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Abstract Electromagnetic excitation in high power
density permanent magnet synchronous motors
(PMSMs) due to eccentricity is a significant concern
in industry; however, the treatment of lateral and tor-
sional coupled vibrations caused by electromagnetic
excitation is rarely addressed, yet it is very important
for evaluating the stability of dynamic rotor vibrations.
This study focuses on an analytical method for ana-
lyzing the stability of coupled lateral/torsional vibra-
tions in rotor systems caused by electromagnetic exci-
tation in a PMSM. An electromechanically coupled
lateral/torsional dynamic model of a PMSM Jeffcott
rotor is derived using a Lagrange—Maxwell approach.
Equilibrium stability was analyzed using a linearized
matrix of the equation describing the system. The sta-
bility criteria of coupled torsional-lateral motions are
provided, and the influences of the electromagnetic and
mechanical parameters on mechanical vibration stabil-
ity and nonlinear behavior were investigated. These
results provide better understanding of the nonlinear
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response of an eccentric PMSM rotor system and are
beneficial for controlling and diagnosing eccentricity.
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1 Introduction

The increasing popularity of permanent magnet syn-
chronous motors (PMSMs) in machinery trains has
increased interest in the electromagnetic excitation they
produce as this may influence machinery vibration [1].
Motors are designed under the assumption of a uniform
air gap around the rotor, but in practice, all motors oper-
ate with the rotor slightly displaced from the motor
centerline, i.e., in an eccentric position. Rotor center
eccentricity can generate a radially unbalanced mag-
netic field, while the motor operates [2]. This will result
in a coupled radial and tangential excitation that pulls
the motor further away from the center, inducing cou-
pled unstable lateral and torsional vibration. In order to
avoid electromechanically coupled resonance caused
by variations in the electrical parameters, the exist-
ing dynamics model should be improved. This requires
analyzing multiple electromechanical coupling effects
determined by mechanical, electrical, and magnetic
parameters. The improved model can provide theoreti-
cal guidance for structural design, optimal control over
electromechanical coupling in the transmission system,
and damping of active vibrations.
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In the past, research on the dynamics considered a
linear theory that did not account for electromechan-
ical coupling. Some high performance PMSM-driven
systems demand low vibration, low acoustic noise, and
high accuracy. However, a growing number of stud-
ies show that electromagnetic coupling-induced vibra-
tion is a major concern [3,4]. Accurate evaluation and
experimental investigation of the dynamic response
indicate that electromechanical coupling and nonlin-
ear vibrations should be considered when describing
vibrations in electromechanical systems [5].

Determining precise electromagnetic excitation is
critical problem when the electromagnetic coupling
dynamics is investigated. The electromagnetic excita-
tion model was studied in the past. It is well known
that electromagnetic excitation can be computed using
finite element method (FEM) [6,7]. However, FEM is
time-consuming and cannot provide insight into the ori-
gin of electromagnetic excitation. Various researches
have focused on theoretically describing electromag-
netic excitation and its effects on rotors dynamics.
Lundstrom [8] and Chuan [9] established an electro-
magnetic excitation model by considering changes in
the axial eccentricity of a hydro-generator rotor, and
stability of the rotor dynamics and imbalance response
were analyzed. Dorrell [10] proposed a radial elec-
trical electromagnetic excitation model that accounts
for rotor eccentricity in cage induction motors. Zhang
[11] theoretically investigated an electromagnetic exci-
tation model for a motor without a load. Coupling
between the dynamics and electromagnetic excita-
tion due to dynamic and static eccentricity was ana-
lyzed.

Overall, the aforementioned research focused on
large-scale electrical excitation in hydro-generators.
A permanent magnet still produces radial electromag-
netic excitation despite the absence of electrical exci-
tation. The strength of electromagnetic excitation will
increase with the applied load and additional vibra-
tions. Second, an internal combustion engine operates
along a PMSM with high power density in hybrid elec-
tric vehicle (HEV), which may pick up a multitude
of operational and vibration frequencies from internal
combustion engine. Third, pavement irregularity acts
as an excitation source, which varies with the velocity
of the vehicle. External disturbances apply forces to the
rotor at various frequencies.
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Many publications discuss radial electromagnetic
excitation from an electrical perspective. Li [12] and
Dorrell [13,14] investigate the radial force density
for IPM/SPM and fractional-slot brushless permanent
magnet motors due to either magnetic asymmetry or
static rotor eccentricity. FEM was used to account for
the magnetic saturation, and the radial force density
was analyzed by using Maxwell stress tensor. Oth-
ers have presented a radial electrical electromagnetic
excitation model from a dynamics perspective [15,16].
Jiangetal. [15] studied rotor vibration induced by UMP
for switch reluctance motors, and the dynamic response
of the motor rotor was calculated by using step-by-step
integration. Mao et al. [16] analyzed the influence of
the rotor position error on the longitudinal vibration of
the electric wheel system. FEM was also used for har-
monic analysis of the stator in a low speed, direct drive
PMSM in order to predict the vibration characteristics
and limit vibration and noise, and unbalanced response
of the rotor was analyzed [16].

