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Abstract Under investigation in this paper is a quin-
tic time-dependent coefficient derivative nonlinear
Schrodinger equation for certain hydrodynamic wave
packets or a medium with the negative refractive index.
A gauge transformation is found to obtain the equiv-
alent form of the equation. With respect to the wave
envelope for the free water surface displacement or
envelope of the electric field, Painlevé integrable con-
dition, different from that in the existing literature, is
derived, with which the bilinear forms and N -soliton
solutions are constructed. Asymptotic analysis illus-
trates that the interactions between the bright and bound
solitons as well as between the bright solitons and
Kuznetsov—Ma breathers are elastic with certain condi-
tions, while some other interactions are inelastic under
other conditions. Propagation paths and velocities for
the solitons are both affected by the dispersion coeffi-
cient function when the relations among the coefficients
are linear, or affected by the dispersion coefficient, self-
steepening coefficient and cubic nonlinearity functions
when the relations among the coefficients are nonlin-
ear. Under different conditions, bell-shaped solitons
can evolve into the bound solitons or Kuznetsov—Ma
breathers, respectively. Interactions between the bright
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and parabolic (or hyperbolic) solitons are related to
the dispersion coefficient, self-steepening coefficient
and cubic nonlinearity functions. Compression effect
on the propagation paths of the solitons, caused by the
dispersion coefficient, is observed.
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1 Introduction

In recent years, there have been a variety of researches
on the nonlinear evolution equations (NLEEs) [1—
27]. Studies on the interactions of the localized waves
have been extended to the higher-order and higher-
dimensional NLEEs [8-27] and multi-component cou-
pled NLEEs [28-37].

Derivative nonlinear Schrodinger (DNLS) equations
have been investigated due to the applications in plas-
mas, fluids and fiber optics [38—45]. Quintic DNLS
equations have been applied in the media with neg-
ative refractive indices, inhomogeneous plasmas and
hydrodynamic wave packets [46-51]. A quintic time-
dependent coefficient DNLS equation,

i (1) txFia (1) luPuy -+ () ulPutv (0) ul*u = 0,
(1)
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has been used to describe certain hydrodynamic wave
packets [48] or a medium with the negative refractive
index [51], where i = /—1, u(x, t) is the wave enve-
lope for the free water surface displacement or enve-
lope of the electric field [50], @ (¢) and v(¢) repre-
sent the cubic and quintic nonlinearities, respectively,
A(t) denotes the dispersion coefficient, «(¢) is the self-
steepening coefficient, t and x denote not only the
slow time and spatial coordinate traveling with the
group velocity in hydrodynamics, but also the prop-
agation distance and retarded time in the context of
optical fiber physics [48,51]. A class of the chirped
soliton-like solutions including the bright and kink soli-
tons for Eq. (1) has been derived via the trial equation
method [51]. Special cases of Eq. (1) have been seen
as follows:

- When [A(1), a(n), (), vl =11, =1, 0, 3],
Eq. (1) has been reduced to the Gerdjikov—Ivanov
equation in the Madelung fluid [47]. Constraints
on the soliton types have been derived, including
the bright soliton, dark soliton, up-shifted bright,
upper-shifted bright, gray soliton and black soliton
types [47].

— When A(¢), a(t), u(t) and v(t) are the constant
coefficients, Eq. (1) has been reduced to the quin-
tic DNLS equation in hydrodynamics or fiber
optics [48,50], to describe how a water wave packet
deforms and eventually is destroyed as it propagates
shoreward from the deep to shallow water via the
Newton—Raphson method [50]. “Gray” soliton on a
continuous-wave background, i.e., the “dark’ local-
ized mode with a nonzero minimum in the intensity,
has been derived via two integrals of motion [48].

— When [A(?), a(?), u(t), v(®)] = [1, 1, 0, 0],
Eq. (1) has been reduced to the Chen—Lee—Liu
equation for the nonlinear optical pulses in a
quadratic nonlinear crystal involving the self-
steepening without any concomitant self-phase-
modulation [43], with the soliton, breather, multi-
rogue wave and rational solutions constructed [45].

Painlevé analysis has been used to derive the
Painlevé integrable condition and transformation for
the bilinear forms [52-55]. Asymptotic analysis has
been used to investigate the solitons before and after
the interactions, with which the relevant physical prop-
erties of the solitons have been derived [56,57].

