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Abstract In this paper, we focus on the global
existence—uniqueness and input-to-state stability of the
mild solution of impulsive reaction—diffusion neural
networks with infinite distributed delays. First, the
model of the impulsive reaction—diffusion neural net-
works with infinite distributed delays is reformulated
in terms of an abstract impulsive functional differen-
tial equation in Hilbert space and the local existence—
uniqueness of the mild solution on impulsive time inter-
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val is proven by the Picard sequence and semigroup
theory. Then, the diffusion—dependent conditions for
the global existence—uniqueness and input-to-state sta-
bility are established by the vector Lyapunov function
and M-matrix where the infinite distributed delays are
handled by a novel vector inequality. It shows that
the ISS properties can be retained for the destabiliz-
ing impulses if there are no too short intervals between
the impulses. Finally, three numerical examples verify
the effectiveness of the theoretical results and that the
reaction—diffusion benefits the input-to-state stability
of the neural-network system.

Keywords Infinite distributed delay - Input-to-state
stability - Existence—uniqueness - Vector Lyapunov
function - Impulsive reaction—diffusion neural network

1 Introduction

Due to wide applications in the field of secure com-
munication, image processing, pattern recognition, and
machine learning [5,12,16,24,25], neural networks
have attracted much interest of researchers whose
intensive efforts are oriented toward the dynamical
analysis of neural networks including stability, syn-
chronization, passivity, periodicity, among many oth-
ers [6,10,13,14]. Such analysis has also been carried
on various kinds of neural-network models such as
Hopfield neural networks, recurrent neural networks,
and complex networks. Among them, the dynami-
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cal analysis of impulsive neural networks is one of
the common interests since the impulse can either
force the neural networks to fall into the desirable
pattern or bring fluctuation to the neural networks.
How to establish the conditions between the impulse
and the continuous neural-network system for desir-
able properties has ignited plenty of valuable studies
[2,4,7,30,33].

When the electrons are moving in the nonuniform
electromagnetic field, the shift trajectory of the elec-
trons may show the diffusion phenomenon, so the
reaction—diffusion is introduced into the neural net-
works and various kinds of reaction—diffusion neu-
ral networks (RDNNs) are investigated. For exam-
ple, the global exponential synchronization in an
array of linearly diffusively coupled RDNNs was
achieved by the pinning-impulsive controller in [39].
The finite-time passivity and synchronization prob-
lems of coupled RDNNSs, generalized inertial RDNNSs,
and memristive RDNNs were addressed in [26,27,
31]. Recently, the research on genetic regulatory net-
works with reaction—diffusion terms has obtained many
remarkable results such as stability, state estima-
tion, and sampled-data state estimation [17,28,42],
to name a few. Among the studies of RDNNs, the
dynamical analysis of impulsive RDNNs (IRDNNs)
is one of the hottest topics and has also got fruit-
ful results such as [5,9,18,19,22,36] and references
therein.

On the other hand, the time delay is inevitable
in the implementation of neural networks, so the
dynamical analysis of IRDNNs normally involves the
finite delay or infinite distributed delay [4,5,11,19,
22,23,34]. For instance, the global exponential sta-
bility of Cohen—Grossberg-type IRDNNs with finite-
time-varying delays was studied in [19]. The synchro-
nization problems of IRDNNs and stochastic IRDNN's
with finite delays and infinite distributed delays were
addressed in [5,22]. In [4], Cao et al. investigated the
almost periodicity of fractional-order IRDNNs with
time-varying delays and proved the global perfect
Mittag—Leffler stability.

In the traditional stability analysis of neural net-
works, the states are usually designed to converge to
the equilibrium point. However, when the neural net-
works are affected by external input, the stability is
hardly achieved [13]. Therefore, the input-to-state sta-
bility (ISS), originally proposed by Sontag [29], is
employed to measure how the external input influ-
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ences the stability of the neural networks [1,13,40,44].
For instance, the exponential ISS issues of recur-
rent neural networks were solved by the Lyapunov—
Krasovskii function method and linear matrix inequal-
ities in [40]. The pth moment exponential ISS of
recurrent neural networks was established by the vec-
tor Lyapunov function in [13]. Note that the above-
mentioned works on ISS are concentrated on neu-
ral networks without impulses or reaction—diffusion
terms both of which can cause non-negligible influ-
ence in the neural networks. But there is less rel-
ative research on the ISS of IRDNNSs, because the
IRDNN:S, essentially an abstract impulsive differen-
tial equation with spatial operator in Hilbert space,
may explode at finite time under the spatiotemporal
external input; that is, the IRDNNs may not admit
a global solution which is fundamental for further
dynamical analysis including ISS. Thus, the primary
concern of this work is to establish the global existence—
uniqueness of the mild solution of IRDNNSs. For the
ISS analysis of the neural networks [21,37,41], most
of the existing works address the neural networks
with finite delays and the more challenging scenario
with infinite distributed delays is rarely treated since
the present states of the infinite delayed neural net-
works depend on all the history information so that
the cross-term with infinite distributed delays gener-
ated from the Lyapunov function is difficult to handle
with the reaction—diffusion and impulses existing in
the neural-network model, which further motivates our
work.

Motivated by the above discussion, this work inves-
tigates the global existence—uniqueness and ISS of
the mild solution of IRDNNs with infinite distributed
delays. The main contributions of this paper lie in the
following three aspects.

(1) The local existence—uniqueness of the mild solu-
tion on impulsive time interval is proven by the
Picard sequence and semigroup theory after refor-
mulating the neural-network model in terms of an
abstract impulsive functional differential equation
in Hilbert space.

(2) The diffusion—dependent conditions are estab-
lished to determine the ISS properties of IRDNNs
under the spatiotemporal external input and bridge
the local existence—uniqueness and the global
existence—uniqueness of the mild solution where
the cross-term of the infinite distributed delays is
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solved by the vector Lyapunov function and a novel
vector inequality. It shows that the ISS proper-
ties can be retained for the destabilizing impulses
if there are no too short intervals between the
impulses.

(3) Itis of interest to verify in the numerical examples
that the reaction—diffusion can force the trajecto-
ries of the neural networks to fall into ISS pattern
and the ISS properties can be retained under certain
impulsive perturbation.

The next sections are structured as follows. In
Sect. 2, some lemmas, definitions, and the neural-
network model are introduced. In Sect. 3, the well-
posedness and ISS of the mild solution are proven.
Section 4 proposes the numerical simulation of three
examples. Finally, some conclusions are given in Sect.
5.

Notations n = {1,2,...,n},a = (a,a,.. .,a)T
for a € R, I is the identity matrix, and N is the set of
positive integers. If A is a vector or matrix, A > 0 (or
A = 0) means that all elements of A are positive (or
nonnegative). For A = (a;j)nxn € R"*", we denote
Al = (|aij|)n><n, A* = diag(ai1, ax, ..., aum),
A] = A — A*, and Al 2 (tr(AAT))>. LP(J,Y)
denotes the space of Borel measurable mappings
{f(O}ies from J to Y with [,_, [ f(®)lydt < oo
where J/ C Rand p > 0. £ £ (L%(0))" is a Hilbert
space with inner product (z1, 22) = [, 2] (X)z2(x)dx
and norm |z|*> = |z|% = (z,2), where O =
xlx = (x2,x) " Ixgl < pe, 6 € gL A
function f: J — Y is piecewise continuous if it
has at most a finite number of jump discontinuities
onJ and f(tT) = f(@t) forallt € J. PC(J,Y)
represents the space of piecewise continuous func-
tions from J to Y and PC = PC((—o0,0], L).
PC’ = {f|f € PC and f(t) is bounded on (—o0, 0]}
with norm || f [l pes = SUP_s ;< [/ (1)]I. A function
z(t, x) is said to be piecewise continuous if z(f, x)
is piecewise continuous for all x € O. K repre-
sents the class of continuous strictly increasing func-
tion k : Ry — Ry with x(0) = 0. Ky is the
subset of C functions that are unbounded. A func-
tion B is said to belong to the class of L, if B(:, 1)
is of class K for each fixed + > 0 and B(s, 1)
decreases to 0 as + — oo for each fixed s >
0.

