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Abstract A (2 + 1)-dimensional coupled nonlinear
partial equation which possesses a Hirota bilinear form
is introduced. Based on the Hirota bilinear form, two
solitary waves are constructed. In the meanwhile, lump
waves are derived by using a positive quadratic func-
tion. By combining an exponential function with a
quadratic function, interaction solutions between a
lump and a one-kink soliton, and between a bi-lump
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and a one-soliton solution are generated. Some special
concrete interaction solutions are depicted in both ana-
lytical and graphical ways.
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1 Introduction

Nonlinear partial differential equations are applied to
solving some complex problems in a variety of science
and engineering [1-9]. Finding exact solutions plays
an important role in nonlinear science. Among these
exact solutions, solitary waves and lump solutions can
be used to study natural phenomena appeared in flu-
ids, engineering and nonlinear optics [10-14]. Lump
waves which have attracted much attention are local-
ized in all directions of spaces [12]. The study of this
field is mainly by means of the Darboux transforma-
tion [15—18] and the Hirota bilinear method [19-28]. To
describe complex physical phenomena, hybrid interac-
tion solutions are widely investigated by combining dif-
ferent variable functions [29-39]. Interaction solutions
among multi-soliton and other complicated waves are
discussed by the localization procedure related to the
nonlocal symmetry and the consistent tanh expansion
method [29-32]. Interaction solutions between lump
waves and multi-soliton are studied by using the Hirota
bilinear method [33—40].
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In this paper, we consider a (2 + 1)-dimensional cou-
pled nonlinear partial differential equation (c(NPDE)

Uxr + Euxuxx + Zuxxxx + 81wy + Sottyy
4
+ 83ty + Z(uxxxy + 3uxuxy
1)
+ 3uxxuy) + ZS(wxxy + 3uxyw + 3Mywx)

1
+(S6 (3wwx =+ wayy> = 0’
Uyy — Wy = 0, (D

where §; i = 1,2,...,6) are arbitrary constants.
Equation (1) reduces to a (2 + 1)-dimensional potential
Kadomtsev—Petviashvili (pKP) equation by choosing
8y = 83 = 84 = 85 = 8¢ = 0, which describes the
dynamics of a wave with a small amplitude. The peri-
odic kink wave and the group-invariant solutions of the
pKP equation have been derived [41,42]. The nonlocal
symmetry and interaction solutions of the pKP equation
have been given by the localization procedure related
to nonlocal symmetries [43].

This paper is organized as follows: in Sect. 2, we
construct the Hirota bilinear form of Eq. (1) by using
the Painlevé—Bicklund transformation. In Sect. 3, we
obtain two solitary waves by introducing a perturba-
tion expansion. Lump waves are presented by solving
the corresponding Hirota bilinear form in Sect. 4. In
Sect. 5, interaction solutions between a lump and a
one-kink soliton, and between a bi-lump and a one-
soliton solution are derived by adding an exponential
function to a quadratic function. The last section is a
simple summary and discussion.

2 A bilinear form of a coupled nonlinear partial
differential equation

Based on the Painlevé analysis [44], a Painlevé—
Biécklund transformation of Eq. (1) reads

u=b;7°+u1, w=$+%+wz, @
where ¢ is an auxiliary function of the variables x, y
and 7. The functions of u; and w; are arbitrary seed
solution of Eq. (1). Substituting (2) into (1) and bal-
ancing the coefficients ¢ > and ¢ 3, we get

wo = —2¢2. 3)

MQ = 2¢X7 y
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Balancing the coefficient ¢ ~* gives
w1 = 2¢yy. “)

Substituting (3), (4) and the seed solutionu| = 0, wy =
0 into (2), we get

2, 202 24,
u= ¢, w=_¢_2y+%.

&)

A bilinear form of (1) is yielded
1
2¢¢xt - 2¢l¢x + §¢¢xxxx - 2¢x¢xxx

3
+ 0% 2810y — 9)

+282(ppry — bxy) + 283 (drx — $7)
+84(PPrxry — Prxxy — 3brrxy + 3Prrry)
+85(PPryyy — Babyyy — 3y dayy + 3Bxybyy)
+86(byyyy — 4ydyyy +303,) = 0. (6)

The bilinear equation (6) has the following equivalent
formula:

1
DDy + ZD;j +81D3 + 8, D Dy + 83D

54 8s 86
+ 5 DDy + DD} + =Dy =0, 9

with the D-operators defined by
DLDID f(x.y.0) - g(x', ¥y 1))

