—1, 1]. Next, it follows from Lemma 2 that

I+cy

01() = 037 (D)cy )
for all z € (—oo, —1) U (1, 00). Based on the fact that

71 —1 < (z— 1y forall z € (0,1) U (1, o0) [34],
one can easily show that

do3(2) _ 4 (1 _ l)ql (l _1- c_1> <0
dz z z Z

for all z € (—oo, —1) U (1, 00). This together with (4)
leads to

1+cy
1—c

2
01(z) = <min {Qs(—l),zgrglogs(z)}) ¢

> (29— 1) ¢, )

forall z € (—oo, —1)U (1, 00). Combining (3) and (5)
completes the proof. O

Lemma 6 Let ¢c; € (0,1), cp € (0,00) and ty €
[0, 00). If ¢ : [ty, 00) — [0, 00) is a continuous func-
tion satisfying ¢(tg) > 0 such that

t
(1) — olto) < —c / o1 (s) ds ©)
]

forallt € [tg, 00), then there holds

1
I—cy

o(1) < [tp““(to) — (1 —ep)(t — to)]
forallt € [ty, T) with

@' (1)

T =1t)+ .
(1 —cp)

Proof Define the set

H={t|t € (to, T] such that w (¢) < ¢(¢)}
C (1, T]

and let w : [f9, T] — R be of the form

1
I—cy

(1) = (¢'7 1) = 2(1 = et — 1))
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which is clearly continuous. Because @ (#9) = ¢(f) >
0,w(T) =0and w(t) > O forall ¢ € [ry, T), it suf-
fices to prove that H is empty. To this end, assume that
there exists 71 € H (i.e., @ (f1) < ¢(f1)) and consider
the set

K={t|t € (t, t1) such that @ (s) < ¢(s)
foralls € (¢, 1]} < (¢, 11).

Letting , = inf(K), one has @ (©2) = ¢(#2) and 0 <
@ (t) < @(t) forallt € (2, t1] due to the continuity of
¢(-) and @ (-); this implies that

0<aw() <o) (7

forall ¢ € [t2, t1]. Now, since
t
o) —w(ty) = —cz/ wl(s) ds
0]

for all ¢ € [1y, T], it is easy to derive from (6) that

t t
/ el(s) ds < / o (s)ds <0
o 1o

for all t € [t» + ¢, 1] with ¢ > 0; this also implies
that there exists t3 € [, + ¢, 1] C [f2, t1] such that
¢(13) < @ (13) and therefore leads to a contradiction to
(7). The proof is completed. O

Remark 3 Ttis worth pointing out thatif ¢, € (—o00, 0),
Lemma 6 is exactly a special case of the so-called
Bihari’s inequality [35]. Due to the generalization of
the condition (6) with including a positive real constant
¢ € (0,00), Lemma 6 can be technically viewed as
an extension or counterpart of the Bihari’s inequality.
Notably, from Lemma 6 we have ¢ (T) = 0; if, in addi-
tion, ¢(¢) is non-increasing, one further has ¢(r) = 0
for all + € [T, 00). Such an important consequence
will be utilized in proving finite-time convergence in
consideration of an asymmetric output constraint.

3 Main results

This section is dedicated to designing a continuous
output feedback finite-time controller that stabilizes
system (1) while guaranteeing the fulfillment of the
asymmetric output constraint —k; < y(t) < «,, for all

t > to where «; and «,, are pre-specified positive real
constants. Specifically, the design begins with organiz-
ing a fraction-type asymmetric BLF by exploiting and
using the intrinsic characteristics of the nonlinearities
¢;(-)’s. The synthesis of a continuous state feedback
controller is then performed by elegantly renovating the
adding a power integrator technique through an artful
implantation of the designed BLF together with subtle
manipulations of signum functions. Further, by elabo-
rately pondering the nonlinearities inherent in system
(1), the construction of a one-dimensional non-smooth
state observer furnished with a state-dependent gain
is presented so as to achieve output feedback design.
Derived by a delicate integration of the non-smooth
observer and the state feedback controller, along with
a suitable choice of the observer gain, a continuous out-
put feedback stabilizer is finally proposed for system
(1) which is able to effectively ensure the fulfillment of
the asymmetric output constraint.

