Nonlinear Dyn (2020) 102:605-619
https://doi.org/10.1007/s11071-020-05866-2

)

Check for
updates

ORIGINAL PAPER

Asymptotic stabilization of general nonlinear fractional-
order systems with multiple time delays

Zhang Zhe ® - Zhang Jing

Received: 22 April 2020/ Accepted: 30 July 2020/ Published online: 20 August 2020

© Springer Nature B.V. 2020

Abstract In this paper, two new control methods
based on a Lyapunov-like function and a vector
Lyapunov function separately were put forward to
solve the asymptotic stabilization problem of general
fractional-order nonlinear systems with multiple time
delays. First, we deduced a new asymptotic stabiliza-
tion control criterion based on a Lyapunov-like
function after discussing the asymptotic stability
criterion of general fractional-order nonlinear sys-
tems. Moreover, to address the problem of multiple
time delays of the nonlinear system, we derived
another asymptotic stabilization control criterion
based on a vector Lyapunov function and an M-matrix
via the new controller. Finally, the feasibility and
effectiveness of the proposed controllers were verified
by several common fractional-order nonlinear
systems.
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1 Introduction

Recent years have witnessed the rapid development of
the fractional derivative concept in the whole scientific
community. An increasing number of researchers have
devoted themselves to the study of fractional deriva-
tives. Fractional derivatives have been applied in
mathematics, physics, biology, electrical engineering,
control and other fields, and achieved abundant
research results [1-8]. Fractional-order derivatives
are most widely used in fractional-order systems,
which are worthy of research since many systems in
nature are of non-integer order. There are often factors
interfering with the study process of a variety of
fractional-order systems, such as neural network
systems [4, 5], gene regulation network systems
[9, 10], HIV systems [11, 12], and Lorenz dynamical
systems [8, 13], which necessitates the investigation of
the stability and stabilization of fractional-order
systems. Scholars have put forward different stability
conditions and controllers of the fractional-order
systems after years of research. These methods can
be roughly divided into two types, with one based on a
Lyapunov function and the other based on eigenvalue
judgment. Since this paper focuses on the use of the
Lyapunov-like function and the vector Lyapunov
function to solve the problem, the method based on
eigenvalue judgment is adopted [14, 15]. Li et al.
derived the stability conditions for fractional-order
systems via a Lyapunov function [16], and other
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stability conditions via the Lyapunov direct method
[17]. Tuan et al. put forward a novel stability judgment
method based on the fractional-order Lyapunov func-
tion [18], and investigated the asymptotic stability of
nonlinear fractional-order differential equations next
year [19]. The method of relaxing piecewise quadratic
Lyapunov function was used to study the stability and
stabilization problems for a class of switched discrete-
time nonlinear systems by Zhu et al. [20]. Next year,
Zhu et al. investigated the problem of quasi-synchro-
nization for a class of discrete-time Lur’e-type
switched systems via virtue of the semi-time-varying
Lyapunov function [21]. The application of the
Lyapunov function was extended to a variety of
fractional-order derivatives by Wei et al. [22, 23]. Cao
et al. obtained the sufficient criteria of asymptotic
stability based on fractional-order Lyapunov func-
tional [24]. However, the above-mentioned studies
only focused on the sufficient conditions of asymptotic
stability of the fractional-order system, without solv-
ing the instability problem of the fractional-order
system itself. In other words, the asymptotic stabi-
lization of the fractional-order system was achieved by
the corresponding control strategy. Moreover, these
methods ignored a more complicated situation, i.e.,
multiple time delays of the fractional-order system.
The comparison theorem is a widely used and
effective method to solve the stability and stabilization
of fractional-order systems at present. For instance,
the comparison theorem was used to discuss asymp-
totic stability of multivariable fractional-order sys-
tems with different fractional-orders in the paper of
Lenka [25], to deduce sufficient conditions of a
fractional-order neural network with multiple time
delays in the study of Cao et al. [26], and to address the
global stabilization of fractional-order memristor-
based neural networks with time delays in the article
of Jia et al. [27] However, the comparison theorem
method has a extremely complicated stability proof
process, conservative confinement conditions, and a
relatively low convergence rate, as indicated by the
experimental results. Motivated by works related to
the comparison theorem, we proposed two new control
methods based on a Lyapunov-like function and a
vector Lyapunov function separately, attempting to
overcome the deficiencies of the comparison theorem
and solve the asymptotic stabilization problem of
general fractional-order nonlinear systems with mul-
tiple time delays. Compared with the comparison
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theorem, the first proposed integer-order Lyapunov
function-based method solved the problem of frac-
tional-order systems through a series of transforma-
tions, with less restriction, greatly enhancing the
physical meaning of the study. The M-matrix intro-
duced by the second proposed method tremendously
reduced the complexity of the derivation process with
a faster convergence rate.

