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Abstract The concept of simultaneous energy har-

vesting and vibration suppression has made tremen-

dous progress in the past few years. However, the

energy harvesting and vibration reduction seem to be

independent, or even paradox in some scenarios; for

example, energy harvesting strategy expects the

primary system to maintain large-amplitude vibration

as long as possible. In comparison, the vibration

suppression strategy aims to suppress the vibration of

primary system as soon as possible. In this paper, we

aim to demonstrate how to properly design an

integrated system, which first ensures the broadband

vibration suppression performance, while at the same

time, harvests additional energy as much as possible.

To achieve this goal, a cascaded essentially nonlinear

system is presented for high-sensitive vibration and

harvesting energy. The presented device comprises a

nonlinear energy sink and a nonlinear energy harvester

with cascaded essential nonlinearities. Numerical

results show that the presented device is able to

simultaneously suppress vibration and harvest vibra-

tion energy over a wide frequency range. Moreover,

unlike previous research, it is effective for extremely

small initial impulses. This work explores possibilities

for reducing and harvesting extremely low ambient

vibration.

Keywords Nonlinear energy sink � Energy
harvesting � Vibration suppression

1 Introduction

Controlling and utilizing vibration energy has long

been of interest of engineers; various vibration

absorbers or tuned mass dampers (TMDs) were

presented and commonly used. These devices rely

on the linear resonance and thus are inherent narrow-

band; this limits the practical performance in broad-

band environment. Some possible solutions to

improve the performance by using nonlinear reso-

nance mechanism were proposed [1–4]. In 2001, the

concept of nonlinear energy sink (NES) was presented

[5, 6], serving as a powerful tool for triggering targeted

energy transfer (TET) for various energy structures,

which significantly improves the bandwidth due to the

essential nonlinearity. Since then, the NES was
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successfully applied to suppression vibration for

various mechanical systems in a broadband [7–12].

On the other hand, the energy harvesting is another

objective for absorbing excessive vibration energy;

generally, an energy harvester expects the vibration

amplitude of the primary system to remain in a high

level. Similarly, for the vibration suppression prob-

lem, the broadband energy harvesting is of impor-

tance, which has been increasing the interest [13–22].

In Ref. [14], a bistable energy harvester incorporating

essentially nonlinear stiffness was proposed, which is

proved to be highly efficient and particularly sensitive

to impulsive excitation. However, both the NES and

NEH have a common limitation, that is, the initial

energy threshold. Below that value, the NES or NES is

ineffective because the influence of essential nonlin-

earity is small. This severely limits the application for

vibration suppression and energy harvesting for low-

amplitude vibration in ambient. Some researchers

contributed to minimize the threshold; for example,

Gendelman et al. [23] integrated two conventional

NES and found that the threshold value of the

combined NESs is greatly minimized. AL-Shudeifat

[24] presented a new type of NES with negative and

nonlinear stiffness, achieving a much higher efficiency

and lower threshold. Wei et al. [25] reported a new

mechanism for optimized targeted energy transfer,

thus enabling an advanced NES with higher efficiency

for all the values of pulse excitation.

The energy harvesting and vibration reduction seem

to be independent, or even paradox in some scenarios,

that is, energy harvesting strategy expects the primary

system tomaintain large-amplitude vibration as long as

possible. In comparison, the vibration suppression

strategy aims to suppress the vibration of primary

system as soon as possible. Over the past few years, the

idea of combining vibration isolator and energy

harvester has been suggested in recent years. Kremer

et al. [15] designed a NES energy harvester and

achieved vibration suppression and energy harvesting

in a broadband manner. Fang et al. [26] implemented a

giant magnetostrictive energy harvester with a nonlin-

ear energy sink for realizing TET. And these results

were verified by the complexification-averaging (CX-

A) technique [27]. Zhang et al. [28] presented a novel

piezoelectric energy harvester with a nonlinear energy

sink. However, the above works are based on single

NES and the core idea of these works is to utilize the

essential nonlinearity of NES for extending the

bandwidth. Definitely, the combined NES and har-

vester can suppress the vibration and harvest energy

simultaneously. However, the trade-off between vibra-

tion suppression and energy harvesting is not explored.

In some scenario, for example, the vibration suppres-

sion is the primary task during the rocket launching

mission. At the same time, it is expected to harvest the

vibration as much as possible. When the NES is

incorporated with a linear energy harvester, the

vibration suppression performance is not ensured to

be superior to a single NES. This inspires the objective

of this paper. Unlike single NES, the cascading NES–

NEH device is first designed to enhance vibration

suppression and energy harvesting.

In this paper, we present a novel integrated device

composed of cascaded essential nonlinear stiffness,

damping and electromagnetic harvester. We realized a

versatile function for suppressing the vibration to a

satisfied level, and at the same time, it can harvest

energy as much as possible. More interestingly, the

vibration suppression performance is further enhanced.

