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Abstract In this paper, we introduce the third-order
flow equation of the Kaup—Newell (KN) system. We
study this equation, and we obtain different types of
solutions by using the Darboux transformation (DT)
and the extended DT of the KN system, such as solitons,
positons, breathers, and rogue waves. The extended
DT is obtained by taking the degenerate eigenvalues
A= M@ =3,57,...,2k — 1) and by performing
the Taylor expansion near A1 of the determinants of DT.
Some analytic expressions are explicitly given for the
first-order solutions. We study the unique waveforms of
both the first-order and higher-order rogue-wave solu-
tions for special choices of parameters, and we find dif-
ferent types of such wave structures: fundamental pat-
tern, triangular, modified-triangular, pentagram, ring,
ring-triangular, and multi-ring wave patterns. We con-
clude that the third-order dispersion and quintic nonlin-
ear term of the KN system modify both the trajectories
and speeds of the solutions as compared with those
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1 Introduction

In recent decades, the soliton concept plays an increas-
ing role in mathematics, physical sciences, and in other
areas of science and engineering. From the perspectives
of soliton theory and real-world applications, many dif-
ferent types of solitons have been extensively studied
under various physical conditions [1-16]. The soliton
is a category of special localized solutions of non-
linear partial differential equations and is also one of
the abstract mathematical concepts that can be directly
transformed into crucial technological advances [17].
For instance, due to the fact that the optical soliton
can maintain its shape and energy during long-distance
propagation, it is considered to be the ideal informa-
tion carrier in modern optical fiber communications
systems [17-22].

When a picosecond optical pulse propagates in a
single-mode fiber, the soliton solution of the famous
nonlinear Schrodinger (NLS) equation is considered
to be the result of the delicate balance between disper-
sion and cubic (Kerr) nonlinearity without the inclusion
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of higher-order nonlinear effects into the dynamical
model [23,24]. However, in optical fibers, other physi-
cal effects such as self-steepening, self-frequency shift,
and self-phase modulation have a great impact on the
propagation dynamics of optical pulses in these non-
linear and dispersive optical media [7,25]. With the
development of high-bit-rate optical fiber communica-
tion system and laser technology, higher-order nonlin-
ear effects should be taken into account when model-
ing the propagation of ultra-short and high-intensity
optical pulse in nonlinear optical media. Thus, dur-
ing the past decades, several types of nonlinear partial
differential equations that include the effects of third-
order dispersion, quintic nonlinear terms, and other
effects have been investigated, such as Kundu—Eckhaus
equation [26,27], Hirota equation [28,29], generalized
NLS equation [30,31], and derivative NLS equation
(which is also the second-order flow of the KN sys-
tem) [32,33]. For instance, a generalized NLS equation
with the fourth-order dispersion and quintic nonlinear
terms to describe the optical pulse propagation in non-
linear metamaterials has been studied [34]. Meanwhile,
the equation investigated in Ref. [34] can be extended

to a more general model with the fourth-order disper-
N L .
sion 8_6‘]‘ and a quintic nonlinear term having the form
X

0gle) o
————, which this quintic nonlinear term accounts

for tlfe self-steepening effect related to the higher-order
quintic optical nonlinearity [35].

Many works have been devoted to the study of
higher-order nonlinearities and generalized (higher-
order) NLS equations. For example, in Ref. [36] the
problem of wave train generation of solitons in sys-
tems with higher-order nonlinearities has been inves-
tigated and in Ref. [37] the impact of dispersion and
non-Kerr nonlinearity on the modulational instabil-
ity of the higher-order nonlinear Schrodinger equa-
tion has been studied in detail. However, the effect of
the fifth-order nonlinear term of the Ginzburg—Landau
(GL) equation has been observed experimentally in
mode-locked fiber lasers [38,39]. Although the third-
order GL equation and the fifth-order GL equation
have both of them stable solutions whose amplitudes
are arbitrary (the so-called flat-top solutions) [40,41],
the stable fixed amplitude solution only exists in the
fifth-order GL equation. This means that the fifth-
order nonlinear term is useful to improve the stability
of the solution [42,43]. Very recently, several NLS-
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type models were extended and studied in detail [44—
47].

In this paper, we study the third-order flow equation
of the Kaup—Newell system (TOFKN equation) that
contains the third-order dispersion and quintic nonlin-
ear terms. It is an integrable system that is obtained
from the coupled TOFKN equation proposed by Kenji
Imai in 1999 [48]. We reduce the coupled TOFKN
equation by imposing the condition 7 = —¢* and some
special values of the parameters, and then, we get the
general form of the TOFKN equation:

. 3
Gt + quxx — 3i(1q1*q0)x — §<|q|4q>x =0. (1)

To the best of our knowledge, Eq. (1) is new and thus
deserves further studies in this paper.

During the past 2 decades, rogue waves have
attracted considerable attention in many research fields,
such as oceanography [49], optical fibers [5,50],
plasma physics [51], and Bose—Einstein condensates
[52]. The rogue waves, or freak waves, were originally
used to describe extraordinarily high and steep waves
in deep ocean, and their appearance or disappearance
is always sudden and traceless [53—63]. Although the
intrinsic nature of the rogue waves is elusive and they
are essentially difficult to monitor due to their fleeting
existences, satellite monitoring has confirmed that they
wander in deep oceans [49]. When rogue wave occa-
sionally encounter ships, huge casualties and losses will
occur. The first experimental observation of a rogue
wave in an optical system was reported in 2007 [50],
and in 2011, the rogue wave formation in a water wave
tank was reported [64]. We point out that the rogue
waves can create conditions for generating highly ener-
getic pulses in different optical settings [50,65,66].

The purpose of this paper is to generate various types
of solutions of the TOFKN equation by using the Dar-
boux transformation (DT), and to discuss the effects of
fifth-order nonlinear terms on the KN system by com-
paring the obtained results with those corresponding to
the solutions of the derivative nonlinear Schrodinger
equation (DNLS) equation [32,33]. First, we introduce
the DT and the extended DT of the KN system [32,33].
The extended DT [67] is obtained via taking the degen-
erate eigenvalues A; — A1(i =3,5,7,...,2k—1) of
the determinant formula of the DT and by performing
the Taylor expansion near A of the determinants of DT.
Second, we directly obtain several categories of solu-
tions of the TOFKN equation, such as solitons, posi-
tons, breathers, rogue waves, and rational solutions.
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The detailed analytical expressions of some obtained
solutions and their dynamics are given. Third, we arrive
at the conclusion that the fifth-order nonlinear term of
the KN system can affect the trajectory and the speed of
the obtained solutions and we compare this result with
that corresponding to the second-order flow equation
of the KN system.

The organization of this paper is as follows: In
Sect. 2, we present the coupled TOFKN equation, the
Lax pair, and the formula of the nth-order solutions
of the TOFKN equation, see also Refs. [32,33,48].
Through the application of the obtained formula, some
analytic expressions of different types of solutions from
zero seed solution are given, which include solitons,
positons, and rational solutions. In Sect. 3, we obtain
both the breather solutions and the rogue wave solu-
tions from the nonzero seed solution by using the DT
and we plot these types of solutions. In Sect. 4, by
modifying the coefficients of eigenfunctions, we gen-
erate different types of multiple-rogue waves. For spe-
cial choices of the parameters, we obtain seven types
of higher-order rogue waves having fundamental pat-
tern, triangular, modified-triangular, pentagram, ring,
ring-triangular, and multi-ring structures. We point out
that the pentagram waveform is investigated here for
the first time, to the best of our knowledge. Finally,
summary and discussion are given in Sect. 5.