3.1 Design of a new fraction-type asymmetric BLF

Considering the asymmetric output constraint —x; <
y(t) < Ky for all t > 1y with two pre-specified positive
real constants k; and k,, and taking the intrinsic char-
acteristics of the system nonlinearities ¢; (-)’s depicted
by Assumption 2, we pick

® > pu > max{mi, mp} (8)

with u being an auxiliary factor, and design a fraction-
type function V¢ : M («7, k,) — R as follows

o 2w— _
Vi(x1) = i Tk 7t P70

FWA) = 2w — _ 2w—0 2w—0
Qw — o) (ky — x1) (k7 + x1)

€))

which is obviously positive definite on M («7, k) and
fulfills Vg (x1) — ocoasx; — dM(ky, k). By adirect
calculation, it is easy to verify that

Ve (x1)

S = M (10)
X1

for all x; € M («;, «,,), where Dcﬂz“’_"_l is continu-
ous on M («y, k) and A : M (ky, k) — (0, 00) is of
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the form

o 20—

Alxy) = 070 (xf + Kk

1= _ 20—0+1 20—0+1
(u — x1) (k7 + x1)

(1)

which is smooth on M («7, «,,); thus, Vg (x1) is contin-
uously differentiable on M («7, «,,) and forms a frac-
tion-type asymmetric BLF of system (1) according to
Definition 1 (also Remark 2). We call Vg (x1) an asym-
metric BLF due to the asymmetry of Vg (x1) arising
from the difference between «; and «,. As we shall
show later, Vr(x1) acts as a key constituent/brick in
renovating the adding a power integrator technique for
coping with the output constraints.

Remark 4 Two distinctive traits of the designed frac-
tion-type asymmetric BLF Vg (x1) are emphasized as
follows.

(1) The design of the presented Vp(xp) is directly
related to the system nonlinearities ¢; (-)’s, thereby
providing the applicability to system (1), when
considering asymmetric output constraints. Specif-
ically, with the help of Assumption 2, the intrinsic
characteristics of system nonlinearities ¢;(-)’s is
subtly extracted and equivalently kept in the param-
eters m1, mo, p and o. By fully taking into account
m1,my, p and o (i.e., the feature of the nonlineari-
ties ¢; (+)’s) in constructing of Vg (x1), the resultant
VF(x1) has the specific fraction structure, which
drastically differs from the common logarithm-
type[21,28,29,31] and tangent-type [19,20,22,23]
BLFs, and offers for system (1) a delicate treatment
of asymmetric constraints.

(ii)) The designed Vp(x1) is a powerful tool making
our scheme capable of simultaneously dealing with
constrained and unconstrained cases. More pre-
cisely, considering k; = k, = k with x — 00
(i.e., the circumstance of no constraint requirement
on the output), one has

K4w72<7 |xl |2a)70

KlLHgO VE(x1) = Klin;o Qw — o) (K2 _ x12)2a)—0

|2a)717

T Qw—o0)

which is exactly the regular function used in
[2,6,7,17] for tackling the pure state or output
feedback stabilization of high-order nonlinear sys-
tems without output constraints. In other words, the
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designed VF(x1) enjoys the appealing property that
when there is no constraint on the output, that is,
K] = Kk, = k — 00, it will molt into the one
widely adopted for pure stabilization without con-
straint requirements; hence, Vr (x1) can be thought
of as a technical lever assisting us in unifying and
achieving simultaneously the design of continuous
output feedback finite-time stabilizers for system
(1) subjected to or free from output constraints,
without needing to change the resultant controller
and observer structures.

3.2 Design of a continuous output feedback
finite-time stabilizer

On the basis of the designed Vr (x), we are now ready
to present the design of a continuous output feedback
finite-time stabilizer for system (1), which also ensures
the achievement of the asymmetric output constraint
specified in advance.

Theorem 1 Suppose that Assumptions 1 and 2 hold.
Then, there exists a continuous output feedback finite-
time stabilizer of the following form

mj+o

v =—-G(x1) <ﬁ) + Lx)] # 4+ ¢1(xy, I))

u(x) = u(xy, i2) with 3 = [v+Lap1 % (12)

where L : R — R is a continuously differentiable
observer gain satisfying L(0) = 0 and 0L(x1)/dx1 =
G(x1) = 1 for all x;1 € M(ky, k) under which
every trajectory (x(t), v(t)) of system (1) starting from
(x(t9), v(ty)) € My (ky, k) X R is defined on [ty, 00),
converges to the origin in finite time, and fulfills the con-
straint —k; < y(t) = x1(t) < Ky forall t > to where
k) and Kk, are pre-specified positive real constants.

