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Abstract In this paper, we introduce a new inte-
grable nonlinear evolution equation in 4 + 1 dimen-
sions, which is an extension of Boiti–Leon–Manna–
Pempinelli equation. We prove that this new equation
has the Painlevé property. By using the Bell polyno-
mial approach, we obtain the bilinear representation,
bilinear Bäcklund transformation, Lax pair and infi-
nite conservation laws. Furthermore, several types of
new exact solutions are also constructed based on the
Hirota bilinear method, including the N-soliton solu-
tions, periodic soliton solutions and mixed lump–kink
wave solutions. The dynamics and interactions of local-
ized wave solutions are illustrated by some graphs.

Keywords (4+1)-Dimensional BLMP equation ·
Bäcklund transformation · Infinite conservation laws ·
Periodic soliton solution · Lump–kink solution

1 Introduction

Nonlinear evolution equations (NLEEs) have wide
applications in many branches of physics like quantum
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field theory, nuclear physics, plasma physics, optical
physics, condense matter physics, fluid mechanics and
oceanography [1–4]. Among NLEEs, completely inte-
grable systems are often referred to as exactly solv-
able models. In 1 + 1 dimensions and 2 + 1 dimen-
sions, there are numerous integrable models, such as
the Korteweg–de Vries (KdV) equation, modified KdV
equation, Boussinesq equation, nonlinear Schrödinger
equation,Camassa–Holmequation,Davey–Stewartson
equation, and so on.

Due to the fact that the real physical space is (3+1)-
dimensional, the study of higher dimensional NLEEs
has attracted considerable attention of mathematicians
and physicists. Many higher dimensional NLEEs may
provide more beneficial information, and they always
possess more abundant explicit solutions, including
lump wave, rogue wave, breather as well as quasiperi-
odic solutions [5–12]. In the past decades, scholars have
tried to search for new integrable models using differ-
entmethods, especially in higher than two space dimen-
sions [13–17].Until now, nontrivial higher dimensional
integrable models are quite a few. There is still a lot of
room to establish some methods for constructing new
integrable models of higher dimensions.

The (4 + 1)-dimensional Fokas equation, obtained
by extending the Lax pair of (2 + 1)-dimensional
Kadomtsev–Petviashvili (KP) equation to higherbreak
dimensions [14], has become a hot research issue in
recent years. Yang and Yan derived the point symme-
try, potential symmetry and doubly periodic wave solu-

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-019-05269-y&domain=pdf
http://orcid.org/0000-0001-5093-3421


1380 G.-Q. Xu, A.-M. Wazwaz

tions [18]. The multiple soliton, rouge wave and lump
solutions and singular manifold analysis were given
in Refs. [19–23]. The natural and important problem
is that are there other (4 + 1)-dimensional integrable
models.

In this paper, we propose a new (4+1)-dimensional
model with the form

uyt + uzt + ust+auxxxy + auxxxz + auxxxs

+ bux (uxy+uxz + uxs)+b uxx (uy + uz + us)=0,

(1)

with four space variables x, y, z, s and one time vari-
able t ; a and b are constant parameters. Equation (1)
can be considered as an extension of KdV equation in
4 + 1 dimensions.

For particular choices of parameters, Eq. (1) includes
several important (2+1)- and (3+1)-dimensional non-
linear models with physical interests. If u = u(x, y, t)
and a = b = −1, Eq. (1) becomes

uyt − uxxxy − uxxuy − ux uxy = 0, (2)

which was first proposed by Boiti et al. [24], here-
inafter referred to as BLMP equation. Equation (2) can
be used to describe an incompressible fluid and it is
closely related to the classic KdV equation. The spec-
tral transform, nonclassical symmetry, Bäcklund trans-
formation (BT) and some explicit solutions have been
constructed [24–26].

When u = u(x, y, t), and taking a = 1, b = −3,
Eq. (1) is reduced to

uyt + uxxxy − 3 uxxuy − 3 ux uxy = 0, (3)

which is exactly another form of BLMP equation pro-
posed by Gilson et al. [27], and its various exact solu-
tions have been constructed, including Jacobi ellip-
tic function solution, quasiperiodic wave solution and
mixed lump–soliton solution [28,29]. Equation (3) was
investigated through Bell polynomial method, and the
integrability properties have been presented [30].

