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Abstract Nonlinear vibration isolation provides

with an effective way for vibration reduction with

broad band and high efficiency. This investigation

focuses on the dynamic effects of a constant inertial

acceleration on a nonlinear vibration isolation system

with high-order stiffness and Bouc–Wen hysteresis. A

wire rope-based isolator subject to the inertial accel-

eration is analyzed to illustrate the uncertainty of the

static equilibrium state and the diverse dynamic

effects of the acceleration. The frequency responses

are obtained through a semianalytical method based

on the harmonic balance method. A recursive method

is proposed to deal with the polynomial function

derived from the nonlinear stiffness. An alternating

frequency/time domain technique is adopted to treat

the implicit function of the Bouc–Wen hysteresis. The

calculation results are verified by a numerical simu-

lation with the Runge–Kutta method. The analysis and

the simulations reveal that the inertial acceleration

leads to different static equilibrium states according to

the paths to the equilibriums. The inertial acceleration,

respectively, affects the static equilibrium displace-

ment and the residual hysteretic force, and they change

the dynamic responses differently. The acceleration

effect on the static equilibrium displacement leads to

additional coupling stiffness making the system

harder/softener with positive/negative high-order

stiffness. Furthermore, the acceleration has a signif-

icant effect on the dynamic equilibrium location, and

the equilibrium reaches the minimum around the

resonance and increases gradually at higher frequen-

cies. The acceleration effect on the residual hysteretic

force changes the amplitude–frequency responses

indirectly through additional coupling stiffness. A

positive residual hysteretic force leads to a positive

overall deviation of the dynamic equilibrium location

regardless of the positive or negative high-order

stiffness.

Keywords Nonlinear vibration isolation � Inertial
acceleration � Bouc–Wen hysteresis � Harmonic

balance method

1 Introduction

Vibration isolation systems are extensively used in

space engineering to provide with a stable working

condition for the payloads. At initial conditions, the

isolators are statically balanced under a preset inertial

acceleration, such as the Earth’s gravity or the

centrifugal acceleration of the expected orbit. How-

ever, at working conditions, the inertial acceleration

exerted on the isolator may be very different from the

preset one in some cases, such as launching, running
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on an elliptical orbit, or being attracted by a star. The

additional acceleration applied on the isolator can be

regarded as a time-dependent fluctuation about a

temporal-average value. The acceleration fluctuation

can be modeled as a periodic or even a stochastic

excitation, while the average is a time-independent

constant for a period of time. In some circumstances,

the constant inertial acceleration is too large to be

neglected. Therefore, the understanding of its addi-

tional dynamic effects is significant to design vibration

isolators. For linear systems, a constant inertial

acceleration can be balanced by the static deflection

force. Therefore, its dynamic effect can be ignored if

the vibration is measured from the new static equilib-

rium location. However, the practice does not work for

nonlinear systems. Chen et al. [1] revealed the

dynamic effects of the gravity on a nonlinear energy

sink moving vertically. For a nonlinear system with

cubic stiffness, the gravity leads to additional linear

and quadratic terms in the dynamic equations. Hence

the exact prediction of the response should account for

the gravitational acceleration. The nonlinear system

treated by Chen et al. [1] is with a single-valued

restoring force, and thus the static equilibrium location

and the dynamic response can be completely deter-

mined by the inertial acceleration. However, the

situation is much more complicated for a nonlinear

system with a multi-valued restoring force, such as a

hysteretic system. More kinds of coupling terms are

induced and the static equilibrium state is not unique

under a certain inertial acceleration. With the diversity

of the coupling terms and the uncertainty of the static

equilibrium state, dynamic effects of the inertial

acceleration remain unclear for such systems. To

address the lack of investigations on this aspect, the

work explores the dynamic effect of a constant inertial

acceleration on a vibration isolator with high-order

stiffness and hysteretic damping.

The promising methods to analyze dynamic sys-

tems with strong nonlinearities are divided into

analytical methods, semianalytical methods and

numerical methods. Typical analytical methods

include the harmonic balance method (HBM) [2],

the averaging method [3] and the perturbation method

[4]. Semianalytical methods are based on analytical

methods with numerical techniques dealing with the

nonlinear terms. A typical example of numerical

method is the Poincaré map method [5]. Systems with

the nonlinear terms expressed by single-valued

explicit functions are often solved by analytical/

semianalytical methods. Typical examples include

the systems with high-order stiffness [6], piecewise

stiffness [7], and nonlinear viscous damping expressed

by a single-valued function of the velocity [8] or both

the velocity and the displacement [9]. Lu et al. [10]

adopted a HBM to study the root-mean-square trans-

missibility of an isolator with cubic stiffness. Wang

et al. [7] approximately solved a nonlinear systemwith

piecewise stiffness by an averaging method. Yang

et al. [11] calculated the power flow and the force

transmission of an isolator with both cubic stiffness

and cubic damping by an averaging method. Huang

et al. [12] investigated the isolation performance of a

velocity-displacement-dependent nonlinear viscous

damping by an averaging perturbation method. The

analysis is much more complicated for the systems

with the nonlinear terms expressed by multi-valued

functions, such as most hysteretic systems. In some

cases, the continuous and smooth hysteretic restoring

forces can be fitted into elliptic functions [13] or made

equivalent to nonlinear viscous damping forces [14]

with considerable accuracy. Otherwise, numerical

techniques are necessary for the analysis. Bilinear

hysteresis can be expressed by piecewise functions.