2 Model description and preliminaries

Consider the following IRDNNs with infinite dis-
tributed delays

i) _ x4 0 05X ) s
o c=1 oxg \ %is “ax, a;izi(t, x)

30y big fi G 0) + o i fi G =T x))
20 e [l kij(t =) £ (s, x)ds + i (2, x),
> 0, t ;ﬁ Ik,

Bt x) = 21 (1, %) + I Gi (1, ), k €N,

e))

where x € O, i € n, z;(t, x) is the state variable of
the ith neuron at time ¢ and space x, d;. represents
the positive transmission diffusion coefficient of the ith
neuron, Z c=1 ax ( ,gaz‘ a, x))represents the reaction—
diffusion term, a, > 0 stands for the recovery rate,
bij, cij, and e;; are the connection weight strengths
of the jth neuron on the ith neuron, f] stands for the
activation function, the delay kernel k;; is nonnega-
tive continuous function defined on [0, +00) and sat-
isfies that f0+°° kij(s)ds = 1 and there exists a pos-
itive constant € such that f0+°° e“kij(s)ds < +oo,
u; is the external input which satisfies the Dirichlet
boundary condition and sup,- la;(r, x)||* < +o0,
i,j € n. To prevent the occurrence of accumulation
points, the impulse time sequences are assumed to sat-
isfy0=1<t)j <th < <ty > +ooask - 400,
which are denoted by set .%. For any > 0, let % (1)
denote the set of all impulse time sequences in .% sat-
isfying #x — tx—1 > n for any k € N. The impulsive
function fik is continuous, i € n, k € N. Then, the
neural-network model (1) can be rewritten in terms of
the following vector form

B0 = V- (Do V2, X)) — AZ(1, x)
+Bf(z(t, X))+ Cf(z(t —1,X))
+ ' JEoK(t—s)f(5(s, x))ds
+iu(t, x), t € [te—1, tx),

Bty x) = 2067, %) + (2@, x)), k €N,

(2
where V-(DoVZ(z, x)) = (Zg | dxg (¢ 3z1(t x)) ’
Z— 1 ax (d ng Bzg)(ctg,x)))]",z = (21,22, - .. ,Zn) s A=
diag(ay, az,---,an), B = (bij))nxn» C = (Cij)uxns

E = (eipuxns K(5) = (kij(Dnxns f(2) = (f1(zn),
f) - @)’ )T 1) =

(TG, i), .. and o denotes

u—(ul uz,...

- nk(Zn))
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Hadamard product. The Dirichlet boundary condition
and initial condition, associated with (1) or (2), are
given by

Z2(t, x)|xes0 =0, t € R, 3)
2, x) =@, x) e PC’, 1 <0,x € O.

As standard hypotheses, we assume that

(H1) there exist positive constants /; such that
/i) = fiG)| <lil21 — 2,

(H2) there are positive constants r;; such that
121 + T G < rikl2al,

forany 21,22 € R,i € i, and k € N.

Define a linear operator

7 : (Hy(O)'N(H*O)" - L, D5 =V-(DoV3),

then 2 is an infinitesimal generator of a strongly con-
tinuous contractive semigroup S(r) on L [20]. So, the
reaction—diffusion with spatial derivative in the neural-
network model is treated as a linear operator in Hilbert
space, which enables us to reformulate the neural-
network model in Euclidean space into an abstract ordi-
nary differential form in Hilbert space. Then, we arrive
at an abstract formulation of the neural networks (2)—
(3) in the form of an abstract impulsive functional dif-
ferential equation+

ED — 92(1) — Az(t) + Bf (2(1))
+Cfz(t =) + [T E o K(t — 5) f(z(5))ds
+u(t), t € [fg—1, %),
2(t) = 2(t) + I (z()). k €N,
20 =¢ € PC’,
4)

where z(t) = Z(t,x) € L, f : L — L, u(t) =
ff(t,x) el I;:L— L, keN, and z9(0) = ¢ (9) =
(O, x) € PC’,0 € (—00,0].

Definition 1 An £-valued functional z(¢) is said to be
a mild solution of (4), if z(¢) satisfies the following
equation

@ Springer

t

2(t) = S(t — 10)$(0) — / St — 5)Az(s)ds

4]

t
+f St — s)Bf (z(s))ds
to
t
+ / St —s)Cf(z(s —1))ds
0]
t s
+f S(t—s)/ EoK(s—r)f(z(r))drds
o —0Q

t
+/ St —s)u(s)ds
to

+ Y St — (). (5)

o<ty <t

Definition 2 The mild solution of (4) is said to be

(i) input-to-state stable (ISS), if there exist functions
B e KL and «, y € Koo such that

a(lzO) = BUl@llpee. t=10)+ sup y([lu(s)|):

fo=s=t

(i1) integral input-to-state stable (iISS), if there exist
functions 8 € KL and «, y € K such that

t

a(llzOI) = BUl@llper, t—lo)+/ y (lu(s)Dds;

4]

(iii) e*-weighted input-to-state stable (e*’-ISS), if
there exist functions «, ay, ¥ € Koo and a con-
stant A > 0, such that

M0y (|21 < aa(ll@llper)
+ sup {7y ()}

to<s<t

Remark 1 Note that the IRDNNs (2)—(3) are reformu-
lated in terms of the abstract impulsive functional dif-
ferential equation (4) defined on Hilbert space after the
reaction—diffusion term is represented as the linear spa-
tial operator, so the mild solution and ISS properties are
also defined on the Hilbert space, and it is worthwhile
to mention that the existence—uniqueness and ISS of
(2)—(3) are equivalent to the existence—uniqueness and
ISS of (4). Besides, the overhead ISS properties defined
on Hilbert space also accord with the ISS properties of
impulsive delayed systems on Euclidean space in the
existing literature [8,38].
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Definition 3 Given a locally Lipschitz function V :
R4+ x £ — R4, the upper right-hand Dini derivative
of V with respect to system (4) is defined by

1
DVV(t,z) = limsup E[V(t +h,z+hG(t, z, u))

h—0t

=Vt 2l

where G(t,z,u) = Dz(t) — Az(t) + Bf(z(t)) +
Cfzt — )+ [' E o K(t —s)f(z(s)ds + u(t).

Lemma 1 ([3,13D)IfA = (aij)nxn € R"" witha;; <
0,i # j, i, ] € n, then the following conclusions are
equivalent.

(1) A is a nonsingular M-matrix.

(2) A is semipositive; that is, there exists v > 0 in R",
such that Av > 0.

(3) A~ exists and its elements are all nonnegative.

(4) All the leading principle minors of A are positive.

Lemma 2 ([15]) Let O be a cube |x.| < pc (¢ € q)
and let h(x) be a real-valued function belonging to
C l(O), which vanishes on the boundary 90O, that is,
h(x)|y0 = 0. Then,

2
f W2 (x)dx < pgf <ah(x)) dx, c €3. (6)
o o\ 0x¢

Lemma 3 Fork € N, the functions W = (wy, ..
H = (hi,....,hy)T € PC((—00, tx_11, R") are con-
tinuous on [ty—1, ty) and satisfy the following condi-
tions

DYW({) x AW () + BW(t — 1)

+ [ € — W (s)ds, ot <t <1,
DYH() =AH({t) +BH({t — 1)

+ [ €t — ) H(s)ds, 1 <1 < 1,

@)
where A = (a;j)nxn, 0ij = 0,1 # j, B = (bij)uxn,
bij > 0,4, €n, &) = (¢;j(s)nxn, ¢ij(s) =0, and

0 j(s)ds < +oo, i, j € ii. Then, W(t) < H()
fort < tr_y implies W(t) < H(t) forty—1 <t < t.

Proof Suppose that the conclusion is not true, there
exist: € n and 7 € (fx_1, t) such that

wi(f) = hy (1), DT wi(7) > DT h:(D), ®)

L] w}’l)Ty

and
w;(t) < h;(t), forallt <f{, i €n. )
However, it follows from (7) that
D+wl¥(tv) < alv.;w;.(tv) + Z alv.jwj(tv)
J#
n
+ D (b5, (F— 1)
Jj=1
t v
+ / G t —s)wj(s)ds)
—00
< a;;h;(f) + Z alvjhj (f)
Jj#
n
+ b5 (= 1)
j=1
l v
+ / clv./.(t —$)hj(s)ds)
= D+hlv.(tv), (10)

which contradicts (8). Hence, W(t) < H(t) forty_; <
t < tg. m]

Consider the following inequality

DVYH(1) = AH (1) + BH (1 — 1)
+ [ €~ H(s)ds, tim <1 <1,
H(@t) =461, 1t <t;_q,
(11)

where 2l = (@i )nxns @ij > 0,0 # j, B = (0ij ) nxns
bij >0,i,j €n, &s) = (cij(s))nxn’ Cij(s) > 0, and
f0+°° ¢ij(s)ds < +o0,i, j €n.