If u is independent of the variable s, taking a = 1,
b = −3, Eq. (1) reduces to the BLMP equation in 3+1
dimensions, which reads

uyt + uzt + uxxxy + uxxxz − 3 ux (uxy + uxz)

− 3 uxx (uy + uz) = 0. (4)

This model has attractedmuch attention of researchers,
and the Painlevé property, Bäcklund transformation,
Lax pair, step-like soliton solutions, nontraveling wave
solutions, breather waves and lump–kink solutions
have been presented by virtue of differentmethods [31–
36].

The new model (1) is associated with the BLMP
equation in lower dimensions. Inwhat follows,we refer
to it as the (4 + 1)-dimensional BLMP equation. The
remaining parts of this work are organized as follows.
In Sect. 2, we systematically study the integrable char-
acteristics of Eq. (1) to prove its complete integrability.
In Sect. 3, several types of localized wave solutions are
constructed through theHirota’s directmethod and then
their dynamics are analyzed by some graphs. Finally,
this paper concludes in Sect. 4.

2 Integrability of Eq. (1)

In this part, we first perform the singularmanifold anal-
ysis for Eq. (1) and confirm its Painlevé integrability.
Furthermore, we utilize the Bell polynomial method
to systematically construct the Hirota’s bilinear rep-
resentation, Lax pair, bilinear BT as well as infinite
conservation laws.

2.1 Painlevé property

Following the WTC-Kruskal method [2], the integra-
bility test of Eq. (1) ismade up of three steps. Firstly, we
may substitute u = u0φγ into (1). Balancing the dom-
inant terms, we obtain the values of leading exponent
and coefficient, namely γ = −1 and u0 = 6aφx/b.

The second step is to calculate the values of resonant
points, which can be done by inserting the truncated
expansion u = u0 φ−1+u j φ

j−1 into (1) and balancing
the dominant terms. After some calculations, it is found
that there are four resonant points, namely j = −1, 1,
4 and 6.

Finally, in order to check whether Eq. (1) passes the
integrability or not, we should verify the compatibility
conditions at j = 1, 4 and 6. For this purpose, the Lau-
rent series may be truncated at the maximum resonant
point,

u =
6∑

j=0

u j φ
j−1, (5)
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where the Kruskal’s ansatz is used to simplify the
involved calculations, i.e., φ = x + ψ(y, z, s, t). Note
that all the coefficients u j in (5) do not depend on the
variable x . Inserting (5) into Eq. (1) and collecting the
coefficients of φ with the same degree, we have

u2 = ψt

2 b
+ u1y + u1z + u1s

2(ψy + ψz + ψs)
,

u3 = ψyt + ψzt + ψs t + b(u2y + u2z + u2s)

4 b (ψy + ψz + ψs)
,

u5 = [
(4bu2u3 − 2u3ψt + u2t )(ψy + ψz + ψs)

+ (ψt − bu2)(u2y+u2z + u2s)+u2(ψyt+ψzt

+ψs t ) − 2 bu3(u1y + u1z + u1s) − u1yt

− u1zt − u1s t
] / [

24 a (ψy + ψz + ψs)
]
.

(6)

In (6), ψ , u1, u4 and u6 are arbitrary, which indi-
cates that the Laurent series of Eq. (1) admits suffi-
cient number of arbitrary functions. Therefore, the pro-
posed Eq. (1) passes the integrability test and thus it has
Painlevé property.

Although there is not a general definition about com-
plete integrable system, it is widely accepted that an
integrable model should possess Lax pair, infinite con-
servation laws, Hamiltonian structure, infinitely many
symmetries, bilinear BT as well as N-soliton solutions.
Equation (1) is proved to be integrable in the sense
of Painlevé, and below we will systematically con-
struct integrable properties using the Bell polynomial
method [3].

2.2 Bilinear form

The Painlevé test provides an efficient method to check
whether nonlinear models are integrable not. More
importantly, it also produces some useful information
to further study the integrability properties and various
types of explicit solutions.

The singular manifold analysis yields the Painlevé–
Bäcklund transformation in the form

u = 6a

b
(ln φ)x + u1, (7)

where u1 is the seed solution of Eq. (1). For the sake
of simplicity, we may take u1 = 0. Introducing q =
2 ln φ, it follows from (7) that

u = 3a

b
qx . (8)

Substituting the transformation (8) into (1), we get

qxyt + qxzt + qxst + 3a
[
qxx

(
qxxy + qxxz

+ qxxs) + qxxx (qxy + qxz + qxs)
]

+ a
(
qxxxxy + qxxxxz + qxxxxs

) = 0. (9)

After integrating Eq. (9) once, we easily obtain

qyt + qzt + qst + a
(
qxxxy + 3qxxqxy + qxxxz

+ 3qxxqxz + qxxxs + 3qxxqxs) = 0. (10)

Based on the definition of P-polynomial, (10) can
be written as

Pyt (q) + Pzt (q) + Pst (q) + aPxxxy(q)

+ aPxxxz(q) + aPxxxs(q) = 0. (11)

Together with q = 2 ln φ, from (11) we obtain

(DyDt + DzDt + DsDt + aD3
x Dy

+ a D3
x Dz + a D3

x Ds) F · F = 0, (12)

where “D” is theHirota’s derivative operator [4].Notice
that (12) is exactly the bilinear representation for the
(4 + 1)-dimensional BLMP equation.