=G5 G5 —5) G an)

f(xv y’t) 'g(x/, y/’ t/)|x=x’,y=y’,t=t’~ (8)

3 Solitary waves of a coupled nonlinear partial
differential equation

The Hirota bilinear method has been widely used to
solve a class of nonlinear evolution equations [45].
Based on the Hirota bilinear method, we assume that a
two-front wave for ¢ has a perturbation expansion

¢ =1+ exp(01) +exp(62), €))

where 01 = ajx + b1y + cit, 0 = axx + byy +
ct,anday, by, c1, az, by and ¢; are arbitrary constants.
Inserting (9) into (6) and solving the coefficients of
different powers of the exponent functions, a relation
among the arbitrary constants reads
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af’ f a%bl
C1=———51——82b1—83al—84
4 aq
b3 bt
— 5L — §e—L,
4 T %%,
3 2 2
a by a,02
=2 _ 8§22 —8by — S3ay — S4—2—
2 4 la2 202 3a 4 4
b3 b3
— 852 — 86—, 10
57 62(12 (10)

where §¢ satisfies

3
8 = (Jaiad (@ — a2 = 261(@b — azby)’

1
+ 554a1a2(01 — ap)(a}by+2ayay (b —by) — a3by)

3
+ Sosarabiby(ar —a)(br — by))/(a7b]

—2ayab by (2b7 — 3b1by +2b3) +a3b}).  (11)

(@)

if’ i
m l i R 0 X
’lllﬂllll"'I'o’o’o’o’o’o’o’o’oooooow,w (i
NNNN“““’ AN

l Il i

N
pie

i,

il et
”"%%W%ﬂ”ﬂﬂ%ﬁfim‘&ma.~.~.~.~.~.~.~.~..~.,‘.’~.‘.~
I ez

Substituting (9) into (5) yields a two-front wave

_ 2(ayexp(01) + a2 exp(62))
T L+exp(f) + exp(62)
_ 2(b1exp(61) + by exp(62))?
T (I+exp(d) + exp(62))?
2(b% exp(61) + b3 exp(62))
1+ exp(61) + exp(6»)

12)

where ¢, ¢ and §¢ satisfy (10) and (11). We show
a two-front wave for u and w with specific param-
eters a; = —%,az = %,bl = %,bz = %,81 =
—1,8, = 1,83 = 2,84 = 1,65 = 2 in Fig. 1, and
another kind of a two-front wave with specific param-
eters a; = —%,az = —%,bl = 1,bp = %,51 =
—1,6, = 1,83 = 2,84 = 1,85 = 2 in Fig. 2. The
solution of w is shown as “U”-shaped and “Y”’-shaped
in Figs. 1b and 2b, respectively. Characteristics of two

(b)
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Fig. 1 Profile of a two-front wave (12): a 3-dimensional plot of u with = 0, b 3-dimensional plot of w with = 0
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Fig. 2 Profile of a two-front wave (12): a 3-dimensional plot of # with ¢ = 0, b 3-dimensional plot of w witht =0
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Fig. 3 Profile of two-soliton solution (16): a 3-dimensional plot of u# with = 0, b 3-dimensional plot of w with = 0

front waves are thus different by selecting different
parameters.
For a two-soliton solution, we assume

¢ =14 exp(01) +exp(82) + apexp(d) +62), (13)

whereay, by, c1, az, by, c2 and ay, are arbitrary param-
eters to be determined. Substituting (13) into (6) and
solving the coefficients of different powers of the expo-
nent functions, a relation among the arbitrary constants
is

I S L]
cg=————961—— —d3a) — 04——
1 4 la1 201 3d] 4 4
by b
— 85— — §g—-,
54 T %4,
a3 b
c) = —Z — 51a—2 — boby — S3ap
2 3 4
azb, b b
S P S R Y P 14
4= 57 62a2, (14)
where 85 and J¢ satisfy
1 /2a%a?
55 = X( bllb; (b1ax (b} + 3b3) — a1br (36} + b3))
aiaz . o 2 2
+ 84— (a2by (b* + 2b3)
ble( 2 1 2
+2a1a2b1b2 (b3 — b}) — aib3(2b} + b3))
+881b1b2(a1by — a2b1)>,
1,3
b = +(5aiad(a} — a3) - 261(a}03 — a3b})
84
+ Jaaa} —a)(aiby +asby) ).