The M-matrix was first introduced in [28] for the
stability analysis and control of integer-order systems,
which has lower conservatism and less restriction than
negative definite matrices. In this paper, the M-matrix
was generalized to the stabilization control of frac-
tional-order systems for the first time. The vector
Lyapunov function was employed to solve the
asymptotic stability problem of nonlinear fractional-
order composite systems [29]. However, the asymp-
totic stabilization of the general nonlinear fractional-
order system with multiple time delays was never
solved. In this paper, we extended the vector Lya-
punov function method to the asymptotic stabilization
of the general nonlinear fractional-order system with
multiple delays for the first time, and applied the
Lyapunov-like function to the asymptotic stabilization
of general fractional-order nonlinear systems. The two
methods greatly reduce the control limitation and
afford a wider stability domain.

This paper has two main contributions. On the one
hand, the Lyapunov-like function was generalized to
general nonlinear fractional-order systems, and a new
control criterion for asymptotic stabilization of the
nonlinear fractional-order systems was put forward.
With this approach, asymptotic stabilization problems
of different kinds of nonlinear fractional-order sys-
tems can be solved. On the other hand, the vector
Lyapunov function and M-matrix were introduced to
solve the asymptotic stability of nonlinear fractional-
order systems with multiple time delays for the first
time. Moreover, a new asymptotic stability criterion
applicable to all nonlinear fractional-order systems
with multiple time delays is put forward.

The rest of the paper was organized as follows.
Section 2 reviews some definitions and lemmas. The
results of this paper are stated in Sect. 3. Section 4
covers some numerical simulations to illustrate the
correctness and feasibility of the proposed controllers.
Section 5 presents the conclusion of the paper.
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2 Preliminaries

For a general nonlinear fractional-order system

“Dx(t) = f(x(1)), (2.1)
where the x(¢) € R" is the state of Eq. (2.1) and the
function f : R" — R" satisfies f(0) =0 and locally

Lipschitz continuous condition, the following lemmas
hold.

Lemma 1 [30] Iff(x(¢)) is an continuous in the time
dimension, then there exists a unique solution to the
fractional-order system (2.1), the unique solution is as
follow

X() = xo0 + /0 " e (w)p(w, o, (2.2)

where ¢(w,t) is the solution of the initial value to the
fractional-order system (2.1), and o € (0, 0).

dp(w, 1)
ot

where & () = [sin(nc) /o™,

= —op(w,1) +f(x(1), ¢(0,7) =0, (2.3)

o € (0,00).

Lemma?2 [18]Ifthe Lyapunov functionV : R" — R
of (2.1) be a convex and continuously differentiable
function such that V(0) = 0. Then, the following
inequality holds for all t > 0.

DV (x) < oVix) “Dex, (2.4)

Ox

Lemma 3 [29] If P = [p;] is an M - matrix, there
exists a diagonal matrix Q = diag{q1, q2, . . .qn } with
elements q; > 0, i € N, such that the matrix Z satisfies
the following equation

Z=P'Q+ QP, (2.5)

Lemma 4 [16] If the convex and continuously
differentiable Lyapunov function V :R" — R of
(2.1) satisfies

Billixll) <V x) < Bo(lIxD), (2.6)
DV (x) < = Bs(Ilx), (2.7)

Vi >0, where B;(i =1,2,3) are class - k functions
and the fractional-order operator is ¢ € (0, 1), then
the fractional-order system (2.1) is asymptotically
stable.

3 Main result

In this section, we will solve the stability and
stabilization problems of nonlinear fractional-order
systems via two different methods.