2 Solutions of the TOFKN equation from zero seed
solution

Let us start from the second non-trivial flow (the third-
order flow) of the KN system [48]:

. 3
qr + Guxx + 3i(grgx)x — 5(113V2)x =0,
3 (2)
Fr+Fyxx — 3i(qrry)x — E(qzrj)x =0.

This system of coupled equations can be generated by
the integrability condition, i.e., the zero curvature equa-
tion M; — Ny +[M, N] = 0 of the KN spectral problem
(Lax pair) [48]:

U, = MW = (JA2 + QM)Y,
U, = N = (Verl + Vs1o + Virt + Va3 + Vad2 + Vi w.

3)

with

(i 0 _(0¢q
(7). 0-(3)
Ve =4J, Vs =40, V4=2qrl,

Y 2
vi= (. 0 s 2igx +2q°r ’
2iry + 2qr 0

3 .
V) = <§q2r2 +i(grx — qxr)) J,

Vv, = 0 %q3r2 —3igrgx — gxx
%q2r3 + 3igrry — ryx 0 '

Here, » € C, ¥ € C2?, and V¥ is the eigenfunction
associated with eigenvalue A of the KN system.

When r = —¢*, Eq. (2) can be reduced to Eq. (1),
and ‘%’ denotes the complex conjugation here.

2.1 The formula for the nth-order solutions of the
TOFKN equation

In order to obtain different solutions of the TOFKN
equation, we refer to the DT and extended DT formulae
of the second-order flow of the KN system, i.e., the
DNLS equation in [32,33]. It is easy to see that the
DT is also applicable to the TOFKN equation. Further,
the formulae for the nth-order solutions of the TOFKN
equation are provided as follows:

Lemma 1 [32] We set ¥; = (;) (i=12,...,n),
l

which is the eigenfunction corresponding to eigenvalue
Ai of the spectral equation (3), and then, the new
nth-order solutions (g1, "y of Eq. (2) are directly
obtained by the DT formulae:

2?2 2112
q[n] — %q +2i 112 12’
Q Q
21 21
022 2,192 @
r[”]z%r—ﬁ 21222.
‘Qll ‘Qll

Here, for n = 2k, we have the following formulae of
the determinants:

Ml A2 A A e g £

Ml M2 h 8 e g o
[211 = . . . . . . ’

)‘Z_lgn )\Z_2fn )\Z_Sgn o An&n fu
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_ _ )Lnfl )Ln72 )Ln73 S
)"}ilfl )‘rll 2f1 )L111 3g1~-~/\1g1 fi 1 f 1 81 1 f 181 fi
n—1 n—2 n—3
M fy 302y 203 Jogs f o M HRA T A T g
22 ry T2 Ay T8 A282 2 21 = . . . A
21 = , : : : I
: : : o : )‘Zilfn )Lﬁizgn )L273fn o An&n Jn
n n—2 n—3 _ _
MpJn Ay " Sn Xy 8n - Angn Ja Mg A 281 A §f1 Mg fi
n n— n—
MLR A2 AP S g 2 Mg AT My fa e Maga fo
M AN TN h e nh s : : PR
2 2 2
91 = ’ )”Zgn )\Zizgn )L273fn ce An&n Ju
A A2, A3 o A f g Under the reduction condition ¢/ = —r (D" we take
Ma M2 M7 M g
1 1 1 %
n, an=2, -3 m=—@4,%F{”>=G%Q,U=Lzmwx
o Mg hy “g2 Ay Tfa e haf2 &2 821 f4
22 = .
and one eigenvalue is pure imaginary:
)‘ngn A~ 2gn A~ 3fn “Anfn &n

And for n = 2k + 1, we have the following formulae

for the determinants:

- 21 21
M1 = iBo+1, Wakt1 = <f * ) = <f*+ )

82k+1 f2k+1

)»'f_lgl kY—Zfl )»7_381 Mg LeTmaZ [33] Suppose X\ —' fxl + 1,31,)@. =
)\n—lgz A”_zfz kn—3g2 e hafr @ —A\}, and take the degenerate limit ; — A(i =
21 = 2 . 2 _ 2 ) R 3,5,7,...,2k — 1), then a new nth-order (n = 2k)
R solution g™ of the TOFKN equation can be calculated
Y lgn A 2fn A 3 o Anfn &n by the formula (4) generated at the same eigenvalue
A fi AT ifl M- jgl e MA S and Taylor expansion, where
Mfary “fary g hafa &2 A2 A A
Q=] 7. A g"="Tlg 42— 2, 5)
: .2 .3 .o : 2 A3,
)‘ﬁfn )‘Z_ S )‘Z_ 8n - Anfn &n with
gll,n—1,0] fll,n—2,0] g[1,1,0] f[1,0,0]
g[2,n—1,0] fl2,n—2,0] g[2,1,0] f12,0,0]
g[lvn_lal] f[19n_29 1] g[lalsl] f[1709 1]
Ay = gl2,n—1,1] fl2,n—2,1] gl2,1,1] f12,0,17 |
gll,n—1,k—1] fll,n =2,k —1]--- g[1, 1,k — 1] f[1,0,k — 1]
gl2,n—1,k—1] f[2,n—2,k—1]--- g[2, 1,k —1] f[2,0,k — 1]
f[lvnso] f[lan_27o] g[19n_310] g[lvlvo] f[lvoso]
f12,n,0] f[2,n—2,0] g[2,n—3,0] g[2,1,0] f12,0,0]
fll,n,1] fll,n—2,1] gll,n—3,1] gll,1,1] f[1,0,1]
Ap=| Sf12.n1] fl2,n—2,1] gl2,n—3,1] gl2,1,1] f12,0,1] |,
Sfl,n, k—=1] fl1,n—2,k—1] gll,n =3,k —1]--- g[l, 1,k —1] f[1,0,k — 1]
fl2,n,k—1] fl2,n—2,k—1]g[2,n—3,k—1]--- g[2, 1,k —1] f[2,0,k — 1]
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fll.n—1,01  gll,n—2,0] f
fl2.n—1,01  g[2,n—20] - f
flln—1,11  glln—2,11 - f

Ay = | fl2n—1.11  gl2n-21]1 - f

Flln—1k—1] g[l,n—.2,k— e fIL T k=11 1,0,k — 1]
fl2on—1,k—1]gl2,n—2,k—1]--- f[2, 1,k — 1] g[2,0,k — 1]

Here, the new functions Vi, j, k] are defined as fol-
lows:

M =wli, j,01+ WL, j, e + ¥li, j, 21>
+ WL Gk
1 9% 0Jw (6)
_M’ w1, 1,0]
ko ank

=P ), Y, j, 01 =AW,

Vi, j k]l =

where the eigenfunction ¥ = W (L) corresponding to
eigenvalue A is similar to that of Lemma 1.

2.2 Solutions from zero seed solution

Here, by the application of the above DT and its
extended method, we will discuss several types of solu-
tions from zero seed solution.

For g = r = 0, we can generate the following eigen-
function related to A:

-(2)
g
f = exp(i (4A% + A%x)),
g = exp(—i (41% + 2%x)). (7

Case 1 (n = 1). Assuming A| = if1, then a solution of
the TOFKN equation can be simply obtained by Eq. (4):

g = —2B) exp(2i (480t + B2x)). (8)

This simple solution is a plane wave with a constant
amplitude.

Case 2 (n = 2). Setting Ay = i(l+m), Ay = i(l —m),
and substituting the eigenfunctions in Eq. (7) back in
Eq. (4), we can generate a quasi-periodic solution:

L (mcos2G) +ilsin 2 G))? exp(—2iF)

¥ = -4 k
(=12 + m?) (cos (2 G))? + I?)