This work may pave the way for a new strategy for

designing advanced smart multi-functional devices.

2 Electromagnetic damping model

The system under consideration is shown in Fig. 1,

which comprises a linear primary oscillator with mass

Fig. 1 Mechanical model of the cascaded nonlinear energy

sink and energy harvesting system
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m0, damping factor c0 and stiffness k0. An integrating

system is attached to the primary system, which has

two stages, the first one is a nonlinear energy sink and

the second one is a nonlinear energy harvester. Both

the NES and NEH are designed to possess essential

nonlinearities.

The mass, stiffness and damping coefficient of the

NES are m1, k1 and c1, respectively. The mass,

stiffness and damping coefficient of the NEH are m2,

k2 and c2, respectively. Based on Faraday’s law, the

voltage generated by the coil can be written as

V¼� dH
dt

¼ �N
d/
dt

ð1Þ

where H = N/ is the total flux for a N-turn coil. / is

the average flux linkage for each turn.

H¼
XN

j¼1

Z

Aj

BðAjÞdA ð2Þ

where B is the magnetic field flux density for a given

jth turn area Aj. The electromagnetic force described

by Lenz’s law can be expressed as

FEM ¼ ke _Q ð3Þ

where _Q denotes the current in the coil. The

transduction factor ke with respect to the magnetic

field flux density and coil size is used to represent the

strength of the electromechanical coupling

ke ¼
dH
dw

ð4Þ

where w ¼ u2 � u1 is the relative displacement

between the primary system and the energy harvester.

Substituting Eq. (4) into Eq. (1), the electromotive

force leads to

V ¼ ke _w: ð5Þ

Substituting Eq. (2) into Eq. (4), based on the

assumption of a uniform flux density over the area of

the coil, the transduction factor can be expressed as

ke ¼
Lhðr0 � riÞ

Ac

B ð6Þ

where h is the axial length of the coil, L is the length of

the wire, and Ac ¼ pðr20 � r2i Þ is the cross-sectional

area of the coil. r0 is the outer radius and ri is the inner

radius.

According to the Kirchhoff’s law, the current in the

circuit due to the electromotive force can be described

as

keð _u2 � _u1Þ ¼ Lc €Qþ ðRc þ RLÞ _Q ð7Þ

where Rc is the resistance of the coil and RL is the

inductance. The current in the system can be expressed

as

_Q ¼ ke
Rc þ RL

ð _u2 � _u1Þ �
Lc

Rc þ RL

€Q: ð8Þ

According to the estimate for the coil inductance

provided by Wheeler [29],

Lc ¼
ð7:875� 10�6Þðr0 þ riÞ2

13r0 � 7ri þ 9h
: ð9Þ

The coil impedance can be negligible relative to the

load resistance [29, 30]. According to this assumption,

Eq. (8) is expressed as

_Q ¼ ke
Rc þ RL

ð _u2 � _u1Þ ¼
be
ke

ð _u2 � _u1Þ ð10Þ

where the expression of the electromagnetic damping

be leads to

be ¼
k2e

Rc þ RL

: ð11Þ

According to Eq. (8), the electromagnetic force

expressed by Eq. (3) can be expressed as

FEM¼beð _u2 � _u1Þ: ð12Þ

3 Governing equations

Figure 2 shows the schematic representation of the

presented energy harvester. The governing equations

can be derived based on the Newton’s second law:

m0 €u0 þ c0 _u0 þ k0u0 þ k1ðu0 � u1Þ3 þ c1ð _u0 � _u1Þ
¼ FðtÞ

ð13aÞ
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m1 €u1 � k1ðu0 � u1Þ3 � c1ð _u0 � _u1Þ þ beð _u1 � _u2Þ
þ k2ðu1 � u2Þ3
¼ 0

ð13bÞ

m2 €u2 þ beð _u2 � _u1Þ þ k2ðu2 � u1Þ3 ¼ 0 ð13cÞ

_Q� be
ke

ð _u2 � _u1Þ ¼ 0: ð13dÞ

The NES and NEH in Eq. (13) are cascaded essen-

tially nonlinear device for instantaneous energy har-

vesting and vibration suppression. The essential

nonlinearities considered in this work are composed

of weakly coupled, linear and essentially nonlinear

(nonlinearizable) components, which are physically

realized by geometric nonlinearity. This is the key

point of NES system. The essential nonlinearity can

capture resonance in a broad frequency regime.

