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Abstract This paper studies task-space formation
tracking problem of nonlinear heterogeneous robotic
systems involving external disturbances, kinematic and
dynamic uncertainties, where the cases with both sin-
gle and multiple time-varying leaders are considered.
To solve the aforementioned nonlinear control prob-
lem, several novel fully distributed control algorithms,
in which no global information is employed, are devel-
oped for the nonlinear systems under directed com-
munication topologies. Based on the proposed control
algorithms, the control process is classified into two
parts, namely the task-space formation tracking ofmas-
ter robots with a single leader and that of slave robots
with multiple leaders. By invoking Barbalat’s lemma
and input-to-state stability theory, the sufficient criteria
for the asymptotic convergence of the task-space for-
mation tracking errors are established. In addition, the
obtained results are extended to formation-containment
and consensus problems in similar nonlinear cases.
Finally, numerical examples are provided to illustrate
the validity and advantages of the main results.

X.-Y. Yao · H.-F. Ding (B) · M.-F. Ge (B)
School of Mechanical Engineering and Electronic
Information, China University of Geosciences,
Wuhan 430074, China
e-mail: dinghf@cug.edu.cn

M.-F. Ge
e-mail: fmgabc@163.com

Keywords Fully distributed control · Nonlinear
heterogeneous robotic systems (NHRSs) · Multiple
leaders · Task-space formation tracking

1 Introduction

Distributed control ofmultiple robotic systems (MRSs)
has attracted large amount of attention in the con-
trol field, due to its major advantages including high
adaptivity, strong robustness, low cost, flexible maneu-
verability and the extensive potential applications, for
instance, cooperative formation tracking, collaborative
localization, surveillance and monitoring, teleopera-
tion, to name just a few, see [1–13] and the references
therein.

Among the aforementioned applications of dis-
tributed control technologies, formation tracking con-
trol is one of the most hot topics, which aims to steer
a cluster of robots to shape prescribed geometric pat-
terns and track reference leaders under different kinds
of communication topologies. A common and effec-
tive strategy used to address the control problem is
the leader–follower-based control algorithm,which has
been developed and investigated intensively from var-
ious perspectives. For instance, reference [14] has
proposed an adaptive control algorithm for single-
master multi-slave robotic systems, where the slave
robots cooperatively construct a dynamic formation
to handle one object under a single leader. Yu et
al. [15] have investigated the formation tracking of
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nonholonomic vehicles, where the vehicles maintain
a desired formation and move along a static circle
with a given static leader. In [16], three adaptive con-
trol strategies have been proposed for homogeneous
networked nonlinear systems to achieve desired joint-
space formation and track a moving leader with uncer-
tain dynamics. The authors in [17,18] have stud-
ied the formation tracking of a group of nonlinear
mechanical systemswith uncertain dynamics and a vir-
tual leader by designing distributed formation learning
control schemes. However, the aforementioned litera-
ture mainly focuses on joint-space control of nonlin-
ear homogeneous robotic systems with a single leader,
which may restrict its applications if the single leader
is disabled in some cases. Besides, the previous work
on the formation tracking problem discussed in [19–
21] focuses on linear, second- or higher-order nonlin-
ear homogeneous dynamics, and the external distur-
bances, kinematic and dynamic uncertainties are not
considered completely. Thus, it naturally motivates
a challenging research topic focusing on formation
tracking problems with multiple time-varying lead-
ers, especially for the task-space formation of NHRSs
with external disturbances, kinematic and dynamic
uncertainties.