€))

where

G = (2415m +80m3% + 24 lm5> t + 2mx,
F=(40+600m*+600*m* +4m®)t + (I* + m?) x.

Next, supposing A1 = a1 + if1, Ay = —o1 +if1,
and substituting the eigenfunctions (7) in formula (4),
the following solution of the TOFKN equation can be
simply obtained by the twofold DT:

(a1 cosh (2H) + if; sinh (2 H))? exp(2ih)

((r® + B12) (cosh 2 H))? — B12)°
(10)

with

H= (240[15,31 — 80013813 + 24 a ,315) t+2a1 B x,
h=(4a®—60a1*B1? + 601’ p1* — 411
+ (1? = %) x,

which is a bright one-soliton solution. We plot its three-
dimensional waveform and its density plot in Fig. 1a,
b, respectively.

Furthermore, if we assume oy — 0 in the above

equations, we obtain a rational soliton solution:
q[2]
48 e—2iﬁ|2(4ﬂ|4t+x) (4i,312 (12,314[ + x) + 1)3
=—4p 3 )
(1681 (1281 +x)* +1)

an
with an arbitrary real constant 8. This rational solution
is a line-type soliton and is plotted in Fig. 1c, d. The
peak trajectory of this rational solution is obtained by
analyzing the analytic expression of Eq. (11). Thus, the
soliton trajectory is the line x = —12,3ft on the (x —¢)
plane.

Remark 2.1 We point out that the coefficient of the
independent variable ¢ in the above expression of the
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Fig. 1 a The three-dimensional profile of the bright one-soliton

solution |q[2]|2 with parameters oy = 0.1, 81 = 0.2. Its peak
trajectory is x = 0 in the (x —7) plane. b The density plot of the

rational solution is different to that corresponding to
the first-order rational solution of the DNLS equation
in Ref. [32]. In other words, the propagation speed
of the above first-order rational soliton solution of the
TOFKN equation is different to that corresponding to
the rational solution of the DNLS equation, under the
same conditions. The propagation speed of the rational
solution of the TOFKN equation is —12,34, which is
less than zero, whereas the propagation speed of the
rational solution of the DNLS equation is 4;312, which
is greater than zero. Therefore, we find that their peak
trajectories are different, but their peak amplitudes are
equal under the same conditions.

Case3(n =4).Let A\ = a1 +if1, ko = —A], A3 =

o3 +if3, g = —kg‘, then a new solution, the second-
order soliton solution, can be obtained by the fourfold

@ Springer

(@

bright one-soliton solution with; = 0.1, 81 = 0.2. ¢ The three-

dimensional profile of the rational solution |q (2] |2 with 81 = 0.5.
d The density plot of the rational solution with 8; = 0.5

DT and substituting the eigenfunctions in Eq. (7) in
formula (4). Because the analytical expression of the
second-order soliton solution is very complicated, it is
omitted here, but we show its three-dimensional plot
in Fig. 2a. The typical third-order soliton is shown in
Fig. 2b (see also the discussion in Case 4 (n = 6)).
The very complicated form of its analytical expression
is also omitted here.

Furthermore, when A1 = a1 + B, A2 = —A’f and
taking the degenerate limit A3 — X, a two-positon
solution can be generated by applying Lemma 2 and
substituting the eigenfunction (7) in the formula (5).
The analytical expression of the two-positon solution
is as follows:

4] LiL,

q it = 2 (12)
positon Ll
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Fig. 2 a The second-order
soliton solution |q[4] |2 with
parameters: o] = 0.3, ] =
03,03 =0.1,83=04.b
The third-order soliton
solution with parameters:

a; =02, 8 =
—0.45, 03 =0.2, 83 =
—0.6,a5 = 0.3, 85 =
-0.35

where
Li=P—iP,,

Ly = (—cos(Q2) +isin(Q2))(2h cosh(Q1)
+ 2 hy sinh(Q1)),

Py = of + By + 46087 B7 (o
+ DO + 3203 B2} + BD) %12
+768a3 B7 (af — 20181 — B (@F + 20181 — BD)
(@f + BD)*xt + (af — B) cosh(201),
Py = 1602 2(ay — B1) (1 + B1) (120
— 168B7a7 + 12811

+ 1601 BT (@1 — B1) (@1 + B1) x

+ 201 1 (ef + B7) sinh(20)),
01 = 4o B1 (120 — 40B7a] + 12B81)1 + x),
0> =2(af — BD (e — 56B7af + 4Bt + x),

hy = —32ia3 B} (@F + B7)(60a 7t

— 1200} B3t + 12811 4 x) + 8ot B1,
hy = —3203 87 (o} + B7)(12a1

— 120?831 + 60871 + x) + Sia1 B}
(4 = 64,312. It is easy to
find that this positon solutlon possesses a phase shift
relative to the two-soliton solution when t — 4-00. The

evolution of positon solution of the TOFKN equation
with oy = 0.5, 81 = 0.35 is shown in Fig. 3a, d.

Remark 2.2 A simple comparison between the above
positon solution of the TOFKN equation and the corre-
sponding positon solution of the DNLS equation [33]
shows that their explicit analytic expressions are dif-
ferent only in terms of the coefficient of the variable
t. This leads to different propagation speeds of these

(b)

solutions under the same conditions. Thus, their trajec-
tories are different, but their peak amplitudes are equal
for the same set of parameters.

Next, let @y — 0 in the above procedure of cal-
culating the two-positon solution, then we obtain the
second-order rational traveling wave solution. Its ana-
lytical expression can also be reduced to the same form
as Eq. (12), but the values of the parameters L and L,
are as follows:

Ly =P —iP,
Ly = e 2T (_g84736i 8193
+ (—221184iB{°x — 2764808%)1?
+ (- 184321,3” 2 _ 276488 x + 6528ip] )t
— 512iB] x> —38487x> — 96iBix +24p1).
= 5308416874t* + 176947287 x13
+ 2211848/%x% + 12288ﬁ12 3
— 8755281%% + 2565«
+ 76883xt — 961x* — 3,
Py = —4423688181% — 1105928]%x1?
—921681%x%1 — 25680x — 3648851 — 48p%x.

p

—

This second-order rational traveling wave solution is
plotted in Fig. 3b, e.

Case 4 (n = 6). Setting A1 = o1 + if1, A2 =
—AT, M =a3+if3, = —k;, As = a5 +ifs, ke =
—A%, we get the third-order soliton solution of the
TOFKN equation by substituting the eigenfunctions (7)
in formula (4) in Lemma 1. Its analytical expression is
omitted here because it is very complicated, but we
present here its three-dimensional plot in Fig. 2b.
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[4]

positon

Fig. 3 a, d The two-positon solution ‘q

|q[4] |2 of the TOFKN equation with 1 = 0.3. ¢, f The three-positon solution

Further, when we set Ay = o1 + if; and eigen-
function (7), a three-positon solution of the TOFKN
equation can be generated by applying Lemma 2. Its
evolution is shown in Fig. 3c, f, and its complicated
analytical expression is also omitted here. Obviously,
the evolution of the three-positon solutions in Fig. 3
shows phase shifts when ¢t — 00, as compared with
the corresponding three-soliton solutions.

3 Solutions of the TOFKN equation from nonzero
seed solution

In this section, we will discuss some solutions of
the TOFKN equation from nonzero seed solution that

<f(x,l,?»k)> _
g(x, 1, Ak)

@ Springer

2
with o1 = 0.5, 81 = 0.35. b, e The second-order rational traveling wave solution

2
witho; = 0.5, 81 =0.2

[6]
’q positon

are obtained via the above-described method. We will
obtain two types of breather solutions and rogue wave
solutions. First, we must find a special nonzero seed
solution (a plane wave solution) and spectral eigen-
functions associated with eigenvalues.