Electromechanical coupling caused by electromag-
netic excitation mainly primarily focuses on transverse
vibration. However, coupled lateral torsional vibration
arises in real rotor systems. Consequently, electrome-
chanically coupled rotor vibration is a complicated
dynamic phenomenon that can cause serious prob-
lems. Many prior studies [17-20] have addressed lat-
eral/torsional vibration coupling theoretically, which
provides an important reference for solving the lat-
eral/torsional coupling dynamic equation and analyt-
ical method for this research work.

This study focuses on investigating nonlinear cou-
pled lateral and torsional rotor vibrations in a high
power density PMSM used for HEV caused by elec-
tromagnetic excitation. This paper is organized as fol-
lows: A nonlinear electromechanical coupling dynamic
model derived from the Lagrangian—-Maxwell theory is
presented in Sect. 2. An autonomous nonlinear ordi-
nary differential equation is subsequently derived by
applying a symplectic transformation. The amplitude—
frequency and phase—frequency characteristics of the
vibration can be determined by solving multiple cou-
pling dynamics in Sect. 3.Numerical algorithms and
analytical methods for their stability analysis are intro-
duced in Sect. 4.
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Fig. 1 PMSM rotor and its
coordinate system
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2 Multiple electromechanical coupling dynamic
model

2.1 Assumptions and definitions

A schematic diagram of a dynamic model describing
a PMSM rotor supported by rigid bearings is shown
in Fig. 1. This model is based on Jeffcott’s model,
which consists of a rigid disk and a massless flexible
shaft. A key motivation for this simplified single-rotor
model is application of PMSMs with high power den-
sity in HEV, which are slender rotating structures that
are used to avoid transmission vibration. These struc-
tures are rather different from typical rotating machines
because they typically experience large torsional defor-
mation, significant imbalance, and eccentricity arising
from matching with other machinery.

The equation of motion can be derived under the
following assumptions: (i) Rotational motion along the
x-and y-axes is neglected; (ii) the system is undamped;
(iii) all elastic restoring forces are assumed to be linear;
(iv) the lateral stiffness of the system K, and Ky is
assumed to be equal.

Figure 1a shows the coordinate system used in this
model, where the z-axis is the longitudinal coordinate
of the rotor shaft, and x and y are the lateral coordi-
nates from the rotor axis. Figure 1b shows the cross
section of a rotor rotating at a constant angular speed
Q2. The shadowed area depicts the stator. Points O, and
O refer to the geometrical centers of the rotor and sta-
tor, respectively. Point Cis the center of mass of the
rotor. In this case, [ is the length of the rotor shaft and
R, is the outer radius of the rotor. The eccentricity e
can be static or dynamic. The mass eccentricity of the
rotoris O,C =d.

(b)

The angle between the x coordinate and vector %:
is ¥, where y = w,t + 6 + ¢o, where Q is the shaft
rotational speed, 6 is the torsional deflection angle,
and ¢ is the initial deflection angle. k,, = K,y =
Ky is the torsional stiffness. The rotor has mass m
and moment of inertia J. ¢ is assumed to be zero for
simplification.

2.2 Derivation of the multiple electromechanical
coupling model

The rotor rotates around O,, while the rotor center O,
moves with the rotor. If the position of the geomet-
ric center is (x, y), then the position of the center of
mass is

Xm=X+d-cosy, vy, =y+d-siny (N

When the rotor is eccentric, cross-coupling in the
coupling channel and the geometric coupling channel
will cause the rotor system to vibrate. The motor is
assumed to be the same as that presented in a prior
study [21]. The Lagrange-Maxwell method is used to
construct the Lagrangian for this system L [22]:

L=T-V+ Wn 2)

where T and V are the kinetic and potential energies of
the system, respectively, and Wy, is the magnetic field
energy.

Total kinetic T energy is the sum of the translational
kinetic energy and rotational kinetic energy:

T = %m (t —d¢ sin¢>)2

+%m (y — d¢ cos ¢)2 + %J(i)2 3)
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The potential Venergy of this system is:
1 2, 1 2
V = gkmx + gkmy (4)

where k,, is the bending stiffness coefficient, and ¢ is
the angular displacement of the rotor.