Xiong et al. [15] and Wu et al. [16] analyzed nonlinear

systems with cubic stiffness and bilinear hysteresis by

the increment harmonic balance method, and the

calculation problem resulting from the piecewise

function is solved with a Galerkin process. Most

hysteresis can be characterized by phenomenological

models, such as Masing model [17] and Bouc–Wen

model [18], expressed by implicit functions. Wong

et al. [19] treated a Bouc–Wen hysteretic system with

a semianalytical method based on the HBM and the

Levenberg–Marquardt algorithm. Lacarbonara and

Vestroni [20] numerically solved both the Masing-

type and the Bouc–Wen-type hysteretic systems, and

sought the periodic orbits with the Poincaré map.

However, the research on the semianalytical analysis

of the systems with both high-order stiffness and

Bouc–Wen hysteresis is rather limited. It is challeng-

ing because both a polynomial function and an implicit

function are included in the dynamic equations.

Although it is feasible to adopt numerical techniques,

such as alternating frequency/time domain technique

(AFT) [21, 22], on each kind of nonlinear functions,

the computing cost increases remarkably with the

times of using AFT. It is expected to reduce the need of
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AFT by analytical deduction. Besides, in most inves-

tigations, restoring forces are symmetric about the

static equilibrium locations, and there is no zero-order

harmonic component in the periodic responses. How-

ever, the zero-order component is frequency-depen-

dent under a unidirectional inertial acceleration. It is

denoted as the dynamic equilibrium displacement and

is one of the focuses in the following analysis.

Wire rope-based structure is a typical design

providing with hysteretic damping due to inner

friction. It has been adopted in Stockbridge dampers

[23] and helical isolators [24]. Carpineto et al. [25]

proposed a tunedmass damper with the wire rope fixed

at one end and constrained by a slide bearing at the

other end. In this way, stiffness nonlinearity is

produced in addition to the hysteretic damping.

Carboni et al. [26, 27] improved the structure by

replacing the slide bearing with an elastic axial

constraint in order to adjust the stiffness nonlinearity.

The structure has been used for vibration-absorbing

experiments [28]. The wire rope-based structure with

axial constraint is adopted in the vibration isolator for

a case study in the present work.

This work explores the dynamic effects of a constant

inertial acceleration on a vibration isolation system with

both stiffness and damping nonlinearities. The high-

order stiffness is expressed by a polynomial function,

and the Bouc–Wen hysteretic damping is characterized

by a multi-valued implicit function. The investigation

focuses on the additional coupling terms and the

uncertainty of the static equilibrium state due to the

inertial acceleration. To solve the dynamic model with

diverse nonlinearities, a semianalytical method based on

HBM and AFT is adopted and modified by an analytical

deduction through a recursive method. A wire rope-

based isolator is treated as a case study. The results

reveal the dynamic effects of the inertial acceleration via

determining the frequency responses of the harmonic

components, especially the zero-order component.

The following manuscript is organized as follows.

In Sect. 2, the vibration isolation model under a

constant inertial acceleration is described. In Sect. 3, a

semianalytical method is proposed to seek the fre-

quency responses. In Sect. 4, a wire rope-based

nonlinear isolator is introduced and modeled. In

Sect. 5, numerical simulations are performed to

demonstrate the static equilibrium states, frequency

responses and parameter effects of the system.

Section 6 yields the conclusions.

2 Model description

Consider a nonlinear vibration isolation system with

high-order stiffness and hysteretic damping. The

nonlinear stiffness and damping are expressed by a

polynomial function and a first-order Bouc–Wen

model [18], respectively. The payload displacement,

the base displacement and their relative displacement

are denoted as Xp0, Xb and X0, respectively. When a

constant inertial acceleration is applied on the pay-

load, the dynamic equations of the system are

MX
00

p0 þ
Xn

i¼1

KiX
i
0 þ Z ¼ MAin ð1Þ

Z 0 ¼ Kd � Gþ Bsgn _X0Z
� �� �

Zj j
� �

X0
0 ð2Þ

where M, Ki, Z and Ain denote the payload mass, the

coefficient of ith-order stiffness, the hysteretic force

and the inertial acceleration, respectively. Kd, G and B

are Bouc–Wen model parameters. At static equilib-

rium state, there is

Xn

i¼1

KiX
i
s þ Zs ¼ MAin ð3Þ

where Xs and Zs are the relative displacement and the

hysteretic force at the static equilibrium state. The

base excitation is assumed to be harmonic with the

amplitude Ae and the frequency xe, i.e. Xb = Ae-

cos(xeT). Assuming X = X0-Xs and subtracting

Eq. (3) from Eq. (1) leads to

MX00 þ
Xn

i¼1

Xi
Xn

j¼i

j!KjX
j�i
s

i! j� ið Þ!