2.3 Bilinear Bäcklund transformation and Lax pair

The binary Bell polynomial method provides us a sys-
tematic procedure to derive the integrable properties of
NLEEs [3]. Based on the results obtained in the above
subsection, one can obtain bilinear BT.

Suppose that q = 2 ln F and q̄ = 2 lnG are two
solutions of Eq. (10), and we take

v = q̄ − q

2
, w = q̄ + q

2
. (13)

It follows from Eq. (10) that

E(q̄) − E(q)

2
= vyt + avxxxy + 3awxxvxy + 3awxyvxx

+ vzt + avxxxz + 3awxxvxz + 3awxzvxx

+ vst + avxxxs + 3awxxvxs + 3awxsvxx

= ∂

∂y
(Yt (v) + aYxxx (v,w)) + 3a(wxyvxx

− vxwxxy − v2xvxy) + ∂

∂z
(Yt (v) + aYxxx (v,w))

+ 3a
(
wxzvxx − vxwxxz − v2xvxz

)
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+ ∂

∂s
(Yt (v) + aYxxx (v,w)) + 3a (wxsvxx

− vxwxxs − v2xvxs

)
. (14)

To obtain the bilinear BT, we introduce the con-
straint between v and w with the form

wxy + vxvy + wxz + vxvz + wxs + vxvs = α vx , (15)

with α being arbitrary constant, and then Eq. (14)
becomes

∂

∂y
(Yt (v) + a Yxxx (v,w)) + ∂

∂z
(Yt (v)

+ a Yxxx (v,w)) + ∂

∂s
(Yt (v) + a Yxxx (v,w)) =0.

(16)

Note that (15) can also be expressed as

Yxy(v,w)+Yxz(v,w)+Yxs(v,w)−αYx (v,w) = 0.

(17)

The Y -polynomials are closely related to the bilin-
ear derivative operators, from (16) and (17), and we
get

(Dt + a D3
x − μ)F · G = 0,

(Dx Dy + Dx Dz + Dx Ds − α Dx ) F · G = 0, (18)

where μ = μ(t) is arbitrary. Equation (18) is just the
bilinear BT of Eq. (1).

By setting

v = ln ϕ, w = q + ln ϕ, (19)

and linearizing the coupled system (16) and (17), the
linear differential equations are obtained as

ϕt + a ϕxxx + b ux ϕx = 0,

ϕxy + ϕxz + ϕxs + b

3a
(uy + uz + us)ϕ − αϕx = 0.

It is easy to prove that the above system is just the Lax
pair for the (4 + 1)-dimensional BLMP equation.

2.4 Infinite conservation laws

The concept of infinite conservation laws is a very
important property of nonlinear integrable systems.

Searching for infinite conservation laws of NLEEs is
still an open issue. For the new proposed Eq. (1), the
infinite conservation laws can be constructed by virtue
of the coupled Y -polynomials system (16) and (17).

Introducing the transformation η = (q̄x −qx )/2 and
making good use of (13) with α = 0, Eqs. (16) and (17)
become

qxy + qxz + qxs + η ∂−1
x ηy + η ∂−1

x ηz + η ∂−1
x ηs

+ ηy + ηz + ηs = 0,
∂

∂t

(
∂−1
x ηy

)
+ ∂

∂x

[
aηxz + a(ηx + qxx )∂

−1
x ηz

+ 2aη(ηz + qxz) + aη2∂−1
x ηz

]
+ ∂

∂z

(
∂−1
x ηt

)

+ ∂

∂y

[
aηxx + 3aη(ηx + qxx ) + aη3

]
+ ∂

∂s
[aηxx

+ aηxx + 3aη(ηx + qxx ) + aη3 + ∂−1
x ηt

]
= 0.