According to the relationship between the magnetic
conductance of an eccentric air gap in reference [1] and
Eq. (1), the air-gap magnetic conductance is:

s3]

i 3
+ 11+ 7 (x2 +y2>] -(xcosa + ysina)

1 1
+ _E <x2 - y2) + 3 <x4 - y4>i| - cos 2a

+ :xy + (xy3 - xy3>] : sin2a} &)

esiny _ Y

gLy = ~ are substituted

X
X=7 5% = candy =37
into Eq. (5), yielding the energy stored in the air gap:

RL
Win = —

> " A [Fr (o, 1) + Fs (@, )] da

2
_RLAO /2]‘[ 1+(X2+Y2)+3(X2+Y2)
T2 o 202 803

{lﬁ(’””z)}

o 4¢3
3 (x2 + Y2>i|

403

o [O)_ )
| |

-X cosa + |: +
o

202 204

(X2 + Y2) (X4 - Y4)
-cos2a + + - sin 2«

202 204

. [Fsm cos (wt —a)+ Fypy, cos (wt—f—xp—f—%—a)]z da
(6)

The dissipative function F, is relatively simple and can
be written as:

1
Fo= e ()'cz n )')2) %
where c is the bending damped coefficient.
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X,Y,and ¢ are defined as generalized displacements
in a fixed coordinate system. Substituting L and F, into
the Lagrange—-Maxwell equations yields:

d2 dx 3(X3+ Xv?
FCL S PG St L)

dlz dr o 203
X .

- (f2cos 2wt + f3sin 2wt)
(o}

Y
— — (fasin2wt — f3cos2wt)
20

X
— —5 (f2cos 20t + A3 sin 201)
o

3

— (f2sin 2wt — f3 cos2wt)

3(x2+1?)Y
203

= md@? cos ¢ + mdd sin ¢

d2 dy fi., 3(X?Y+73)

— kn¥ =Y = =
" T 207

(f2sin2wt — f3 cos2wt)

X
T (f> sin 2wt — A3 cos 2wt)
o

Y
T2 (f2 cos2wt + f3sin2wt)
o

X3
+ 25 (fasin 201 —
o

3
—5 (f2cos 2wt + f3sin 2wt)

f3cos2wt)

3(x24+7v%) X
203
= md¢? sin p + mde cos ¢

(f2 sin 2wt — f3 cos 2wt)

2 2 2 2 2)2
J(:le - M (¢)+ [1 + Xz;y )2 (X&;Y ) ] T
X2 —y? XY ,
— (T b3 357 T3) - sin 2wt
+ [HT X T2i| - cos 2wt
402 202
B <X4—Y4T XY+ XY .T>. -
3 2 752 3 Sin 2wt
+ |:X4 Y4 X3Y + X1 -T2i| - cos 2wt
402 204
md (Y cos¢ — X sin ¢) (8)

Equation (8) is a nonlinear differential equation with
periodic coefficients describing vibrations in the sys-
tem. The coefficients fi, f>, f3, T1, T», and T3 are
determined from the electromagnetic parameters and
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the operation state of the motor, which are defined as
follows:
fi = TRLA (B2 4 B2 OF Frysin ¥)
fr = ”Rz];AO (F2,—F2, cos2y—2F, Fpy sin )
3= ™LA (F2 Gin 2y — 2Fy Fypy cos )

T1 = nRLAgFy Frm cos ¥

T) = nRLA (F?2, cos 2y + Fyy Frpy sin )

T3 = RLAg (Fym Frm cosy — F2, sin2y)
When a permanent magnet synchronous motor oper-
ates in the steady-state, a voltage, and power equation
can be obtained from the three-phase symmetric elec-
tric vector [23], as defined in Eq. (10). These six elec-
tromagnetic coefficients describe the electromagnetic
field and operating conditions of the motor and are cou-
pled as defined in Eq. (9):

Usinf = I;Xq + 1aRy
Ucost = Eyg — 1y Xg + I; Ry
Eo = 4.44 dede>50Kq> ©)

mEU ing + mU- (XLq — X—) sin 20 =

X4

where U is the effective voltage, Xy and X, are the dg-
axis synchronous reactance (a surface-type permanent
magnet synchronous motor is used, thus Xy = X,). Ry
is the stator winding resistance, Eq is the fundamental
back electromotive force produced by the permanent
magnetic air gap, 6 is the power angle, and v is the
power factor angle. Iy = Iy siny, and I, = I; cos ¢

The lateral vibration in multiple electromechani-
cal coupling equations is related to torsional vibration
parameters, while the torsional vibration is related to
transverse vibration parameters. The coefficients in the
electromechanical coupling equations are determined
by the structural parameters and the electromagnetic
field of the PMSM. This illustrates the electromechan-
ical coupling inherent in this dynamic model.