However, to our knowledge, under the constraint dif-
ferent from that in Ref. [48], the effects of the time-
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dependent coefficients «a(¢), A(t), u(¢) and v(¢) on the
interactions among the solitons for Eq. (1) have not
been investigated. In Sect. 2, we will give the gauge
transformation for an equivalent form of Eq. (1). In
Sect. 3, Painlevé integrable condition for Eq. (1), dif-
ferent from that in Ref. [48], will be derived. In Sect. 4,
we will obtain the bilinear forms and N-soliton solu-
tions for Eq. (1). In Sect. 5, asymptotic analysis on the
interactions among the solitons will be conducted. In
Sect. 6, influence of «(t), A(t), u(t) and v(¢) on the
interactions will be discussed. In Sect. 7, we will give
the conclusions.

2 Equivalent form of Eq. (1)

Motivated by Ref. [58], introducing the gauge transfor-
mation

~ _ 1 2
i = ue 2zl(f\ul dx’ (2)

we hereby find that the equation

il 4 A (1) iy + ic (0) ([i2@)x + p (0) i

+v @) il =0 3)
can be transformed to Eq. (1), where k = % is
a nonzero real constant. Meanwhile, || = |u| indi-

cates that Transformation (2) amounts to an amplitude-
dependent phase shift. We have found that Eq. (3) is the
equivalent form of Eq. (1).!

3 Painlevé analysis for Eq. (1)

Motivated by Refs. [53,54], Painlevé integrability for
Eq. (1) can be analyzed via the coupled system,

iuy + A () uxx + (1) W +ia (1) uvuy

+v (@) u? =0, (4a)
v — A (1) Uex — 1 (1) V2u + i () vuvy
—v)viut =0, (4b)

where v = 1™ and * denotes the complex conjugate.

! By the way, Eq. (3) has been demonstrated to belong to the
Kaup—Newell hierarchy [59], and when A(f) = «(t) = 1 and
u(t) = v(t) = 0, Eq. (3) has been reduced to the Kaup—
Newell equation describing the circular polarized nonlinear
Alfvén waves in plasmas [60].
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Motivated by Ref. [55], the solutions for Eq. (4) can
be expanded in terms of the Laurent series, as follows:

+oo ] +oo )
u=¢""Y g%’ v=0" "r/¢/ )
j=0 Jj=0

where ¢, ¢g; and r; are the analytic functions with
respect ro x and ¢, j is a nonnegative integer, a and
b are both the real constants, while y and 8 are both
the positive integers.

The leading orders of the solutions for Eq. (4) are
assumed as

u~qdd™, v~rie %, (6)

where ry and g¢ are nonzero in the neighborhood of a
non-characteristic movable singularity manifold. Sub-
stituting Expressions (6) into Eq. (4) and balancing the
highest-order nonlinear and linear terms, we obtain

ay+bp=1, (7a)
A1)

q0® ro” = 2i(1 — 2ay) e (7b)

and derive the variable-coefficient constraint as

4Qay — 1)2

2 —_—_—
)"+ 3ay (ay — 1)

A)v()=0. (8)
Then, to find the resonances, substituting

u Nqoad)—ay +qja¢—ay+j, v ’\“robqb_bﬂ +rjb¢—bﬂ+j

(€))

into Eq. (4), we make the sum of the terms with the low-
est power of ¢ in Eqgs. (4a) and (4b) to vanish, respec-
tively. Due to the arbitrariness of the corresponding ¢ ;
and r; for the resonance point j, we can obtain

_1\4
19Cay =D 2y =0,

V(=) i (it
(=30 )](J+)9a2y2(ay_l)

(10)
Due to Eq. (10), the resonances occur at j = —1, 0, 2
and 3, while j = —1 corresponds to the arbitrariness

of ¢.