Lemma 4 Suppose that there exists a scalar o > 1
such that

+00
[Ql*—i—a(\_i’ﬂ—i—%-i—/ QZ(s)ds)]l—i— Ino 4 o
0

Tk — tk—1
(12)

then H(t) < 81 fort € (—oo, tx) and H(t;) < 21.

Proof From (12), we have

n 400
Gi+o Y aj+oy (bij +/0 Cij(S)dS>
j=1

J#i

@ Springer
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o _y (13)
- <0,
Tk — tk—1
for Vi € n. When t = 131,
yields

a simple computation

n

DYhi(t—1) = Z [aijhj(lk—l) +bjjhj(ti—1 — 1)
j=1

Tk—1
T / i (ti1 — $)h j(s)ds}

—00

n
< (SZ |:a,-j + bij
j=1

-1
+/ Cij(t—1 — S)dsi|
—00

+o0
=5 Z |:a,, + bjj +/ c,g,'(s)dsi| <0,

j=1

(14)

for Vi € n. Then, we can conclude that H (t) < 81 for
th—1 <t < t. If it is not true, there exist i € n and
f € (tx—1, 1) such that

hi(i) = 8, DY hy(i) = 0, (15)
and
hi(t) <8, forallt <7, i €n. (16)

However, it follows from (11) that

D hi(f) = azh: () + Zav h()
J#

Z[b B —
E v
+/ G, (t —s)h; (s)dsi|
—0o0
n i
<8y [a;j +b;; +/ c;j(f—s)ds]
— —00
j=1
n +00
<8y [a;j +b;, +/ c;j(s)ds] <0,
j=1 0

A7)

which contradicts (15). Hence, H(t) < 61 fort < t.

@ Springer

In the following, we will show that, for Vi € n,
hi(t,) < g if o > 1. For Vi € n, we denote the first
time when D h;(t) > Oon (tx_1, ) by f and f = #;, if
DTh;(t) < 0forall t € (t;_1, tx). Further, we denote
the first time when h; (f) < g on (tx_1, 1) by 7 and
f =1 ifhi(t) > & forallt € (t—1, t). Then, we
claim that # > 7. Suppose that it is not true, there exists
& € (1,0) such that DY h;(f) > 0 and h; (f) =
However, from (11) and H(¢) < 81 fort € (—o0, tk)
it follows that

D hi (D)
= a;;h;i (1) + Z a;jh; ()
J#i
n f
+ Z |:b,'jhj(f - 1)+ / Cij - s)h; (s)dsi|
j=1 o0
Sallv +82a11 +8Z|:bl] / CIJ([—S)dSi|
J#i -
é
- v{al, +o[2a,, £, +/ cij(s)ds)]}
7 J# Jj=1
<0, (18)

which is contradiction. Hence, 7 > 7. Furthermore, we
can show that h; (7, ) < g if f = #;. Otherwise, there
exists ¢ € (1, o) such that g < hi(t) <§fort_1 <
t <trand h;(t,) = g However, for t,_1 <t < t,

D hy(1)
= a;ihi (1) + Y ajjhj(t)
J#

n t
+ Z |:bijhj (t—1) +/ ¢j(t —s)h; (S)ds]
j=1 o
n t
5a,~,~h,~(z)+82a,~j+82[b,~j+/ C,'j(l—s)ds]
—00

J#i j=1

<h([)=all+a[2al1+2(blj +/ Cij(s)ds)]},

J#L Jj=1
(19)

which indicates that
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Ino .
- = {ﬂii-l-d[zaij

Tk — tk—1 i

n +00
+> (b +f cij(s)ds)]}. (20)
j=1 0

Since 6 < o, the inequality (20) contradicts with (13).
Hence, h; (1, ) < g iff = . Iff < 1, we can also
show that h; () < g for [f, t;); otherwise, there exists
i e [f, 1) such that D*h;(f) > 0 and h;(/) = 2.
However, from (11) and H(t) < 61 fort € (—o0, tg),
it follows that

DT hyi()
= a;ihi (1) + Y _ ajjh;(@)
J#L
n {
+> [b,-jhj(f— 7) +/ cij(i—s)hj(s)ds]
j=1 o
P n i
fuii;+82aij+82[bij+/ cij(tv—s)ds]
J#i j=1 o
5 n +00
:;{uii—i-o[Zuij—l-Z(bij +/ cij(s)ds):“
iF = 0
<0, 1)

which is contradiction. Therefore, h;(f,) =< g for
Vi e nifo > 1, thatis, H(t; ) < gl. The proof
is completed. O

3 Main results

In this section, the global existence—uniqueness and ISS
of the mild solution of the IRDNNS (4) are developed
by two steps. First, the local existence—uniqueness on
the impulsive time interval is established by the Picard
sequence. Then, the global existence—uniqueness and
ISS are obtained by the vector Lyapunov function, M-
matrix, the vector Lemmas 3 and 4.

3.1 Local existence—uniqueness

This subsection mainly concerns the local existence—
uniqueness of the mild solution of the IRDNNs (4) on
each impulsive time interval. First, let us consider the
following auxiliary equation

D — (1) — Az(t) + Bf (z(1))
+Cf @zt =) + [T E o K(t — 5) f(z(5))ds
+u(t), t € [tr—1, ),
2y = $k—1 € PCP,
(22)

where k € N. Accordingly, the mild solution of the
overhead auxiliary equation is defined by

z(t) = St — tr—1)Pr—-1(0)

! (23)
—}—/ St —s)F(s,z(s), u(s))ds,

Tk—1

where tp_1 <t < t, F(t,z(t),u(t)) = —Az(t) +
Bf () +Cf (z2(t—1)+ [ EoK (1—s) f (z(s))ds+
u(t). Then, we have the following proposition about the
existence—uniqueness of the mild solution of the aux-
iliary Eq. (22).

Proposition 1 If (H1) and (H2) hold, the auxiliary
Eq. (22) has a unique continuous mild solution on
[fk—1, ).

Proof From (H1), for arbitrary L), Z2 (x) € L, we
have

I ) — FE I
=Y [ 1o - ficerds
i-170

SN RCIEEE I
i=1

< Plz'(x) = 2013

(24)

where / = max;{/;}, which implies that

I F (2, 2(), u(®)|*

< 5nl|Al %1z + 5nl B2 f @)

+ 50| CI3I f (2t — )N+ 5llu)]?
t

5 / EoK(i —5)f(z(s))ds|

< Sllu®* + 5n(|Al% + 221 Bl llz(0)1I*
+10n2|C |31z — D)I1? + 10| E|| 20 (2(1))
+10n(| B3 + ICI% + IEIDIF O, (25)
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where

non t
O@Em) =YY" f kij(t = $)llzj(s)|*ds.  (26)

i=1j=1""

For any b € [tx—1, tx), we define the Picard sequence
as follows 2! = ¢y— form =0,1,2,...,2°(1) =
¢r—1(0) for ¢ € [tx—1, b], and

Z"(t) = St — tk—1)Pr—-1(0)

t
+/ S(t — $)F(s, 2"V (s), u(s))ds, (27)
tk—1

for t € [tr—1,b] and m = 1,2,.... When m =
0, zo(t) is obviously continuous on [fx_1,b] and
supy,_, <y< 127> < llgu—1ll2, ;- Combining (25),
we obtain

IF(t, 2°@), u)* < 5n(|Al% + 26I®)|Igr—1112

PC’
+ 100k L f (O 7 + 5u*,
(28)

where « = ||B|% + |C|% + |E|% and u* =
sup,- llu(t)||?, whichindicates that F (t, z0(s), u(s)) €
L%([1x—1, b], £). Therefore, z'(r) is continuous and
SUp;, | <s< Iz (s)]1* < oo for t € [tx_1, b]. Applying
the inequality (37, a;)*> < n Y/, a?, the Cauchy—
Schwarz inequality, Eq. (28), and the contraction of the
semigroup S(¢) yields

sup |lz'(s) — 229117

th—1 ==t
<2 sup [IS(s — tr—1)pk—1(0) — pr_1(0)]|?
k-1 =St
S
+2 sup || [ S —r)F(r,°0), utr))dr|?