" #
þ Z � Zs

¼ MAex
2
e cos xeTð Þ ð4Þ

Introduction of dimensionless parameters trans-

form Eqs. (2), (3) and (4) into

g2 €xþ dxþ
Xn

i¼2

kix
i þ x

Xn

i¼2

ikix
i�1
s

þ
Xn�1

i¼2

xi
Xn

j¼iþ1

j!kjx
j�i
s

i! j� ið Þ!

" #
þ 1� dð Þ z� zsð Þ

¼ g2ae cos t ð5Þ

_z ¼ 1� cþ b sgn _xzð Þ½ � zj jf g _x ð6Þ
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dxs þ
Xn

i¼2

kix
i
s þ 1� dð Þzs ¼ ain ð7Þ

where

xc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K1 þ Kd

M

r
; t ¼ xeT ; d ¼ K1

K1 þ Kd

;

ki ¼
KiX

i�1
c

K1 þ Kd

; x ¼ X

Xc

; xs ¼
Xs

Xc

;

z ¼ Z

KdXc

; zs ¼
Zs

KdXc

; ain ¼
Ain

x2
cXc

; c ¼ GXc;

b ¼ BXc; ae ¼
Ae

Xc

; g ¼ xe

xc

ð8Þ

where xc and Xc are the characteristic frequency and

the characteristic displacement, respectively.

Equation (7) shows that the static equilibrium state

depends on both the static equilibrium displacement xs
and the residual hysteretic force zs. An inertial

acceleration may lead to diverse static equilibrium

states. Furthermore, the inertial acceleration has

separate dynamic effects on xs and zs as shown in

Eq. (5). Due to the acceleration effect on xs, there are

additional linear and high-order coupling stiffness

presented as the 4th and 5th terms in Eq. (5),

respectively. The acceleration effect on zs affects the

hysteretic force.

3 Methodology

To solve Eqs. (5) and (6), a semianalytical method

based on HBM is adopted. Assume the following

Fourier expansions

x ¼ a0 þ
Xm

i¼1

ai cos itð Þ þ bi sin itð Þ½ � ð9Þ

xj ¼ p
jð Þ

0 þ
Xm

i¼1

p
jð Þ

i cos itð Þ þ q
jð Þ

i sin itð Þ
h i

ð10Þ

z ¼ c0 þ
Xm

i¼1

ci cos itð Þ þ di sin itð Þ½ � ð11Þ

where m C n, and j = 1, 2,…, n. Obviously, there are

p0
(1) = a0, pi

(1) = ai and qi
(1) = bi. For j[ 1, the

expressions of p0
(j), pi

(j) and qi
(j) are calculated based

on a recursive method:

p
jð Þ

0 ¼ 1

2

Xm

l¼1

p
j�1ð Þ
l al þ q

j�1ð Þ
l bl

	 

þ p

j�1ð Þ
0 a0 ð12Þ

p
jð Þ

i ¼ 1

2

Xm�i

l¼0

p
j�1ð Þ
l alþi þ

Xm

l¼i

p
j�1ð Þ
l al�i

"

þ
Xi

l¼0

p
j�1ð Þ
l ai�l þ

Xm�i

l¼1

q
j�1ð Þ
l blþi þ

Xm

l¼iþ1

q
j�1ð Þ
l bl�i

�
Xi�1

l¼1

q
j�1ð Þ
l bi�l

#

ð13Þ

q
jð Þ

i ¼ 1

2

Xm�i

l¼0

p
j�1ð Þ
l blþi þ

Xm

l¼i

q
j�1ð Þ
l al�i

"

�
Xm�i

l¼1

q
j�1ð Þ
l alþi �

Xm

l¼iþ1

p
j�1ð Þ
l bl�i þ

Xi�1

l¼0

p
j�1ð Þ
l bi�l

þ
Xi

l¼1

q
j�1ð Þ
l ai�l

#

ð14Þ

Denote A = [a0, a1, …, am, b1, …, bm]
T and

C = [c0, c1, …, cm, d1, …, dm]
T. Substituting Eqs. (9),

(10) and (11) into Eq. (5) and taking harmonic balance

process lead to

c0 ¼ � 1

1� d
da0 þ

Xn

i¼2

kip
ið Þ
0 þ a0

Xn

i¼2

ikix
i�1
s

(

þ
Xn�1

i¼2

p
ið Þ
0

Xn

j¼iþ1

j!kjx
j�i
s

i! j� ið Þ!

" #)
þ zs

ð15Þ

cl ¼
1

1� d
u lð Þg2ae þ l2g2 � dal �

Xn

i¼2

kip
ið Þ
l

(

�al
Xn

i¼2

ikix
i�1
s �

Xn�1

i¼2

p
ið Þ
l

Xn

j¼iþ1

j!kjx
j�i
s

i! j� ið Þ!