The angular displacement of the PMSM rotor is
¢ = ot + 6. w is the angular frequency of the arma-
ture current, and 6is the relative angular displacement
between the rotor pole center line and the synthetic
magnetic potential. When the motor does not exhibit
a synchronous oscillation, % can be considered to
change slowly, i.e., ¢ = (a) + é) = Q, and ¢ =Q

Itisassumedthat Z = X +iY,Z = X —iY, and
introducing the following parameters
Rt Nyl e

m  mo
S K= f 3
m

1979
T T
Ni==, Np=-,
T T
T3 M me
N3=—, B=—, qg=—
J J 2J

The second equation in Eq. (8) is multiplied by i and
added to the first equation. If the damping force and
electromagnetic force are small relative to the elastic
force, the small terms can be moved to the right side
of the equations, and a small parameter w can be intro-
duced into these equations. Ultimately, the coupling
equations can be simplified as follows:

d2

F'i‘k

. 1 . _
—¢ [—ZnZ + 5 (k% - jk%) G20t 7

3k1 2 —i2wt 3
+$ZZ+4—3(I¢2+ k3> etz

3 o
+ o3 <k2—1k2>e’2“”-22~2

+r (22 je) e"@f}

1 .
~ 302 (N3 —iN2)
. 1 . -
.efl2a)l . 22 _ (N2 +iN3)el2a)l . Z2
802
357 (N3 —iN>)

1
—12wl Z3Z o (N3 + lN2) 812(4)[ Zz3

APZ e dZ;@z
_lq(dﬂ —Fel )] (10)

These differential equations define the multiple elec-
tromechanical coupling dynamics model; they are non-
linear differential equations with periodic coefficients.
The differential equations are described by parametric
vibrations in nonlinear vibration theory.

Equation (8) shows that f} can define the unbalanced
electromagnetic force in the absence of vibration. Fig-
ure 2 shows the variation in the critical speed of the
motor as a function of the electromagnetic force fi
and four different values of magnetic circuit saturation
coefficients. One can see that the critical speed rapidly
decreases as the unbalanced electromagnetic force fi
increases. An unbalanced electromagnetic force causes
the critical speed to vary over a larger range. The critical

@ Springer
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200l B %ei(a)t+ﬂ) + iAd_nei(wt+ﬂ) —ciA (k _ 60) ei(wt+/3)
dr dt
(13)
= 300¢
g where (k — w)in Eq. (13) is known as a small parame-
E 200l ter, and thus, a small parameter ¢ can be added. Equa-
X tion (11b) can be rewritten in the following form:
100 | 7 — jkd_Aei(werﬂ) — Akwe! @B
dt
, , L3 ' , d,3 i(wt+pB)
%0 05 1.0 15 2.0 25 3.0 _Aka k—w)e (14)

fl x10*

Fig. 2 Critical speed as a function of fj for cosyy = 0.5 and
n=3.0

speed can even decrease to zero when the unbalanced
electromagnetic force reaches a certain value. This is
equivalent to the case where the unbalanced electro-
magnetic force on the rotor shaft is equal to the elastic
restoring force.

3 Solving of multiple coupling dynamics

In order to focus on the electromagnetic vibration
excited by the electromagnetic force, it is assumed that
d=0. It is easy to design the normal operating speed of
the rotor system such that it produces resonance. The
primary parametric resonance was investigated in this
paper.

Itis useful to express the position of the rotor in polar
coordinates during analysis. In light of this, a multiple
electromechanical dynamics equation can be written in
polar coordinates using the transformation

Z = AP (11a)
7Z =i Awe' @ P) (11b)
d

d—‘f =Q (11c)

The new variables A and Bvary slowly over time. Equa-
tions (11a) and (11c) can be written as

Z — Cll_.?ei(wt+,3) +A la)+l%) ei(wt+,3)

- . . (12)
7 — ((lj_z?efl(wtﬂS) _A (iw + lC(li_/f) el@t+p)

Equation (11b) can be substituted into Eq. (12),
yielding the following equation:
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Substituting Egs. (11) and (14) into the first equation
in Eq. (10) yields

jkd_Aei(wl+/3) _ Akd_ﬂei(wl+ﬂ)
dr dr

=¢ [Ak (w—k) ei(wt+ﬁ) _ iZMAkei((uH—ﬁ)

T (18 —ik}) Ac' =) 4 3K 3 pettorss)
20 \ 2 3 203
+4L3 (k§ 1 ik%) A3 i@ +3B)
10}
1

+4O’3

(18 = ik3) aPeiter=p (15)

% and %can be solved by taking the real part of Egs.
(10) and (15), respectively. The standard nonlinear dif-
ferential equations can be obtained by substituting Eq.