tk—1=s=t th—1

< 8ligk—1130s + 2 — t5—1)

b
X/ I1F (s, 2°(s), u(s)) | *ds

Ix—1
< 8llge115,0 + 106 — 11
x [n(IAlF +26) | pr-1ll750n
+ 20| f O + ]
£ Cy, (29)
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In the following, we will show that z™ (¢) is continuous
on [#_1, b] and

sup  [l2"(s)]1*> < oo, (30)

th—1<s=t
ColM (1 — 1)1
m! ’
(31)

sup  [l2" T (s) — ")) <
fk—1=5=t

for m = 0,1,2,..., where t € |[t_1,b], M =
4n(b — t—)(|AlI% + k1%). When m = 0, 2°(t) has
been proved to be continuous, and (30)—(31) hold. Sup-
pose that z”(¢) is continuous and (30)—(31) hold for
m=0,1,2,..., p—1, we will show thatzk(t) is con-
tinuous and (30)—(31) hold for m = p. From (25), we
see that

IF(t, 2P~ (@), u())|?
< 5u* +5n(|AlF + 28I BIDIIP~ O
+ 10n2|ClI 7P~ @ — D)
+ 102 ENFO P~ (0) + 10nk | £(0) |

< Su* + 10nic]| £ O)|* + 10n& L | gg—1 110

+5n(|AlI% +2cl®)  sup 2P ()11,

th—1 <=t

which indicates that F (¢, zP~1(s), u(s)) € L*>([tx—1, b],
L). Therefore, z”(¢) is continuous on [fx_1, b]. By

the inequality (3°7_; @;)*> < nY_!_, a?, the Cauchy—

Schwarz inequality, (H2), Eq. (25), and the contraction

of the semigroup S(¢), we have

sup  [lzP ()17

th—1 =St
<2 sup  [ISG — f_Ddr—_1 0]
Ik—1=s=t
N
+2 sup || SGs—rF@ P @), uer)dr)?

tk—1=s<t Jir_

< 20111500

F2b—n_y)  sup f IF G 22V, u(r)) | 2dr
1

t—1 <8<t J1p_1
< 20 k—1l1500 + 10 — t5—1)*u*
T 20nk (b — 1521 £ O) ]2

N
+10n(b — _DIIAI%  sup / 2P~y 1Par
1

tk—1=S=t Jtr_1

+20n(b — DI B3
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s
sup / lzP =Y )I%dr
1,

k-1 =S=I Jt}—|

+20n(b — s DEICI3

S
sup / 2P~ — o)) 2dr
1

Ik—1=S=I J1}—|

+200b — 5 DIPIEN

sup /S OGP~ r)ar
1

th—1 St J1 |
< Co+10n(b — D> (AT + 2«1%)

sup (127 (o)1?

tr—1 =St
< 00, (32)
sup  [12PH(s) — 2P ()12
t—1<s=t
S
= sup || SG—nIFr 2" ¢),u@r)

tk—1 ==t tk—1

— F(r, 277V, uGr))ldr)?

)
<(b—1-1) sup /
1

tk—1=s=t Jtp_1

IF(r, 2P (r), u(r))
— F(r, 277N, u(r)) | 2dr

N
54(b—fk71){ sup /
Ir—1=S=t J1}—|

+ sup / IBLf P (r) — fEP~Larn1Pdr
1

tk—1=S=<t J1p_1

IAGP () — 2P~ () | 2dr

+ sup f ICLF P (r — ©))
1

lk—1=S=1 J1—

— f@ 7 o = o1Par

) r
+ sup / ||/ EoK(r—v)x
th—1=S=<t J1} | —o0

[f(zP () — f(P! (v»]dv||2dr}
<4(b— fkfl){n(”A”%: +21BI% + P(CI%) x

t
—1 2
f sup  [lzP(v) — 2P ()| “dr
tg—1 lk—1=V=r

+2|E|%  sup

lhk—1<S=t

/ o) — ! (r))dr}
tk—1

t
<M sup
k-1 =1 =V=r

— 27w Pdr

LColM(r — ty—y)1P~!
fe—1 (p—D!

_ ColM(t — 1P
e

2P (v)

=M dr

(33)

Hence, (30)-(31) hold for m = p. By mathematical
induction, z"(¢) is continuous on [f;_1, b], and (30)—
(31) hold for all m = 0, 1,2, .... Combining z;/ , =
dr_1 forallm =0,1,2, ..., and Z°° ColM bt )7
< 00, we find that the sums

k—1

Foy="0+ ) @) - ") (34)

m=0

are convergent uniformly in ¢ € (—o0, b]. Denote the
limit by z(#), which is clearly continuous on [#x_1, b].
Note that

t
f St —s)F (s, 72" (s), u(s))ds
Tk—1

t 2
—/ St —s)F (s, z(s), u(s))ds

k-1

t
<40 — tk1){ / IAGE"(s) — z(s))|I*ds
tk—1

t
“
th—1

t
4 / ICLF " (s — 1)) — f(z(s — THIIPds
-1

IBLf(Z"(s)) — f(z(s)]I*ds

Hf EoK(s —n)lf(" (1)

— f(z(r)]dr]|? ds}

<M@b—t_1) sup 2" (s) —z(s)]1?

f—1<s<t

(35)

as m — o00. Hence we can take m — o0 in (27) to
obtain the relation

z(t) = St — ti—1)¢x—1(0)
t
+/ St —s)F(s, z(s), u(s))ds,

Tk—1
for f;_1 <t < b as desired. From the arbitrariness of
bin [tx_1, tg), z(¢) is the unique mild solution of (22)
on [tx—1, ). O

Remark 2 The existence—uniqueness of the mild solu-
tion through the bounded initial condition determined
by Proposition 1 corresponds to the local existence—
uniqueness of the mild solution of (4) on every impul-
sive time interval, which will be derived in the next
subsection. And it is straightforward to have the fol-
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lowing results on [fy, #1) by Proposition 1 under the
fact that zo = ¢ € PCP.

Proposition 2 [f (HI) and (H2) hold, the IRDNNs (4)
have a unique continuous mild solution on [to, t1).

3.2 Global existence—uniqueness and ISS

This subsection will establish the global existence—
uniqueness and ISS of the mild solution of the IRDNN's
(4). A further assumption is made as follows:

(H3) £(0) =0.

Theorem 1 Assume that (HI1)—(H3) hold. Then, the
IRDNNs with infinite distributed delays (4) have a
unique global mild solution and are ISS, iISS, and ™ -
1SS overthe class F (n), if A+ A—|B|*L—o (||B|1+

|IC|+ |EDL — IHT‘TI is a nonsingular M-matrix, where

d g g  dn _
A= dzag(Zg 1,,2;’ g:lp_gg"" = lpg)L—
diag(ly, lr, --- , 1, ) and o = max; i {rig, 1}.

Proof Since A+A—|B|*L—o(l|B|1+I|C|+|E|)L—
1“7" I is anonsingular M-matrix, it follows from Lemma

1 that there exists v = (vi,vp,..., vn)T > 0 such
that [A + A — |B|*L — o([|B|] + |IC| + |E|)L —
1“7“] Jv > 0. Then, there exist positive constants p; =
v; /(min; (v;)) > 1,i € n such that, for Vi € n,

d c Ino
Z_z_ai+_+li|bii| pi
=1 Ps "

n
+o [ Y Lipilbijl + ) Lipjlcijl

J#i j=1

n
+lepj|eij| < 0. (36)

For t > 0, let us consider the following function

q
d; Ino
ni@,»):m—zi—a,wwuw—
s=1"¢
+ _lel’ﬂblﬂ + _lepjlcl]|e i
J?ﬁl j=l1

+
o .
+ — E lej|€ij|/ kij(s)e’\"vds,
pi o 0

(37)
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wherei € in. Combining (36), we obtain that /7; (0) < 0
and I7;(A;) is continuous and monotonous on [0, b),
furthermore, I7;(X;) — +oo as A; — b where b > ¢
is the explosive point or b = +o00. Thus, there exists
a constant )\? € (0, €) such that IT; (A?) < 0. If we
denote A0 = mini{k?}, then I7;(1%) < 0 for Vi € n,
which further implies that

|:A01 — P+ O+ o (|Q] + R

+00 0 Ino (38)

+/ A(s)e” ‘Yds)]l + T1 <0.
0

where’3 = A+A,Q = P~ '|B|LP,% = P~ |C|LP,
Rt —s) = P YE|ILP o K(r — s), and P =
diag(p1, - pn)-