3.1 Stability analysis of nonlinear fractional-order
system

In this section, we derive a novel stability theorem of
the asymptotic stabilization of nonlinear fractional-
order systems via Lyapunov-like function and diffu-
sive realization. The Lyapunov-like function was first
appeared in [31]. Then, in [30], Wu et al. extended the
Lyapunov-like function method to analyze the exter-
nal stability of Caputo fractional-order system. First of
all, the general form of the all fractional-order
nonlinear system can be expressed as follows

“D*xi(t) = api(t) + fi(xi(1)) + &i(x(1)),
ie{l,2,...,N}, ’ (3-1)

where x;(f) € R" is the state of the i - th subsystem
and is a differentiable vector, the function f; : R" —

R" are the nonlinear part of the systems and the
N
nj

function g;: R= — R" e {l1,2,... N} refers
to the nonlinear part of interconnections between the
state x;(¢) and other state x;(1).

We can rewrite the fractional-order system (3.1) to
the compact form as follows.

D = Ax 1 1(x) + (), (32)
where
A = diag{ay,az,...,an},x = [x1,x2,. . .,xN]T,

F) = [ x0)).L&©0), . fulen ()],
2(x) = [&1(x(1)), &2(x(1)), -, gw (x(1)]".
(3.3)

Assumption 1 We assume the nonlinear function
f(x), g(x) are all continuous in ¢ and satisfies a locally
Lipschitz condition of x(¢), whose Lipschitz parame-
ters are L; and L, and f(0) = g(0) = 0.

Theorem 1 [f the nonlinear fractional-order system
(3.1) satisfies Assumption 1, and for positive definite
constant Ky, kg > 0 and a positive definite matrix P
with all elements p;; > 0 foralli,j € 1,2,...,n, make
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the following matrix inequality hold, then the frac-
tional-order nonlinear system (3.1) is asymptotically
stable.

[@1 P ]<0, (3.4)
* *Kf[

where

O, = PA + AP + 2x;L71 + 2k, 51, (3.5)

Proof We choose the following Lyapunov-like
function which is convex and continuously differen-
tiable of Eq. (3.1).

= /Ooo &)@  (w,1)Po(wm,1)dow, (3.6)

Then we take the derivative of (3.6), we have

N 3¢ (w,1) Op(w,1)
V(x) = A gx(w)< o Po(w,1) + (pT(w,t)PT)dw,
(3.7)

Then, according to the Lipschitz condition, for any
positive definite constant xy, x, > 0, we can obtain

i (T (o)) (x(0)) — £ (1)) (x(0))
flx(r ())fT( (0)) + /" (x(0))/(x(0)))
< 2L (3 (0)x(r) — 2 (1)x(0) — x(1)x" (0)
7 (0)x(0)) 26, L2 (1)x(1) — wef " (x(0))f (x(1)) > 0,
(3.8)

and

g (8" (x(1)g(x()) — 8" (x(1))g(x(0)) — g(x(r))g" (x(0))
+8" (x(0))g(x(0))) <2ng2( (1)x(r) = x"(1)x(0)
—x(1)x"(0) + 17 (0)x(0)) 2k, L3x" (1)x(r)

—#g" (x(1))g(x(r)) >0,

v

Then, according to Lemma 1, we have
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Ve = [l (2220

2 P, 1) + "

,t)P a@”(g;% [)> do

= | &G(o)(~oe' (0,0 +ATx+f1(x(1)

S—. 55—

+ g7 (x(1))Po(w,1) + ¢ (w, ) P(—w¢(w, 1) + Ax
+f(x()) + g(x()))dw

=— /000 &) (w, 1) Po(w, t)dm + /00O & () (xTAT
+ T (x(1)) +gT( 0)Po(w,1)do
/ E()o" (0, ) Poe(w, t)do

+ [ G0, 0Pr 70 + 530
= xT(1)(PA + ATP)x + xT (1) Pf (x(1)) + x" (1) Pg(x(1))
+ T (x(0))Px(2) + g" (x(1))Px(1)
- 2/50 E(0)0p (0, 1)Po(w, t)do
0
<xT(t)(PA + ATP)x + xT(£) Pf (x(2)) + x"
+ T (x(0))Px(1) + g" (x(1))Px(1)
+ 20 LixT (0)x(t) — wepf T (x(1))f (x(1)) + 2r L3x" (0)x(0)
— g (x(1))g(x(1))

(1)Pg(x(1))

0, P P
=y’ * —xl 0 }//(r),
* 0 —Kgl
(3.10)
where
W(t) = [T (0,7 (x(0)), g" (x(e)]". (3.11)