We set a nonzero periodic solution

: 3
— i(ax+bt) b= - 4 -3 2 2
q =ce s a(zc ca+a),

a,c eR, (13)

and substitute Eq. (13) in the spectral problem (3). After
f

that, the eigenfunction ¥ = associated with the

eigenvalue A is given by using the method of separation
of variables and the superposition principle.

Diw ] (x, 1, M) + Daw? (x, 1, hi) + Doy, (x, 1, —A) + Doy, (x, 1, =)

.14

Dy (x, t, k) + Do 2 (x, t, A) + Dy, (e, t, =A5) + Dow2 " (x, 1, —1AF)
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where
Dy =1,
D, =1,

<w11k (-xs ty )\'k))
@y, (X, 1, Ap)

exp(s(x + (4rf + 2(a — M2 +a® — 3ac? + 3ch)1) + $(i(ax + bt))) )

= P 932
(—“‘ T exp(s(x + (@A + 2(a — DAL + a2 = 3ac® + 3chn) — L(i(ax + b))

2chk

(wlzk(xs ty )"k))
@3 (X, 1, Ap)

15)

exp(—s(x + (42} + 2(a — A} + a® — 3ac® + 3ch)t) + S(i(ax + bt)))
= P92 s
P2 exp(—s(x + (44 +2(a — D] + a® —3ac® + 3ehH0) — L(i(ax + br)

1
o (x, 1, h) = (wlk("’t’“)>, @2 (xs 1, hp) = (

@, (X, 1, hi)

\/—az —4xt — 402 (ct —a)
s = )
2

wlzk(-xv [1 )‘*k))
w5 (x, 0]

In order to obtain the breather solutions and rogue
wave solutions, we have to set n = 2k, i.e., the value
of n is even.

3.1 The breather solutions of the TOFKN equation

Case 5 (n =2). Let A\; = a1 +if1, ko = —AT, and we
substitute their eigenfunctions (14) in the formula (4).
(1) For simplicity, we set a = ¢ + 20(% — 2/312 so that
Im(—a? — 4)ff - 4A%(62 —a)) = 0, and then, a new
solution can be obtained as follows:

4
F = K{[12a1* — 20, 2(c2 +208,2) — %

+ 22812 + 128141t + x),
Fy = 24K a1 B (a1 — B,

K = /= (€ +4a12)( — 482).

If K? > 0, the trajectory of this solution is defined
specifically by x = —[12a1* — 2a1%(c? + 2081%) —
< 2282 + 1284t from Fy = 0.1f K2 < 0, the
trajectory of this solution is defined explicitly by t = 0
from F, = 0. Then, the dynamics of |q[2] |2 in Eq. (16)

w1 (cay cos(Fy) cosh(Fy) — ¢fy sin(F>) sinh(Fp) + 201 81)

(16)

2
}q[ﬂ‘ =2

w> cos(F) cosh(Fy) + w3 sin(F>) sinh(Fp) 4 w4 cosh(2F)) + ws cos(2F) + ws’

with

w1 = 160181 (¢ + 4ai) (> — 4B7),

wy = 8cai?Bi(c? + 4ar?),

w3 = —8ca1 B12(c? — 4p12),

wg = 16012 1% (a1 + B17),

ws = (1> + B12)(c? + 41> — 4B12),
we = (a1 — B12) + 4c* (@) + Bi2)?

+ 1601 1% (a1 — B2,

with different parameters is shown in Fig. 4a, b.

Remark 3.1 1t is easy to find that for the same condi-
tions the propagation speeds and the trajectories of the
first-order breather solutions of the TOFKN equation
and of the DNLS equation [32] are different; see also
Remark 2.1 and Remark 2.2.

(2) Whena = %, we can get two sets of eigenfunctions
from Eq. (14) without difficulty,

(wllk(x, t, Ak)> and (wlzk*(x, t, —)»,,”;)) ’ (17

1 *
@y (X, 1, i) @y (X, 1, —Ap)
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(wfk(x, t, )Lk)) and (wllk*(x, t, —)»7;)) . (18)

2 1*
@y (X, t, Ak) @y (X, 1, =A%)

Thus, in this case, the eigenfunction ¥} corresponding
to A is obtained by

(f(x,t,m) _(mh& 0 +w}k:(x,r, —1%)
g(x, 1, 2g) oy (k0 M) + @y, (et —A))
(19)

with

<w11k(x, t, kk)>

wzlk(x, t, Ak)
_ (exp(i(k,%x + %czx + 4A2t + %c@)))
- ﬁ exp(i (A7x + 42%1))

After that, it is not difficult to generate another first-
order breather solution q[z] with A = a1 +if1, A2 =
—A} by the formula (4). Its evolution is shown in
Fig. 4c.

Case 6 (n =4). Let A\ = a1 +if1, ko = —A], A3 =
a3 + if3, A4 = —Aj, then we obtain the new solution

gll,n—1,11 f[1,n—=2,1] --- g[1,1,1] f[1,0, 1]
gl2,n—1,1] fI2,n —=2,1] --- g[2, 1, 1] f[2,0,1]
gll,n—1,2] f[1,n—=2,2] --- g[1,1,2] f[1,0,2]

S = gl2,n—1,2] fI2,n—=2,2] --- g[2,1,2] f[2,0,2] .

g[l,n.— 1, k] f[l,n.— 2,k]--- g[l,'l,k] f[l,.O, k]
gl2,n—1,k] fI2,n—=2,k] --- gl2,1,k] fI2,0, k]

g using the above method, that is using the fourfold
DT and substituting ¥ and ¥; in Eq. (4). Here, the
analytical expression of ¢[*! is omitted, but |q[4] % s
plotted in Fig. 5: (a) leta = A2+ 20‘1'2 — 2,31.2, i=1,3,
so that Im(—a® — 40} — 433 (c? — a)) = 0; (b) let
a= % The elastic collision between the two breathers
can be clearly observed in Fig. 5.

3.2 The rogue wave solutions of the TOFKN equation

Here, we obtain the formula for generating rogue waves
of the TOFKN equation by looking at the generating
mechanism of the higher-order rogue waves of the NLS
equation [67] and the DNLS equation [33], as follows:

Lemma 3 [33] Supposing A1 = % —c?+2a —

%C, Ay = —AJ, then the kth-order rogue wave solution
q"\(n = 2k) can generated by the following formula:
2

m _ o

q 2q—{—2i 3
621 521

; (20)

with

fll,n, 1] fll,n—-2,1] g[l,n—3,1] - --
fl2,n,1] f[2,n—-2,1] g[2,n —3,1] - --
fl1,n,2] fl1,n—2,2] g[l,n—3,2] ---

gll,1,1] f[1,0,1]
gl2,1,1] f12,0,1]
gll, 1,2] f[1,0,1]
gl2,1,2] f12,0,2] i

g[l,'l,k] f[l,'O,k]
gl2,1,k] f[2,0, k]

S1p = f12,n,2] f12,n—2,2] g[2,n—3,2] ---
f[l,'n,k] f[l,n'—2,k] g[l,n.—3,k]
f12,n, k]l fl2,n—2,k] g[2,n —3,k] ---
fll,n—1,11¢g[l,n—=2,11--- f[1,1,1] g[1,0, 1]
fl2,n—1,11¢l2,n—=2,11--- f[2,1,1] g[2,0, 1]
fll,n—1,21g[l,n—2,2]--- f[1,1,2] g[1,0,2]
fl2,n—1,21¢l2,n—2,2] --- f[2,1,2] g[2,0,2]