(14) into the second equation in Eq. (10) as follows:

dA 5 AK3
— = —¢ | 2uAsin” (wt + B) + —= cos (wt — B)

dr 20k
. AKS
-sin (wt + ) + —= sin (wt — B)
20k
3A3K3
-cos (wt + B) + T cos (wt — B)
3A%K3
-sin (wt + B) + 193k sin (wt — B)
3k]2
-sin (wt + B) + 793k cos (ot — B)
-sin (wt + B)
dg .
U = —¢[(w — k) + 2nsin (wt + B) - cos (ot + B)
k3
+—=—cos (wt — B) - cos (wt + B)
20k
k2
+—3sin (wt — B) - cos (wt + B)
20k
A%k?
+ 100k cos (wt — B) - cos (wt + B)
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2k2
403k3 sin (wf — B) - cos (wt + B)
2.2
+3 ul cos? (wt + B)
203k
d*Q Ni , 3Np 4
— =¢|B—-—N ——A"——A
az ~° [ 172527 7 8ot
A? A N 2 LN sin2
- m'i‘m (N3 cos2n + LN, sin2n)
(16)
The right side of %—’?, i—'tg, and %—Sf in Eq. (16) contains

the small parameter, and thus, A, 8, and Q2 are slowly
varying functions. We use the average method from
nonlinear vibration theory to transform the standard
nonlinear differential equations [1]. The approximate
solution of Eq. (16) is

A=a+ceF(t,a,n,p)
B=n+ekr(t,a,n,p) (17)
Q=p+ceks(t,a,n,p)

where F (¢, a,n, p), F2 (t,a,n, p),and F3 (t,a, n, p)
are the small periodic functions. At the same time, the
derivative of new variables a, 1, and p satisfies

& = e¥) (a.n. p)+ €2V} (t.a.n. p. &)
D =eYs(a,n p)+eYs(tan, p,e) (18)

L =eYs(a,n, p)+eY;(t.a,n p,e)

A first-order approximate solution can be obtained by
substituting Egs. (17) and (18) into (16):

da N k% (02+a2)a
—_— —_— 8 _—
d Ha 1ko3

k% (02 + az) a
T COS 27]

sin 2n

et A,
—W sin 2n:|
i—f:s[B—Nl—g—gaz—%a‘l
—% (Z—z + i—i) cos 27
_% (j_z + z—j;) sin 277] (19)

When the vibration is unsteady, the amplitude a, phase
angle n, and angular velocity €2 change with time, and
vice versa, when the vibration is steady. ‘é—? = i—? =

defines the condition for steady-state vibration, yield-

ing
k% (02 + a2) a

na + 1io3 sin 2n
k2 (62 +a?)a
—3(4k 3 ) cos2n =0
o
3k%a2 k% (02 + 2a2)
(0 —k)+ 1503 1io3 cos 2n
k2 (62 +a?)a
_3(4](—3) sin 27] =0
o
Ny , 3Ny , N3 [a* a*
L—Nl—%—20 —Wa —T ;‘f‘; COSZ)’]
N 2 4
—Tz <% + %) sin2y =0 (20)

The amplitude—frequency and phase—frequency dur-
ing steady-state vibration can be studied using Eq. (20).
The transient vibration can be studied using Eq. (19).
For example, the transition from resonance to tran-
sience in the resonance region can be studied. Second-
and higher-order terms were neglected during the sub-
sequent analysis. This simplifies Eq. (20) as follows:

2 2

na + kz—asin2n + k3—ac052n =0
4ko 4ko
(w—k)+ 3k12a2 + icosZn — kg—asm2n =0
4ko3 ko 4ko
B — N — ﬂcﬁ — Naa? cos2n Npa? sin2n =0
202 402 o2
(2D

Calculation and analysis can be carried out separately
in the two cases using Egs. (20) and (21).

4 Effects of changes in system parameters on rotor
response

sin 2n and cos 27ncan be solved using the first and sec-
ond forms of Eq. (21). The equation describing the
amplitude is obtained using sin® 27y + cos?2ny = I:

402 k3 + k3
a= |- a(a)—k)ki\/g—,uza%z
3k 16

(22a)
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Table 1 Prototype parameters

Parameter terms Symbol Value Unit Parameter terms Symbol Value Unit
Phase m 3 Pitch/pole ration ap 0.85
Pole pairs p Outer radius of rotor R, 79.5 mm
Slot number 0Os 48 Inner radius of rotor Ry 55.5 mm
Parallel branch N 6 Length of stator core l 85 mm
Remanence air-gap length B; 1.28 T Rated current (peak) Trated 200 A

8o 1.5 mm Inertia of machine rotor Ji 0.067 kg m?
Magnet thickness hm 8 mm Inertia of mechanical rotor J 0.12 kgm?