" #)

ð16Þ
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dl ¼
1

1� d
l2g2 � dbl �

Xn

i¼2

kiq
ið Þ
l � bl

Xn

i¼2

ikix
i�1
s

(

�
Xn�1

i¼2

q
ið Þ
l

Xn

j¼iþ1

j!kjx
j�i
s

i! j� ið Þ!

" #)

ð17Þ

where u lð Þ ¼ 1; l ¼ 1

0; l 6¼ 1

�
. Thus, the Fourier expan-

sion of z is expressed in explicit functions through an

analytical deduction based on Eq. (5). The residual r is

given through Eq. (6):

r ¼ _z� 1� cþ bsgn _xzð Þ½ � zj jf g _x ð18Þ

and the Fourier expansion of r is expressed as

r ¼ u0 þ
Xm

i¼1

ui cos itð Þ þ vi sin itð Þ½ � ð19Þ

Denote U = [u0, u1, …, um, v1, …, vm]
T and it is

calculated through AFT. Define a discrete time

sequence from t = 0 to t = 2p. With the values of A

determined, _xðtÞ, zðtÞ and _zðtÞ can be calculated as

discrete sequences. Then r(t) is acquired through

Eq. (18). U is obtained by applying fast Fourier

transform on r(t). Hence U is a function of A. When A

is the exact solution of the dynamic equations, there is

U = 0. Therefore, solving A is equivalent to the least-

mean-square problem of searching A to achieve the

minimum value of ||U||2. A Levenberg–Marquardt

algorithm [19] is adopted to seek the least-mean-

square solution with the iteration formula of

A kþ1ð Þ ¼ A kð Þ � JT

A kð Þ½ �J A kð Þ½ � þ u kð ÞI

� ��1

JT

A kð Þ½ �U A kð Þ½ �
ð20Þ

where the superscript denotes the number of iterations,

and u is the Levenberg–Marquardt parameter. I is the

identity matrix. J = [qU/qa0; qU/qa1;…; qU/qam; qU/

qb1; …; qU/qbm] is the Jacobi matrix of U and is

calculated through analytical deduction and AFT.

Firstly, the partial derivatives of p0
(j), pi

(j) and qi
(j) are

calculated as

op
jð Þ

0

oa0
¼ jp

j�1ð Þ
0

op
jð Þ

0

oai
¼ j

2
p

j�1ð Þ
i

op
jð Þ

0

obi
¼ j

2
q

j�1ð Þ
i

ð21Þ

op
jð Þ

i

oa0
¼ jp

j�1ð Þ
i

op
jð Þ

i

oal
¼ j

2
w l� ið Þp j�1ð Þ

l�i þ w lþ ið Þp j�1ð Þ
lþi þ w i� lð Þp j�1ð Þ

i�l

h i

op
jð Þ

i

obl
¼ j

2
w� l� ið Þq j�1ð Þ

l�i þ w� lþ ið Þq j�1ð Þ
lþi � w� i� lð Þq j�1ð Þ

i�l

h i

8
>>>>>>><

>>>>>>>:

ð22Þ

oq
jð Þ

i

oa0
¼ jq

j�1ð Þ
i

oq
jð Þ

i

oal
¼ j

2
�w� l� ið Þq j�1ð Þ

l�i þ w� lþ ið Þq j�1ð Þ
lþi þ w� i� lð Þq j�1ð Þ

i�l

h i

oq
jð Þ

i

obl
¼ j

2
w l� ið Þp j�1ð Þ

l�i � w lþ ið Þp j�1ð Þ
lþi þ w i� lð Þp j�1ð Þ

i�l

h i

8
>>>>>>><

>>>>>>>:

ð23Þ

where w xð Þ ¼ 1; 0 6 x 6 m
0; else

�
and w� xð Þ ¼ 1; 1 6 x 6 m

0; else

�
.

Taking the calculation of qU/qal as an example,

denote T = [qp0
(j)/qal, qp1

(j)/qal, …, qpm
(j)/qal, qq1

(j)/

qal, …, qqm
(j)/qal]

T. According to Eq. (5), there is

Tz ¼
1

1� d

Xn

i¼2

ki þ
Xn

j¼iþ1

j!kjx
j�i
s

i! j� ið Þ!

" #(

T � dþ
Xn

i¼2

ikix
i�1
s

 !
Iz

) ð24Þ

where Tz is a transformation vector. Iz is a vector with

the same dimension with Tz, and all the elements are 1.