To find the compatibility conditions for Eq. (4), We
truncate Expression (5) at j = 3 as

3 3
u = ¢—ay qua¢j, V= ¢_bﬂ erb(bj, (11)
j=0 j=0

and substitute Expressions (11) and Constraint (8) into
Eq. (4). We make the coefficients of ¢~**~27/ in
Eq. (4a) and ¢““37/ in Eq. (4b) at j = 0, 2 and
3 to vanish, so that we find that the compatibility con-
dition at j = 0, 2 and 3 is satisfied identically with
_ 1 _ 1 — A —
a=31++3),b=3(1F+3)andy =g =1.The
compatibility condition is derived from Constraint (8),
as

a()>+ 81 () v () =0, (12)

which is different from that in Ref. [48]. Therefore,
under variable-coefficient constraint (12), Eq. (1) is
Painlevé integrable.

4 Bilinear forms and soliton solutions for Eq. (1)

Due to Constraint (12), introducing the transformation

u==, (13)
f

substituting Eqs. (13) into (1), we derive the bilinear

forms for Eq. (1) as

[iD; +1 (1) D] (- f) =0, (14a)
1

A0 Do (f - f7) = ie @) lgl* =0, (14b)
1

A DI(f-f*) - Sl Di(g-g") = r® lgl* =0,

(14¢)

where g and f are the complex differential functions
and the bilinear operators D, and D, are defined by [1,
2,61]

b g ] aN’/a 9\
pipf@ - ¥=———=)=-—-—
ax  ox ar ot (15)
X @ x, )W (x, 1)1 x=x

where @ (x, ) is a differentiable function with respect
to x and ¢, ¥ (x’, ') is a differentiable function with
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respect to the formal variables x” and #’, while p and ¢ = m13e?1 T 4 mpge®10 4oyt
are both the positive integers. 4 m et

Note that the N-soliton solutions for Eq. (1) are
marked as u, where N is a positive integer. Based on
Egs. (13) and (14), expanding f and g, the N-soliton
solutions for Eq. (1) can be expressed as

uy = 5, (16)

f
with
N N

f=1+) fu. g=) " g, (D)

n=1 n=1
where 7 is a positive integer and ¢ is a formal expansion
parameter.
4.1 One-soliton solutions for Eq. (1)
Truncating Eq. (17) at N = 1 and setting ¢ = 1, we

solve Eq. (14) and obtain the analytic one-soliton solu-
tions for Eq. (1) as

81
Uy =
1+ f> (18)
mi iTm(6)
= ———sech |Re(0)) + In /mp|e"™V,
sech| Vmi]
with

01 = kix +ikf/k(t)dt, g1 =me’,

mimpymia () l.lt(f)
8[Im(m12)*2 (1) (1)’
where m| and m1, are the complex constants, Im(e)

and Re(e) denote the imaginary and real parts of e,
respectively. Particularly, Im(m2) # 0.

01467 ky =i
b

fr=mze

4.2 Two-soliton solutions for Eq. (1)

Truncating Eq. (17) at N = 2 and setting ¢ = 1, similar
to the process in Sect. 4.1, we can derive the analytic
two-soliton solutions for Eq. (1) as
_ 81tg&s
Tt htfe
with

19)

0 :ij+ik]2fk(t)dt+8j, g = e,

01+0,+05

.
U mygge? T

83 = mj23¢
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[iks o (£) + 1t (1)]
2(ks, +k5)22 (1)
91+92+9f‘+9;’
(ks = ko) [ikEo () + 2 )]
2k +k3) (ks +K5) 2 ()
(ki — k) (k} — &3)° Tikaer (1) + 1 (1)]
4(ki + K1) (ko +K0) (k1 +K2) (k2 +£2)°
x likie (1) + p (D] A(0) 2,

where §;’s (j = 1, 2) are the real constants, s; < s2
and s, 52,53 = 1, 2.

Mgy 5542 =

fa =mi3se

Mgy 57,534+2 =

mi234 =

4.3 Three-soliton solutions for Eq. (1)

Truncating Eq. (17) at N = 3 and setting ¢ = 1, similar
to the process in Sect. 4.2, we can derive the analytic
three-soliton solutions for Eq. (1) as
81 t8+8s

S+t fatfe

with

u3 (20)

g1 =l e 4%,

01+602+03+0] +05+05
fo = miazase e T TOTOITO T

* *
g5 = m12345691+92+93 +0] +6,

* *
+m 12346601+02+93+01 +63

01+60,+03+0%4+-0%F
+ myp3see”t T AT

* *
g3 = m124691+92+91 + m]25e91+92+92

01-+62+65 01+63+0;