81 = . . ) . .

f[l,n.— 1, k] g[l,n;2,k] f[l,.l,k] g[l,.O, k]
fI2,n—1,kl g[2,n—2,k] --- f[2,1,k] g[2,0, k]
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Fig. 4 a The first-order breather solution |q[2]|2 with o =
Bi,ar = 0.3,c = 0.5. b The first-order breather solution

¢ with @ = 0.6, = 0.2,c = 0.6. Its trajectory is

Fig. 5 a The second-order

breather solution |¢¥! |2
with

c=0.6,a; =06, 8, =
0.35,a3 =05, 3 = %
b The second-order breather

solution |q[‘”|2 with
cC = 1.2,0{1 = 0.8, ﬂl =
04,03 =0.5,63 =0.75

Thus, the higher-order rogue wave solutions of the
TOFKN equation are given by the above formula (20).
Case 7 (n = 2). We easily get the first-order rogue
wave solution via substituting the eigenfunctions (14)
in the above formula (20):

RIR 3
qhly = Ilezzcexp <ia <x+<§c4—3c2a+a2> l)) (2D

1

where

Ry =u; +iuy, R)y =u3+iuy,
5 1
uyp = 24c%av/—c2 + 2a <§C4z —4ac’t +a’t + gx) ,

Uy = 2av/—c + 2a(45ac'%? — 18042812
+ 252c%a°12 — 144c*a*® + 36c%a’ 1
+ 36c%atx — 72¢%a%tx + 24cadtx
+ 4cax® + 2),

uz = 2av/'—c? + 2a(—30c%t

+ 96ac*t — 60a%c?t — 4c2x),

the line # = 0. ¢ The first-order breather solution |q[2] |2 with
a1 =05,8=0.6,c=12

(b)

ugy =2av —c? + 2a(45ac10t2 — 180a2c¥?
+ 252¢%1%a3 — 144c*a*® + 36¢%a’ 1

+ 36c%atx — 72¢*a%tx + 242’ tx + dctax? — 6).

A simple analysis shows that the first-order rogue

2
. 2
wave solution ‘q}e‘]ﬂ,) — ¢ when x — 00,1 —> 00,

2
and the maximum amplitude of ‘qg‘],v ‘ equals 9¢? and

appears at the origin of the (x —¢) plane. The first-order
rogue wave solution is plotted in Fig. 6.

Remark 3.2 We also plot the first-order rogue wave
solution of the DNLS equation [33] to compare it with
the first-order rogue wave solution of the TOFKN equa-
tion under the same conditions. From Fig. 6b, c, we
see that their directions and lengths are different under
the same parameter conditions. We point out that these
dissimilarities between the first-order rogue wave solu-
tions of the TOFKN equation and of the DNLS equation
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2
Fig. 6 a, b The first-order rogue wave solution ‘q%‘],v of the TOFKN equation witha = 1,¢ = % ¢ The first-order rogue wave

2
solution q%&v of the DNLS equation witha =1, ¢ =

S-

were also discussed in Ref. [66], by using the contour-
ing method.

1
Case 8 (n = 4). Assumea = 1 and c = — in order to

simplify the analytical expressions. Then, the second-
order rogue wave solution is given by the formula (20):

[4‘]4; _Rik 1 (i(x+ 1t)) (22)
q = exp((x + =1)),

R R% V3 6

where

Ri=uj; +iup, Ro = u3+iuy,

uy = 704969:° + 8554681°x + 1201500x%1*
+ 738720x°1> + 486000x*12
+ 1399681x> + 46656x° + 65146147
— 99545761 x — 18545761>x>
+ 1446336x31 + 69984x*

+ 3613798812 — 4094064tx + 3464208x2
+ 1417176,

uy = 14257847 — 740124+%x — 553392x%43
— 7853761%x> — 256608tx*
— 139968x° + 1054684813 — 4665612 x

—3079296x%t — 5598723
+ 63510487 — 2834352x,

usy = 704969¢° + 8554681 x + 1201500x2¢*
+738720x313 + 486000x*+>

@ Springer

+ 1399687x° + 46656x° — 19841490+
— 282281763 x — 17670960t x>
— 2472768x3t — 769824x* — 1093500¢>

+ 194205601 x — 6613488x>
+ 7085880,

g = 67011661 + 62766361*x + 7209648x>1>
+ 30248641%x> 4 13763521x*
+ 139968x° — 109123207> — 493620481 x
—9517824x%t — 1119744x3
— 328050007 — 4723920x.

Furthermore, the higher-order rogue wave solutions
are also calculated by the same method as above.
However, their analytic expressions are omitted here
because of their very complicated forms. But they
are plotted in Fig. 7. The plots show that the higher-
order rogue wave solutions are all equal to ¢> when
x — o0o,t — 00, and the maximum amplitude of
the kth-order rogue wave is (2]2;21)2 in the origin of the
(x — 1) plane, for the value @ = 1 of the parameter
a. By comparing to Ref. [33], we find that the result
is consistent with the maximum amplitude of the kth-
order rogue wave of the DNLS equation with respect
to variables a and c. Therefore, we make a guess that
the energy of the central peak of the rogue wave of the
TOFKN equation is the same with that corresponding
to the DNLS equation, but is larger than that corre-
sponding to the NLS equation. But like in Remark 3.2,
the directions of propagation of the higher-order rogue



Several categories of exact solutions of the third-order flow

2851

waves of the TOFKN equation and of the DNLS equa-
tion are different.

4 The different types of rogue wave solutions by
changing the parameters

In Ref. [33], the different waveforms of the higher-
order rogue wave solutions of the DNLS equation were
obtained. Next, we investigate how the waveforms of
the solutions of the TOFKN equation will modify with
the change of the parameters as compared to the corre-
sponding solutions of the DNLS equation. In this sec-
tion, we will discuss the dynamics of the rogue wave
solutions of the TOFKN equation for different choices
of the parameters. First, let the coefficients D1 and D,
of the eigenfunction (14) as follows:

Dy = exp(—is(Sy + Si€ + $r6% + S36° + -+ + Si_ 1)),

Dy = exp(is(So + Si€ + Sre® + S3€3 + -+ + Sk,
(23)

Here, Sy, S, S2, S3, ..., Sx—1 € C, which have a cru-
cial influence on the structure of the rogue wave solu-
tions. Generally, we set (k — 1) free parameters for the
kth-order rogue wave solution, and we obtain various
structures of the solutions by setting different values of

tion is in fact that plotted in Fig. 6, but displaced about
the origin. Furthermore, the first-order rogue wave and
the higher-order rogue wave can all be displaced to any
position in the (x — 7) plane, but this result is rather
trivial.

(2) Triangular structure

Let S; = 0, (i # 1), and we show the evolution of
the rogue waves of orders k = 2, 3,4, 5 in Fig. 9. We
explicitly observe from Fig. 9 that the structures of all
higher-order rogue wave are triangular ones. There are,
respectively, three peaks, six peaks, ten peaks, and fif-
teen peaks in Fig. 9, in which every peak constitutes a
first-order rogue wave. Thus, we conclude that the tri-
angular structure of the kth-order rogue wave is com-
posed of @ peaks, which are arranged in k rows as
in an arithmetic progression.