Then the following partial derivatives can be calcu-

lated as

oz

oal
¼ 1 cos tð Þ. . . cos mtð Þ sin tð Þ. . . sin mtð Þ½ �Tz

ð25Þ

o _z

oal
¼ 0 � sin tð Þ. . .� m sin mtð Þ cos tð Þ. . .m cos mtð Þ½ �Tz

ð26Þ

According to Eq. (18), there is

or

oal
¼ or

o _x

o _x

oal
þ or

oz

oz

oal
þ or

o _z

o _z

oal

¼ i cþ bsgn _xzð Þ½ � zj j � 1f g sinðitÞ þ csgn zð Þ½

þbsgn _xð Þ� _x oz

oal
þ o _z

oal

ð27Þ

Equation (27) is calculated as a discrete sequence

in the time domain. Then qU/qal can be obtained by
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applying fast Fourier transform on qr/qal. The rest

columns of J can be acquired with similar procedures.

The iteration procedure of the Levenberg–Marquardt

algorithm can be found in [19].

The swept frequency method is invalid around the

turning points, hence a swept amplitude method is

supplemented. Choose a harmonic component which

changes monotonically and dramatically around the

turning point, such as a1. The increment parameter g is
replaced by a1. A* is derived by replacing a1 in A with

g. The Jacobi matrix J* is modified by replacing the

second column from qr/qa1 to qr/qg, which is

or

og
¼ or

o _x

o _x

og
þ or

oz

oz

og
þ or

o _z

o _z

og

¼ csgn zð Þ þ bsgn _xð Þ½ � _x oz
og

þ o _z

og
ð28Þ

where the partial derivatives on the right side are

calculated as follows. Denote matrix T* as

T� ¼ 1

1� d
0 2g a1 þ aeð Þ . . . 2gm2am 2gb1. . . 2gm

2bm
� �T

ð29Þ

Then

oz

og
¼ 1 cos tð Þ. . . cos mtð Þ sin tð Þ. . . sin mtð Þ½ �T�

ð30Þ

o _z

og
¼ 0 � sin tð Þ. . .� m sin mtð Þ cos tð Þ. . .m cos mtð Þ½ �T�

ð31Þ

The calculation procedure is similar with the swept

frequency method. Finally, the frequency responses

are obtained by the combined results of the swept

frequency process and the swept amplitude process.

4 Wire rope-based vibration isolation system

A wire rope-based vibration isolation system is shown

in Fig. 1. The payload is connected to the base with

two wire ropes symmetrically. Solid lines show the

horizontal pre-deformed state. Dotted lines show the

static equilibrium state with a constant inertial accel-

eration denoted as Ain. The payload mass is denoted as

M. The base displacement is denoted as Xb. The

payload displacements measured from the pre-de-

formed state and the static equilibrium state are

denoted as Xp0 and Xp, respectively. When a relative

movement between the payload and the base occurs,

the wire ropes deform on bending and axial directions,

inducing a nonlinear elastic restoring force on the

payload. Furthermore, a hysteretic restoring force

occurs due to the frictional contact among the wires.

To illustrate the characteristics of the nonlinear

elastic restoring force, one of the wire ropes is picked

out, as shown in the red dashed box in Fig. 1. The wire

rope is assumed to be a constant-section cantilever

beam without inner friction. The original length, the

Young’s modulus, the section area and the inertial

moment of the beam are denoted as L, E, A and I,

respectively. A dimensionless model is established, as

shown in Fig. 2. The characteristic length, the force

and the moment for dimensionless transform are L, EI/

L2 and EI/L, respectively. Thus, the original dimen-

sionless length of the beam is 1. When the wire rope is

horizontally mounted onto the isolator, it is pre-

deformed with an axial force, and the length becomes

1 ? ux. Because of the symmetric structure shown in

Fig. 1, the free end of the beam is only able to move

vertically. Therefore, at deformed state, the horizontal

displacement is still ux, and the rotation angle at the

free end is constrained to be 0. The vertical displace-

ment is denoted as uy. The forces and the moment
Fig. 1 Wire rope-based vibration isolation system

Fig. 2 Dimensionless cantilever beam model
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applied on the free end are denoted as fx, fy and mh,

respectively.

According to the beam constraint model [29], at

deformed state, there is

fy ¼
r3 sinh r

2þ r sinh r � 2 cosh r
uy fx > 0; r ¼

ffiffiffiffi
fx

p

r3 sin r

2� r sin r � 2 cos r
uy fx\0; r ¼

ffiffiffiffiffiffiffi
�fx

p

8
><

>:

ð32Þ

Taylor expansions of Eq. for tension (fx C 0) and

compression (fx\ 0) states are the same, which is

fy ¼ 12þ 6

5
fx �

1

700
f 2x þ 1

63000
f 3x � � � �


 �
uy ð33Þ

The axial deformation can be calculated according

to a beam arc-length conservation relation [29]:

1þ fx
EA

¼
Z 1þux

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y0ðxÞ½ �2

q
dx ð34Þ

where y(x) is the shear deformation function of the

location x. The relation among ux, uy and fx can be

deducted from Eqs. (32) and (34) with different

expressions for tension and compression states. Again,

their Taylor expansions are the same, which is

ux ¼
Afx
I

� 3

5
� 1

700
fx þ � � �


 �
u2y ð35Þ

Assume that A/I is much larger than uy
2/700, so

only constant term is reserved for the coefficient of

uy
2. According to the pre-deformed state, the hori-

zontal displacement is ux = Afx0/I, and

ux ¼
Afx
I

� 3

5
u2y ¼

Afx0
I

ð36Þ

Truncation error of the Taylor expansion in Eq. (33)

depends on fx. We reserve the first three terms.