According to the conditions of Theorem 1, we can
obtain

0, P P

V) =y' ()| = —iil 0 y(0)
. 0wl (3.12)

<0,

The fractional-order nonlinear system (3.1) is asymp-
totically stable, which completes the proof. O

Remark 1 Compared with the method of integration
from O to T of the Lyapunov-like function in [30, 31],
we obtained the asymptotically stability criterion of
fractional-order nonlinear system via directly differ-
entiating the Lyapunov-like function is conciser and
more convenient.
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3.2 Stabilization analysis of nonlinear fractional-
order system

Next, we will address the problem of stabilization of
nonlinear fractional-order system with multiple time
delay or not, respectively. First, we consider the case
that the nonlinear fractional-order system is without
time delay. A feedback controller is added to the
system (3.1) as follow,

D*x = Ax + f(x) + g(x) + Bu(t), (3.13)
where, the feedback controller is

u(r) = —Kx(t), (3.14)
where, the K = (k )Mn, then, the (3.1) can be

rewritten as follow

“D*x = (A — BK)x + f(x) + g(x), (3.15)
Theorem 2 [f the controlled nonlinear fractional-
order system with control (3.15) satisfies Assumption
1, and for positive definite constant kr, kg > 0 and a
positive definite matrix P with all elements p;; > 0 for
all i,je€1,2,...,n, and a matrix X > 0 such that
(3.16), then the fractional-order system (3.15) is
asymptotically stabilization.

0, P
[ . —chl] <0, (3.16)
where Oy =PA—X+A"P— X" + 2,131 +

2KgL%I , the feedback gain matrix can be obtained by
solving BK = P7'X.

Proof We choose the same Lyapunov-like function
as (3.7), and then we take the derivative as follow,

Vix) = /x £ (@) (g™ (@,1) + (A — BK)"x

FT(x(t = 1)) + &7 (x(1))) Pop(, 1)
(w HP(—wo(w, 1) + (A — BK)x
)dw

(— t
fx(t = 1)) +g(x(1))
)

¢y(@)wp™ (0, 1)Po(w, 1)do

&) (" (A = BK)" + T (x(1))

/

J, ¢
+ gT‘g(t)))Pw(wv t)dw
J

J

(

+

&()o (o, ) Pog(w, 1)do
o

)
+ OOO E (@) (w,1)P((A —
x(1)))dw
= xT(t)(PA — PBK + A"P — K"B"P)x
+ x5 (1) PF (x(1)) + x" (1)Pg(x(t)) + £ (x(2))Px(1)
P —2 [ &0)or(.0Pol0, 000
xT(¢)(PA — PBK + AP — KTB"P)x(r)
+ 5" (1)Pf (x(1)) + x" (1) Pg(x(t))
+ T (x(1))Px(1) + &7 (x(1))Px(t) + i, Lix" (1)x(2)
— i T (x(0)f (x(2)) + 20, L3 (£)x(2)
— 1ee8" (x(1)) g (x(1))

BK)x + f(x())

© P P
=y« gl 0 (),
* 0 —xgl

(3.17)

we make X = PBK, and then according to (3.16), one
has

@ P P
V) =y' (o) | = -l 0 ()
* 0 —x,l (3.18)

<0.

The fractional-order nonlinear system controlled is
asymptotically stabilization, which completes the
proof. O

Then, we consider the stabilization of the frac-
tional-order systems with multiple time delay. It is
unable to solve fractional-order systems with time
delay by using Lyapunov-like function functions.
Thus, we take a new approach based on the vector
Lyapunov function and the M-matrix. First we convert
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the general fractional-order nonlinear system into a aVi(x) N

form of which has multiple time delay as follow H o gi(x(1)) H <Vralllxl) D EiT iy Vsj(ijH)a
l j:1

“D*x,(1) = aixi(1) + bixi(t — 1) + filxi(t — 1)) (3.25)

+ &i(x(1)) + ciui(t),
ie{l,2,..,N},

(3.19)

then, we design the following distributed feedback
controller for each fractional-order subsystem

M,'(l) = kix,-(t),

The fractional-order nonlinear system (3.1) can be
rewritten as follows

i €N, (3.20)

“Dx;(t) = (a; — ciki)x;(t) + bixi(t — ) + fi(xi(
— 1)) + &i(x(1)),
ie{l,2,..,N},

(3.21)