(20)

The function η is expanded as the following series,

η = ε +
∞∑

n=1

In (q, qx , . . .) ε−n . (21)

Inserting series (21) into the first equation of (20) gives
the recursion formula for the conversed densities In ,
namely

I1 = − qxx = − b

3a
ux ,

I2 = qxxx = b

3a
uxx ,

∂−1
x

(
In+1,y + In+1,z + In+1,s

)

= −In,y−In,z − In,s

−
n∑

k=1

Ik ∂−1
x

(
In−k,y+In−k,z+In−k,s

)
, n≥2.

(22)

Using ansatz (21) again, from the second equation of
(20), the infinite conservation laws of (1) can be derived
as

Ln,t +Fn,x +Gn,y +Hn,z +Mn,s = 0, n = 1, 2, . . .

(23)

In Eq. (23),

Ln = ∂−1
x In,y, Hn = ∂−1

x In,t ,
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with In being given by (22). The flux Fn takes the
form

Fn = aIn,xz + aqxx∂
−1
x In,z + 2a qxzIn+1,z

+ a∂−1
x In+2,z+2aqxzIn+a

n∑

k=1

∂−1
x Ik,zIn−k,x

+ 2 a
n∑

k=1

IkIn−k,z + 2 a
n+1∑

k=1

Ik∂
−1
x In−k,z

+ a
∑

i+ j+k=n

IiIk∂
−1
x Ik,z .

And Gn can be expressed as

Gn = a In,xx + 3 aIn+1,x + 3 a qxx In

+ 3 aIn+2 + 3 a
n∑

k=1

IkIn−k,x

+ 3 a
n+1∑

k=1

IkIn−k + a
∑

i+ j+k=n

IiI jIk .

The fourth fluxes Mn read
Mn = ∂−1

x In,t + aIn,xx + 3aIn+1,x + 3aqxx In

+ 3aIn+2 + 3a
n∑

k=1

IkIn−k,x + 3a
n+1∑

k=1

IkIn−k

+ a
∑

i+ j+k=n

IiI jIk .

It is noted that the first member of (23) is proved to be
the (4 + 1)-dimensional BLMP equation (1). In addi-
tion, starting from other members of the conservation
laws (23), some new integrable models in 4+1 dimen-
sions may be generated.

3 Localized wave solutions

The Hirota bilinear method is an efficient and direct
tool to study nonlinear evolution models [4], which has
been widely applied to investigate integrability prop-
erties like bilinear Bäcklund transformation and Lax
pairs. In the meanwhile, it also can be used to solve
both integrable and nonintegrable NLEEs with impor-
tant physical interests.

3.1 N-soliton solutions

According to the Hirota’s bilinear method, the key step
is to change the original models to bilinear equations

with suitable transformations. Through the Painlevé–
Bäcklund transformation (7), Eq. (1) can be reduced to

φytφ − φyφt + φztφ − φzφt + φs tφ − φsφt

+ a
(
φxxxyφ − φxxxφy + 3φxxφxy − 3φxφxxy

+φxxxzφ − φxxxφz + 3φxxφxz − 3φxφxxz

+φxxxsφ − φxxxφs + 3φxxφxs − 3φxφxxs) = 0.

(24)

N-soliton solutions may be the fundamental char-
acteristic of integrable nonlinear evolution equations.
As discussed in Sect. 2, Equation (1) is integrable
in the sense of Painlevé. Following the perturbation
method [4], one can obtain the N-soliton solutions with
the form

u = 6 a

b
· (ln φ)x , (25)

and φ is given by

φ = 1 +
N∑

i=1

eηi +
N∑

i< j

Ai j e
ηi+η j

+
N∑

i< j<k

Ai j Aik A jk e
ηi+η j+ηk

+ · · · +
∑

1≤i< j≤N

Ai j e

N∑
i=1

ηi
,

ηi = ki x + li y + pi z + qi s + ωi t + η0i ,

ωi = −a k3i , i = 1, . . . , N ,

Ai j = (ki − k j )(li + pi + qi − l j − p j − q j )

(ki + k j )(li + pi + qi + l j + p j + q j )
. (26)

Bidirectional solitons have potential values to simu-
late ocean waves phenomenon, but they are rare for
lower dimensional NLEEs. However, a number of
(3+1)-dimensional NLEEs admit bidirectional soliton
solutions. The reason is due to the existence of more
arbitrary parameters in the dispersion relations. The
dispersion relation, givenby (26), tells us that there only
exist overtaking collisions between solitons along x-
direction, while there are both overtaking and head-on
collisions between solitons along y-, z- and s-direction.
The interactions between multiple solitons are similar
to those of the GBS equation [12] and the GNNV equa-
tion [37], and thus the interaction analysis is omitted
here.
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3.2 Periodic soliton solutions

Starting from the N-soliton solutions (25), we can get
some interesting periodic soliton solutions by choosing
suitable parameters in (26).
Case 1 If taking N = 2, from Eq. (26) we have

φ = 1 + eη1 + eη2 + A12 e
η1+η2 . (27)

Together with transformation (25), the two-soliton
solution of (1) is then obtained.