Proof The proof as well as the design methodology is
divided into four parts as follows.

Part I—Design of a state feedback controller

For a start, define & (x1) = [x11* and V| : My (xy, ky)
— R to be in the form of Vi(x;) = Vg (x|) where u
and Vp(x) are described by (8) and (9), respectively.
Obviously, Vi (x1) is positive definite and continuously
differentiable on M (x;, «;,), and by (10) and Assump-
tion 2 one has
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2w—0o—1 %p X2 . 20—0—my—ju
=t ™ ) R
2w—0—1 *(x1)
+ Alx X o (xF = xIP(x 2
( 1)151( D] 25 7 —x3"(xD) W (x)
+A(xD)@ (x)E1 (x| (13) 9x2
u u 2w0—c—my
for all’ (x.r) € Ma(k.k,) x RY, where x3 = [rxﬂ@ - [xi‘mﬂﬂ “
M (x;, k) — R is a continuous virtual controller and Y—o—m
A(x1) > O forall x; € M (k;, k) is given by (11). By =TT »

selecting the virtual controller

mo

x5 (x1) = =Brx)[E(x)T (14)

with B1 : M («7, k) — (0, 00) being a smooth func-
tion of the form

{242 xD)B () 7
Bi(xy) = (T)

it follows from (13) that

. — 20
Vi) < =) (BY (x1) + ¢ (x1)) 161 (xp)|

FAeDE @] (] = x2Pe)
— S AR [E D]
X (xf - x;p(xl)) (15)

for all (x, t) € My (ky, ky) x RT.

To continue with the design, let & (x) = [xp]4/™2 —
[x3(x1)1%/™2 and V; : Ma(ky, k) — R be defined as
Va(x) = Vi(x1) + W(x) where x5 (x1) is given by (14)
and W : M (kq, k,) — R has the following form

X2 2w—0—my

W(x)=/ ’st]%—[xik(xl)]%-l T s
x5 (x1)

Using an almost same argument stated in [7,17], one
can deduce that V> (x) is positive definite and continu-
ously differentiable on M (x;, k), and W (x) satisfies

aW(x)
3)61

3 <2a) —0 - m2> 0 [xik(xl)]m%

iz dx1

3 Vl (x1) = (@Vy(x1)/dx1)x; includes the variable x; and
the function ¢;(xy,7); thus, it is directly related to (x,7) €
MQ(KI, Ku) X R+.

forall x € My (x7, k), where d W (x) /dx has the prop-
erty below

[ G] ™

20 —0 —my\ |0 | x5
<
B iz dxy

p—my w—0—iL

X2 n |§2(X)|
<¢1(X1)|§1(x1)|

oW (x)
0x1

for all x € My(ky, ky) with Y1 @ My (ky, k) —
R+ being a smooth function*. By these relations, the
inequality (15) and Assumption 2, the time derivative
of V>(x1) along system (1) is

Va(x)

oVitxp), W), W),
= X1+ X1+ X2
0x1 0Xx1 0x2

2w—0—m

< 206 GDIE +0D[EW] T u
FAGD[E D] T

C (o = X3P ()

2w—0—my my+o my+o
e i N <|x1| T |xz|mz>
+ Yi(x1) |§1(X1)| |€2(X)|
x <|xz|P +<7>1<x1>|x1|m'1~7) (16)

forall (x,t) € My(ky, k,) x RT. Before moving on to
designing the controller u, we estimate the last three
terms on the right-hand side of (16).

First, owing to the inequality

(e — 3" )

4 We adapt the fact that any real-valued continuous function has
a nonnegative smooth upper bound function (see, e.g., [36, The-
orem 6.21, p. 136]).
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mi+o mj+o

<[] " = e ]

for all x € Mlp(xy, k) and (m| +0)/u < 1, it follows
from Lemmas 2 and 4 that

ADIE DT T (6 = 2P ()
20—0—1 1— my +0 my +a
< Ax)]&1(x1)]

2 [E20x)] #
1 20 20
< §|.§1(x1)|2ﬂ + Y2 (x1)]82(x)] W (I7)

for all x € My (ky, k,,) where ¥p : My (xy, k) — RT
is a smooth function.