Substituting Eq. (36) into Eq. (33) leads to

fy ¼ 12þ 6

5
fx0 �

1

700
f 2x0


 �
uy

þ 18I

25A
� 3I

1750A
fx0


 �
u3y �

3I

3500A
u5y ð37Þ

It can be seen from Eq. (37) that, if the wire ropes in

Fig. 1 are regarded as constant-section beams without

inner friction, the vertical restoring force is a function

of the vertical displacement with linear term, cubic

term and 5th-order term. The coefficient of linear term

can be negative when the pre-force is compression and

large enough, and it is the basis for the high-static-low-

dynamic stiffness design. For a wire rope, the elastic

restoring force expression is similar to Eq. (37) with

different coefficients because of the changing sec-

tion. Hysteretic restoring force due to inner friction

can be expressed by a first-order Bouc–Wen model.

Therefore, the total dimensionless restoring force fr of

the two wire ropes shown in Fig. 1 can be expressed as

fr ¼ k1x0 þ k3x
3
0 þ k5x

5
0 þ z ð38Þ

where x0 = xp0 - xb and z is expressed in Eq. (6).

Therefore, under a harmonic base excitation, the

dimensionless dynamic equation of the isolator with-

out inertial acceleration is expressed as

g2 €xþ dxþ k3x
3 þ k5x

5 þ 1� dð Þz ¼ g2ae cos t

ð39Þ

Applying the formulation process introduced in

Sect. 2, the dimensionless dynamic equation under a

constant inertial acceleration can be expressed as

g2 €xþ dþ 3k3x
2
s þ 5k5x

4
s

� �
xþ 3k3xs þ 10k5x

3
s

� �
x2

þ k3 þ 10k5x
2
s

� �
x3

þ 5k5xsx
4 þ k5x

5 þ 1� dð Þ z� zsð Þ ¼ g2ae cos t

ð40Þ

and the static equilibrium state is expressed as

dxs þ k3x
3
s þ k5x

5
s þ 1� dð Þzs ¼ ain ð41Þ

Equation (39) indicates that, without inertial accel-

eration, there are only odd-order stiffness terms, and

the restoring force is symmetric about the static

equilibrium location. With inertial acceleration, as

indicated by Eq. (40), coupling stiffness terms derive

from higher-order stiffness. Odd-order stiffness terms

and the residual hysteretic force occur, leading to an

asymmetric restoring force.

The values of d, k3, k5, b and c depend on the wire

rope material, winding type, dimensions and pre-

force. Their values in the following numerical simu-

lation are selected from the parameter space identified

with a similar wire rope-based device shown in [30].
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5 Analysis and simulations

5.1 Static equilibrium state analysis

According to Eq. (39), an inertial acceleration may

lead to diverse static equilibrium states determined by

both xs and zs. Due to the historical dependence of the

Bouc–Wen hysteresis, the static equilibrium state

depends on the paths to the equilibrium, as shown in

the following simulation. Assume that the wire ropes

are at horizontal state without any residual hysteretic

force, and an inertial acceleration is applied instanta-

neously. The process that the payload gradually

reaches static equilibrium can be expressed as the

following dynamic equation

€xþ s _xþ dxþ k3x
3 þ k5x

5 þ 1� dð Þz ¼ ain ð42Þ

where s adjusts the path that payload reaches static

equilibrium. When s = 0, the payload reaches static

equilibrium freely. When s is large enough, the

payload reaches static equilibrium in a quasi-static

way.

Determine the parameters as d = 0.1,

k3 = 5 9 10–3, k5 = 10–4, b = c = 1 and ain = 0.1.

Equation (42) is solved numerically with a fourth-

order Runge–Kutta method. The results for s = 0, 0.1

and 10 are shown in Fig. 3. With smaller s, more

oscillations occur before the payload reaches static

equilibrium. The resulting xs tends to be larger and zs
tends to be smaller. The solid line shows the possible

values for xs and zs in static equilibrium states

according to Eq. (41).

5.2 Frequency responses

This section investigates the frequency responses of

the system under a harmonic displacement excitation

from the base. Determine the parameters as d = 0.1,

k3 = 5 9 10–3, k5 = 10–4, b = c = 1 and ae = 1. The

inertial acceleration has separate effects on xs and zs,

and they influence the dynamic responses differently.

In the following analysis, there are four groups of xs
and zs values for comparison: (a) xs = zs = 0; (b) xs-
= 0.71, zs = 0; (c) xs = 0, zs = 0.03; (d) xs = 0.71,

zs = 0.03.