Additionally, another hot topic is fully distributed
control, where the control algorithms are designed
without using any global information. To deal with
formation tracking of MRSs with a leader, fully dis-
tributed learning schemes have been proposed in [16]
by designing adaptive controllers. To cope with the
leader–follower consensus of linear MRSs, a fully dis-
tributed consensus protocol has been developed in [22]
under directed communication topologies and a sin-
gle leader. To solve consensus tracking of MRSs with
uncertain dynamics, fully distributed adaptive laws
have been adopted in [23] to track an active leader
under directed and connected topologies. To handle the
synchronization of MRSs following a dynamic leader,
some fully distributed coupling laws have been pro-
posed in [24] under undirected networks. To address
optimization output regulation problemswith unknown
dynamics and an external leader, a fully distributed
law driven by estimated regulation errors has been pre-
sented in [25]. Likewise, the above fully distributed
control algorithms are designed for joint-space con-
trol of linear or homogeneous systems with a single
leader, which do not completely consider the external
disturbances, kinematic and dynamic uncertainties, and

cannot deal with the control problem in the case of
leader failure. Moreover, note that the fully distributed
adaptive laws presented in [24–27] are designed
based on undirected or strongly connected commu-
nication topologies, which are only special cases of
the spanning tree. It thus motivates us to investigate
the task-space fully distributed formation tracking con-
trol problem for NHRSs with external disturbances,
kinematic and dynamic uncertainties under generally
directed topologies and multiple time-varying lead-
ers.

Motivated by the above discussion, this paper inves-
tigates the task-space formation tacking of NHRSs
in a fully distributed manner. The main contribu-
tions are summarized as follows. (1) In contrast to
the control of linear or homogeneous systems with-
out disturbances and uncertain parameters [19,22,25],
this paper studies the NHRSs with external distur-
bances, kinematic and dynamic uncertainties. (2) Com-
paring with the joint-space formation control prob-
lem with a single leader [16–18], this paper employs
NHRSs to realize two classes of task-space forma-
tion with both single and multiple time-varying lead-
ers, respectively, which enriches the scenarios of
coordination behaviors. (3) Superior to our previous
results [10,11], the control algorithms developed for
NHRSs are conceived in a fully distributed man-
ner by employing sliding-mode gain and disturbance
observer under generalized directed communication
topologies.

The reminder of the paper is arranged as fol-
lows. The system formulation and problem descrip-
tion are presented in Sect. 2. Task-space forma-
tion tracking control algorithms and main results are
given in Sect. 3. Numerical examples are provided in
Sect. 4. The conclusions and prospects are proposed in
Sect. 5.

Notations Throughout this paper, Rp and R
d×p are,

respectively, the p × 1 and d × p real matrices. AT

and A−1 are the transposed and inverse matrix of
matrix A, respectively. λmin(A) stands for the mini-
mum eigenvalue of matrix A, and In is the n × n iden-
tity matrix. max(x, y) denotes the maximum among
the values. ‖z‖ is the Euclidean norm, with supremum
described by sup ‖z‖. and ⊗ is the Kronecker prod-
uct. a = [a1; . . . ; an] denotes a column vector, while
b = [b1, . . . , bn] denotes a row vector.
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2 System formulation and problem description

2.1 System formulation

A robot, with joint- and task-space coordinates, respec-
tively, described with q ∈ R

p, x ∈ R
d , is nonredun-

dant if p = d and redundant if p > d. Thus, for a
NHRS, with numerous nonredundant and redundant
robots, the kinematics and dynamics of the i th robot
can be described by [28,29]:

xi = h̄i (qi ), ẋi = Ji (qi )q̇i , (1a)

Hi (qi )q̈i + Ci (qi , q̇i )q̇i + gi (qi ) = ui + μi , (1b)

where h̄ : Rpi → R
di maps the joint position states to

task coordinates, ẋi ∈ R
di is the task-space velocity;

Ji (qi ) = ∂ h̄i (qi )/∂qi ∈ R
di×pi is the Jacobian matrix

assumed to be nonsingular; Hi (qi ) ∈ R
pi×pi is the

positive-definite inertiamatrix andCi (qi , q̇i ) ∈ R
pi×pi

is the Coriolis–centrifugal matrix; gi (qi ), ui , μi ∈ R
pi

are, respectively, the vectors of gravitational force, con-
trol input and external disturbance applied at joints.
Throughout this paper, kinematics (1a) and dynamics
(1b) satisfy the following common properties [28–30].