+ mp2e€ + mjzse

* *
+ m13566]+93+92 + m234602+93+01

5 5
+ m235693+92+92 + m]36391+93+03

+ m236602 +63465

* * *

f2 — m14601+01 + m25662+02 + m1560|+02
* * *
+ m24692+01 + m36€93+93 + m34€03+91

+mase®™ T 4 moge™ 05 4 myge” 5,

01+62+67 65 61+63+07 65

fa = myse 2 + mi346€

* * * *
+ m2356663+92+€3 +65 + mlz46€0] +602+0+03

% % * *
+ m1256691+92+92 +03 + m1345691+93+9] +65

* * * *
+ m1356691+03+92 +63 + m2345693+92+91 +65
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+ m2346603+92+0f‘+03*’
kg (1) + o (1)
2 (1) (ks +K2)°
[iko (1) 4+ p )] (ks — )
21 (1) (ks + k;;) (ks, + k;)
(ke — ko) (2, = K2)°
2
A0(t)* (ksy + k;;) (ks, + k%)
y [Tjms,.5, Likja ) + 1 (0)]
2 2
(kSZ + k;it) (k52 + k;k4)
(k1 — ko) (ki — k3)* (k3 — k2)*
A (kj + k) (kj +kE)?
* *\2 .
X (ksl _ksz) l_[ [lij[ (t)+//L([)]7
J=5s1,82
ks — ka|*ky — kol *lks — Ky |*
813 [Thy (kj + kD> (k) + k3P (kj + k3)?

Mgy 5543 =

My 50,5343 =

My ,s7,5343,54+3 =

m1,2.3,5143,5243 =

mi23456 =

3
< [ ] likjer ) + 1 )],
j=1

where 0; = kjx + ik [A()dt + 8;, 8;’s (j =
1,2, 3) are the real constants, s < sp, §3 < s§4 and
S1,82,83,8 =1,2,3.

4.4 N-soliton solutions for Eq. (1)

Substituting Egs. (17) into (14), we solve Eq. (14). The
analytic N-soliton solutions for Eq. (1),

uy = 2

g
3

are obtained under Constraint (12), while g and f in
Eq. (21) are transformed to

N 8
_ 2n—1
g_ZE Z FNI ----- Ny, Ni,..oN;

n=1 Ny.N)—N
n n—1

xexp D 0n,+ Y 05w || (22a)

n

p=1 n=1

f
_1+Z‘92n Z Ny, N NN
n=1 Ny, Nj—N
n n
xexp [ Y0y, + 6% v |- (22b)
=1

with

On = knx + @p (1) + 85, wn(t) = ik? / Ar)dt,

i [ik@,a(z) + M(t)]

n—1 2
[Z)L(l)]n_l IT 1<o<n, (kNp +k7v, )
p,

I<p’'<n—1
p#N, 0 #n' 5 2
* *
< T | (kw, —kw,) (kN,,_N - kN,/_N> :
\<p.n<n, P 7
1<p'.n'<n—1

[Tp=1 [ikw, 0@ + p@)]

2
2xr)1" Hlsp,p’f" (kN/’ + k;kv,/,'>

p#n,p' #n’ 5 2
X l_[ [(kzv,, - an) (k;i/,’],fN - k;ly’],fN) :|’

I<p.n,p'.n'<n
where GNp,QN/ N € {6, }n » Nt < N, < Ny <
N,, I'n, = 1, k,’s are the complex constants, QNp’s
(O,’s) are different with each other and Z‘]ng Nj-N

,,,,,

(Zﬁ NI - ) indicates the sum of all the possibili-

tiesof Y7 _ 10Np+z,7 1 N/ N Q=1 0N, + 2
NZ,*N) for n. g and f contain N cren ! and

Z;]:’: 1 CyCy + 1 terms, respectively. When & = 1,
we can obtain the N-soliton solutions for Eq. (1) via
Eq. (22).

5 Asymptotic analysis

Without loss of generality, we conduct the asymptotic
analysis on the two-soliton solutions and three-soliton
solutions, i.e., up and u3, for illustrating the solitonic
interactions.