Assumption 2 There exists some constant ¥; > 0
such that

8V,~(xi(t))

Wﬁ(xi(f
— 1)) < 9,057 (x| @3 (it — O],
ie{l,2,.. N},

(3.22)

Assumption 3 There exists a continuous nonde-
creasing function {;(u) > u for u > 0 such that:

Ifi (et = ) <GAGE@O)),  i€{1,2,... N},
(3.23)

O (e = ) <& (@201,

(3.24)
ie{l,2,..,N},

Assumption 4 Consider some nonnegative real
numbers Z;, 1y, (i,j = 1,2,...,N), which can make
the following inequality hold
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Theorem 3 For any nonlinear fractional-order
system composition of (3.19) which is controlled by
the decentralized feedback controller (3.20) satisfies
from Assumption 2 to 4, if the following judgment
matrix W is an M - matrix, it is asymptotically
stabilization.

wip Wiz e Wy
W21 Wy e Wy
W =
Wit Wi e Wil
wy = { (*Hai + ciki — ||bil| G — 0:&) — EyTy, if i :J:;
—&;Ty, otherwise,
(3.26)

Proof We select a series of positive definite function
Vi(x;) which satisfies the following conditions based
on Lemma 4 as the Lyapunov function of the
controlled nonlinear fractional-order system (3.21)

ar([lxl) < Vilxi) < oa(||xill), (3.27)

DVix) < — os(llx]), (3.28)

where o;(i = 1,2,3) are class - k functions and the
fractional-order operator is ¢ € (0,1). Then, we
choose the following vector function as the Lyapunov
function of the whole fractional-order system with a
set of positive definite constants ¢; > 0,

N

V(x) =Y qiVilx), (3.29)
i=1

then, we take the fractional-order derivative of (3.29),

according to Lemma 2, the following inequality is

derived
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CD*V(x(r) < Z qi a‘g—)(;l)

i=1

_ XN: 0 P 1) + bt — )
Al )+ 8:0) + ()

- Zq Sty
A - r)) )

< }qu, WA (4 — cap(t)

+ ||bs ||o”2<\|x,-n)ai{%uxl-(z - 7))

D*x(1)

i — ciki)xi(t) + bixi(t — ‘L')

)

1/2 1/2
+ 9oy ([l as (lxi(e — D)) +

< D _4gilla = ciki)asi(|lxi(0)]]) + biliosi([li(D)])

'M2

i=1

N
+ 0:os(|lxll) + Vosi(lal) Y 25 i/ o3 ([|6]))]
1

< LD WTO + OW)asx(0)]),
(3.30)

we can always find a diagonal matrix Q =
diag{q1, q2- . .,qn} with elements g; > 0, i € N, such
that the matrix Z = WTQ + QW is positive definite.
Then, based on Lemma 3, the following inequality is
derived

DV (x(1)) < —%Ug(Hx(f)||)Z<73(Hx(f)|\)
<0, if x(r) #0,

(3.31)

where

as(lx(0)l) = |o3 () o3 (2], -

Lo lal)]

(3.32)

According to the Lemma 4, we can obtain that the
controlled nonlinear fractional-order system is asymp-
totically stabilization, which completes the proof. [l

4 Numerical simulation of several common
fractional-order systems

In this section, we will demonstrate the effectiveness
and feasibility of our proposed control methods for
general nonlinear fractional-order systems through
several common fractional-order chaotic systems

Example 1 First the effectiveness of the proposed
controller based on Lyapunov-Like function is verified
by a fractional-order Chua’s circuit system, the model
of which without control is as follows

{ (1) = al(b(y(r) = x(1)) + bx(1) — e(jx(t) + 1] = |x(1) = 1])];
"y(t) t t
Dz(t)

al

x(1) —y(t) +2(1),

—dy(t),
where the coefficient parameters a,b,c,d are con-
stants, and we choose them:a=12,b=1,c=
0.3,d = 17, with the fractional-order parameter o =
0.98, and the initial values are [0.1,0.1,0.1]. Then, we
rewrite the fractional-order Chua’s circuit system (4.1)
to a matrix form

4.1)

DMV(1) = Av(r) + £ V(1)) + g(v(1)), (42)
where
[ x(1) 0 0 0
v(t) = | y(@) [, A= {0 -1 0].f(v(1)
| 2(1) 0 0 0
[ —ac(|x(r) + 1] — |x(t) — 1])
= 0 ,8(v(1))
0
aby(t)
= | x(t) +z(1) |,
—dy(t)
(4.3)

Next, the time responses and phase diagrams of the
fractional-order Chua’s circuit system without control
are shown in Fig. 1.