403 pukk3 — 3ktk3a® — 4w — k)o3kk3
403 pkk3 + 3kTk3a® + 4(w — k)o3kk3
(22b)

The boundary width of the parametric resonance region
can be obtained as follows:

tan2n =

k3 + k4 k2 + k4
k _ 2 3 _ 2 k 2 3 _ 2
Vieozz M =@ =T\ Tg22 —H
(23a)
k2 + k4
Aw =2 ﬁ;ﬁ%‘“z (23b)

Meanwhile, the angular velocity can be determined
from the third equation in Eq. (21):

7ot gy B gy N2
= —d COS
LT 2529 T 452 Ty

5 sin2n (24)
o
Rotational equation equilibrium is defined when the
following equation is satisfied:

B—T=0 (25)

In general, the mechanical parameters will not change
during operation, and thus, the resonance region and
amplitude shape will not change. However, the electro-
magnetic parameters k; and k3 will vary with changes
in load and other electromagnetic parameters, and thus,
the region and shape of the parameter resonance deter-
mined by k> and k3 will change.

A high power density PMSM and rotor were sim-
ulated with the computational parameters listed in
Table 1. The characteristic curves describing
amplitude—frequency [Eq. (22a)] and phase—frequency
[Eq. (22a)] of multiple electromechanical coupling
parameters are shown in Fig. 3. The parametric res-
onance amplitude curve has two branched curves AB
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1o —— Amplitude-frequency ——> Sweep Up
—— Phase-frequency —> Sweep Down 1.8
1.5
12 =
0.9
0.6

Fig.3 Amplitude—frequency and phase—frequency characteris-
tic curves for various values of the periodic coefficients (cosy =
0.5)

and CD. As the excitation frequency w increases, the
amplitude curves vary along the F-D-E-B route. The
amplitude jumps to point E when the excitation fre-
quency increases to point D, indicating the parametric
resonance was excited. The amplitude decreases gradu-
ally as the excitation frequency w continues increasing
along the EB branch to point B, and then, the parame-
ter vibration disappeared completely. On the contrary,
when the excitation frequency @ decreased to a small
value, the amplitude curve varies along B-E-A-C-F.
The parametric resonance was excited, and the ampli-
tude increases gradually when the excitation frequency
decreases to point B. The amplitude is maximized at
point A and suddenly drops to point F, and resonance
in the coupling parameters completely disappeared.
This amplitude jump phenomenon occurs at resonance,
resulting in catastrophic failure of the system.

One can see that the phase—frequency curve is invari-
ant outside the boundary of the parameter resonance
area, and it begins to change when the excitation fre-
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Fig. 4 Comparison of the amplitude—frequency characteristics
in three operating states

quency w varies within the resonance boundary. In par-
ticular, the phase—frequency curve exhibits jump muta-
tion when the excitation frequency equals to resonance
point. If the motor rotor operates within the parameter
resonance area for a long time, fatigue damage accu-
mulates in the rotor.

From the view of control, the PMSM can be used
to regulate the stator armature current by controlling
the inner power factor angle. Thus, the internal power
factor angle determines different control states for the
PMSM. The parametric resonance amplitude curves
were compared with three different PMSM operating
states, which is shown in Fig. 4. It can be seen that the
amplitude and resonance region width for cosyr = 0.3
is a factor 2 to 3 larger than that for cosyy = 0.5
and cosyy = 0.6. Consequently, the inner power fac-
tor angle plays a critical role in determining the res-
onance amplitude and width of the resonance region.
This will stimulate resonance in the coupling parame-
ters resonance if the internal power factor angle control
is unreasonable.

Figure 4 shows that the internal power factor angle
does not change the inclination of the resonance curve,
but it has a great influence on the width of the reso-
nance region. We then plot the resonance region bound-
ary width Aw in Fig. 5 while varying the inner power
factor angle. Aw has a tendency to decrease and then
increase when cosw varies from -1 to 1, and the mini-
mum value corresponds to cosyy = 0.6. The minimum
resonance region boundary width Aw is about 10% of
the maximum value. cosyr < 0 indicates the PMSM

500
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400 :

300
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09 06 03 00 03 06 09
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Fig.5 Resonance zone boundary width Aw in various operating
states

operates in the field enhanced area, and vice versa,
when cosyy > 0. In order to expand the speed range, a
high power density PMSM (e.g., the motor used in an
electric vehicle) is usually controlled in the field weak-
ened area. Moreover, we find that the appropriate min-
imum value can be found in the field weakened area.
This is similar to the aforementioned resonance in the
coupling parameters and is more likely to arise when
the internal power factor angle control is unreasonable.