Given ¢ € PC?, we write z(t) = z(; ¢) and define
the vector Lyapunov—Krasovskii function candidate by
Vi, z(t)) = (Vi(t, z1(1)), Va(t, 22(1)), .. .,
and V;(t,2i(t)) = p;'lzi(®l. For t € [fi_1. 1),
k € N, the upper Dini derivative of Vi2 with respect
to (4) is calculated by

DTVA(t, zi (1))
7.9
—2pl <Zz(t) Zax (

+ Zbi,-f,-(zja)) + Zczjf,-(z,-(r - 1)

=1 i=1

BZz(t X)) . a-z'(t)

X

n t
+Zeij/ kij(t—S)fj(zj(S))dS+ui(t)>
j=t 0T

o [ £ o
S

+ (—a;) / (zi (13 x))?dx
(@)

+Zbi,-/Ozia;x)fj(zj(r;x))dx
=1

+Zcij/OZi(t§x)fj(Zj(t_T§x))dx
j=1

n
+Zeij/ zi (15 x)
=1 7@

t
/ kij(t — ) fi(z;(s; x))dsdx

Valt, za()T
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6
+ [ st nunds £ 2572 Y 000,
m=1
(39)

From the Green’s formula, the Dirichlet boundary con-
dition (3), and Lemma 2, we get

O1(z(1))

dz;(t; q
=/ zi(t; x)V - (a’ig i x)) dx
@ axg c=1
dz;(t; q
:/ V. <z,-(t;x)d,~§ i X)> dx
@ 8x§ c=1
dzi(t; q
_/(V.Zi(t;x))<di§ L x>> dx
@ axs‘ =1
9zi(t: q
=/ <Zi(t;x)dig al x)> -ndx
90 8x§ ¢c=1

q 2
0z; (t;
_2/ d,-g< Z’a( x)) dx
=170 s

q
d.
<=2 % [ @
= r2lo

(40)

where - stands for the inner product, n stands for the out-
ward unit normal field of the boundary, and V stands for
the gradient operator. By the virtue of Holder inequal-
ity, we have

O3(z(1))

< Ibijl /O |2i (25 )11 £z (15 ) |dx

j=1

n 1

2

521,|b,-,-|</ Izi(t;x)lzdx)
j=1 ©

(/O 12, x>|2dx)2 , @1)

O4(z(1))

< ZIQ‘,’I/ |zi (8 )| f(zj (& — 75 x))|dx
j=1 ©

1

n
2
< lelcijl (/O |Zi(t;x)|2dx>
j=1

%
([O|z,,»(r—r;x)|2dx) , (42)

Os(z(1))
=< ij it
—;'e"/o'“ X)|

t
/ kij(t — )| fj(z;(s5x))|dsdx

—0o0
n ‘
=Yt [ e =
j=1 o

[OIZi(t;X)IIf,,'(ZJ(S;X))Idxds

n 1
2
§sz|eij|</ |Zi(t;x)|2dx>
— o
]_
1

. 1
x/ kij(t —s) (/ Izj(s;x)lzdx>2ds, (43)
—00 O

Bp(z(1))

; !
s(/ |z,-<r;x)|2dx> (/ |u,-<r;x)|2dx> :
O (@)

(44)
From (39)—(44), we see that

DTVA(t, z; (1))

1
2
<2p;? < / |zi<r;x)|2dx)
O
q 1
d; 3
x{ —Zl—g—ai (/ Izi(t;x)|2dx)
pflr o
n 3
+sz|bi,~|</ |z,»(r;x>|2dx>
1 o
J
" 3
+ lelc,-ﬂ (/ |zt — t;x)|2dx>
j=1 %

n t
+le|eij|/ kij(t —s)
j=1 -

%
(/ |zj(s;x)|2dx> ds
O
1
+</ |u,-(r;x>|2dx) } 45)
O

@ Springer



1744

T. Wei

which indicates that
DT Vi(t, zi (1))

-1 ! dig
=p; _Z__ai

1
2
(/ |zi<z;x>|2dx>
ol Pg (@]
" }
+Zl,-|bz-j|</ |z,»<r;x>|2dx)
j=1 ©
" 5
+sz|c,-j|<f Izj(t—t;x)|2dx>
j=1 o
n t
+le|€ij|/ kij(t —s)
j=1 -

3
(/ |zj(s;x)|2dx> ds
O
3
+</ |u,-(t;x)|2dx> }
O

piVi(t, z; (1))

n
+ Zl./lbi./ lpjVj(t, z;(1))
j=1

n
+ > Lleijlpi Vit — T2t — 1)
j=1
n t
+le|€ijlpj/ kij(t—S)Vj(s,Zj(S))dS}
j=1 *

+ ui DI, (46)
Hence,

DYV (z,z(1))
< P (—=A— A+ |BIL)PV(t,z(1))
+ P YCILPV (I =1, 2(t — 7))

t
+ P! / |E|LP o K(t — s)V (s, z(s))ds

+U(1), (47)

where U (1) = (|lui ()], w2 (@], - ... un()])". When
t = t, k € N, it follows from (H2) that V (¢, z(fx)) <
oV(t, ,z(t,)). Thus,

@ Springer

DYV, 2(1) < (=B +QV(,z(t)
+RV (1 — 1,200 — 1) + [' Rt — )V (s, 2(s))ds
+U(2), t € [tg—1, 1),

Vi, 2(0)) S oV, 2(t0)), k € N,

Vm < 501,

(48)

where 89 = max;{p; | |l pes ). When 1 € [19, 1), the
unique mild solution of (4), which is continuous on
[to, t1), exists from Proposition 2. If we define wle) =
MVt 2(0) — [ Us)ds for g < t < 1 and
Wl(t) = V(t, z(r)) for t < tg, it yields, for € [tg +
T, +00) N [ty, 1), that

DYW ()
=9V (1, 2(1) + T DTVt 2(1) — U (1)
<00 =P+ eV, z(t))
F RVt — 1, 2t — 1))

t
+ek°f/ Rt — )V (s, z(s))ds
<00 =P+ DV, z())
n sﬁelofe)‘o([_r)‘/(t —1,72(t — 7))
I
+ / ’ At — ) IV (s, 2(5))ds

—00

t
—i—/ At — s)e)\o(t_“)e)‘osV(s, z(8))ds
I

0

t

=0T P+ [Wl(t) +/ eAOSU(s)ds]
to

I—T

T+ Rt [W‘(z—r)—i—/ e*OSU(s)ds}
0]

1o
+ / At — ) TIOW (5)ds

—00

! 0
+ / Rt — s)er 19 [W‘ (s)
1o

+ f ' eAO’U(r)dr} ds
0]
<O — P+ DWW (1) + R TW (¢t — 1)
t
+ / At — )™ OW(5)ds
—00

+ [AOI — P+ Q+ R
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t
—|—/ At — s)e)‘o(’_s)ds]
—00

"o
x/ e SU (s)ds,
1

0

From (38), we get
|:AOI — P+ QA+ R
! 0
+/ At — s)e* ““Y)ds:|1 <0,
—0oQ

which further implies that

DTW'(1) < AT =B+ QW' ()
+ R TW( — 1)

t
o
—0Q

Likewise, for r € (—o0, tg + ) N [to, 11),

At — ) IW! (5)ds.

DYwWl)

(49)

(50)

(51

= 2%V (1, 2()) + ¢ DYV (1, 2()) — U (1)

< OO =P+ DV, z(1))
+ RV (-1, 20t — 1))

t
+em/ Rt — )V (s, z(s))ds

<00 =P+ V@, 2()
+ RV — 1,21 — 1))

4]
+/ At — ) OV (s, 2(s))ds
—00

t
—i—/ At — s)e)‘o(t_‘v)eAOSV(s, z(8))ds
I

0

t
=0T -pP+9) [Wl(t) +f U (s)ds
1

0

+ R TWH(E — 1)

0]
+ / At — ) OW (5)ds
o0

! 0
+ / At — s)e* 9 [Wl(s)
1

0

N
+/ e)‘orU(r)dr:| ds
1

0

]

<O — P YWLE) + R TWL(1 — 1)

t
+ / At — ) IW (5)ds
—00

t

+P%—m+ﬂ+/

—00

At — s)e)‘o([_s)dsi|

¢ 0
x/ S U (s)ds
fo
LT =P+ W) + R TW (- 1)

t
+ / At — ) TIW! (5)ds. (52)

Therefore, W' (¢) satisfies the following inequality

DYWL(t) < 00T — B+ QWL (1) + R T Wit — 1)
+ 1 R =) OW(s)ds, 1 € [0, 11),
Wt:) < 8ol.