For the parametric choices

k1 = k∗
2 = α1 + iβ1, l1 = l∗2 = δ1 + iρ1,

p1 = p∗
2 = μ1 + iν1, q1 = q∗

2 = λ1 + iσ1,

η01 = η02 = 0, (28)

Equation (27) takes the following form

φ = 1 + 2 eα1 x+δ1 y+μ1 z+λ1 s +γ1 t cos(Θ)

+ A12 e
2(α1 x+δ1 y+μ1 z+λ1 s +γ1 t),

Θ = β1x + ρ1y + ν1z + σ1s + ε1t,

γ1 = a(3α1β
2
1 − α3

1), ε1 = a(β3
1 − 3α2

1β1),

A12 = − β1(ρ1 + ν1 + σ1)

α1(δ1 + μ1 + λ1)
. (29)

Substituting (29) into (25) yields a periodic soli-
ton solution of Eq. (1). Figure 1 shows the interac-
tions between one kinky solitary wave and one peri-
odic wave. Figure 1a–c gives the 3D plots of the peri-
odic solitary wave in x–y plane, x–z plane and x–s
plane, respectively. Their contour plots are shown in
Fig. 1d–f.
Case 2 If taking N = 3, if follows from Eq. (26) that

φ = 1 + eη1 + eη2 + eη3 + A12e
η1+η2 + A13e

η1+η3

+ A23 e
η2+η3 + A12A13A23 e

η1+η2+η3 . (30)

Together with transformation (25), one can obtain the
three-soliton solution of (1).

For the parametric choices

k1 = k∗
2 = α1 + iβ1, l1 = l∗2 = δ1 + iρ1,

p1 = p∗
2 = μ1 + iν1, q1 = q∗

2 = λ1 + iσ1,

k3 = α2, l3 = δ2, p3 = μ2, q3 = λ2,

η01 = η02 = η03 = 0, (31)

where α1, α2, β1, δ1, δ2, ρ1, μ1, μ2, ν1 are real con-
stants, Eq. (27) takes the following form:

φ = 1 + 2 eξ1 cos(Θ) + A12 e
2ξ1

+ eξ2
[
1 + 2Leξ1 cos(Θ + Ψ ) + A12L

2 e2ξ1
]
,

(32)

where

ξ1 = α1 x + δ1 y + μ1 z + λ1 s + γ1 t,

ξ2 = α2 x + δ2 y + μ2 z + λ2 s − aα3
2 t,

Θ = β1x + ρ1y + ν1z + σ1s + ε1t,

γ1 = a(3α1β
2
1 − α3

1), ε1 = a(β3
1 − 3α2

1β1),

A12 = − β1(ρ1 + ν1 + σ1)

α1(δ1 + μ1 + λ1)
,

L eiΨ = A13 = A∗
23 = (α1 − α2 + iβ1) [δ1 − δ2 + μ1 − μ2 + λ1 − λ2 + i(ρ1 + ν1 + σ1)]

(α1 + α2 + iβ1) [δ1 + δ2 + μ1 + μ2 + λ1 + λ2 + i(ρ1 + ν1 + σ1)]
.

Substituting (32) into (25) yields another periodic
soliton solution of Eq. (1). Figure 2 depicts the interac-
tions between one periodic wave and two kinky solitary
waves. Figure 2a–c gives the 3D plots of the periodic
solitary wave in x–y plane, x–z plane and x–s plane,
respectively. Their contour plots are shown in Fig. 2d–f.

3.3 Mixed lump–kink solutions

In recent years, the study of interactions between lump
waves and soliton-like waves has received increasing
attention from many scholars, and abundant interest-
ing results have been presented for a number of higher
dimensional nonlinear evolution equations. These solu-
tions may be written as combinations of two positive
quadratic functions, or two positive quadratic functions
plus one exponential function, or two positive quadratic
functions plus one hyperbolic cosine function, and so
on [38–46].