It is obvious that the fractional-order Chua’s circuit
system without control presents an unstable state.
Then we add the control input to the fractional-order
Chua’s circuit system

CD*v(t) = Av(t) + f(v(1)) + g(v(1)) + Bu(t), (4.4)
where u(t) = —Kv(t), and we have
“D*v = (A — BK)v +f(v) +g(v), (4.5)

By calculating, we can obtain L; = 27—4 WES
17,k = 0.1, x, = 0.042. And according to the control
conditions of the proposed controller based on Lya-
punov-Like function, the conditions of Theorem 2, via
calculation, we have K = diag(1.3, 1.3,1.3). Then the
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State Variables

1
Time y(t) x(t)
Fig. 1 The time responses and phase diagrams of (4.1) without control
1 0.2 ! ! | | %2 : | |
ool A AN Rl osAAAA AN
S It AV N
aaie!|| MR
Sz 1 H| | T s S |
BT A T ||||||[||||n”n'll‘|h IHHHHHMH
i T > N"'||IIHIII ’
L WWHMEWMMH aafe Y ‘l e
T 111111 A N A |
-0.6}- :, : ----; ----- H‘ | !”1 || o4 — Without Control -E !
gl | WithoutContol] ;TN [l -0.6 -] - With Control _f---4-------- booocl
: With Control : : : :
o 20 20 80 80 100 085 20 20 60 80 100
Time Time
4
1
3
2
1
= 0
-1
2 .
Without Control ! !
3 - =====-- With Control e . i
* 0 2I0 4I0 6I0 8I0 100

Time

Fig. 2 The contrast time responses of the (4.1) and (4.5)
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0.1

|——0=032x(t)||

0.08 f--------

0.06 fj-------~

0.04 f£-------

AT AT TSI ST T T

0.02

o

-0.02

State Variables

-0.04

-0.06

-0.08

State Variables

-0.02

-0.04

-0.06 i
0 1

Time

State Variables

State Variables

N f----r----r----rF=-==-F----
W=~ "F=-=—-F-==-F=—=—F =~

Time

Fig. 3 The time responses of (4.5) with different fractional parameters

contrast time responses of the fractional-order Chua’s
circuit system with control or not are shown in Fig. 2.

It is obvious that the system is asymptotically
stabilization after applying the proposed controller
based on Lyapunov-Like function. Compared with the
controller in other papers, the controller proposed in
this paper has a wider application range and can play a
role in different fractional-order parameters. Next we
illustrate the time responses of the fractional-order
Chua’s circuit system (4.1) with different fractional-
order parameters and the time responses of it with
control are shown in Fig. 3.

Obviously, for the fractional-order operators
selected randomly, the controller which satisfies the
conditions of Theorem 2 can effectively act on the
fractional-order Chua’s circuit system to make it
asymptotically stabilization.

Example 2 Then, the effectiveness and universality of
another proposed controller based on vector Lyapunov
function will be fully demonstrated through the example
of fractional-order Lorentz system with time delay.
First, we transform the traditional fractional-order
Lorentz system into a form with time delay, which is
shown as follow

D*x (1) = a(xy(t) — x1(1)),
D*xy(t) = —x1(t — T)x2(t — 1) + bx1 () — x1(¢)x3(2),
D*x3(1) = cx3(t) + x1(2)x2(2), (4.6)

where a = 10,b =28,c = —8 7 =1 with the frac-
tional-order parameter « = 0.98, and the initial values
are [0.1,0.1,0.1]. Then, the time responses of the
fractional-order Lorentz system without control are

shown in Fig. 4.
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Fig. 4 The time responses and phase diagrams of (4.6) without control
It is obvious that the time delayed fractional-order Vs (x2 (1))

Lorentz system without control presents an unsta-
ble state. Then, we add controllers, and then the (4.6)
can be rewritten to the follow form

D%*x1 (1) = —10x,(¢) + 10x5(2) + cyu; (¢),
D*xy(t) = —x1(t — Dxp (£ — 1) + 28x;(¢)