(3) Modified-triangular structure

Moreover, by altering the coefficients of Eq. (14), the
inner part of the above triangular structure shown in
Fig. 9 can be converted into a higher-order peak that
constitutes a higher-order rogue wave.

the parameters S;. Fork =5, let
< fx,t, xk)) _((Diw () + Diaf(x, 1, ) + Do (x, 1, —Af) + Do, (x, 1, —Af) o
g(x, 1, Ap) Dy, (x, 1, a) + D13, (x, t, M) + Do), " (x, 1, =A%) + Dol “(x, 1, —21) )

4.1 The rogue wave solutions with one nonzero
parameter value

In this subsection, when just one of the parameters S;
has a nonzero value, we obtain five typical waveforms:
fundamental pattern, triangular, modified-triangular,
pentagram, and ring structures.

(1) Fundamental pattern
For n = 2, we can obtain different first-order rogue

waves with S; = 0 excepting Sp that has a nonzero
value. We show them in Fig. 8. We can see that this solu-

with

D = exp(—isz(So + Sie + Sre?
+ 8360 -4 SpmrefTh),

Dy = exp(isz(So + Sie + Sre?
+ S3€t + o 4 ST

thus, a new pattern, the modified-triangular structure, is
generated in this way. This structure has at its periph-
ery the form of a triangle of twelve first-order rogue
waves and has a central peak in the interior of the tri-
angle, which is in fact a second-order rogue wave. This
modified-triangular structure is shown in Fig. 10 for a
special choice of the parameters.
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Fig. 7 The higher-order
rogue wave solutions

2
[2] : _ _ 1
)qRW‘ Wltha—l,C—%

(a) second-order rogue wave (b) third-order rogue wave

20 20 t 20 20

(¢) fourth-order rogue wave (d) fifth-order rogue wave

Fig. 8 Different types of
first-order rogue wave
solutions with parameters
a=1,c= %,andforSo
different from zero. a The
first-order rogue wave with
So = 10. b The first-order
rogue wave with Sp = —10
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Fig. 9 The triangular
structures of higher-order
rogue waves with
parameters a = 1 and

c=—>

V3
t
-10
-20
-30
-40
-20 -10 0 10 20 30 -30-20 -10 0 10 20 30 40
X
() second-order rogue wave with S1 = (b) third-order rogue wave with S1 = 1000
1000
60
40
20
t t
20 -20
-40
-4
-60
-40  -20 0 20 40 -40 -20 0 20 40 60
X X
(c¢) fourth-order rogue wave with S = (d) fifth-order rogue wave with S1 = 1000
1000
Fig. 10 The

modified-triangular
structures of the fifth-order
rogue waves with
parametersa = 1, ¢ = L,
and S; = 1000

(4) Pentagram structure

Let S; = 0, (i # 2), then we get a new type of wave
structure, namely the pentagram waveform, which is
shown in Fig. 11. We point out that this type of wave

-40 -20 0 20 40

(b)

structure has not been discovered before, to the best
of our knowledge. From Fig. 11, we observe that the
fourth-order rogue wave and the fifth-order rogue wave
are divided into ten peaks and fifteen peaks, respec-
tively, when the parameter S, has a nonzero value. We

@ Springer



2854

H. Lin et al.

Fig. 11 The pentagram
structures of higher-order
rogue waves with
parametersa = 1, ¢ = %,
and S, = 20000 "

Ig?

(b) fifth-order rogue wave

30

-30%

401

- 40

(¢) fourth-order rogue wave

30 30

(a) third-order rogue wave
with S =5 x 10%

Fig. 12 The ring structures of the higher-order rogue waves with parameters @ = 1 and ¢ =

also point out that every peak in Fig. 11 is a first-order
rogue wave. Thus, we obtain the general result that the
pentagram structure of the kth-order rogue wave is com-
posed of @ peaks, and all of them are first-order

rogue waves.

@ Springer

-20 -10 0 10 20 30

(b) fourth-order rogue wave
with S3 =5 x 10°

-30-20 -10 0 10 20 30 40
X
(d) fifth-order rogue wave

30 30 30 30

(¢) fifth-order rogue wave
with Sy =1 x 108

1

S

(5) Ring structure

We suppose S; = 0, excepting Sx—1. Then, when Si_
is sufficiently large with increasing the value of k, a
ring structure of the kth-order rogue wave is obtained,
which is plotted in Fig. 12. We can clearly observe that
(2k — 1) first-order rogue waves locate on the outer
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Fig. 13 The ring-triangular
structure of higher-order
rogue waves with
parametersa = 1, ¢ = €

S

(a) fourth-order rogue waves with S; =
500 and S3 =1 x 108

shell of the ring and one (k — 2)th-order peak, which
is in fact a (k — 2)th-order rogue wave, locates in the
center of the ring; see the three different ring structures
plotted in Fig. 12.

4.2 The rogue wave solutions with more than one
nonzero parameter

In the above subsection, five types of patterns depend-
ing on only one nonzero parameter are described. Next,
we will discuss the solutions with two or more nonzero
parameters.

(6) Ring-triangular structure

In the above subsection, a ring structure of the fourth-
order rogue wave solution has been generated with
S3 # 0, whose outer shell is a ring that is compos-
ing of seven first-order rogue waves and the center of
the ring structure is a second-order rogue wave. Thus,
when we continue to set §; # 0, we obtain the result
that the outer shell maintains as it is and the central peak
can be split into a triangular structure. This kind of pat-
tern is shown in Fig. 13. Furthermore, a similar ring-
triangular structure of more higher-order rogue wave
solutions of the TOFKN equation can be also obtained
if we proceed in the same way. Therefore, we conclude
that the central (k — 2)th-order rogue wave of the ring
structure of the kth-order rogue wave solution is able
to be divided up into a triangular structure when Sy_;
is sufficiently large with increasing k.

20 40 60 80

-60 -40 -20 0
X

(b) fifth-order rogue waves with S; = 500
and Sq =1 x 101!

(7) Multi-ring structure

Moreover, the central higher-order peak of the ring
structure of the higher-order rogue wave can also be
divided up into a ring structure. For k = 5, the ring
structure of this solution is shown for S4 # 0 in
Fig. 12c. Then, if we continue to assume S # 0
and S4 > 0, the inner third-order rogue wave will
be divided up into a ring waveform. This structure is
plotted in Fig. 14. Obviously, the outer part of the multi-
ring structure is consistent with that of the ring struc-
ture shown in Fig. 12¢, and a new ring composed of
five first-order rogue waves is added to the inner part.
Meanwhile, there is also a first-order peak in the center
of the new ring. Therefore, we can guess that the center
of the more higher-order solutions will continue to be
split into a multi-ring structure.

5 Summary and discussion

In this paper, we have studied the third-order flow of
the KN system (TOFKN equation) with third-order dis-
persion and quintic nonlinearity. By applying the DT
and the Taylor expansion, from different seed solutions,
i.e., zero seed solution and nonzero seed solution (plane
wave solution), we have explicitly generated the soli-
ton, rational, positon, breather, and rogue wave solu-
tions of the TOFKN equation. The detailed analytic
expressions of some of the obtained solutions and their
dynamics for some special choices of the parameters
have been also given. Our results prove again the use-
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Fig. 14 a The multi-ring
structure of fifth-order
rogue waves with parameter
a=1,c= %, S =

5x10°, and Sy = 1 x 10'2.
b The inside of the
multi-ring structure

fulness of the DT method for solving integrable nonlin-
ear partial differential equations. Moreover, we obtain
the rogue wave solutions with different waveforms by
properly choosing the coefficients Dy and D, of the
eigenfunctions. Notably, we have obtained several dis-
tinct patterns of first-order and higher-order rogue wave
solutions of the TOFKN equation via selecting differ-
ent parameter values: fundamental pattern, triangular,
modified-triangular, pentagram, ring, ring-triangular,
and multi-ring structures. The pentagram structure is
firstly discovered here, to the best of our knowledge.