After some tedious computations, it is shown that the
(4 + 1)-dimensional BLMP equation (1) admits more
general form of solutions. This new type of solution
can be given by transformation (25) and
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Fig. 1 (Color online) Plots of periodic soliton solution given by
(25) and (29). a The case of z = s = 0 with the parameters
α1 = δ1 = 0.8, β1 = 0.4, ρ1 = 1, μ1 = −0.5, λ1 = −0.6,
ν1 = σ1 = 0, b the case of z = s = 0 with the parameters
α1 = −μ1 = 0.5, β1 = 0.2, ρ1 = σ1 = 0, ν1 = 1, λ1 = 0.4,

c the case of y = z = 0 with α1 = 0.5, β1 = 0.4, δ1 = 0.8,
ρ1 = ν1 = 0, μ1 = −0.6, λ1 = −0.4, σ1 = 1.2, d the contour
plot in x–y plane, e the contour plot in x–z plane, f the contour
plot in x–s plane

Fig. 2 (Color online) Plots of periodic soliton solution given by
(25) and (32). a The case of z = s = 0 with α1 = δ1 = −δ2 =
0.8, α2 = −μ1 = −μ2 = 0.5, λ1 = −0.6, ρ1 = −λ2 = 1,
β1 = 0.4, ν1 = σ1 = 0, b the case of y = s = 0 with
α1 = δ1 = −δ2 = 0.8, α2 = −μ1 = 0.5, λ1 = −0.6,

μ2 = −λ2 = 1, ν1 = 1.2, β1 = 0.8, ρ1 = σ1 = 0, c the case
of y = z = 0 with α1 = −δ1 = −δ2 = 0.8, λ1 = −α2 = 0.6,
μ1 = μ2 = β1 = 1, λ2 = 0.9, ρ1 = ν1 = 0, σ1 = 1.2, d the
contour plot in x–y plane, e the contour plot in x–z plane, f the
contour plot in x–s plane
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φ = c0 + ξ1
2 + ξ1

2 +
N∑

j=1

(
h je

η j + p je
−η j

)
,

η j = k j x + l j y + m j z + n j s + ω j t,

ξ1 = c1x + c2y + c3z + c4s + c5t + c6,

ξ2 = c7x + c8y + c9z + c10s + c11t + c12, (33)

with h j and p j being arbitrary, and other constant
parameters are given by

(I) c2 = −c4, c3 = c5 = c7 = c11 = 0,

ci = ci (i = 0, 1, 4, 6, 8, 9, 10, 12),

l j = −(m j + n j ), ω j = −ak3j , k j = k j ,

m j = m j , n j = n j , j = 1, . . . , N . (34)

(II) c2 = −c4, c3 = c11 = 0, c8 = −(c9 + c10),

ci = ci (i = 0, 1, 4, 5, 6, 7, 9, 10, 12),

l j = −(m j + n j ), k j = k j , m j = m j ,

n j = n j , ω j = ω j , j = 1, . . . , N . (35)

(III) c2 = −c3, c4 = c11 = 0, c8 = −(c9 + c10),

ci = ci (i = 0, 1, 3, 5, 6, 7, 9, 10, 12),

l j = −(m j + n j ), k j = k j , m j = m j ,

ω j = −ak3j , n j = n j , j = 1, . . . , N . (36)

(IV) c2 = −c3, c4 = c5 = c7 = c11 = 0,

ci = ci (i = 0, 1, 3, 6, 8, 9, 10, 12),

l j = −(m j + n j ), ω j = −ak3j , k j = k j ,

m j = m j , n j = n j , j = 1, . . . , N . (37)

(V) c2 = −c1c3 + c1c4 + c7c8 + c7c9 + c7c10
c1

,

ci = ci (i = 0, 1, 3, 4, 6, 7, 8, 9, 10, 12),

c5 = c11 = 0, l j = −(m j + n j ), ω j = −ak3j ,

k j = k j , m j = m j , n j = n j , j = 1, . . . , N .(38)

Due to the arbitrariness of positive integer N and
constant parameters in (34)–(38), different parametric
choices lead to different exact solutions for Eq. (1).
Here, we only consider six different cases as follows.
Case 1 In (34), taking N = 1 and p1 = 0, along with
(25), the solution with two quadratic functions and one
exponential function is obtained

u1 = 6a (2 c1ξ1 + h1 k1 eη1)

b (c0 + ξ21 + ξ22 + h1eη1)
,

ξ1 = c1x − c4y + c4s + c6,

ξ2 = c8y + c9z + c10s + c12,

η1 = k1x − (m1 + n1)y + m1z + n1s − ak31 t, (39)

where ci (i = 0, 1, 4, 6, 8, 9, 10, 12), k1,m1, n1 and h1
are arbitrary constants.