Second, using the fact m,/u < 1 and Lemma 4, one
has the inequality

_my my my

el < 2" ||+ Br(x)) €1 ()| (18)
forall x € My (ky, k;,). With this in mind, one can verify
by using Lemmas 2 and 3 that there exists a smooth
function v, : Ml (k7, k) — RT such that

20-—0—m) my+o my+o
600 ¢2<x1><|x1| Mt gl )
< B0 1D a0

Wompngre) ([ mpro o\ _ %
427 um (2 m 4 1) Do (xD)E2(x)|

my+o _ myto
+ (zfnz‘1 + 1) BB (1)

mp +0 2w—0—m
e e
< gm(xl)ﬁ + )& (0 (19)

for all (x, 1) € My (k7, k) x RT.
Similarly to deriving (19), using Lemma 2—4 one
can obtain the following

PG 181 Gl T L) T
(Ile” + Bl |)
5(21’1 ) 27 e gl
600
+ (zp*l +1) A7 oy () fe (e | 5
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2w—o—p
62 (x)]
By () (81 G|

20—0—p

Ié“z(X)I
< §|a<x1>|7 + ) () 20)

for all (x,1) € Moa(k;,ky) x RT where yn
M; (k;, k) — RT is a smooth function.

Applying these estimations (17), (19) and (20) to
(16) gives

20—0—mp

V) = —lEi @l 001 T
+ (Y20 + () + 92000 I (@)
e

forall (x, 1) € My (k;, k,) x RT. Clearly, designing the
continuous state feedback controller

ux) = B [E2000] 22)

with B> : M (x7, k) — (0, 00) being a smooth func-
tion taking the form

14 Y2 (x1) + Y2 (x1) + Yo (x1)

Ba(x1) = e

and using Assumption 1, one readily obtains

Vo) < — &6 Gl * — B, DB a)IE ()]
+ (W20 + ) 20
e ika 23)

for all (x,t) € Mb(k;, ki) x RT. Note that, with the
help of Lemma 4 it is not difficult to see that

Va(x)
X2 w w 2w7i7m2
=V1(x1)+/ {Mmz— [x5(x1) ] mz-l ds
x5 (x1)
20—0
> Vi(xn) + &1 |x2 — x5 (xp)| (24)

for all x € My(xs, «,) with &) being a positive
real constant; this implies that, with any fixed x; €
M (x, k), Va(x) — o0 as |xp] — oo. Hence, if
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= (x1, xz)T e R? are completely available, by
Lemma 1 one knows that when x (fg) € M» (k;, &), the
continuous state feedback controller (22) successfully
achieves the requirement of the asymmetric output con-
straint —k; < y(t) < k, for all ¢+ > #y. Because of the
infeasibility/limitation on the full state measurement, a
state observer is quite imperative for feedback design,
as depicted in the next part.
Part II—Design of a one-dimensional observer

In order to efficiently perform the output feedback
design, a one-dimensional non-smooth state observer
is constructed as follows

mj +rr

v=—-G(x1) (fv + Lx)T = +¢r(xr, t)) (25)

where L R — R is a continuously differen-
tiable observer gain function with L(0) = 0 and
dL(x1)/0x; = G(x1) > 1 forall x; € Mj(«y, ky);
this gain function will be appropriately assigned later.
Having the state variable v, the observer (25) is devoted
to estimating the unmeasurable state x, by providing
%2 = [v+ L(x1)]™/*. Consider the estimation error
e = [xa]"/™ — [%]"™. It follows from (25) that

O, Ou+ da(x. 1)

~G(x) (xg’ — [ - e])

for all (x,v,t) € Ma(ky, k,) x R x R*. Choosing
V3 : Mx(ky, k) X R — Roas

20—0—m|+jL
a ) e, v)| 7

20 —0 —my 4+ [

i
(x,v) = 1 |xy |72
ma

Vi(x,v) = (

which is nonnegative and continuously differentiable
on My (k7, k) x R, we have

Va(x, v)
20—0—m|

= —fe(x V)]
(9(x Hu + ¢a(x, 1))

Zwam

—fe(x,v)]#

my+o
X (xg — “xz]miz —e(x, v)—l " )

l
2l 2™

G(x1)

forall (x, v, 1) € My(xy, k) x Rx RT. Because (m +
o)/ < land G(x1) > 1, by Lemma 5 one can derive

20—0—m w myto
[e(x,v)] # 1 (xzp— ﬁm@ —e(x,v)—| 8 )

3 20—0—m|—pi my+o+u
> =G 2(x)lelx, v #xa] ™

3G (e, v)| 26)

forall (x, v, 1) € M (ky, ki) X Rx R, in which yr3 =
20m+o)/i _ 1 > 0. Using (26), we further have