For the two-soliton solutions, when m 234 # 0, we
have the following:
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Table 1 Properties of the solitonic interaction for the two-soliton solutions

Solitons Widths Wy, Amplitudes A ¢ Velocities Vs ¢ Initial phases P;_: ¢ (j #¢)  Phase shifts A, =
S0 =1,2) |P£{ _ P;{\
— 1 Ime | _ Aa -1 2 [k1—ka |
Sz,; RG] N T 2x(t)Im(k;) Ag Rek) In /m¢ 12 Retk) In Tk
+ 1 Ime| _ aa o1 . /M
S2¢ [Re(ks )] NI 21 O)Imkr) — A Re(k) In N

Propagation paths @, ¢ Re(0;) +In  /my 2 = const.

@5, Re(0) +In Z2L = const.

VM j+2

A = 2A(I)Re(k[)[/i[a(t)—iu(t)] {k{ [A(z)ot(t)’ — oc(z)k(t)’] —i [A(t)u(t)/ — ;L(t)k(t)/]}, where o' = 0,0

(1) Before the interaction (f — —00):

S = 2«7—”11156(:}1 [Re(@l) +1n m] efIm@)

[Re(6y) — —o0, Re(0)) — 0], (23a)
- om iIm(62)
S5, = ———sech [Re(0 1 2),
> stec [Re () + In \/mos]e

[Re(0;) — —o0, Re(62) — 0], (23b)

(2) After the interaction (t — +00):

Sh = A een [Re(el) +In @} e/ Im©n)
NN N
[Re(62) — +o0, Re(0)) — 0], (24a)

m123 A/T1234 | i1m(o

SH = ———" _sech [Re(e )+ In 7] e!m®2)
27 3 mis/mios ? S

[Re(#) — +o0, Re(6) — 0], (24b)

where S, ¢ s (or Sy ¢ ’s) denote the asymptotic expres-
sions for the two solitons S /’s (¢ = 1,2) before
(or after) the interaction for u5, respectively. Based on
Egs. (23) and (24), the relevant properties of each soli-
ton during the interaction for u5, including the widths
W2, amplitudes A3 ., velocities V; ¢, initial phases
Py, phase shifts A  and propagation paths @, are
listed in Table 1, where the first subscript corresponds
to the two-soliton solutions, while the second subscript
corresponds to the ¢th soliton within the two-soliton
solutions.

For the three-soliton solutions, when m 123456 # O,
we have the following:
(3) Before the interaction (t — —o00):

1 .
S5 = ———sech [Re(8)) + In /m 4| &™)
31 2W [ ]

[Re(03), Re(82) — —oo, Re(61) ~ 0],  (25a)

@ Springer

1 )
S7, = ———sech [Re(6>) + In /mas | /™)
32 2\/m—25 [ ]
[Re(03), Re(0)) — —oo, Re(B2) ~ 0],  (25b)
1 )
St = ——sech [Re(63) + In / Am@s)
3 stec [ e(03) + In m36]e

[Re(62), Re(6) — —oo,Re(63) ~ 0],  (25¢)
(4) After the interaction (t — +00):

/MmO 15356
2/m23564/M123456
X sech |:Re(91) +In

+
S31_

«/M123456]
Jmase |’
[Re(63), Re(8) — 400, Re(6;) ~ 0], (26a)

M) 15346

2 /Mi3a6+/M123456
X sech |:Re(92) + In

+
S32

«/m123456]
Jmize |’
[Re(B3), Re(81) — 400, Re(6r) ~ 0], (26b)

/1M 19345

2 /M12a5/M123456
X sech [Re(93) + In

«/M123456]
S mias |’
[Re(62), Re(0;) — 400, Re(f3) ~ 0], (26¢)

where S5 S’s (or S5 S’s) denote the asymptotic expres-
sions for the three solitons S3¢’s (§ = 1, 2, 3) before
(or after) the interaction for u3, respectively. Based on
Egs. (25) and (26), the relevant properties for each soli-
ton during the interaction for u3, including the widths
W3 ¢, amplitudes A3 ¢, velocities V3 g, initial phases
P37, phase shifts A3 ¢ and propagation paths @37, are
listed in Table 2, where the first subscript corresponds to
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Table 2 Properties of the solitonic interaction for the three-soliton solutions