Case 2 In (35), if N = 1 and p1 = h1 , through trans-
formation (25), we obtain the solution consisting of two
quadratic functions and one hyperbolic cosine function

u2 = 12a [c1ξ1 + c7ξ2 + h1 k1 sinh(η1)]
b [c0 + ξ21 + ξ22 + 2 h1 cosh(η1)]

,

ξ1 = c1x − c4y + c4s + c5t + c6,

ξ2 = c7x − (c9 + c10)y + c9z + c10s + c12,

η1 = k1x − (m1 + n1)y + m1z + n1s + ω1 t, (40)

where ci (i = 0, 1, 4, 5, 6, 7, 9, 10, 12), k1, m1, n1, h1
and ω1 are arbitrary constants.
Case 3 In (35), taking N = 1 and p1 = −h1, from (25)
we obtain the solutionwith two quadratic functions and
one hyperbolic sine function

u3 = 12a [c1ξ1 + c7ξ2 + h1 k1 cosh(η1)]

b
[
c0 + ξ21 + ξ22 + 2 h1 sinh(η1)

] ,

ξ1 = c1x − c4y + c4s + c5t + c6,

ξ2 = c7x − (c9 + c10)y + c9z + c10s + c12,

η1 = k1x − (m1 + n1)y + m1z + n1s + ω1 t, (41)

where ci (i = 0, 1, 4, 5, 6, 7, 9, 10, 12), k1, m1, n1, h1
and ω1 are arbitrary constants.
Case 4 In (36), if N = 2, p1 = 0 and p2 = h2, from
(25) one obtains the solution in the form

u4 = 6a
[
2c1ξ1 + 2c7ξ2 + h1k1e

η1

+ 2h2k2 sinh(η2)] /
[
b(c0 + ξ21 + ξ22

+ h1e
η1 + 2h2 cosh(η2))

]
,

ξ1 = c1x − c3y + c3z + c5t + c6,

ξ2 = c7x − (c9 + c10)y + c9z + c10s + c12,

η j = k j x − (m j + n j )y + m j z + n j s − ak3j t, (42)

where ci (i = 0, 1, 3, 5, 6, 7, 9, 10, 12), k j ,m j , n j , h j ,
h j and ω j ( j = 1, 2) are arbitrary constants.
Case 5 In (37), taking N = 2, p1 = h1 and p2 =
h2, along with (25), we obtain the solution with two
quadratic functions plus one hyperbolic cosine function

u5 = 12a [c1ξ1 + h1k1 sinh(η1)

+ h2k2 sinh(η2)] /
[
b(c0 + ξ21 + ξ22

+ 2h1 cosh(η1) + 2h2 cosh(η2))] ,

ξ1 = c1x − c4y + c4s + c6,

ξ2 = c8y + c9z + c10s + c12,

η j = k j x − (m j + n j )y + m j z + n j s − ak3j t, (43)

where ci (i = 0, 1, 4, 6, 8, 9, 10, 12), k j ,m j , n j , h j

( j = 1, 2) are arbitrary constants.
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Fig. 3 Evolution and interaction plots of one lump wave and
a pair of kinky waves given by (40) with (45). a z = s = 0,
t = −20, b z = s = 0, t = 0, c z = s = 0, t = 20, d y = s = 0,

t = −30, e y = s = 0, t = 0, f y = s = 0, t = 25, g y = z = 0,
t = −25, h y = z = 0, t = 0, i y = z = 0, t = 25

Case 6 In (38), if N = 4 and p1 = p2 = p3 = p4 = 0,
together with (25), we obtain the solution of the form

u6 =
6a

(
2 c1ξ1 + 2 c7ξ2 + ∑4

j=1 h j k j eη j

)

b
(
c0 + ξ21 + ξ22 + ∑4

j=1 h j eη j

) ,

ξ1 = c1x + c2 y + c3 z + c4s + c6,

c2 = − c1c3 + c1c4 + c7c8 + c7c9 + c7c10
c1

,

ξ2 = c7x + c8y + c9z + c10s + c12,

η j = k j x − (m j + n j )y + m j z + n j s − ak3j t, (44)

where ci (i = 0, 1, 3, 4, 6, 7, 8, 9, 10, 12), k j ,m j , n j , h j

( j = 1, 2, 3, 4) are arbitrary constants.
With particular choices of the parameters in (39)–