A = a3b3 + 2a1ab1ba (b} — b3) — a3b}. (15)
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Substituting (13) into (5) yields a two-soliton solution

v 2(ay exp(61)+az exp(02) +ai2(ai +az) exp(61 +62))
1+exp(61)+exp(62) +ai2 exp(61 +62)
__ 2(b1exp(61)+by exp(62) +ai2(b1+b2) exp(6; +6))?
a (14-exp(81)+exp(62)+aia (a1 +az) exp(61 +62))?
2(b} exp(61)+b3 exp(62)+ar2 (b1 +b2)* exp(61+62))
14-exp(61)+exp(62) +aiz(ar +az) exp(0) +62)
(16)

To illustrate this two-soliton solution (16), we select the
parameters a; = 1,ar = %,bl = %,bz = %,alz =
2,61 = —1,8p = 2,63 = 1,864 = 3,85 = 2. The
interactions between two kink solitons and two solitons
are shown in Fig. 3a, b, respectively.

4 Lump waves of a coupled nonlinear partial
differential equation

To get lump waves of Eq. (1), we take a quadratic func-
tion ¢ as

¢ =g>+h* +a,

g =aix +axy + ast + aa,

h = asx + agy + a7t + ag. (17)
where a; (i = 1,2,...,9) are arbitrary parameters.

By substituting (17) into (7) and balancing different
powers of x, y and ¢, we get the solutions of a;’s

S1(ar1a3 + 2arasag — aral)
az = — = 8 — Syay — 83a1,
ay +a;s
_ 384(af +a3)*(araz + asag)
B 481 (aras — azras)?
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_ 385(af +a3) (a3 +ag)(a1az + asag)
481 (a1a¢ — azas)?
386(a? + a2)(a3 + a2)?
481 (a1a6 — azas)?
3(a% + a§)3

 481(a1as — azas)?’

81Rararag — a%as + asag)
- 2 2
ay +as

a; = — 8rae — 83as,

(18)

which should satisfy the following constraint condi-
tions:

51615 ;é 0, ajde — azds ;é 0,
81[ (@} + ad)a} + a2 + By(aiaz + asae))

+ (a3 + ag) (286 (a3 + ag)

+85(aran + asaﬁ))] <0, (19)
so that the localization of u and w in all directions of

the (x, y)-plane is guaranteed. A class of lump waves
of Eq. (1) is thus generated

4a1g + 4ash
u=—--

’

)
8(arg + agh)?  4a3 + 4a?
w:_(2826)+ 5 6. 20)
® ¢
where
¢ = 2+h?— 384(af +a3)* (ara2+asac)

481 (ayag — azas)?
B 38s5(a? +a?) (a3 +ad)(a1ar+asae)
481 (a1as — azas)?

B 38(a?+a2)(a3+a2)? B 3(a?+a2)?
481(ayas — azas)? 481 (a1as — azas)?’
g =aix+ayy
81(a1a?+2arasag—aial)
_ [ d1(ama; 22 526 14g + Syar 830y | 1+aa.
ai+as
h = asx+agy
81 Qayarag+a2as+asa?)
— (& ! 62 225 %6 + drag—¥83as | t+ag.
aj +a5

21

To catch the moving path of the lump waves in (20),
the critical point of the lump waves is calculated by
solving ¢, = ¢, = 0. The exact moving path of the
lump waves is written as

(axa7 — azag)t — (azag — asag)
x=x() = )
aljae — azds

(a1a7 — azas)t — (ajag — aqas)

y=y® = ., (2
ajdeg — azas

which can describe the traveling path of the lump waves
along a straight line

aszag — aqaq

N asas — a1a7x n (23)

© way —azas  axar — azde’

with a3, a7 and ag satisfying (18). The parameters are
selectedasa; = —1,ap = 2,a4 = —3,a5 = 1,a¢ =
3,a8 = 2,61 = —1,6p = 2,83 = 3,84 = 2,85 =
1, 8¢ = linFigs.4 and 5. A lump wave of u is plotted in
Fig. 4. The spatial structure of a lump wave is described
in Fig. 4a. From Fig. 4a, we can easily know that the
lump wave has a localized characteristic at = 0. A bi-
lump wave of w is plotted in Fig. 5. The spatial structure
of a bi-lump wave is described in Fig. 5Sa at t = 0.
Figures 4b and 5b represent the corresponding density
plots of the lump wave. Figure 4¢ displays the contour
plot of the lump wave at t = —35,¢ = 0,¢t = 36.
Figure Sc is the contour plot of the lump wave at r =
—20,t = 0, t = 20. The blue line of Figs. 4c and 5c is
the relevant moving progress (23), i.e., y = %x + %.
The wave along x-axis of the lump wave is depicted in
Figs. 4d and 5d.