(33)

Based on Lemma 3, we derive the following compari-
son system

DYH' (1) = 01 — P+ DH (1) + R TH (1 — 1)
+ [ R =) I H (5)ds, 1 € [19.11).
Hl = (80 + o)1,

(54)

where ¢ > 0. From Lemmas 3, 4, and (38), one has
that Wl(r) < H'(t) < (80 + &)1 for t € [to, 11)
and Wi(r;) < HY()) < 60:8 1. Considering the
arbitrariness of &, we obtain that W!(t) < 8ol for

t € [ty, t1) and Wl(tl_) < i—“l as ¢ — 0. Therefore,

V(t, 2(t)) < Soe "1

t
~|—/ e—AO(’_S)U(s)dS, t € [0, 1),
1

0

8 f
Vit z(1) < 0,27 4 / e~ =91 (5)ds.
o 10

(55)

When ¢t = 1;, we have

5l
Vit z(t) s Soe 11 + a/ eiko("*S)U(s)ds.
4]

(56)
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Combining the definition of the mild solution, we have
that the mild solution of (4) exists on [fg, #;] and satis-
fies that

Vi, z(1))

t
< 8067)‘%1 +o / ef)‘o(tfs)U(s)ds

fo

(57)

t
< |:8()e_)‘0t~|-0 / e_)‘o(’_s)||u(s)||ds:|l,
fo

for t € [tg, t1]. Suppose that the mild solution of (4)
exists and satisfies (57) on [fg, t,;;], then we will show
that the mild solution of (4) exists and satisfies (57) on
[to, tm+1]. From (57), we see that, for t € [tg, t;,],

0 ¢ 0
lzi (Il < p*oe ™" + p*o f e lu(s)|ds
1o

*
o
< p*s0e " + L sup u()]) < oo,
AV >t

(58)

where p* = max;{p;}, which leads to that

1

n 2
||z<r>||=(2||zi(r>||2) <00, t €l tul.  (59)
i=1

Combining the initial condition z,, = ¢ € PC’, we
obtain that z;,, € PCfm. From Definition 1, it follows
that the mild solution of (4) on [#,,, t,,+1) is defined by

z(t) = St —10)¢(0)
t
+ / St —s)F(s,z(s),u(s))ds
1

0

+ Y St — 1) I(z(t)

k=1

=S@ — tm){S(tm —10)¢(0)

Im
—|—/ Sty —$)F (s, z(s), u(s))ds
I

0

+ Z S(ty, — tk)lk(z(tk))}
k=1

t
+ / St —s)F(s,z(s), u(s))ds
Im

= S(t = tm)z4,,(0)

@ Springer

t
+ / St —s)F(s, z(s), u(s))ds. (60)
Im

One can find that the mild solution of (4) on [#,, ty+1)
is exactly the mild solution of the auxiliary equation as
follows

LD = 2(1) + F(t, 2(1), u(s)). 1 € [tmy 1)
2, € PCY .
(61)

From Proposition 1, the overhead auxiliary Eq. (61) has
aunique continuous mild solution on [#,, #,,+1); that s,
the unique mild solution of (4) exists and is continuous
on [ty, tm+1). Define

Wm+l(t) _
Vit z(1)), for t < tg;
V(1,2 (0)), for f < 1 <t}
eAOTV(t, z(t)) — ft; e)‘OSU(s)ds, for ty <t < tyy1.
(62)

Fort € [t,, + 7, +00) N [ty tm+1), We have

D+Wm+l(l‘)
< 0O =P+ )V, (1)
TR T OV 12— 1))

]
+ / At — ) IV (s, 2(5))ds
—00

tm
+ / At — ) 95V (s, 2(5))ds
1

0

t
+ / Rt — s)e)‘o(t_s)eAOSV(s, z(s))ds
t"ﬂ

t
=0T -pP+9Q) [W’"“(t) +f e)‘OSU(s)ds}

Im

-7
T MMt [Wm+1(t—r)+ / eAOSU(s)dsi|
tm
In) 0
+ / At — s)e* TIOWMTL(5)ds
—00
tm
+ / At — ) O WwmH (5)ds
1o

t
+ / At — 5)* I WM+ ()
tm

N
+ / AU (r)drlds
t

m
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<07 =P+ QW) + R TWMH (1 — 1)

t
+ / At — ) O WwmH (5) g (63)
—00

Fort € [ty + , tyy + T) N [tm, tm+1), We have

D+ Wm+1 (t)
< 0 =P+ )V, (1)
+ ROV — 1 2t — 1))

10
+/ Rt — )" IV (s, 2(5))ds
—00

Im
i f At — )™ 925V (5, 2(5))dss
1

0

t
i f At — )™ 925V (5, 2(5))ds
tm

t
=W —Pp+9) [W’”“ (1) + / e)‘OSU(s)ds:|

Im
+ %ekor Wm+1 (t—1)
o 0
+ / Rt — s)e* TOW T (s5)ds
—00

Im
+ f At — 5)e O WwmH gy g
1

0

! 0
+/ At — s)er 1 [Wm“(s)
Im

+ / eAOrU(r)dri| ds
tm
< OO — P+ QW) + ReM W (1 — 1)

t
+ f At — ) OWmH (6)ds. (64)

—00

Fort € (—o00, 9 + 7) N [tim, tym+1), we have

DTwW" ()
< OO =P+ DV, z(1))
TRV — 1,21 — 1))

1o 0
+f At —5)e" IV (s, z(s))ds

—00

n
+/ At — 5)e* 95y (s, 2(s))ds
I

0

t
n f At — )M IV (5, 2(s))ds
tlll

t
=07 —P+9) [W’"“ () + / e*OSU(s)ds}
1,

m

T+ R TWIHL (¢ — 1)

0]
+ / At — 5) = WwmH () g
—00

tm
+ / At — ) O WmH (5)ds
1

0

t
| &4 — 5t [W’"“(s)

tm
S0
+f e rU(r)dri| ds
tm
<007 — B+ QWL () + RMTWH (1 — 1)
t
+ / At — ) O WwmH (5)ds. (65)
—0o0

Hence, W1 (1) satisfies the following inequality

DTW™ (1) < W1 — P+ QW™ (1)
R TWIH (1 — 1)
+ [ R — ) COWmH (5)ds,
t € [tm, tmt1),

Wt < 8,1,

(66)

where §,, = 8o + o ftf)"’ e*os||u(s)||ds. Similarly, we
derive the following comparison system

DYH™ (1) = 00T — P+ QH"T (1)
R TH T (1 — 1)
+ 1 R(t — 5)e ) Hm (5)ds, (67)
t € [ty, tmy1)s
H' = 8 + o)1,
where ¢ > 0. Then, it follows from Lemmas 3, 4, and
(38) that Wt (t) < H" (1) < (8, + €)1 for ¢ €
[t ) and WH @y < H P ) < 22t

o

As ¢ — 0, we see that (57) holds on [#,, t,,+1) and

Vit 12, 1))
8 Im+1 i
< [—Oe”’mH +/ e)‘o(””“A)||u(s)||dsi|1.
o to

(68)

Combining Definition 1 and V (fj,4+1, 2(tn+1)) <

oV, 1,2, 1)), we have that the mild solution of
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(4) exists and satisfies (57) on [fg, t,,,+1]. By the mathe-
matical induction, the IRDNNSs with infinite distributed
delays (4) have a unique global mild solution, which
satisfies (57) for t > 1.

Then, we will show that the mild solution of (4) is
ISS, iISS and e*’-ISS. From (57), a simple computation
yields

llzi (1)1

t 2
< (p*aoe”’ + pto / e*"“”nu(s)nds)
0]

S 2(p*80)28—2)»01

t 2
+2(p*o)? ( / e_)‘o(’_s)||u(s)||ds) . (69)
)

Hence,

lzi (1% < 2(p*80)2e 2

2
t
+2(p*0)? / e sup [lu(r)|ds
1 O<r=t

930
<2p") Nl pre

2(p*o)?
o e, ()11, (70)

which further implies that the mild solution is ISS with

als) = 52, B(s.1) = 2n(p*)2se " and y(s) =
2n(p*o)2s?