Solitons Widths W3¢ Amplitudes A3  Velocities V3 ¢ Initial phases Phase shifts
S36(6=1.2.3) Pi.G <k #k#E)  Asg =P — P
- 1 _ _ Aa —Inme ey kg —k [ |ke —ki|
516 Re(Re)] N | 2OImtke) = A et Rt 1N TR TR
! ! . 1 ™M123456
+ _ "k, j+3.k+3
s ReCke)] s el 21 (O)Im(ks) — A; 2Relke)
Pro;;z}llgation QD_;E: Re(0:) + In /Mg g3 = const. @;E: Re(f:) +In Wy m = const.
paths

AN = ZK(I)RC(ks)[/:ea(f)—iu(t)] {ke [0 @) —a@A®)] =i [MO®@) — w@OA)']}, where o = 3,0

the three-soliton solutions, while the second subscript
corresponds to the £th soliton within the three-soliton
solutions.

Based on Tables 1 and 2, the widths Wy ,, ampli-
tudes Ay , and velocities Vy o (N = 2,3 and o0 =
¢, &) keep unchanged after the interaction, and then the
interaction between (or among) the two (or three) soli-
tons may be elastic or inelastic with the phase shifts
An,p’s whenma3q # 0 (or mi23456 7 0). An g, ;,FQ
and Vy , are related to (), A(t) and j(7) while the
Wy,o and Ay , are related to the wave numbers k,’s
but not «(¢), A(t) and wu(¢).

When A, =0, a(t) = p1A(t) = pou(t), where p;
and p; are the constants. The Vi , and 451]\5,9 (N=2,3
and o = ¢, &) for each soliton can be reduced as

Vo = 2A(t) Im(ky), 27

and

@y, Re(ky) [x — 2Im(k,) / A(t)dt}

11 (1 +ikgp2)pi1
2 8Re(ko)’p

@, Re(kp) [x — 2Im(k,) / A(t)dt}

11 (1 +ikop2)p1
2 8Re(ko)’p2

= const., (28a)

2N el
+21In 1_[ ﬁ = const., (28b)
N’ o /

where 0 indicates the ¢ is omitted. Particularly, the
Ay, and P]Fg (N = 2,3) are only related to k,’s,
while the velocities are related to A(¢) and k,’s under

A, = 0. According to Eq. (28), CDRE’ o for each soliton
are related to A(7) and k,’s.

When A, # 0, the relations among «(¢), A(¢) and
() are nonlinear. The Vi , and @;E’Q (N =2,3and
o0 = ¢, &) foreach soliton are related to e (¢), B(¢), u(t)
and k, and derived from Tables 1 and 2, as

ko [MDa(t) — a(H)A(1)]
20(t)Re(ky) [koo(t) — ip(1)]
i[AMOp@) — n®r0)]
21(DRe (k) [koor(t) — ipn(1)] (29)

V.o = 24(t) Im(k,) —

and

Dy, Re(ky) |:x — 2Im(k,) / ,\(r)dz}

i) + k(@)
2 8Re(ky)?A(t)

¢;,Q : Re(k,) |:x — 2Im(k,) / A(t)dt]

11 [ (2) + ikoa (1)]
2 8Re(ky)?A(r)

const., (30a)

IR S oy
+2n ] |k‘~’+—kf|=const., (30b)
N’ o N’

which are more complex than those in Eqgs. (27) and
(28) under A, =0, i.e., a(t) = p1A(t) = pou(t).

6 Discussion

Due to Constraint (12), a(t)A(t)v(t) # 0. According
to Solutions (18), we can obtain the width, amplitude,
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Table 3 Properties of the one-soliton solutions

Soliton Width Amplitude

Initial phase

Velocity Propagation path

u 1 |mp] 1
1 Re(k)] 2/l

In /mi>

" Rek)

27 (t)Im(ky) Re(9;) + In /m1; = const.

(a) (b)

Fig.1 Interactions between the two solitons for (19) under Con-
straint (12);aky = 1 —i,kp = 1 —=2i anda(t) = A(t) = u(t) =
t; b the same as a except that k = 1; ¢ the same as a except

10,
lus| -3

(c) )

that a(t) = A(t) = p(t) = —t; d the same as a except that
a(t) =a(t) =) =1?

Fig. 2 Interactions among the three solitons for (20) under Constraint (12) with k3 = 1 —2i, a(r) = A(t) = p(t) = t2iak =1-23i
andky =1—i;bky =1landk, =1 —i;ck; = 1andky = 1.3; d the same as a except that o (t) = A(t) = u(t) =t

initial phase, velocity and propagation path for the one-
soliton solutions, listed in Table 3.