— x1(1)x3(1) + coua(2), (4.7)

Doy (f) = — §x3(t) + 31 () (1) + csus(t),

where u;(t) = —kix;(2), i = 1,2, 3, we select the input
coefficient c; = ¢, = ¢3 = 1 and the vector Lyapunov
function of Eq. (4.7) is as follow

V(x(t) = x1 +3 + 5. (4.8)

According to the requirements of Theorem 3, we
select {, = % > 1, and the following inequality can be
obtained

folwa(t = 1) <2l (1) [lx( = DI

<3l

0x2(1)

(4.9)

by calculating, we have

Saitia (x0) <2 o)
2 o (a(0) < 56l 20 + 21 e,

6V3 (X3 ([))
a)C3(I)

&3(x(1)) <2[lx ([l Pes ()]

(4.10)

Then, according to the conditions of Theorem 3,
through calculation, we have

4
kl :4>k2 = 15>k3 )

. (4.11)

[ (—ai + ik —918) — EnT —EZ1T 12 —E13713
W= —EnTy (—ax + caky — 0205) — EnTa —E237 23
i —E3113 —E3T3 (—az + c3ks — V303) — E337 33
(14 -2 0
=|-5 12 -2
2 2 4

(4.12)
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Fig. 5 The time responses of (4.7) with different fractional parameters
6 ; ; =05 x(0)54 then, we can deduce the decision matrix W as follows
f R
g 2T o o |
$ ! ! ! ! It is obvious that the matrix W is an M - matrix.
[ L 1 1 1 . .
s 0 ‘ ‘ ‘ With the same advantages as the previous proposed
f, 2 ,"7"7"[ﬁ7"7"1”""”"1"”"7"1 777777777 control method based on Lyapunov-like function, this
& | | 1 1 controller based on vector Lyapunov function pro-
A o T T T posed in this paper also has a wide application range
6 ; : : : and can work in different fractional-order parameters.
p
0 ! 2 Time 3 4 ° In the same way, we illustrate the time responses of the
system (4.7) with different fractional-order parameters
1 T T ; T and the time responses of the fractional-order Lorentz
w CF T ; ; ; system with control are shown in Fig. 5.
2 Af prmmn [ [ [ The results show that, for randomly selected
®© 2fb-—-_____ Lmmmme o Lmmmmo o Lo I .
= 2 ! ! ! ! fractional-order parameters, the proposed controller
i Sy A [ [ [ based on vector Lyapunov function satisfies the con-
% Ag T T 0 «=05x0=2 | | ditions of Theorem 3 can achieve satisfactory result.
3 SR [, [ 0.=0.5 y(0)=-4 - ... . . L. . .
. ! N 2205 2(0)=-6 In addition to its wide application in the selection of
o 1 2 T 3 4 5 fractional-order parameters, this control method also
ime

Fig. 6 The time responses of (4.7) with different initial values

has the advantages of being applicable to different
initial values. Without loss of generality, we illustrate
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the time responses of the system (4.7) with different
initial values and the time responses of the fractional-
order Lorentz system with control are shown in Fig. 6.

The results show that, for randomly selected initial
values, the proposed controller based on vector
Lyapunov function satisfies the conditions of Theo-
rem 3 can be also valid.

Remark 2 Although the previous method based on
Lyapunov-like function can solve the stability problem
of fractional-order derivative into integer-order deriva-
tive, which can greatly simplify the complexity of the
stability problem, it cannot solve the stability problem
of the fractional-order system with time delay. The
method based on vector Lyapunov function can not
only solve the stability problem of the fractional-order
system without time delay, but also with time delay
even multiple time delays. Thus, compared with the
previous method based on Lyapunov-like function, this
method based on vector Lyapunov function is more
widely used and less limited.