T Applying the Cauchy—Bunyakovsky—Schwarz

inequality to (69) yields

lzi (1> < 2(p*8p)2e 2"

t t
1 2(p*o)? / e~ 2= g f lu(s)|12ds
fo fo
130
<20l 5me "
(p*o)* [
+3 lu(s) | *ds, (71)
0]

which further implies that the mild solution is iISS with
als) = 52, B(s, 1) = 2n(p*)2se7210’, and y(s) =
”“’;O") 2 LetA0 = Al + 22,4 = (A + A%)/2, and
21 A% A, A* > 0, we can derive that

Iz ()12 < 2(p*80) e 2" +2(p*0)>

t
1
x/ e =9y
0]

@ Springer

t
[ e iPas
0]
S 2(p*30)2e—()\+)n*)l
(P*0)? 1 oy
+tg [ e A=) 1w (s) 1 ds,
fo

(72)
which further implies that

At 2
e"zi (0l

< 2(p*80) +

* \2 t
(p)LT) /E—A*(I—s)e)»s”u(s)nzds

* \2
L up (M I}

<200 + S .
<s<t

(73)

Hence, the mild solution is e*-ISS with a1 (s) = s2,
* 2

as(s) = 2n(p*)?s?, and y (s5) = "(fl;) s2. The proof

is completed. O

Remark 3 Note that many researchers have studied
the asymptotic behavior of IRDNNS, such as stability
and synchronization [5,19,36], based on the assump-
tion of the existence—uniqueness of the solution. From
the deduction process of Theorem 1, we see that the
global existence—uniqueness of the mild solution is
established by the local existence—uniqueness on every
impulsive time interval and the moment estimate for the
ISS properties on the entire time interval. Therefore, the
global existence—uniqueness of the mild solution pro-
vides fundamental support for asymptotic analysis of
IRDNNS.

Corollary 1 Assume that (HI)-(H3) hold. Then, the
IRDNNs with infinite distributed delays (4) have a
unique global mild solution and are ISS, iISS, and eM-
ISS over the class 7 (n), if one of the following condi-
tions holds:

(H4) there exit positive constants p; such that, forVi €
n,

q
Z_zg_ +_+lz|bu| Pi
=1 Ps n

n
D Lipjlbijl + > Lipjlei]
J#

j=1
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n
+lepj|e,'j| < 0.
Jj=1

(H5) forVi en, x; =
0 and

q dig . h.. Ino
c=1 ¥+al_ll|bll|_7 >

ol; -
max —= | D 1bjil + 3 (il +lejil) | < 1
LEr i vy ;

J# J=1

(H6) forVi € n, x; > 0and

n

o

Z—X,[Z(ljlbijl +0lbjil) + Y 1 (eij| + leij])
thj =1

n
+Zli(|cji| + |€ji|)] <1

J=1

(H7) I' = A+ A—|BI*"L —o(l|B[1+|C|+|E])L —
lnTJI, I = WVijdnxns Vi > 0,5 < 0,0 # J,
:=(ij)nxn, pUT) < 1, where p(IT) denotes
the spectral radius of I1, and

o — {0, i=j,
Y VijlYii» 1 # J.

Proof Each of (H4)-(H7) impliesthat ' = A + A —
|B|*L —o (||B|] +|C|+|E|)L—h‘T”IisanM—matrix
[32]. O

Remark 4 Note that the ISS conditions of Theorem 1
and Corollary 1 are diffusion—dependent, and the big-
ger the transmission diffusion coefficient is, the more
easily the IRDNNSs fall into ISS pattern. This implies
that the reaction—diffusion along with the Dirichlet
boundary condition benefits the ISS of IRDNNs, which
will be also verified by Example 1 and Remark 9.

Remark 5 In most of the existing works on impul-
sive delayed systems [8,38] and IRDNN s [5,22,33,41],
the scalar Lyapunov function is usually employed to
achieve the ISS or stability properties, during which the
cross-terms of the present states, the past states, and
the external input are inevitably amplified. Here, the
cross-terms are handled by vector Lyapunov function
and M-matrix method, so the amplification is avoided
to reduce conservatism. Compared with the ISS anal-
ysis of delayed neural networks via vector Lyapunov

function [13], the infinite distributed delays are addi-
tionally considered in the neural-network model and
effectively handled by a novel vector inequality.

Remark 6 Compared with the existing works on the
ISS of neural networks without impulses [13,40,44],
the established results indicate that the ISS properties
can be retained even though certain impulsive perturba-
tion exists in the neural networks, which is also illus-
trated in Example 2 and Remark 10. Compared with
the ISS analysis of IRDNNSs [41], the impulses are not
restricted to satisfy ) 7 Inox < oo where oy are the
impulsive coefficients. Therefore, the obtained results
are more general and efficient.

Remark 7 Note that most of the existing works on ISS
analysis of the impulsive nonlinear systems [8,38,43]
are usually discussed under the condition of average
impulsive interval (All) or average dwell time (ADT).
Correspondingly, the established results verify that ISS
properties of the IRDNN s can be retained for the desta-
bilizing impulses if there are no too short intervals
between the impulses instead of AIl or ADT condition,
which shows the difference of the results.

When (¢, x) = 0, the IRDNNs with infinite dis-
tributed delays (2) become the following system

BUY) — v (Do Vi, x)) — AL(1, x)
+B G, x) + CFG( —1,x))
+ [ EoK(t—s)f (s, x)ds, t € [te—1, 1),
Bty x) = 2067, %) + (Bt x)), k €N,
(74)

with Dirichlet boundary condition and initial condition
(3). The corresponding abstract equation of the neural
networks (74) is defined by

LW — P2(1) — Az(t) + Bf z(1)) + Cf (z(t — 1))
+ [ S EoK(t—s)f(z(s)ds, t € [tr—1, 1),
() = z(t) + Ie(z()), k €N,
z0=¢ € PC’.
(75)

Then, the ISS properties degenerate to the follow-
ing exponential stability of IRDNNs with infinite dis-
tributed delays.
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0.6

0.4

2(t, 21, 1)

Fig. 1 The trajectory evolution of z(#, 1, x2) and z(¢, x1, 1) of
impulsive reaction—diffusion system (76) in Example 1

Corollary 2 Assume that (HI)-(H3) hold. Then, the
IRDNNs with infinite distributed delays (75) have a
unique global mild solution and are exponentially sta-
ble over the class % (n), if A+ A—|B|*L—o (L|B|1+
|IC|+|ENL — IHTGI is a nonsingular M-matrix, where

. d d d
A:dzag(ZZ.zlpLg, L SRR a Lgf),L=

c=I E’ 4 s=1"7p
dlag(lla l27 R ln): andU = maxi,k{rik7 1}'

Remark 8 Compared with the stability analysis of
reaction—diffusion neural networks [15,23,32,35], the
impulsive perturbation is considered here. From Corol-
lary 2, we can see that the stability can be retained under
certain set of the impulses, which is also illustrated in
Example 3 of the next section.

4 Numerical examples
This section provides three numerical examples to illus-

trate the effectiveness and advantage of the theoretical
results.

@ Springer

Example 1 Consider the following scalar impulsive
reaction—diffusion system with infinite distributed delay
on square domain

ot ax?
+bf (z(t, x1, x2)) + cf (z(t — T, X1, X2))
+e [L o k(t —5) f(z(s, x1,%2)
Hu(t,x1,x3), t >0, t € [ty—_1, t),
2, x1, x2) = rz(f , x1,x2), k € N,

2 2
dltax) — g 4 337) z(t, x1, x2) — az(t, x1, x2)
2

(76)

with Dirichlet boundary condition and initial condition
z(t, x1, x2) = cos(mwxy/4) cos(mxz/4) for =5 <t <0
and z(¢, x1, xp) = 0 fort < —5 where (x1,x2) € O,
g =1{1,2}, pr =pp=2,d =11/5a =0,b =
c =1/5 e = 1/6, k(s) = €°, f(s) = tanh(s), and
u(t, x1,x2) = sin(¢mw/2) sin(x17w/2) cos(xamw/4). The
impulsive sequence is given by r = v/2, 1, =k, = 1,
k € N. A simple computation yields

1 1 Inr
dl—s+—=5)+ta-b—-r(c+e)—— >0,
01 %) n

where |f(s;) — f(s2)] < |s1 — s2|. According to
Corollary 1, the impulsive reaction—diffusion system
with infinite distributed delay (76) has a unique global
mild solution and is ISS, iISS, and e*-ISS. Figure
1 presents the trajectory evolution of z(¢, 1, x2) and
z(t, x1, 1) with time, which shows that the states of the
impulsive reaction—diffusion system are bounded with
the bounded spatiotemporal external input u (¢, x1, x2).
Figure 2 enumerates the surface simulation of the sys-
tem on the whole square domain at several moments
where we can also observe the boundedness of the
surface even though the shape of the surface changes
significantly with time. Additionally, see ‘videol.avi,
‘video2.avi,” and ‘video3.avi’ in the supplementary
materials for full surface evolution with time. From
these figures and videos, we see that the state trajec-
tory of the impulsive reaction—diffusion system (76)
falls into ISS pattern.