In conclusion, the comparison made between the
solutions of the TOFKN equation and the DNLS equa-
tion shows that the third-order dispersion and quintic
nonlinear term of the KN system can affect both the tra-
jectory and the speed of the solutions. The exact analyt-
ical results obtained in this paper might have a reference
value for the study of the higher-order flows of other
integrable nonlinear dynamical systems and provide a
theoretical basis for possible experimental studies and
applications.

Funding This work is supported by the NSF of China under
Grant No. 11671219.

Compliance with ethical standards
Conflict statement We declare we have no conflict of interests.

Ethical statement Authors declare that they comply with ethical
standards.

@ Springer

References

1. Mollenauer, L.F., Stolen, R.H., Gordon, J.P.: Experimental
observations of picosecond plise narrowing and solitons in
optical fibers. IEEE J. Quantum Electron. 17, 2378-2378
(1980)

2. Strecker, K.E., Partridge, G.B., Truscott, A.G., et al.: Forma-
tion and propagation of matter-wave soliton trains. Nature
417, 150-153 (2002)

3. Dudley, .M., Genty, G., Coen, S.: Supercontinuum genera-
tion is photonic crystal fiber. Rev. Mod. Phys. 78, 1135-1148
(2006)

4. Lin, Q., Painter, O.J., Agrawal, G.P.: Nonlinear optical phe-
nomena in silicon waveguides: modeling and applications.
Opt. Express 15, 16604-16644 (2007)

5. Solli, D.R., Ropers, C., Jalali, B.: Active control of rogue
waves for stimulated supercontinuum generation. Phys. Rev.
Lett. 101, 233902 (2008)

6. Guo, A., Salamo, G.., Duchesne, D., Morandotti,
R., Volatier-Ravat, M., Aimez, V., Siviloglou, G.A.,
Christodoulides, D.N.: Observation of PT-symmetry break-
ing in complex optical potentials. Phys. Rev. Lett. 103,
093902 (2009)

7. Agrawal, G.P.: Nonlinear Fiber Optics, 5th edn. Academic
Press, Oxford (2013)

8. Ablowitz, M.J., Clarkson, P.A.: Solitons, Nonlinear Evolu-
tion Equations and Inverse Scattering. Cambridge Univer-
sity Press, Cambridge (1991)

9. Wazwaz, A.M., El-Tantawy, S.A.: Solving the (3+1)-
dimensional KP-Boussinesq and BKP-Boussinesq equa-
tions by the simplified Hirota’s method. Nonlinear Dyn. 88,
3017-3021 (2017)

10. Liu, J.G., He, Y.: Abundant lump and lump-kink solutions
for the new (3+1)-dimensional generalized Kadomtsev—
Petviashvili equation. Nonlinear Dyn. 92, 1103-1108
(2018)

11. Sergyeyev, A.: Integrable (3+1)-dimensional systems with
rational Lax pairs. Nonlinear Dyn. 91, 1677-1680 (2018)

12. Xu, G.Q., Wazwaz, A.M.: Characteristics of integrability,
bidirectional solitons and localized solutions for a (3+1)-
dimensional generalized breaking soliton equation. Nonlin-
ear Dyn. 96, 1989-2000 (2019)



Several categories of exact solutions of the third-order flow

2857

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

Ding, C.C., Gao, Y.T., Deng, G.F.: Breather and hybrid
solutions for a generalized (3+1)-dimensional B-type
Kadomtsev—Petviashvili equation for the water waves. Non-
linear Dyn. 97, 2023-2040 (2019)

Chen, S., Zhou, Y., Baronio, F., Mihalache, D.: Special
types of elastic resonant soliton solutions of the Kadomtsev—
Petviashvili II equation. Rom. Rep. Phys. 70, 102 (2018)
Kaur, L., Wazwaz, A.M.: Bright-dark lump wave solutions
for a new form of the (3+1)-dimensional BKP-Boussinesq
equation. Rom. Rep. Phys. 71, 102 (2019)

Malomed, B.A., Mihalache, D.: Nonlinear waves in optical
and matter-wave media: a topical survey of recent theoretical
and experimental results. Rom. J. Phys. 64, 106 (2019)
Hasegawa, A., Kodama, Y.: Solitons in Optical Communi-
cation. Oxford University Press, Oxford (1995)

Hasegawa, A.: Optical solitons in communications: from
integrability to controllability. Acta. Appl. Math. 39, 85-90
(1995)

Hasegawa, A.: An historical review of application of optical
solitons for high speed communications. Chaos 10, 475485
(2000)

Hasegawa, A.: Soliton-based optical communications: an
overview. IEEE J. Sel. Top. Quantum Electron. 6, 1161—
1172 (2000)

Mollenauer, L.F., Gordon, J.P.: Solitons in Optical Fibers:
Fundamentals and Applications. Academic Press, London
(2006)

Hasegawa, A., Matsumoto, M.: Optical Solitons in Fibers.
Springer, Berlin (2010)

Chiao, R.Y., Garmire, E., Townes, C.H.: Self-trapping of
optical beams. IEEE J. Quantum Electron. 13, 479-482
(1964)

Zakharov, V.E.: Stability of perodic waves of finite ampli-
tude on the surface of a deepfluid. J. Appl. Mech. Tech. Phys.
9, 190-194 (1968)

Trippenbach, M., Band, Y.B.: Effects of self-steepening and
self-frequency shifting on short-pulse splitting in dispersive
nonlinear media. Phys. Rev. A 57, 4791-4803 (1998)
Kundu, A.: Landau-Lifshitz and higher-order nonlinear
systems gauge generated from nonlinear Schrodinger-type
equations. J. Math. Phys. 25, 3433-3438 (1984)

Wang, X., Yang, B., Chen, Y., Yang, Y.Q.: Higher-order
rogue wave solutions of the Kundu-Eckhaus equation. Phys.
Scr. 89, 095210 (2014)

Hirota, R.: Exact envelope-soliton solutions of a nonlinear
wave equation. J. Math. Phys. 14, 805-809 (1973)
Ankiewicz, A., Soto-Crespo, J.M., Akhmediev, N.: Rogue
waves and rational solutions of the Hirota equation. Phys.
Rev. E 81, 046602 (2010)

Kruglov, VI., Peacock, A.C., Harvey, J.D.: Exact self-
similar solutions of the generalized nonlinear Schrédinger
equation with distributed coefficients. Phys. Rev. Lett. 90,
113902 (2003)

Wang, L.H., Porsezian, K., He, J.S.: Breather and rogue wave
solutions of a generalized nonlinear Schrédinger equation.
Phys. Rev. E 87, 053202 (2013)

Xu, S.W., He, J.S., Wang, L.H.: The Darboux transformation
of the derivative nonlinear Schrodinger equation. J. Phys. A
Math. Theor. 44, 305203 (2011)

Zhang, Y.S., Guo, L.J., Xu, SSW., Wu, Z.W., He, J.S.: The
hierarchy of higher order solutions of the derivative nonlin-

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

ear Schrodinger equation. Commun. Nonlinear Sci. Numer.
Simul. 19, 1706-1722 (2014)

Xiang, Y.J., Dai, X.Y., Wen, S.C., Guo, J., Fan, D.Y.: Con-
trollable Raman soliton self-frequency shift in nonlinear
metamaterials. Phys. Rev. A 84(3), 2484-2494 (2011)
Saha, M., Sarma, A.K.: Modulation instability in nonlinear
metamaterials induced by cubic-quintic nonlinearities and
higher-order dispersive effects. Opt. Commun. 291, 321-
324 (2013)