V3(x, v)
< G_%(xl)le(x v)|2m_o;:ml_M |x2|ml;2+H
— UG () e, v)| +—[e(x v)]zm _—
X Ile"’2 YO, Hu + ¢o(x, 1)) 27

for all (x, v, 1) € Ma(ky, k) x R x R*. Remarkably,
applying Lemma (3) to (18) yields

(u—mp)t
|72 < g, <2 |y (x)| +ﬂ1m2 ()& (x| # )

forall (x,v,1) € Ma(ky, k) x Rx RT and 1t € {u +
o,my 4+ w4+ o} with g5 = 27/72~1 1 1. Keeping this
in mind and using Lemma 2 along with Assumptions 1
and 2 , one obtains

2a)c7m

—fe(x W1l @ D+ da(x, 1)

(d(xo 25, 00) e )
x <|u|m;+a FlE o)l + |x2|mz>

< Y le(x, v)|27‘”

T+ daCenleCe )| T Jul 72
+ §|sl<x1>|7f + 5|sz(x)|7“ (28)
and
20— —m|—p my+o+p
e, x| 2
< e, I F + P& G| # + dsle (]

(29)
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for all (x,v,7) € Mbh(k;, ky) x R x RT, where
Y, 1&4, Y¥s : My (ky, k) — RT are smooth functions
and 1/75 is a positive real constant. Using (28) and (29),
we obtain from (27) that

V3(x,v) < — ¥3GH (x) e, )| ¥

1 1 I
+ (5 + G-zm)ws(xl)) 61 Gen)) %
1 BTN 2o
N <6 +G 2(x1)¢5> 1E2(0)|

20
+ (v + G*%(xo) e, v)| #
do—g-p  pto

+ Ya(xp)leCx, v)| |u| "2t (30)
for all (x, v, t) € My(ky, k) X R x R,
Part [lI—Selection of the observer gain L(x1)

In the spirit of the certainty equivalence principle,
we replace the unmeasurable state x; by the estimation

= v+ L(x;)]"2/" generated by the observer (25)
so that the implementable continuous output feedback
controller can be obtained as below

) [Ea (e, R)] R

u(xy, x2) =
my+o

= —pa(en) [ [f217 = g1 |

€2y

With this controller, it can be verified by using Lem-
mas 2 and 3 that the last term on the right-hand side of
(30) satisfies

20—0—p uto
a(xp)lex, V)I o luxr, f2) |2
pto

< JaCenleCe =T B ()
x (2% 1) (|sz(x>|T +leCr ) )

1 20 20
< gléz(x)l o+ Pe(xp)le(x, v)| #

forall (x, v, 1) € Ma(ks, ki) x R x R, in which v :
M («;, k) — R7T is a smooth function. Thus, (30)
becomes

. 1 20
Vs(x,v) < (5 + G—%(xl)ws(xo) 161Gy
1 1 N 20
+ (§ +G 2(X1)1ﬂ5) [&E2(x)]

@ Springer

+ (Valr) + Woe) + GH)) fetw, w

1 20
—Y3GH(xp)le(x, v)| # (32)
for all (x,v,t) € My(ks, k,) x R x Rt. Addition-
ally, applying the controller (31) to (21), instead of

u(x) defined by (22), and utilizing a similar analysis
in deriving (17), we obtain

Va(x)
LDl E — I E 4B alal

mp+o mo +rr

X &)1 *» —[&(x) —elx,v)] #

0 5 20 20
=& — gl&z(X)l o+ Yr(xp)le(x, V)| #
(33)

for all (x,v,t) € Ma(ks, ki) x R x RT, where 7 :
M (k7, k) — RT is a smooth function. At present, we
choose V : My (k7, k) xR — Ras V(x,v) = Vo(x)+
V3 (x, n) which is surely continuously differentiable
and positive definite on M (k;, k,,) x R. From (32) and
(33), it is clear that

. 1 1 20
Vix,v) <— (5 - G_Q(XI)WS(XI)) |§1(X1)|2“
1 1 o 20

- (5 - G_Z(m)l/fs) [E2(x) | #

= (¥3GF ) = @) = o)

—Yrn) — D le(x, )| * (34)
for all (x,v,1) € Ma(k, k) x R x R*. Observing
(34) and letting X = (x,v) € R3, one can directly

verify that the selection of the observer gain L(x1) with
G(x1) = dL(x1)/9x; complying with