Introducing the following transformation

u0 ¼ cxx0; u1 ¼ cxx1; u2 ¼ cxx2; t ¼ cts; Q ¼ cqq;

ð14Þ

the governing equations can be transformed into

normalized form as

€x0 þ k _x0 þ x0 þ ðx0 � x1Þ3 þ gð _x0 � _x1Þ ¼ cf ðsÞ
ð15aÞ

l€x1 � ðx0 � x1Þ3 � gð _x0 � _x1Þ þ lbð _x1 � _x2Þ
þ aðx1 � x2Þ3 ¼ 0

ð15bÞ

e€x2 þ bð _x2 � _x1Þ þ
1

l
aðx2 � x1Þ3 ¼ 0 ð15cÞ

_q� bð _x2 � _x1Þ ¼ 0: ð15dÞ

Here, we introduce the following dimensionless

parameters

ct ¼
ffiffiffiffiffiffi
m0

k0

r
; cx ¼

ffiffiffiffiffi
k0
k1

r
; cq ¼

m1k0
ke

ffiffiffiffiffiffiffiffiffiffi
1

k1m0

r
; l ¼ m1

m0

; k

¼ c0ffiffiffiffiffiffiffiffiffiffi
m0k0

p ; g ¼ c1
m0

ffiffiffiffiffiffi
m0

k0

r
; e ¼ m2

m1

; b ¼ be
m1

ffiffiffiffiffiffi
m0

k0

r
; a

¼ k2
k1

; c ¼ 1

k0

ffiffiffiffiffi
k1
k0

r
:

ð16Þ

The energy damped by NES is defined by

ENESð%Þ ¼ 100�
g
R s
0
ð _x1ðsÞ � _x0ðsÞÞ2ds

0:5� X2
: ð17Þ

The energy harvesting efficiency can be expressed as

E ð%Þ ¼ 100�
k2e�Rcbe

k2e

R s
0
l
b _qðsÞ2ds

0:5� X2
ð18Þ

which can be used to evaluate the performance of the

present device.

4 Numerical results and discussion

Detailed numerical discussions are carried out in this

section to study the nonlinear transient energy transfer.

Here, we choose the following system parameters:

l = 0.04, b = 0.1, k = 0.01, g = 0.1, e = 1, a = 0.1. A

single impulsive forcing excitation is applied to the

primary system, which can be expressed as cf ðsÞ ¼
XdðsÞ at s = 0.,where d(s) is the Dirac delta function
and X is the magnitude of the impulse. It is noted that

the nonlinear coefficients are different, resulting in a

soft and stiffness.

Figure 3 shows the transient response of the

primary system with four input energy levels. In

Fig. 2 Comparison

between traditional

vibration isolation strategy

(a) and the present system

(b)
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Fig. 3a, an extremely low impulse X = 0.01 is

imposed and the dashed black line denotes the

response of the primary system without NES–NEH

system, which decays as time increases due to the

damping c0. When a single NES is attached, the

response is reduced, as depicted in red solid line. In

comparison, the NES–NEH system is coupled and a

slight reduction is achieved. If the impulse increases to

0.1, 0.5 and 1, as shown in Fig. 3b–d, similar vibration

reduction can be achieved and we found that response

can be further reduced for the case X = 0.5 and X = 1.

Figure 4a shows the transient dynamics of the

primary system by dimensionless displacements

response, NES and NEH for X = 1. Figure 4b–d

depicts the corresponding wavelet transformation

spectra. It is seen that the energy transfer takes place

around the fundamental dimensionless frequency

x = 1, which suggests the energy harvesting and

absorbing through 1:1 resonance. The intensive

energy exchanging occurs within s\ 25, showing a

highly efficient one-way energy channeling. This

feature means that the designed NES–NEH system is

capable of collecting energy in a faster way. The

physical reason behind this observed phenomenon is

that the asymmetric inertias design of the NES

(l = 0.04) and NEH (e = 1) permits cascaded 3:1

and 1:1 transient resonance captures in their essen-

tially nonlinear components which, in turn, broadens

the frequency range of effective TET and reduces the

threshold of the impulse. The NEH can be regarded

like an additional local resonator, introducing strong

Fig. 3 Comparative performance of the conventional NES and the present system
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asymmetry, like the concept of mass-in-mass meta-

material device.

Figure 5a, c depicts the simulation results for the

relative displacements between the primary system,

NES and NEH for X = 0.01. Figure 5b, d shows the

corresponding wavelet transformation spectra. It is

shown that the TET does takes place. The energy is

damped by NES and absorbed by NEH. It is noted that

X = 0.01 is an extremely low impulse; in general, this

is below the threshold of conventional NES. Figure 6

shows the results of a higher initial energy level

(X = 1). The TET occurs as expected; the energy

channeling takes place with a much faster way,

suggesting an enhanced performance for simultaneous

energy harvesting and vibration suppression. Figure 7

shows the simulation for a larger initial energy level

X = 5. The TET still occurs but takes more time

(t\* 190) to channel the energy. Moreover, the

wavelet transformation spectra explore that the TET

does not only engage in 1:1 resonance, but also the

high-frequency resonance capture takes place, as

shown in Fig. 7b, d. This confirms the wide-band

Fig. 4 Transient responses

of the present system and the

corresponding wavelet

transform spectra for X = 1

123

1432 Y. Jin et al.



performance of our device. In comparing with previ-

ous case X = 0.01 and X = 1, we conclude that the

NES–NEH system has a best performance range. This

is a typical phenomenon of nonlinear oscillating

system.