Property 1 If vectors y ∈ R
pi is differentiable, kine-

matics (1a) can be linearized as

Ji (qi )y = Yki (qi , y)ϑki , (2)

where Yki (qi , z) and ϑki denote a kinematic regressor
matrix and a constant vector, respectively, while, in
practical cases where the mass, moment of inertia and
orientation of the objects are unknown, i.e., (2) with
kinematic uncertainties ϑ̂ki , thus one obtains

Ĵi (qi )y = Yki (qi , y)ϑ̂ki , (3)

where Ĵi (qi ) and ϑ̂ki are estimators of Ji (qi ) and ϑki ,
respectively.

Property 2 The matrices Ḣi (qi ) and 1
2 Ḣi (qi ) −

Ci (qi , q̇i ) are symmetric and skew-symmetric, respec-
tively. Thus there exists a vector z ∈ R

pi satisfying
zT

( 1
2 Ḣi (qi ) − Ci (qi , q̇i )

)
z = 0.

Property 3 The dynamic parameters Hi (qi ),
Ci (qi , q̇i ) and gi (qi ) are all bounded.

Property 4 If vectors y, z ∈ R
pi are differentiable,

dynamics (1b) can be linearized as

Hi (qi )y + Ci (qi , q̇i )z + gi (qi )

= Ydi (qi , q̇i , y, z)ϑdi , (4)

where Ydi (qi , q̇i , y, z) and ϑdi denote a dynamic
regressor matrix and a constant vector, respectively.
For the details of linearization process, please see the
hereafter examples. Likewise, if dynamic uncertainty
ϑ̂di is contained in (4), one obtains

Ĥi (qi )y + Ĉi (qi , q̇i )z + ĝi (qi )

= Ydi (qi , q̇i , y, z)ϑ̂di , (5)

where Ĥi (qi ), Ĉi (qi , q̇i ), ĝi (qi ), ϑ̂di are estimators of
Hi (qi ), Ci (qi , q̇i ), gi (qi ), ϑdi , respectively.

Remark 1 For simplicity, all the robots are assumed to
have identical task-space degrees of freedom such that
all di can be abbreviated as d. Moreover, by invoking
kinematic and dynamic uncertainties ϑ̂ki and ϑ̂di , sys-
tem (1) becomes amore suitable representation of prac-
tical robotic or mechanical system, which can improve
its feasibility and robustness.

2.2 Graph theory and problem description

In order to describe the communications of the robots
in NHRS, this paper employs a directed graph G =
{V, E,A}, where V , E ⊆ V × V and A = [

ωi j
]
,

respectively, denote the node set, the edge set and the
adjacency matrix. Define the neighbors of node i be
Ni = { j ∈ V | ( j, i) ∈ E}, where ( j, i) ∈ E is the
information transmitted from node j to node i . There-
after, it gives ωi j > 0 if j ∈ Ni , and ωi j = 0 oth-
erwise. Meanwhile, set ωi i = 0 for any self-edge in
this paper. Additionally, the corresponding Laplacian
matrix L = [li j ] is defined as li j = ∑

j∈Ni
ωi j for

i = j , and li j = −ωi j for i �= j . For a directed graph,
one says there exists a directed spanning tree if a neigh-
borless root node exists and has directed paths to all the
other nodes.More details about basic concepts of graph
theory can refer to [31,32].

Assumption 1 For the convenience of later refer-
ence, suppose there exist m master robots and n − m
slave robots in NHRS, denoted by the vectors Xm =
[x1; x2; . . . ; xm] and Xs = [

xm+1; xm+2; . . . ; xn
]
,

respectively. Moreover, a known virtual leader x0 ∈
R
d , defined as the neighborless root node, is assumed

to be available to all the master robots, with the weight
vector given as B = [b1; . . . ; bm].
Remark 2 With the introduction of the virtual leader,
master and slave robots in Assumption 1, two pre-
defined configurations, namely the formation tracking
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of master robots with a single leader (i.e., the virtual
leader) and that of slave robots with multiple leaders
(i.e., the master robots), will be constructed.Moreover,
in order to enhance the reliability of the later formation
in the event of leaders failure, we suppose that the infor-
mation of the virtual leader can always be available to
all the master robots even if the virtual leader is dis-
abled.