G (1) = max {1, 495 (x1), 495}
5
P3G (x1) = Yaln) + eln) + r0n) + 5

results in

V) =~ (a0l + B0l +le)F)
— U@ (35)
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for all (X, 1) € Ms(ky, k,) x RT, in which U(X) =
1/4(161(x1) P/ +18(x) |2/ +]e(X) |**/1*. Remark-
ably, U(X) is positive definite and continuous on
M3 (x;, ky,). In addition, from (24), we also have

X2 2w—0—ny

vm»=mun+/

x5 (x1)

+ " | (X)|2w7077711+u
e I
20 —0c —m1+u
20

> Vi(x1) + €1 |x2 — x5 (xp)|

lwo=s )
2w—0 —m;+p

20—0—my+p

n
x |1 —v = Lop|

(36)

for all X € Mj3(«, «;,); this directly gives, with any
fixed x; € Mj(x, k), V(X) — o0 as ||[(x2, V)] —
oo. Hence, according to (35) and Lemma 1, one knows
that when X (#p) € M3 (k;, k), every solution X' (1) =
(x(2), v(r)) of system (1) under the controller (31) is
defined on [7y, 00) and fulfills —k; < y(t) = x1(¢) <
iy forall t > 1.
Part IV—Analysis of the finite-time convergence

In what follows, we shall prove the finite-time
convergence of system (1) under the controller (31).
For this purpose, we consider the circumstance with
X(ty) € M3(ky, k). From (35) and (36), it follows
readily that V(X (¢)) is non-increasing on [y, o) and
one also has

0 < Vi(xi(t) + &1 |x2(t) — xi"(xl(t))|2?TZa

( —0 = )
20 —0 —m1+ 1
20—0—m|+u

x [P — v - Laa@n| "
< V(X (@) < o0

forallr € [tg, 00), and thus X (¢) is uniformly bounded
on [ty, 00). With these in mind, a tedious but straight-
forward analysis verifies directly that &1 (x (1)) |2/,
1€ (x (1)) |?®/* and |e(X (1))|>®/* are uniformly contin-
uous on [fy, 00), and the fact lim; oo V(X (¢)) = & <
V(X (ty)) for some real constant ¢, > 0; this leads to

! 2w
lim / [E1(x1(s))| * ds < 00
11— 00 to

ﬁsw%— [xi“(xl)]”‘%-l T ds

! 20
lim / |E2(x(s))| * ds < o0
11— 00 IO

! 20
lim / le(X(s)] * ds < oo.
—00 to

Consequently, using Barbalat’s lemma, one can con-
clude that when X (79) € M3(ky, ky), |E1(x1(2))] — O,
|E2(x(t))] — O and |e(X(t))] — O ast — o0;
thus, by the fact L(0) = 0 and the definitions of
&1(x1(2)), & (x(¢)) and e(X (1)), it follows immediately
that X(r) — 0 ast — 0. Now, in view of the conti-
nuity and positiveness of V (X'), there exists an open
connected set S = {X € Mi(k, k) | V(X) < g3} C
M (k;, k) for some real constant €3 > 0 such that
—Kk1/2 < x1 < ky/2 and —1 < e(X) < 1 for all
X € S, which as well as Lemma 3 gives

V(X) 4243y 2% (X)

1 2 20 2
= —5 (B + 1@ + ()] ) <0
(37)

for all (X,1) € S x RT. In light of the construction
of S, there exists T* € [tg, c0) such that X' (t) € S for
all t > T™* whenever X (tp) € M3(x;, k,); hence, from
(37) we have

V(X)) £ —247V RS (X (1) (38)
forallt > T*. If V(X(T*)) = 0, observing (38) and
noting the positiveness of V (X"), one obtains X' (1) = 0

forall + > T*. In the case when V (X (T*)) # 0, it can
deduced from (38) that

V(X)) — V(X(T)

t
< f 403y %5 (X(s)) ds
for all + > T*, which by Lemma 6 also results in
X(t) = 0 for all t > T** for some T** € (T*, 00).
Combining these two case, one can conclude that
when X (tp) € Mj(ky, ky), every trajectory X (¢) =
(x(t), v(t)) of system (1) under the controller (31) con-
verges to the origin in finite time. O