The responses are computed by the semianalytical

method proposed in Sect. 3 and m = 5. The amplitude

of the ith-order harmonics of x is denoted as ampi and

calculated as

ampi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
ð43Þ

where i = 1, 2,…,5. Calculated results of the first- to

fifth-order harmonic amplitudes are shown in Fig. 4a–

d. When xs = zs = 0 (without inertial acceleration),

there is no even-order harmonic component. There are

super-harmonic resonances at g = 1/3 and g = 1/5.

When xs or zs is nonzero (with inertial acceleration),

the even-order harmonics occur due to the asymmetric

restoring force. There are additional super-harmonic

resonances at g = 1/2 and g = 1/4. Amplitude varia-

tions of the odd-order harmonics are rather small

compared with their amplitudes. Still, the differences

can be spotted at g = 1/2 and g = 1/4. Take the

second-order harmonic amplitude as an example, as

shown in Fig. 4e. The amplitude with (xs = 0.71,

zs = 0.03) approximately equals the summation of the

amplitudes with (xs = 0.71, zs = 0) and (xs = 0, zs-
= 0.03). It can be concluded that the effects of xs and

zs on the harmonic amplitudes can be regarded as

decoupling.

As shown in Fig. 4f, a0 illustrates the dynamic

equilibrium location change relative to the static

equilibrium location. a0 increases dramatically at low

frequency due to the acceleration effect on zs. It

reaches the maximum at g = 0.47. The dynamic

equilibrium location decreases dramatically when g
exceeds 0.47, and then increases gradually at higher

frequencies. A positive zs leads to a positive overall

deviation of a0. With the contrast of Fig. 4a–f, it is

obvious that the inertial acceleration has greater

Fig. 3 Possible path for payload reaching static equilibrium
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(a) the 1st to 5th-order, xs=zs=0 (b) the 1st to 5th-order, xs=0.71, zs=0

(c) the 1st to 5th-order, xs=0, zs=0.03 (d) the 1st to 5th-order, xs=0.71, zs=0.03 

(e) the 2nd-order (f) dynamic equilibrium location

Fig. 4 Amplitudes of different order harmonics of x
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influence on the dynamic equilibrium location than on

the harmonic amplitudes.

Figure 5 shows the steady-state responses of the

isolation system with different excitation amplitudes.

The semianalytical results (denoted as ‘‘S–A

method’’) are show in lines, and the Runge–Kutta

results (denoted as ‘‘R–K method’’) are show in

scatters. The semianalytical results coincide well with

the Runge–Kutta results on all conditions shown in

Fig. 5.

Amplitude–frequency responses are shown in

Fig. 5a and b with the base excitation amplitudes

ae = 0.1, 0.5, 1, 1.5 and 1.8. The system is unsta-

ble when ae[ 1.8. The steady-state amplitude, with-

out containing a0, is denoted as amp. The backbone

curves for resonance are shown in dashed lines. With

the Bouc–Wen hysteresis and the positive high-order

stiffness, the system presents a softening-hardening

behavior. The inertial acceleration enhances the

hardening behavior and leads to higher resonant

frequencies and larger resonant amplitudes. Resonant

frequencies and amplitudes with (denoted as ‘‘with

IA’’) and without (denoted as ‘‘w/o IA’’) inertial

acceleration are shown in Table 1. The inertial

(a) amplitude-frequency response, xs=zs=0
ae=0.1, 0.5, 1, 1.5, 1.8 in arrow indicated direction 

(b) amplitude-frequency response, xs=0.71, zs=0.03 
ae=0.1, 0.5, 1, 1.5, 1.8 in arrow indicated direction 

(c) dynamic equilibrium location, xs=0.71, zs=0.03 (d) phase trajectory at resonance

Fig. 5 Steady-state responses with different excitation amplitudes
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acceleration has limited influence on the resonant

frequency, and its influence on the resonant amplitude

depends on the excitation amplitude.

The dynamic equilibrium locations are shown in

Fig. 5c. With larger excitation amplitude, the dynamic

equilibrium location changes more dramatically.

Phase trajectories at resonance when ae = 1 with/

without the inertial acceleration are shown in Fig. 5d.

It is obvious that the main difference of the two rings

lies in the location rather than the shape. With inertial

acceleration, phase trajectory is no longer symmetric

about the origin point.

Dynamic equilibrium locations with 4 static equi-

librium states are shown in Fig. 6. They all satisfy

ain = 0.1 based on Eq. (41). With larger xs, the

dynamic equilibrium location is lower. When xs-
= 0.81 and zs = 0.016, the maximum value of |a0|

reaches the minimum, indicating the condition with

least deviation from the static equilibrium location.

The amplitude–frequency curves are almost the same

(root-mean-square difference is less than 0.1%) with 4

static equilibrium states.