Assumption 2 The directed graph G contains at least
a directed spanning tree, for example, information can
always be successfully transmitted along directed paths
from the master robots to all the slave robots, including
the case that information transmitted among the slave
robots.

Lemma 1 ([30]) Based on Assumptions 1 and 2, the
Laplacian matrix L corresponding to graph G can be
written as the form

L =
[
L1 0
L2 L3

]
, (6)

where L ∈ R
n×n, L1 ∈ R

m×m, L2 ∈ R
(n−m)×m. Note

that L3 ∈ R
(n−m)×(n−m) is invertible, and −L−1

3 L2 is
nonnegative, with each row summing equal to one.

Proof See “Appendix A.” �	
Definition 1 With the guidance of the virtual leader,
the task-space formation tracking with a single leader
is said to be achieved if there exists vector δi ∈ R

d

satisfying

lim
t→∞ (xi (t) − δi − x0(t)) = 0,

lim
t→∞ (ẋi (t) − ẋ0(t)) = 0,

(7)

where i ∈ {1, . . . ,m}, δi is the constant position offset
with respect to that of the virtual leader.

Definition 2 With the guidance of the master robots,
the task-space formation tracking withmultiple leaders
is said to be achieved if there exist positive constants
γ j satisfying

∑m
j=1 γ j = 1 and vector ηi ∈ R

d such
that

lim
t→∞

(
xi (t) − ηi −

m∑

j=1
γ j x j (t)

)
= 0,

lim
t→∞

(
ẋi (t) −

m∑

j=1
γ j ẋ j (t)

)
= 0,

(8)

where i ∈ {m + 1, . . . , n}, ηi is the constant position
offset with respect to the convex of the master robots.

Remark 3 Hereafter, the time index t is omitted in
expressions of xi , x j and other variables for the con-
ciseness of mathematical representations. By solving
the problem in Definitions 1 and 2, the obtained results
can be extended to achievemultiple tasks involving for-
mation, containment, flocking and consensus, simulta-
neously.

For convenience of later convergence analysis, the
following Barbalat’s lemma and input-to-state stability
theory are introduced to obtain asymptotically stable
systems.

Lemma 2 (Barbalat’s lemma [33]) If the system x =
f (t) is twice differentiable, ḟ (t) ∈ L∞ and f̈ (t) ∈
L∞, respectively, indicate that f (t) and ḟ (t) are uni-
formly continuous. Moreover, if f (t) ∈ Lp(1 ≤ p ≤
∞), and (i) f (t) is uniformly continuous, then f (t) →
0 as t → ∞; (ii) ḟ (t) is uniformly continuous, then
ḟ (t) → 0 as t → ∞.

Lemma 3 (Input-to-state stability theory [34]).
Assume a continuously differentiable system ż =
f (t, z, τ ), with globally Lipschitz for (z, τ ) and uni-
formly in t. If the unforced system ż = f (t, z, 0) has a
globally exponentially stable equilibrium point at the
origin z = 0, then it is input-to-state stable.

3 Task-space formation tracking of NHRS

In this section, novel fully distributed algorithms are
developed for NHRS to realize the formation track-
ing problem presented in Definitions 1 and 2, i.e.,
xi − δi − x0, ẋi − ẋ0 → 0 for i ∈ {1, . . . ,m}, and
xi − ηi − ∑m

j=1 γ j x j , ẋi − ∑m
j=1 γ j ẋ j → 0 for

i ∈ {m + 1, . . . , n} as t → ∞.