Remark 5 The proof of Theorem 1 explicitly presents
a constructive approach to synthesizing a continuous
output feedback finite-time stabilizer for system (1) and
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fulfilling the requirement of the asymmetric output con-
straint specified in advance. The philosophy and idea
behind the development of this approach is to skillfully
renovate the adding a power integrator technique based
upon the interactive collaboration of the presented frac-
tion-type asymmetric BLF (9) and the reduced-order
non-smooth observer (25). An attractive trait of the pro-
posed approach is the capability/feasibility of simulta-
neously coping with, in a unification fashion, the prob-
lem of output feedback finite-time stabilization for sys-
tem (1) subjected to or free from output constraints.
More precisely, when the output constraint is delib-
erately assigned to be infinity, i.e., K = k, = kK
with k — oo (considering the scenario of no con-
straint), it follows immediately from Remark 5 that
V(X) = Va(x) + Va(X) naturally molts into Vo (X)
having the following structure

Voo(X) = x|

1
Qw —o0)
2w—c—my

X
+[ ’ ﬁﬂ%—(x;‘(xl)]ﬁ—‘ o ds
x5 (x1)

" 20—0—mj+p
+ le(X)] =
20 —0 —m1+ 1

which is defined on R3 and is obviously continuously
differentiable and positive definite on R>. Moreover,
by using the schemes almost similar to those men-
tioned in [7,17], it can be further verified that V. (X)) is
proper; that is, the preimage of any compact set in R™
under V(X)) is compact. When there is no constraint
requirement, adopting Vo, (X') in the convergence anal-
ysis one can immediately show by following the same
procedure described in the proof of Theorem 1 that
the output feedback controller (12) remains usable and
straightly acts a global finite-time stabilizer for sys-
tem (1), without needing of changing the controller
and observer structures. Hence, when the asymmetric
output constraint is intentionally assigned to be infin-
ity so as to take into account the scenario of no con-
straint imposed on the output, the presented method
will directly become a pure stabilization scheme under
which the synthesized output feedback controller as
well as the corresponding state observer secures the
same structures as (12) and behaves effectively as a
global finite-time stabilizer for system (1). This dis-
closes explicitly that the presented approach is a uni-
fication methodology by which one is capable of per-

@ Springer

forming simultaneously the design of a continuous out-
put feedback finite-time stabilizer for system (1) sub-
jected to or free from output constraints.

4 An illustrative example

In order to demonstrate the superiority and effective-
ness of the proposed scheme, now we consider a planar
system as below

X1 = x3 + sin(2) cos(6x1) In(1 4 x7)
Xy = 60(x, t)u + cos(5xy + 1) sin(xy) (39)

where 0(x,t) = 1 + 0.3cos(2x1x2 + 0.5¢). System
(39) is structurally identical to system (1) with p = 3,
¢1(x1, t) = sin(2t) cos(6x1) In(1 +x12) and ¢o(x, 1) =
cos(5x2 + t) sin(x). It is clear that Assumption 1 is
fulfilled with 6(x;) = 0.7 and 6(x;) = 1.3. Simply
choosing m; = 1 and 0 = —1/5, one has mp = 4/15
and w = u = 1. By using the mean value theorem, it
is easy to verify that

$in(21) cos(6x1) In(1 + x2) < 1.5x1|3

cos(5xp + 1) sin(xy) < |x; |T15

forall (x,1) € R2 x RT; hence, Assumption 2 is satis-
fied with ¢;(x1) = 1.5 and ¢, (x1) = 1. Following the

procedure given by the proof of Theorem 1 we now
consider

Vilx) =

1, — x1)5 (k1 +x1) 5

and select x5 (x1) = —B1(x1)[£1(x1)]Y1 with B (x1)
= (1 542271 (xl)) 1/3. A simple calculation leads to

Vit = =267 ) + 00 01 (+d — 237 0)

for all (x,t) € Mh(k;, k) x RT, where the function
A(x1) takes the form below

111
Ky Kk (xf + Kuiq)

16 16 °
(ky —x1)5 (k1 +x1)75

Alxy) =
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To proceed with the controller synthesis, we next take

Vo(x) = Vi(xy)

x2 15 15 29
+f [fm — [x3 ()] ﬂ ds
x5 (x1)

for which the time derivative along system (39) is

Va(x) < —282(x)) + 0(x, ) [E2(x)] B u
SR COIEIENE (x2 — )
F1E D] [E2 (0| T8 — 1,947 (x)y