Example 3 Then, an example of fractional-order Liu
system is given to illustrate that the proposed control
method can solve the problem of multiple time delays.
First, we transform the traditional fractional-order Liu
system into a form with multiple time delays, which is
shown as follow

6
5 i | 2=0.5 x(0)=5.2
””””” TTTTTTTTTiTTTTTTT -------0=0.5 y(0)=4.1
P R Lo SO (p— 0=0.5 z(0)=2.5
I I
2 3 777777777 L o o o |
g H H 1 |
=R e e m------- =
o 1 | | | |
ri - N W R R
[ I; 1.
5 ! | i ¥ i
2R yommmoooc 7o qmmmmees Fommmes 7
Y Fo------- R R e -
I I I I
-3 L . s .
0 1 2 3 4 5
Time
6
- EHE
| 0=0.0y(U)=
g 4 ; A 0=0.5 2(0)=-6
o) 2 A | [l [l
[SAEEY S - WO ottt CTTTTTTT 7]
& o i i "
> : | ! v
9 /3 [ S e o o |
S H i N |
R T B S
I I I I
-6 I
0 1 2 3 4 5
Time

Fig. 9 The time responses of (4.14) with different initial values

D*x(t) = —x1(t — 1) + x%(t),
D*xy(t) = axy(t — 1) + bx1(¢)x3(1),

(#)x (4.13)
D%x3(t) = cx3(t — 1) + doxy (£)x2(2),

wherea =2.5,b = —4,c = —5,d = 4,7 = 1, and the
initial values are [0.1,0.1,0.1]. Then, the time
responses of the fractional-order Liu system without
control are shown in Fig. 7.

It is obvious that the time delayed fractional-order
Liu system without control presents an unstable state.
Then, we add controllers, and then the (4.13) can be
rewritten to the follow form

D*xy(t) = —xi (t — 7) + x3(1) + eyus (1),

D*xp(1) = 2.5x2(¢ — 1) — 41 (1)x3(1) + eaua(2),

D*x3(1) = =5x3(t — 1) + 4x1 (1)x2(1) + e3u3(2),
(4.14)

where u;(t) = —kix;(1), i = 1,2, 3, we select the input

coefficient e; = e, = e3 = 1 and the vector Lyapunov
function of Eq. (4.14) is as follow

V(x(1)) = x] + x5 +x3. (4.15)

We select {, :% > 1, which satisfy the require-
ments of Theorem 3, and the following inequality can
be obtained

%Et()mxi(t — 1) <2[x(@)]l[lxi(z = DI, (4.16)

<30,

by calculating, we have

S 1 a00) <20 20,
20 g x0) <l ) e s )],
D g ) <81 OO s

(4.17)

Then, according to the conditions of Theorem 3,
through calculation, we have

ki =9,k = 15,k = 13, (4.18)

then, we can deduce the decision matrix W as follows
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(—ay + ciky — [|B1]|)) — EnT 1 —EpTn —EZi3713 8 -2 0
W= 7:21T21 (*az + Czkz - Hbz”éz) - :22T22 75237‘23 =[-8 125 -8/{.
=537 —E3T3 (—as + csks — ||b3]|C3) — E337 33 -8 -8 8
(4.19)

It is obvious that the matrix W is an M - matrix. In
the same way, we illustrate the time responses of the
system (4.14) with different fractional-order parame-
ters and different initial value. Then, the time
responses of the fractional-order Lorentz system with
control are shown in Figs. 8 and 9.

The results show that, for randomly selected
fractional-order parameters and initial values, the
proposed controller based on vector Lyapunov func-
tion satisfy the conditions of Theorem 3 can also
achieve satisfactory result.

5 Conclusion

In this paper, new stabilization conditions are acquired
using two different control strategies based on a
Lyapunov-like function and a vector Lyapunov func-
tion separately, capable of solving both the asymptotic
stability problem of nonlinear fractional-order systems
and the asymptotic stabilization problem of nonlinear
fractional-order systems with multiple time delays.
The correctness and validity of the proposed novel
control methods are verified by the simulating results
of several common nonlinear fractional-order sys-
tems, including the fractional-order Chua’s circuit
system, the fractional-order Lorentz system and the
fractional-order Liu system. In particular, the control
technology of the fractional-order Chua’s circuit
system is already highly developed in the actual
circuit system engineering. The new methods put
forward in this paper can provide new directions and
ideas for the control of the fractional-order Chua’s
circuit in practice, and they are applicable to many
other practical fractional nonlinear systems, such as
fractional gene regulatory network systems, fractional
HIV systems, fractional financial systems, fractional-
order switched PWA systems, fractional-order

@ Springer

switched Lur’e systems, etc. Therefore, the new
methods have effective practical value and important
practical significance. In the future research, we will
extend the proposed control methods to all fractional-
order operators.
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