From the perspective of design, the number of turns
in the coil multiplied by the current (NI, i.e., ampere-
turn) is an important design parameter. Ampere-turn
is the unit of magnetic potential in a magnetic cir-
cuit. According to Ampere’s law, the magnetic potential
F = §Hdl reflects the ability of a current to generate a
magnetic field. If compared with the power supply in a
circuit, this can be understood as a “magnetic source.”
The resonance region boundary width Aw correspond-
ing to variation in ampere-turn is shown in Fig. 6, which
shows that Aw increases first and then decreases as NI
increases, and there exists a minimum value. The dif-
ference between the minimum and maximum value is
nearly a factor 3. Therefore, NI has a great influence
on resonance and this parameter should be considered
carefully when designing a motor.

5 Stability analysis of multiple coupling dynamics

The stability of the multiple electromechanically cou-
pled vibration system in the steady state can be ana-

@ Springer
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dp According to the Routh—Hurwitz criterion, the suf-

a f3(a,n, p) (26) ficient and necessary condition for stability of the mul-

In the perturbed system, a, n, and p expressed as

a=ap+ag,n=no+n,p=p0+p1 (27)

where ag, 19, and pg denote the steady-state motion of
the system. These parameters are roots of the steady-
state equation group as shown in Eq. (20). a1, 1, and pg
denote small values relative to the motion in the steady
state. According to the stability criterion of a nonlinear
system [4], substituting Eqgs. (27) into (26) and then
expanding it to a series form yield the following varia-
tional equation:

da1

T dijay +dian +dizpr

dny

d_nt = dy1a1 + dani + dnpi

dpi

e dz1a1 + d3an1 + dszpr (28)

The coefficient matrix is:

o o) o

8(10 8770 apo

L — |3y Afy 9fy
|dij| = W 9 9 (29)

da dn Ip
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tiple electromechanical coupling dynamic equations is
that the roots of Eq. (30) have a negative real part:

B4 biA2+byh+b3=0 (30)

That is, by > 0, b3 > 0, and b1 by — by > 0, where:
by = —(di1 +dn +ds3),
by = dy1d33 + dy1dan + ddss
—d3pda3 + di2dy + dizds
b3 = di1dy3dsy + diadaidas + dizdandss
—dy1dndsz — diadazds) — dizdads

Thus, the following equations are the necessary and
sufficient conditions for stability:

ok 2 W2 222 (142%)”
|:a (a) — ka) Da + 4 (w_ka) (|:2v2) + (lJr\Jz)3 N0
2n—N >0
- B Za(w—ka)(H'”z) ok S(w—ka)zvz(l+vz)3
N2 —2nN %) da (1+02)% (14202)?
(1+2)2 (1+202)?
(31)
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Figure 7 shows the stability of the multiple elec-
tromechanical coupling steady-state parameters in three
electromagnetic states. With regard to the right branch
curve, ok, /da < O0andw—k, > 0.If N < 0, Eq. (31)
shows that the right branch curve is unstable for small
amplitude when the amplitude exceeds a certain value.
As can be seen in Fig. 7, line BC in the right branch
curve is stable and large amplitude line AB and small
amplitude line CD are unstable. With regard to the left
branch curve, dk,/0a < 0,w —k, < 0.If N < 0, the
first equation in Eq. (31) does not satisfy the stability
condition. If N > 0, the second equation in Eq. (31)
does not satisfy the stability condition. Consequently,
we canreach the conclusion that entire left branch of the
curve is unstable. For example, points Py and P> repre-
sent two different amplitudes corresponding to a single
frequency for specific parameters. It is expected that
point P, is unstable and cannot be physically reached
by the system.