14
X2 15
X /
x5 (x1)

15
ds
for all (x,t) € Ma(ky, k) x RT, where T (x1) =
—(1.5 4+ 227'ae)V*A.522(x) + 2x(x) —
2.5x1(0A(x1)/0x1)) 272 (x1). Similarly to deducing
(17), (19) and (20), we employ Lemmas 2—4 to deduce
the following two estimations

1% = [0 ] ¥

M TN (63 = 6 0) + Je1 (o) 5 [0 5
2 A
= SE G0 + (20 + 926 ) 800

1

15

ds

i

X2

— 1.947 (x1)x] / [s] 7 IVXQ(JC])—ITs

x5 (x1)

< 26201) + Ve
=36 Y2(x1)é5 (x)

forall (x, ) € My (ky, k) X Rf“, where Y (x1) = 1.37
A2 (x1), Y2 (x1) = 0.89and yo (x1) = ((2.5185 (x1)+
3.76)°/3 +3.22)(1 + T2(x;))*/°. In addition, consid-
ering V3(X) = 5/11|e(X)|''/3, one has

V3(X) < —0.74G 3 (x)[e(X) 2 + G2 (x))[e(X)]5 [xa] 7

13.75[e(X)]13 |02l T (O(x, Dt + do(x, 1))

for all (X, 1) € M3(ky, k,) x RT. Again, using Lem-
mas 2 and 3, one can easily obtain

G2 (r)le(X)3 x2l ¥
< Ys(x1)EL(x1) + YsEF (x) + €*(X)
3.75Te(X)18 [xal T (O(x. u + po(x. 1)

1
551 () + 532 () + (Yax1) + Yo(x1) € (X)

for all (X 1) € M (ks k) x R, in which v5(x1)

5/2
L. 97131 (x1), ¥s = 1.97, and Yu(x1) + Ye(x1) =
7.234 + 2,31 (x1); moreover, using Lemmas 2 and 4 ,
one also has

0(x. D2 (1) [E2 ()] [[E£2(0)]T5 — [£2(x)

—e(X)]T5

< LE200) + Ur )X
=¢5 7(x1)e” (&)

for all (X,t) € Ms(ky, k) x RT, where ¥7(x1) =
3.132 B3 (x1) with Ba(x1) = (1 + Y (x1) + o (x1) +
¥o(x1))/0.7. Therefore, we choose L(x1) = 671.28x
and directly design the output feedback finite-time con-
troller and the observer as described by (31) and (25),
respectively, such that

V(X) = Va(x) + V3(X)

1
— (Fon+8w+ W)

for all (X,1) € Ms(k, k,) x RT. For demonstra-
tion, the initial time and the initial state in the simu-
lations are set to be fyp = 0 and (x(0), x2(0), v(0)) =
(—1, —-2.2,0), respectively.

From the simulation results shown in Figs. 1, 2
and 3, it can be found that the designed output feed-
back controller not only finite-time stabilizes system
(39) but also successfully ensures the fulfillment of the
asymmetric output constraint —1.5 = —k; < y(t) =
x1(t) < K, = 1 forall t > 0. Furthermore, in the sce-
nario when the output constraint is purposely assigned
to be quite large (e.g., k, = k7 = 100) in order to sim-
ulate the scenario of almost no constraint on the output
y(t) = x1(¢), the designed output feedback controller
as well as the associated observer is still valid for finite-
time stabilizing system (39), without needing to change
the controller and observer structures; this also demon-
strates the unification of our approach in performing
simultaneously the construction of a continuous output
feedback finite-time stabilizer subjected to or free from
output constraints.
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——uxy with kK, = 1.5 and Kk, =1
----1x, with k; = 100 and x, = 100
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Fig. 1 Timing responses of x; with two different x; and
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15¢
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Fig. 2 Timing responses of x, with two different «; and «,,
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Fig. 3 Timing responses of v with two different «; and «,,
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5 Conclusion

We have presented a solution to the problem of out-
put feedback finite-time stabilization for a significant
class of high-order planar systems subjected to asym-
metric output constraints. A novel design methodology
was proposed by skillfully renovating the technique of
adding a power integrator with the subtle implantation
of a new developing fraction-type asymmetric barrier
Lyapunov function as well as a delicate non-smooth
state observer. With full extraction and utilization of
the characteristics of system nonlinearities, the pro-
posed scheme enjoys an appealing and attractive prop-
erty that it enables us to straightly unify and achieve
simultaneously the design of a continuous output feed-
back finite-time stabilizer for systems subjected to or
free from asymmetric output constraints, without need-
ing to change the controller and observer structures.
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