In order to quantitatively illustrate the phenomenon

of TET, we plot energy portion of the case X = 1 in

Fig. 8. It is shown that the NES absorbs most of the

total vibration energy (* 78%), while the NEH

harvests nearly 9% of the total vibration energy; the

primary system damps 11% of the total vibration

energy. As a result, the energy remaining in the

primary system rapidly drops within s\ 38. It should

be stressed that the energy harvesting efficiency is not

high, as the primary objective of the NES–NEH design

is to guarantee the vibration suppression performance

first. Then, NES–NEH can harvest electric energy as

much as possible.

Fig. 5 Transient responses

of the present system and the

corresponding wavelet

transform spectra for

X = 0.01
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Figure 9 compares the energy efficiency for the

primary system with and without the NES or NEH.

Clearly, for a primary system, the energy slowly

decreases due to damping dissipation. In comparison,

a better vibration suppression is observed for the

integrated NES–NEH system.

The dependence of energy level of NES–NEH on

the impulse magnitude is plotted in Fig. 10a. It is

shown that the NES–NEH has a best performance

range; for X = 1, the NES–NEH device reaches the

highest efficiency, where it dissipates * 86% of the

input energy. It is noted that our system still can

dissipate 58% of the input energy for very low impulse

level, which is much higher than a single NES system.

Figure 10b shows the dependence of energy level of

NES–NEH on the parameter a. It is seen that the

variation of a has almost neglectable effect on

performance of NES–NEH. The energy level remains

at * 86% as a changes from 0 to 1.

The influence of parameter g is examined in

Fig. 11a. It shows that g has a significant influence

on energy level of NES–NEH for g = 0*0.15. As g

Fig. 6 Transient responses

of the present system and the

corresponding wavelet

transform spectra for X = 1
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continuously increases from 0.15 to 1, the energy level

always remains in a high level[ 82%.

The effect of b is discussed in Fig. 11b; it is

observed that the energy level decreases from 90

to * 70% as bincreases from 0 to 1. That indicates

that the NES–NEH system has a best performance if

the electromechanical damping coefficient is zero.

However, that is impossible due to the inherent

resistance of the coil.

5 Conclusions

A cascaded essentially nonlinear system is presented

to stabilize a primary system for simultaneously

reducing the vibration to a satisfied level and, at the

same time, harvesting the energy. The NES–NEH

system is realized by integrating two essentially

nonlinear stiffnesses, a mechanical damper and an

electromechanical damper. The coupled governing

equation is a high-dimensional ordinary differential

system. Numerical simulation is used to examine the

Fig. 7 Transient responses

of the present system and the

corresponding wavelet

transform spectra for X = 5

123

Cascaded essential nonlinearities for enhanced vibration suppression and energy harvesting 1435



effectiveness of the idea. The main result and conclu-

sion are given as follows:

(1) The NES–NEH system is highly effective,

which can suppress the vibration to a satisfied

low level and generate additional electric

energy at the same time. Results show that the

vibration suppression performance is superior to

a single NES.

(2) For a relatively low applied impulse, the NES–

NEH system is proved to be highly effective,

which can rapidly dissipate and harvest vibra-

tion in ambient for very low amplitude. In

comparison, in such a situation, most of the

conventional nonlinear oscillators act like linear

resonators.

It is found that the NES–NEH system engages in

TET via 1:1 resonance capture for small initial energy

level, while it absorbs and harvests energy via high-

frequency resonance capture for high initial energy

level. This is because the asymmetric inertias design

of the NES and NEH permits cascaded 3:1 and

1:1transient resonance captures. The NEH can be

regarded as an additional local resonator, introducing

strong asymmetry like a mass-in-mass nonlinear

device.

(3) Due to inherent electromechanical damping

coefficient of NEH, the NES–NEH efficiency

decreases. It is not avoidable; the smaller

electromechanical damping coefficient is pre-

ferred in design.

Fig. 8 Percentage of the total energy absorbed by NES,

primary system and harvester

Fig. 9 Percentage of the total energy harvested by the

essentially nonlinear energy harvester

Fig. 10 Effect of external

impulse level X and

parameter a
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The cascaded nonlinear NES–NEH system unveils

new possibilities for energy harvesting and vibration

with high efficiency, which may find the applications

in smart structures and passive control.
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