5 Interaction solution between a lump and a
one-soliton solution

Interaction solutions between lumps and other type
solutions can be constructed by mixing a quadratic
function with other type functions. In order to find
interaction solution between lump waves and a one-
soliton solution, we assume that an interaction solution
is determined by a sum of a quadratic function and an
exponential function

¢ = g%+ h> +ao + ki exp(kax + kay + kgt + ks),
g =aix +ayy + aszt + aa,
h =asx + aegy + a7t + ag, 24)

with k; i = 1,2,...,5) being five undetermined real
parameters. By substituting (24) into (6) and vanish-
ing the different powers of x, y and 7, we obtain the
following two cases of constraining relations for the
parameters:

@ Springer
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Fig. 4 Profile of a lump wave (20): a 3-dimensional plot with
t = 0, b the corresponding density plot, ¢ the red line is the con-
tour plot of the lump wave at t = —35,¢ = 0,1 = 36, and the

Casel
81(a1a? + 2azasag — ara?)
az = — S 8~ — 8pay — 83a1, (25)
aj + as
81(asa2 — asa? + 2ayazag)
a; = — b 2 — 82ag — d3as,
aj + as
k3 k2 k3k?
ks = ——2 — 812 — Sok3 — 83kn — S4—2
4 n 1k2 2K3 = O03k2 — 04—
K k2
S5 — §e—>,
4 T %0,
a9 = [331k§A(k§B - k%A)((k%A +k3B)?

+IBK3(D? = 3CY)) + B5AC (s € — 22 B)
+ 16k3k3 BD? (2k3C — k2 B)
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blue line is the relevant moving progress (23),1i.e., y = %x + 1%,
d the wave propagation pattern of the wave along x-axis by select-
ing y = 0 and different time. (Color figure online)

+ 12k3k3AB(D? — C?)

+4k3 B(k3 B — 8kak3 BC? + 12kgc3)}

/(413148 D*E) — 3:5220 (k3B — K3 A),
5u — 2k 881(k2B — k3C)(k3A — k3 B)
k3 3k3k3 AE ’
s = 23 | 2C | K3A+k3B* = 2k3k3 D>
k3 3k3A 3kak3AE '
k4
86 = _2_133‘
N 281(k3B — k3A)(3k3A — k3 B — 2k2k3C)
3k§AE ’
A= a12 + ag,
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Fig. 5 Profile of a bi-lump wave (20): a 3-dimensional plot of
w with the time r = 0, b the corresponding density plot, ¢ the
red line is the contour plot of the lump wave at t = 20,1 =
0, t = 20, and the blue line is the relevant moving progress (23),

B = a% +aé, C = ayap + asag,
D = ajag — aras, E = k%A —l—k%B — 2kok3C,

which should satisfy the following constraint condi-
tions:

S1askrkz #0, ajas —azas #0, a9 >0, (26)

so that the localization of u and w in all directions of
the (x, y)-plane is guaranteed. By substituting (24) into
(5) and combining the parameters relations (25), we get
the following interaction solution of Eq. (1):

l”
30 20 10 ¢ 10 20 30
y

(b)

—-10 7

-204

304

-40 -20

-60

60

ie.,y = %x + %, d the wave propagation pattern of the wave
along x-axis by selecting y = 0 and different time. (Color figure
online)

"y 4a1g + 4ash + 2k ks exp(f)
¢
_ 2Qazg + 2ah + kiks exp(f))?
= e
2(2a3 + 2a} + kik3 exp(f))
- y

’

@n

’

where

¢ = g* +h* +ag + ki exp(f),

81(a1a3 + 2azasag — aial)
a% + ag

g=t11X+a2y—(

+ éran + 83a1)t + aq,

@ Springer
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-150 -100 -50 0 50 100 150
X

Fig. 6 Profile of an interaction solution between a lump and a
one-kink soliton solution (27): a 3-dimensional plot with t = 0,
b the corresponding density plot, ¢ the red line is contour plot at
t = —42,t = 0,t = 42 and the blue line is the relevant moving

81(asa2 — asa? + 2ayazag)

h=a5x—|—a6y—(

a%+a§
+ a6 + 33as)t + ag,
K3 k2
f=k2x+k3y—<—2+81—3+82k3+83k2

4 ko

ksks &} [
S4—2 4 853 + Se— )t + ks. 28
+44+54+62k2)+5 (28)

The parameters are selected as a1 = 1,a2 = 3,a4 =
las = 5,a6 = 5,a3 = 3,k; = L,ky = . k3 =
3 ks =1,8, = —1,8, = 2,83 = 1 in Figs. 6 and 7.
The interaction solution between a lump and a one-kink