5.3 Parameter analysis

This section investigates the dynamic effect of the

inertial acceleration with different system parameters

of k3, b and c. In order to cover more conditions,

parameter values in this section may exceed the

parameter space which is able to be achieved by the

system shown in Fig. 1. Determine the parameters as

d = 0.1, k5 = 0, b = c = 1 and ae = 1. The steady-

state responses with different cubic stiffness k3 are

shown in Fig. 7. The acceleration effect on zs changes

the amplitude–frequency responses in a similar way to

that on xs, so zs is set as 0 in Fig. 7a.

When k3 = 0.038, the steady-state response is

stable without inertial acceleration, while unsta-

ble with the inertial acceleration. It reveals that the

inertial acceleration weakens the stability of the

isolation system. With inertial acceleration, amp

increases dramatically and a0 decreases dramatically

at the resonance, and jump phenomena occur. With a

negative cubic stiffness, the inertial acceleration

decreases the resonant frequency and the resonant

amplitude. The dynamic equilibrium location reaches

the maximum around the resonance and decreases

gradually at higher frequencies. With a positive

stiffness, the inertial acceleration has an opposite

effect. A positive residual hysteretic force leads to a

positive overall deviation of the dynamic equilibrium

location regardless of the positive or negative high-

order stiffness. Without high-order stiffness (k3 = 0),

the inertial acceleration has no effect on the vibration

amplitude and a0 is independent of xs. The accelera-

tion effect on zs leads to a constant dynamic equilib-

rium deviation.

The equivalent damping ratio of the system

depends on b and c in the Bouc–Wen model.

Determine the parameters as d = 0.1, k3 = 5 9 10–3,

k5 = 10–4 and ae = 1. The steady-state responses with

different Bouc–Wen model parameters are shown in

Fig. 8. The equivalent damping ratio can be increased

by increasing b/c or b ? c. The higher equivalent

damping ratio leads to a smaller resonant amplitude

and a smaller variation of the dynamic equilibrium

location. In addition, the increase of b ? c enhances

the stiffness-softening behavior of the Bouc–Wen

Table 1 Resonant frequencies and amplitudes with different

excitation amplitudes

ae = 0.1 ae = 0.5 ae = 1 ae = 1.5 ae = 1.8

W/O IA

Frequency 0.87 0.68 0.58 0.53 0.53

Amplitude 0.49 1.18 1.87 2.57 3.20

With IA

Frequency 0.87 0.69 0.59 0.53 0.54

Amplitude 0.49 1.20 1.91 2.66 3.43

Fig. 6 Dynamic equilibrium locations with different static

equilibrium states
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hysteresis, and leads to the decreasing resonant

frequency.

6 Conclusion

This work focuses on the dynamic effects of an inertial

acceleration on a nonlinear vibration isolation system

with high-order stiffness and Bouc–Wen hysteresis. A

wire rope-based isolator is treated as a studied case.

Analysis and simulations are performed to determine

the static equilibrium states and the frequency

responses for various parameters. The key findings

are summarized as follows:

1. A semianalytical method is adopted based on a

harmonic balance method. The Fourier expan-

sions of high-order terms are calculated by a

proposed recursive method. The hysteresis-related

terms are calculated with an alternating fre-

quency/time domain technique. The proposed

method can be used to analyze nonlinear systems

containing both polynomial functions and multi-

valued implicit functions. The analytical results

(a)  amplitude-frequency response (b)  dynamic equilibrium location 

Fig. 7 Steady-state responses with different cubic stiffness

(a) amplitude-frequency response (b) dynamic equilibrium location 

Fig. 8 Steady-state responses with different Bouc–Wen model parameters
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are verified by numerical simulations imple-

mented by a fourth-order Runge–Kutta method.

2. An inertial acceleration affects both the static

equilibrium state and the dynamic response. Due

to the historical dependence of the Bouc–Wen

hysteresis, an inertial acceleration may lead to

diverse static equilibrium states with different

paths to the equilibrium. The static equilibrium

state is determined by the static equilibrium

displacement and the residual hysteretic force.

The inertial acceleration has separate dynamic

effects on the static equilibrium displacement and

the residual hysteretic force.

3. The acceleration effect on the static equilibrium

displacement leads to additional coupling stiffness

terms in dynamic equations and supplementary

super-harmonic components in frequency

responses. Specially, the effect results in even-

order stiffness from higher odd-order stiffness,

and thus the restoring force is no longer symmet-

ric. With a positive high-order stiffness, the

system tends to be harder with higher resonant

frequency and larger resonant amplitude. The

negative high-order stiffness leads to an opposite

trend. Furthermore, a static equilibrium displace-

ment has a significant influence on the dynamic

equilibrium location. With a positive high-order

stiffness and a positive static equilibrium dis-

placement, the dynamic equilibrium location

reaches the minimum around the resonance and

increases gradually at higher frequencies.

4. The acceleration effect on the residual hysteretic

force changes the amplitude–frequency responses

through additional coupling stiffness in a similar

way to that on the static equilibrium displacement,

even though the additional stiffness is not explic-

itly presented in the dynamic equations. A positive

residual hysteretic force leads to a positive overall

deviation of the dynamic equilibrium location

regardless of the positive or negative high-order

stiffness.
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