Remark 9 To determine that the reaction—diffusion
benefits the ISS of the impulsive reaction—diffusion
system, the case of (76) without reaction—diffusion
(d = 0) is considered. From Corollary 1 or the existing
results about ISS of impulsive system [8], the ISS con-
ditions are failed so that the ISS properties cannot be
ascertained. Figure 3 illustrates the trajectory evolution
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2(0.0,2y,25)

09
08
0.7
06
0.5
04
03
0.2
0.1
0

2(3.0,21,22) (5.0, 21,25)

U

(8.0, 21,22)

of impulsive system (76) without reaction—diffusion
in terms of In(|z(z, 1, x2)|) except the boundary (see
‘video4.avi’ in the supplementary materials for full sur-
face evolution with time). We can see that the trajec-
tory of the impulsive system without reaction—diffusion
continues increasing with time under the bounded spa-
tiotemporal external input, which implies the vanishing
of the ISS properties. The comparison of Figs. 1 and 3
verifies that the reaction—diffusion along with Dirich-
let boundary condition can be regarded as the source
to force the impulsive reaction—diffusion system to fall
into ISS pattern, which shows the efficiency of the the-
oretical criteria.

Example 2 Consider the IRDNNs with infinite dis-
tributed delays which consist of two neurons on O =
{x| —2 < x < 2}, where the parameters are given by

04 0 10
D‘(o 0.5>’A_(0 1.9)’

2(2.0,71,2) 2(25,21,2)

0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0

(6.4, 21,72)

2(6.1,1,22)

0.06 0.07

0.06
0.05

005
004 004

003
0.03 0.02

001
0.02

0
001 -001

-002
o

2(110, 21,25

)
02
> - 0.15 015

0.1 01
005 005
0 0
005 -0.05
-01 -0.1

. . -0.15 015

Fig. 2 The surface simulation of impulsive reaction—diffusion system (76) at different times (+ = 0.0, 1.0, 2.0, 2.5, 3.0, 5.0, 6.1, 6.4,
8.0, 9.0, 11.0, 13.0) in Example 1. Zoom in for details of the surface and scalar

2(13.0,21,22)

—-06 08
Bz( 0.4 —0.4)’
0.1 04 0.4 03
€= (0.4 —0.6)’ E= <0.5 0.4)’
and t = 2, k(s) = €°, f(s) = 0.2tanh(s). The initial
condition is given by

1 X1
_ ) e cos(z), t € [—7,0],
21, %) = {0, t € (—00, —1),
1 i xm
_ ) qgsin(z), 1 € [-7,0],
220, = {0, t € (=00, —1),

where x € O. The impulsive sequence is given by
I(s) = W3 =Ds, tr = k, k € N, and 0 = /3,
n = 1. It is easy to check that A + A — |B|*L —
o(lIBI1+ IC|+ |EDL — I”T"I is a nonsingular M-
matrix. Hence, it follows from Theorem 1 that the
global mild solution of the IRDNNs exists and is ISS,
iISS, and e*-ISS. Then, we set the external input
by u1(t,x) = cos(tw/10)sin(xw/2) and uy(t, x) =

@ Springer



1752

T. Wei

/

L

In(|z(2, 1 2s)])
MA DM O M B O ®
L 4

]

¥

Fig. 3 The trajectory evolution of In(|z(z, 1, x2)|) of impulsive
system (76) without reaction—diffusion in Remark 9

z(t.x)

2(t, )

Fig. 4 The trajectory simulation of IRDNNs with infinite dis-
tributed delays in Example 2

(sin(¢r/10) + 1) cos(tmr/4). The state trajectories are
illustrated in Fig. 4 where we can see that the system
with the bounded spatiotemporal external input is also
bounded, which corresponds to the ISS properties.

Remark 10 Here, we consider a special case of the
IRDN-Ns with D = = 0 in Example 2, that is,

@ Springer

100

Fig. 5 The trajectory simulation of impulsive neural networks
in Remark 10

impulsive neural networks with finite delay. Similarly,
it follows from Theorem 1 that the state trajectories
of impulsive neural networks fall into ISS pattern as
shownin Fig. 5. Compared with the existing work about
ISS of delayed neural networks without impulses [13],
especially Example 76 and Remark 10 determined by
Theorem 1, the results obtained here mean that the ISS
properties can be retained under certain impulsive per-
turbation. Therefore, we extend part work of [13] to
impulsive case.

Example 3 Consider the exponential stability of the
IR-DNNs in Example 2, but the parameters are given

by

2.0 -03 1
Dz(o 2>’A ( ) _<0.5 O.6>’
c_ (04 08 —-08 1
A ’ -09 05
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0.016 >

0.012 v

> 13 i 0.5
.1 %

Fig. 6 The trajectory simulation of exponentially stable
IRDNNS in Example 3

and T = 10, k(s) = ¢*, f(s) = tanh(s). The initial
condition is given by

1 X7
_ | —zcos(), t € [-7,0],
21, x) = {O, t € (—o0, —1),
1 X7
_ ) 5c08(5), t € [-7,0],
2l x) = {O, t € (—00, —1),

where x € O. The impulsive sequence is given by
I(s) = (e'P — s, tip = 0.5k, k € N, and o = e!/3,
n = 0.5. From Corollary 2, it follows that the global
mild solution of the IRDNNS s exists and is exponentially
stable as illustrated in Fig. 6.

Remark 11 Compared with the existing work on reaction—

diffusion neural networks with infinite distributed
delays [23] when the stochastic perturbation is omitted
(Example 1 determined by Theorem 1), this example
shows that the exponential stability can also be retained
under certain impulsive perturbation, which shows the
efficiency of the theoretical results.

Example 4 (Application Example) As the major appli-
cation of RDNNs, the image encryption has been
widely studied in recent literature [5,27,34], since the
pseudorandom number generators can be realized by
the complex dynamics of the RDNNs [27]. In [5], the
IRDNNSs have been successfully used as the pseudoran-
dom number generator for image encryption because of
their highly nonlinear characteristics. Thus inspired, we
employ the IRDNN in Example 2 for the image cryp-
tosystem proposed in [5]. From Theorem 1 and Corol-
lary 2, the drive system and response system with dif-
ferent initial conditions are ISS and the corresponding
error system is exponentially stable, that is the synchro-
nization of the drive signal and response signal which
are further used to cipher the Lena grayscale image and
decrypt the encrypted image, respectively. The experi-
mental results are shown in Fig. 7 where the encrypted
image hides all the information of the original image
and the decrypted image is identical with the original
image, so the encryption and decryption attempts suc-
ceed to show the applicability and practicality of the
theoretical results.

5 Conclusion

This paper concerns the global well-posedness and ISS
problems of IRDNNs with infinite distributed delays.
In light of the semigroup theory, the neural-network
model is reformulated in terms of an abstract impul-
sive functional differential equation, and the criteria
for existence—uniqueness and the ISS properties of the
mild solution are established by the Picard sequence,
vector Lyapunov function, M-matrix, and the vector
inequality. The effectiveness and advantage of the the-
oretical results are verified by three numerical exam-
ples. Note that the boundary condition considered here
is homogeneous Dirichlet boundary condition that is a
special case of Robin boundary condition, so the future
work will focus on the ISS analysis of IRDNNs with
Robin condition or Neumann condition. On the other
hand, the impulsive effects of the neural-network model
are viewed as the disturbance factor for the ISS proper-
ties. As Refs. [38,41] suggest, the impulsive effects can
also stabilize the unstable nonlinear system, so the ISS
analysis of IRDNNs with stabilizing impulses would
be another future work.

@ Springer



1754

T. Wei

Original

Decrypted

3000 1 2500

2500 2000

2000 | 1500

1500
1000
1000

5

=3
S

500

0k 0
0 50 100

0 50 100 150 200 250

150

3000
2500
2000
1500

‘ 1000

‘ .
L | 0

200 250 0 50 100 150 200

o

Fig. 7 Lena grayscale original image, encrypted image, decrypted image, and their corresponding histograms in Example 4
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