Because the formation of the interaction requires
two or more solitons, we will analyze the interactions
via Solutions (19) and (20) for Eq. (1). For simplicity,
if §;’s (j = 1,2, 3) are not mentioned in the figure
captions for Solutions (19) and (20), then §; = 0. We
can see the solitons in Figs. 1-7. We will analyze the
interactions under the conditions A, = 0 and A, # 0,
respectively. When A, = 0, ie., a(t) = p1A(t) =
p2(1), the solitonic interactions are shown in Figs. 1—
4,

When p; = p2 = 1 and Im(k;)’s are fixed, accord-
ing to Eq. (27), parabolic solitons change the propaga-
tion directions as A(¢) changes from ¢ to —¢ (or 2 to
—1?), as shown in Fig. la, c. According to Eq. (28),
the function types of A(¢) and the values of Im(k>)

@ Springer

can both affect the propagation paths, e.g., L(f) = ¢ in
Fig. laversus A(t) = t%in Fig. 1d, while Im(k,) = —2
in Fig. 1a versus Im(ky) = 0 in Fig. 1b. Particularly,
V2, ¢ indicates that the corresponding soliton propagates
along the ¢ direction, as shown in Fig. 1b.

When p; = p = 1, theinteractions between/among
the bright and parabolic (or hyperbolic) solitons for
the two (or three)-soliton solutions are displayed in
Fig. 1 (or 2). Figure 2 shows the similar propagation
phenomena to Fig. 1, except that when two of V3 ¢’s
(¢ =1, 2, 3) are equal to zero, the corresponding two
bright solitons interact with the hyperbolic soliton, as
shown in Fig. 2¢, and then the two bright solitons inter-
act with each other and result in the bound solitons.

For the two-soliton solutions, with p; = p2 = 1,
A(t) = 1 and k» = —2, the propagation varies from
the interaction between the bright and Kuznetsov—Ma
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124
27}

124
luz|

(b)

12(°S
27}

-4

Fig. 3 Interactions between the bright soliton and breathers for (19) under Constraint (12) with kp = —2;a k; = —1 and «a(t) =
M) = u(t) = 1 (elastic); bky = 1 and a(¢) = A(r) = u(r) = 1 (elastic); ¢ k; = 1 and «(t) = A(tr) = u(¢) = t (inelastic)

Fig. 4 Interactions among the bright soliton and Kuznetsov—
Ma breathers for (20) under Constraint (12) with k; = 1,
k2 = 0.3, k3 = 0.4, 51 = 5, 52 = 1.6 and 53 = —3; a

breathers to the bound solitons, which corresponds to
the change of k; from —1 to 1, i.e., Fig. 3a to 3b. Com-
pared with the two solitons in Fig. 3b, when A(¢) = ¢,
the two solitons interact with each other and result in
the bound solitons, as displayed in Fig. 3c.

For the three-soliton solutions, Fig. 4 shows that
the interaction between the bright and Kuznetsov—Ma
breathers evolves to the interaction between the bright
and bound solitons. When p; = pp = 1, 8§ = 5,
8y =1.6,83 = -3,k; =1,k = 0.3 and k3 = 0.4,
the bright soliton propagates with the Kuznetsov—Ma
breathers in parallel with a(z) = A(t) = u(@) = 1,
as shown in Fig. 4a. Compared with Fig. 4a, Fig. 4b
displays that the propagation period changes longer
with A(f) = % Compared with Fig. 4b, Fig. 4c reveals
that the Kuznetsov—Ma breathers evolve to the bound
solitons with w(t) = %. Compared with Fig. 4c,
Fig. 4d indicates that the amplitudes of the three soli-
tons become lower with « (1) = 4.

at) =) = u() = LLba@) = () = land 1(t) = 3: ¢
a(t) =1, A(t) = 3 and u(t) = 55; d a(t) = 4, A(t) = 3 and
1) = 5

When A, # 0, i.e., the relations among «(?), A(f)
and w(t) are nonlinear; the solitonic interactions are
shown in Figs. 5-7.