One may validate the results obtained from the ana-
lytical method with the results obtained by numeri-
cally solving Eq. (10). The fourth-order Runge—Kutta
method was used to solve Eq. (10) in order to determine
the temporal response of the system, as illustrated in
Fig. 7b. Four points B, C, P;, and Ps identified with
cross-marks on the frequency response curves shown in
Fig. 7b are chosen for comparison. The numerical cal-

225

culation results of the four points are shown in Fig. 8.
Take point B as an example, the amplitude of the peri-
odic response obtained by numerically integrating Eq.
(10)is found tobe 0.7517, while the amplitude obtained
by using analytical method is observed to be 0.7164 in
Fig. 8a. Hence, the error in the response amplitude is
found to be 4.92%. Similarly, after investigation, one
finds that the errors for other three points Py, P3, and
C are nearly 4.6%. From the steady-state response, one
may note that the result obtained by numerically solv-
ing Eq. (10) is found to be consistent with that deter-
mined using the analytical method. The error in the
amplitude can be substantially reduced by using the
higher-order method of multiple scales and the high-
order terms in Eq. (20). However, incorporating higher-
order terms will increase the computational complex-
ity of the problem. The first-order method of multiple
scales and Eq. (21) were used in order to avoid this
complexity.

To illustrate the effect of coupling between lateral
and torsional vibration, Fig. 9 shows the amplitude—
frequency characteristic curves without considering
lateral/torsional coupling. By comparing Figs. 7 and 9,
it can be seen that the amplitude—frequency curve
is obviously different. In addition, when transverse—
torsional coupling is considered, there are three insta-
bility regions, while there is only one instability
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Fig. 9 Amplitude—frequency characteristic curves without con-
sidering lateral/torsional vibration coupling

region when transverse—torsional coupling is consid-
ered. Therefore, coupling between lateral and torsional
vibration has a great influence on the vibration of the
rotor system.

Stability analysis of the rotational equilibrium is
shown in Fig. 10. This figure shows that the electro-
magnetic torque 7 is a function of amplitude a, in
accordance with Eq. (19). As mentioned above, there
are two resonance branches (left and right), and thus,
the electromagnetic torque 7 will also exhibit two
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Fig. 10 Rotation stability at equilibrium

branch curves (77 and 7>) in Fig. 10, respectively.
Regarding the stability of the right branch line 77, the
segment CF is stable, while segment AC is unstable.
Curves By, B;, and B3 represent three kinds of load
curves. The two load curves intersect the electromag-
netic torque curve 77 at a stable points D and E. The
motor can run stably at a certain speed in these two
situations. On the contrary, the two load curves also
intersect the electromagnetic torque curve 7 at unsta-
ble points / and J, meaning that the PMSM is not stable
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in these two situations. When the load curve is steeper,
e.g., when the slope of the B3 curve is larger than that
of T1, curve B3 intersects the electromagnetic torque
curves 71 and T, at the unstable points, and thus, the
motor is unstable in this load condition.

6 Conclusions

Nonlinear coupling between lateral and torsional vibra-
tions in a high power density PMSM rotor caused
by electromagnetic excitation was investigated in this
study. A multiple electromechanical coupling dynamic
model of an eccentric PMSM rotor was derived using
Lagrange—-Maxwell theory. An average method was
used to determine steady-state motion of the rotor under
the influence of electromagnetic excitation. Stability
analysis was performed using the Routh—Hurwitz cri-
terion and a numerical scheme with the Runge—Kutta
method. The effect of design and control parameters on
the dynamic behavior of the system was characterized.
We arrive at the following important results:

e A significant reduction in the magnitude of the crit-
ical speed was observed as the unbalanced electro-
magnetic excitation induced by electromechanical
coupling increased. One can conclude that electro-
magnetic excitation acting on the rotor produces
negative stiffness. Consequently, the natural fre-
quency decreased below a certain threshold, lead-
ing to resonance and unstable motion.

e The conditions for stable resonance were deter-
mined. The resonance curve for the coupling
parameters contains two branch curves. The left
branch is stable, while the right branch is only par-
tially stable. Parametric resonance can be stimu-
lated when the excitation frequency increases to a
certain degree and range. In particular, an ampli-
tude jump phenomenon arises within the resonant
area. Numerical calculations were used to validate
the analytic results.

e The phase—frequency curve is invariant outside the
boundary of the parameter resonance area. When
the excitation frequency was set equal to the res-
onance point, the phase—frequency curve exhibits
jump mutation. If the motor rotor operates within
the parameter resonance area for a long time, the
rotor may experience fatigue damage.

e The control and design parameters of the motor
have great influence on the resonance amplitude

and width of the resonance region for the rotor sys-
tem. Parametric resonance will occur, and the width
of the resonance region will change if control over
the internal power factor angle is unreasonable or
the value of NI in the motor is inappropriate.

e The operating conditions and external load condi-
tions on a high power density PMSM have greater
influence on the stability of the multiple electrome-
chanical coupling dynamics. The electromagnetic
state of the motor and the rate of change in the exter-
nal load may cause the system to enter the unstable
operating area.

The results provide a theoretical basis for design and
control of electromechanical systems that use PMSMs.
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