(44), we may obtain abundant interactions between
lump wave and kinky solitary waves. Here, solutions
(40) and (44) are chosen to illustrate the interesting
evolution and interaction phenomenon. Figure 3 gives
the three-dimensional plots of evolutions given by (40)

with the selection of parameters,

a = −1, b = 3, h1 = 1, c0 = 10, c1 = 20,

c4 = 0.3, c5 = 0.5, c6 = c12 = 0, c7 = 25,

c9 = −0.5, c10 = 0.2, k1 = 0.8, m1 = 0.4,

n1 = 0.3, ω1 = 0.7. (45)

Figure 3a–i shows the interaction behaviors between
one lump and a pair of kinky solitary waves in x–y
plane, x–z plane and x–s plane, respectively. As we
can see, the lump wave always lies between these two
kinky waves. The amplitude of lump wave first shows
a declining trend and then increases gradually with the
change of time. As shown in Fig. 3d–i, one can observe
that the lumpwave has overturned during the evolutions
in x–z plane and in x–s plane.

In the following, we select solution (44) to analyze
the interesting interactions between one lumpwave and
four kinky waves by graphs. Taking

c0 = c1 = c8 = h1 = h2 = h3 = h4 = 1,
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Fig. 4 Evolution and interaction plots of one lump and four kink waves given by (44) with (46) in x–y plane. a t = −5, b t = 0.5, c
t = 6, d t = 48, e t = 300, f t = 1000

c3 = −c4 = 0.5, c6 = c12 = 0, c7 = 18,

c10 = −c9 = 0.6, k1 = 0.5, k2 = 1, k3 = 1.5,

k4 = 2, m1 = −0.1, m2 = 0.5, m3 = 0.6,

m4 = −0.2, n1 = 0.25, n2 = n3 = −0.3,

n4 = 0.7, a = 1, b = 3, (46)

Figure 4 depicts the fission and fusion phenomenon
during the evolutions in x–y plane. In Fig. 4a, there is
only one kink solitary wave at t = −5. At t = 0.5,
the lump soliton appears as shown in (b). In (b)–(d),
it is easily seen that the kinky wave splits into two,
three, and four kinky waves in a short period of time.
Meanwhile, the amplitude of the lump soliton has been
declined. As shown in Fig. 4d–f, four kinky solitary
waves first merge into three, then fuse into two and
finally fuse into one kinky solitary wave, which is
propagating along the positive x-direction. As shown
in Fig. 4b–f, the lump soliton stands at the bottom
kinky solitary wave, which depends on the signs of
k j ( j = 1, 2, 3, 4) in (44). For the sake of simplicity,
the similar analysis in x–z and x–s plane is omitted here.

4 Conclusions

In this paper, we introduce a new integrable nonlinear
evolution model in 4+1 dimensions, which we call the

(4 + 1)-dimensional BLMP equation. This new equa-
tion includes several important NLEEs in 2 + 1 and
3 + 1 dimensions.

By performing the singular manifold analysis, we
showed that (4+1)-dimensionalBLMPequationpasses
the Painlevé integrability test. Generally speaking, the
positive result in Painlevé test shed light on explor-
ing the N-soliton, Bäcklund and Darboux transforma-
tions and Lax pair. Thus, we employed the Bell poly-
nomial approach to further study integrable properties
of (4+ 1)-dimensional BLMP equation and found that
it is also integrable under other meanings. The bilinear
form, bilinear BT, infinite conservation laws as well as
Lax pair are firstly presented.

Based on the Hirota bilinear method, several types
of new exact solutions have been constructed, includ-
ing the N-soliton solutions, periodic soliton solutions
and mixed lump–kink wave solutions. The interactions
between multiple solitons are unidirectional along x-
direction, while the interactions between multiple soli-
tons are bidirectional along y-direction, z-direction and
s-direction. In addition, we also studied the interactions
between periodic waves and kinky solitary waves. It is
noteworthy that Eq. (1) admits a new type of exact
solutions composed of two quadratic functions plus N
pairs of exponential functions, with N being arbitrary
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positive integer. The interactions between one lump
wave and multiple kinky waves show the character-
istics of fusion and fission. For the obtained interesting
localized wave solutions, it is very promising to find
some potential applications in physical and engineer-
ing fields.

We noticed that the contributions of three space
variables y, z and s in (1) are the same, so the
(4+1)-dimensional integrable BLMP equation may be
extended to any dimensions. The more study on Eq. (1)
aswell as searching for new integrablemodels in higher
dimensions can be investigated in future works.
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