Mohamadou, A., Latchio-Tiofack, C.G., Kofane, T.C.: Wave
train generation of solitons in systems with higher-order
nonlinearities. Phys. Rev. E 82, 016601 (2010)

Choudhuri, A., Porsezian, K.: Impact of dispersion and
non-Kerr nonlinearity on the modulational instability of the
higher-order nonlinear Schrédinger equation. Phys. Rev. A
85(3), 1431-1435 (2012)

Renninger, W.H., Chong, A., Wise, F.W.: Dissipative soli-
tons in normal-dispersion fiber lasers. Phys. Rev. A 77,
023814 (2008)

Peng, J.S., Zhan, L., Gu, Z.C., Qian, K., Luo, S.Y., Shen,
Q.S.: Experimental observation of transitions of different
pulse solutions of the Ginzburg—Landau equation in a mode-
locked fiber laser. Phys. Rev. A 86, 033808 (2012)
Akhmediev, N., Afanasjev, V.V.: Novel arbitrary-amplitude
soliton solutions of the cubic—quintic complex Ginzburg—
Landau equation. Phys. Rev. Lett. 75, 2320-2323 (1995)
Akhmediev, N., Afanasjev, V.V., Soto-Crespo, J.M.: Singu-
larities and special soliton solutions of the cubic—quintic
complex Ginzburg-Landau equation. Phys. Rev. E 53,
1190-1200 (1996)

Soto-Crespo, J.M., Akhmediev, N., Afanasjev, V.V.: Sta-
bility of the pulselike solutions of the quintic complex
Ginzburg-Landau equation. J. Opt. Soc. Am. B 13, 1439—
1449 (1996)

Kharif, C., Pelinovsky, E.: Physical mechanisms of the rogue
wave phenomenon. Eur. J. Mech. B Fluids 22, 603-634
(2003)

Yu, W., Liu, W., Triki, H., Qin, Z., Biswas, A., Belic,
R.M.: Control of dark and anti-dark solitons in the (2+1)-
dimensional coupled nonlinear Schrodinger equations with
perturbed dispersion and nonlinearity in a nonlinear optical
system. Nonlinear Dyn. 97, 471-483 (2019)

Yu, W., Liu, W., Triki, H., Qin, Z., Biswas, A.: Phase shift,
oscillation and collision of the anti-dark solitons for the
(3+1)-dimensional coupled nonlinear Schrédinger equation
in an optical fiber communication system. Nonlinear Dyn.
97, 1253-1262 (2019)

Xie, X.Y., Meng, G.Q.: Dark solitons for a variable-
coefficient AB system in the geophysical fluids or nonlinear
optics. Eur. Phys. J. Plus 134, 359 (2019)

Xie, X.Y., Yang, S.K., Ai, C.H., Kong, L.C.: Integrable tur-
bulence for a coupled nonlinear Schrodinger system. Phys.
Lett. A 384(5), 126119 (2020)

Kenji, I.: Generalization of the Kaup—Newell inverse scatter-
ing formulation and Darboux transformation. J. Phys. Soc.
Jpn. 68, 355-359 (1999)

Hopkin, M.: Sea snapshots will map frequency of freak
waves. Nature 430, 492-492 (2004)

Solli, D.R., Ropers, C., Koonath, P., Jalali, B.: Optical rogue
waves. Nature 450, 1054—1057 (2007)

@ Springer



2858

H. Lin et al.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

Bailung, H., Sharma, S.K., Nakamura, Y.: Observation of
Peregrine solitons in a multicomponent plasma with negative
ions. Phys. Rev. Lett. 107, 255005 (2011)

Bludov, Y.V., Konotop, V.V., Akhmediev, N.: Matter rogue
waves. Phys. Rev. A 80, 033610 (2009)

Akhmediev, N., Ankiewicz, A., Taki, M.: Waves that appear
from nowhere and disappear without a trace. Phys. Lett. A
373, 675-678 (2009)

Kharif, C., Pelinovsky, E., Slunyaev, A.: Rogue Waves in
the Ocean. Springer, Berlin (2009)

Akhmediev, N., Dudley, J.M., Solli, D.R., Turitsyn, S.K.:
Recent progress in investigating optical rogue waves. J. Opt.
15, 060201 (2013)

Onorato, M., Residori, S., Bortolozzo, U., Montina, A.,
Arecchi, FT.: Rogue waves and their generating mecha-
nisms in different physical contexts. Phys. Rep. 528, 47-89
(2013)

Chen, S., Baronio, F., Soto-Crespo, J.M., Grelu, P., Miha-
lache, D.: Versatile rogue waves in scalar, vector, and multi-
dimensional nonlinear systems. J. Phys. A Math. Theor. 50,
463001 (2017)

Liu, W,, Zhang, Y., He, J.: Rogue wave on a periodic back-
ground for Kaup—Newell equation. Rom. Rep. Phys. 70, 106
(2018)

Charalampidis, E.G., Cuevas-Maraver, J., Frantzeskakis,
D.J., Kevrekidis, P.G.: Rogue waves in ultracold bosonic
seas. Rom. Rep. Phys. 70, 504 (2018)

Li, Z.D., Wei, H.C., He, P.B.: Rogue wave structure and
formation mechanism in the coupled nonlinear Schrédinger
equations. Rom. Rep. Phys. 71, 110 (2019)

@ Springer

61.

62.

63.

64.

65.

66.

67.

Ward, C.B., Kevrekidis, P.G.: Rogue waves as self-similar
solutions on a background: a direct calculation. Rom. J.
Phys. 64, 112 (2019)

Liu, W., Wazwaz, A.M.: Dynamics of fusion and fission
collisions between lumps and line solitons in the Maccari’s
System. Rom. J. Phys. 64, 111 (2019)

Wang, Z.H., He, L.Y., Qin, Z.Y., Grimshaw, R., Mu, G.:
High-order rogue waves and their dynamics of the Fokas—
Lenells equation revisited: a variable separation technique.
Nonlinear Dyn. 98, 2067-2077 (2019)

Chabchoub, A., Hoffmann, N.P., Akhmediev, N.: Rogue
wave observation in a water wave tank. Phys. Rev. Lett.
106, 204502 (2011)

Yeom, D.I., Eggleton, B.J.: Photonics: rogue waves surface
in light. Nature 450, 953-954 (2007)

He, J.S., Wang, L.H., Li, L.J., Porsezian, K., Erdelyi,
R.: Few-cycle optical rogue waves: complex modified
Korteweg—de Vries equation. Phys. Rev. E 89, 062917
(2014)

He, J.S., Zhang, H.R., Wang, L.H., Porsezian, K., Fokas,
A.S.: Generating mechanism for higher-order rogue waves.
Phys. Rev. E 87, 052914 (2013)

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.



	Several categories of exact solutions of the third-order flow equation of the Kaup–Newell system
	Abstract
	1 Introduction
	2 Solutions of the TOFKN equation from zero seed solution
	2.1 The formula for the nth-order solutions of the TOFKN equation
	2.2 Solutions from zero seed solution

	3 Solutions of the TOFKN equation from nonzero seed solution
	3.1 The breather solutions of the TOFKN equation
	3.2 The rogue wave solutions of the TOFKN equation

	4 The different types of rogue wave solutions by changing the parameters
	4.1 The rogue wave solutions with one nonzero parameter value
	(1) Fundamental pattern
	(2) Triangular structure
	(3) Modified-triangular structure
	(4) Pentagram structure
	(5) Ring structure

	4.2 The rogue wave solutions with more than one nonzero parameter
	(6) Ring-triangular structure
	(7) Multi-ring structure


	5 Summary and discussion
	References