With a(r) = u() = ¢ and A(t) = 3, when
Im(ky) = 0, Vy,, = _ﬁkw% (N =23and o =
¢, &) and then the corresponding soliton propagation is
not parallel to the 7 coordinate, as shown in Fig. 5b and

6b (or Figs. 5c, 6¢), while Ay , = L@]m and

[1+Re(kp)*14
then the amplitude is proportional to |¢|, as shown in
Figs. 5 and 6. Amplitudes and velocities of the three
solitons change with ¢ during the interaction, implying
that the interactions are inelastic.

With the other parameters fixed, @3 ;’s (¢ =1, 2)
are affected by the integral of A(#) with respect to ¢
and the propagation directions for the two solitons are
mutually opposite, as shown in Fig. 7. Propagation path
of the two-soliton solutions in Fig. 7c is similar to that
in Fig. 7a except that it is compressed by 50% in the
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(b)
Fig. 5 Inelastic interactions between the solitons for (19) under Constraint (12) with a(r) = ju(r) =t and A(t) = >;ak; = 1 —i and
ky=2—i;bki=1landky =2 —i;ck; =1landk, =2

(a) (b) (©)
Fig. 6 Inelastic interactions among the solitons for (20) under Constraint (12) with «(#) = u(t) = t and A(t) = Prak =1-—1,
ky=2—iandk3=3—i;bki=1,khy=2—iandk3=3—i;cki=1,kr =2and k3 =3

Fig. 7 Inelastic interactions for (19) under Constraint (12) with a(¢) = u(t) = sin(t), k; = 1 +iandkp =2 —i;a A(¢t) = sin(t); b
At) = sin(21); e A1) = 1sin(2r)

x and r directions, respectively, which is caused by
A(t) = Lsin(21).

7 Conclusions

In this paper, attention has been focused on a quin-
tic time-dependent coefficient DNLS equation, i.e.,

@ Springer

Eq. (1), for certain hydrodynamic wave packets or a
medium with the negative refractive index. We have
found Gauge transformation (2) to obtain the equiv-
alent form of Eq (1), i.e., Eq. (3). With respect to
u, the wave envelope for the free water surface dis-
placement or envelope of the electric field, we have
obtained variable-coefficient constraint (12), differ-
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ent from that in Ref. [48], via the Painlevé analysis,
derived N -soliton solutions (21) via bilinear forms (14)
and analyzed the solitonic interactions for two-soliton
solutions (19) and three-soliton solutions (20) via the
asymptotic analysis. Properties for the one-, two- and
three-soliton solutions are listed in Tables 1, 2 and 3,
respectively.

Based on the asymptotic analysis, classifying the
interactions under different conditions, we have
revealed two cases of the interactions between (or
among) the two (or three) solitons:

Case 1: Relations among the self-steepening coeffi-
cient «(t), dispersion coefficient A(z) and
cubic nonlinearity w(¢) are linear. Accord-
ing to Egs. (27) and (28), velocities Vi ,’s
(N =2,3,0 = 1,2, 3) and propagation paths
@ﬁ, 0 ’s of the solitons have been both demon-
strated to be correlated with A(¢). When the
propagation paths are x = const., the cor-
responding solitons have been observed to
propagate along the 7 direction, as shown in
Figs. 1 and 2. With the phase shifts Ay ,’s
changing, we have found that the two solitons
in parallel change to the bound solitons, as
shown in Fig. 3. It has been observed that the
Kuznetsov—Ma breathers change to the bound
solitons with p(¢) = %) while the propagation
period increases as A(t) decreases, as shown in
Fig. 4. Interactions are elastic when «(¢), A(¢)
and w(z) are constants, as shown in Fig. 4.

Case 2: Relations among «(¢), A(¢) and p(¢) are non-
linear. According to Egs. (29) and (30), ampli-
tude Ay o, velocity Vi , and propagation path
@} of the soliton have been demonstrated to
be correlated with a(t), A(t) and p(t). Ampli-
tudes Ay ,’s, velocities Vi ,’s and propaga-
tion paths @; Q’s of the two or three solitons
change with ¢ during the interactions, imply-
ing that the interactions are inelastic, as shown
in Figs. 5 and 6. We have found that there is
a compression effect on the propagation paths
of the two solitons, which is caused by A(7),
as shown in Fig. 7.
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