@ Springer
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207
107
y 0]
-10
-20
-3041
(@
— =42, y=0
— =0, y=0
—— t=42,y=0
-150  -100  -50 0 50 100 150
X
progress (23),i.e.,y = — %x — %, d the wave propagation pat-

tern of the wave along x-axis by selecting y = 0 and different
time ¢. (Color figure online)

soliton of u is presented in Fig. 6a at + = 0. Figure 5b
displays the corresponding density plot of the lump—
kink wave. Figure 6¢ represents the homologous con-
tour plot at time t = —42,¢ = 0,¢ = 42. The inter-
action solution between a bi-lump and a one-soliton
solution of w is presented in Fig. 7a at + = 0. The
corresponding density is plotted in Fig. 7b. Figure 7¢
is the homologous contour plot at time t = —52,¢ =
0,t = 46. The blue line shown in Figs. 6¢ and 7c is
the relevant moving progress of the lump wave (23),
ie.,y = —%x — % The wave along x-axis of the
corresponding interaction solution is shown in Figs. 6d
and 7d.
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Fig. 7 Profile of an interaction solution between a bi-lump and
a one-soliton solution (27): a 3-dimensional plot with # = 0, b
the corresponding density plot, ¢ the red line is contour plot at

(b)

AN

—_—

- v

t = —52,t =0, t = 46 and the blue line is the relevant moving
Case I1
2a,8+/81
a) = ———,
k
V1azks(2a2k3 + 4881a3 — Sk3a?)
a3y = —
: 2(a2k3 + 481a2)
28./8183a0
———— —&ay,
ky
ask; ask3(a2k3 — 481a3 + 8881a3)
aqg = e— = —
® = 255, 4(a2k3 + 481a2)
52k2a5 s
_——_— — a s
278 3as
k3 k? k3k2
ky = ——2 — 81> — 8rk3 — 83ky — S4—2
4 n 1 = 2k3 = 03ky — 04—

-150 -100 -50 0 50 100 150
X

progress (23),i.e.,y = — %x - % d the wave propagation pat-
tern of the wave along x-axis by selecting y = 0 and different
time ¢

k3 k3
— 85— — §—>,
>4 Yo,
48, 887 — 86k5
4= ——— §5=——1 22 29
YT s ek 53/81K3 9

which 82 = 1 and should satisfy the following con-
straint conditions:

Srasky #0, ag >0, (30)
so that localization of u and w in all directions of the
(x, y)-plane is guaranteed. By substituting (24) into (5)

and combining the parameters relations (29), we get the
following interaction solution of Eq. (1):
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Y 4a1g + 4ash + 2kika exp(f)
¢ b
_ 2(azg + 2agh + kiks exp(f))*
=_ ps
2(2a3 + 2a2 + kik3 exp(f))
+ P -

, (3D
where

¢ =g>+h* +ag+kiexp(f),
g =aix +axy
(mazkz(zagkg +4881a3 — 8k3az)
2(a2k3 + 481a3)
28+/8183a2
+ [ —
ko

+ 82612>t + ay,

ask3 (a2k3 — 481a3 + 8381a3)
4(a2k3 +481a3)

h=a5x+a6y—(

Sorkoas

+
281
3 2

k2 k3
f =kx+kyy— 7 +51k—+32k3+53k2
2

+ 83(15>t + ag,

PP R L I P (32)
4= 572 65 i 5-
Similarly to the Case I, we can get interaction solutions
between a lump and a one-kink soliton, and between a
bi-lump and a one-soliton solution by using (31).

6 Conclusion

In this work, the Hirota bilinear form of Eq. (1) was
derived by the truncated Painlevé analysis. Based on the
obtained bilinear form, solitary waves were firstly con-
structed via a perturbative expansion (shown in Figs. 1,
2, 3). Then, some lump waves were found by using
a positive quadratic function. Finally, the interaction
solutions, between a lump wave and a one-kink soli-
ton, and between a bi-lump wave and a one-soliton
solution, were proposed by adding an additional expo-
nential function to a positive quadratic function (shown
in Figs. 4, 5, 6, 7).

In addition, we could also construct some new inte-
grable systems by using the generalized bilinear oper-
ators [46], which are given by

@ Springer

1
DpiDp++Dy 481D ,+862Dp Dy y+83D;

4 P
34 3 85 3 86 4
+5Dp’xDp,y+3Dp,xDp’y+3Dpvy:O, (33)
with the prime numbers p = 3,5, 7, - - - . We are going

to study hybrid solutions and integrable properties of
Eq. (33).
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