3.1 Task-space formation tracking with a single leader

For the first part, the task-space formation tracking of
master robots with a single leader is considered. For
obtaining a fully distributed control algorithm, the esti-

mators x̂i , ˙̂xi , ¨̂xi ∈ R
d are firstly defined as

˙̂xi = −β1i sgn (σi ) ,
¨̂xi = −β2i sgn (σ̇i ) ,...
x̂ i = −β3i sgn (σ̈i ) ,

(9)

where i ∈ {1, . . . ,m}, σi = ∑m
j=1 ωi j (x̂i − x̂ j

−δi + δ j ) + bi (x̂i − δi − x0), x̂i and x̂ j are the esti-
mates of xi and x j ; β1i , β2i and β3i are three proper
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time-varying coupling gains generated from the follow-
ing adaption law.

β̇1i = σ T
i �1iσi ,

β̇2i = σ̇ T
i �2i σ̇i ,

β̇3i = σ̈ T
i �3i σ̈i ,

(10)

Before providing main theorems, we would like to
provide the following important result.

Theorem 1 Consider the following closed-loop sys-
tem under Assumptions 1 and 2.

ẋi = −βi sgn

⎛

⎝
m∑

j=1

ωi j (xi − x j ) + bi (xi − x0)

⎞

⎠ ,

(11a)

β̇i =
⎛

⎝
m∑

j=1

ωi j (xi − x j ) + bi (xi − x0)

⎞

⎠

T

×�i

⎛

⎝
m∑

j=1

ωi j (xi − x j ) + bi (xi − x0)

⎞

⎠ ,

(11b)

then, one obtains xi − x0 = 0 in finite time.

Proof See “Appendix B.” �	
Based on Theorem 1, we discuss (9) and (10)

with Assumptions 1 and 2, Then by a similar proof
that performed in Theorem 1, one obtains σi =
0, σ̇i = 0, σ̈i = 0 in finite time, namely the
vector form (L1 ⊗ Id)(X̂m − δ − (Im ⊗ x0)) = 0,

(L1 ⊗ Id)(
˙̂Xm − (Im ⊗ ẋ0))=0, (L1 ⊗ Id)(

¨̂Xm−(Im
⊗ẍ0)) = 0, where X̂m = [x̂1; . . . ; x̂m], δ =
[δ1; . . . ; δm]. Thus, it follows that x̂i − δi − x0 = 0,
˙̂xi − ẋ0 = 0, ¨̂xi − ẍ0 = 0 can be achieved in finite time,
assumed as t1.

Remark 4 By above discussion, one obtains x̂i − δi −
x0 = 0, ˙̂xi − ẋ0 = 0, ¨̂xi − ẍ0 = 0 as t > t1. Note that
the most important is not the accurate value of the time
t1, but the results can be obtained in a finite time.

With the definition of the above sliding-mode esti-
mators, a joint-space reference velocity q̇ri ∈ R

pi is
designed for master robot i ∈ {1, . . . ,m} as follows.
q̇ri

= Ĵ+
i

( ˙̂xi − α1 x̃i
)

+
(
Ipi − Ĵ+

i Ĵi
)

λi , (12)

where Ĵ+
i = Ĵ Ti ( Ĵi Ĵ Ti )−1, especially Ĵ+

i = Ĵ−1
i for

nonredundant robots,α1 is a designedpositive constant,

x̃i = xi − x̂i , and λi ∈ R
pi is an optimized convex

function for the master robots.
By (12), we get the following joint-space sliding

vector si ∈ R
pi and reference acceleration q̈ri ∈ R

pi .

si
= q̇i − q̇ri
= q̇i − Ĵ+

i

( ˙̂xi − α1 x̃i
)

−
(
Ipi − Ĵ+

i Ĵi
)

λi , (13a)

q̈ri
= ˙̂J+

i

( ˙̂xi − α1 x̃i
)

+ Ĵ+
i

( ¨̂xi − α1 ˙̃xi
)

+ d

dt

((
Ipi − Ĵ+

i Ĵi
)

λi

)
, (13b)

where ˙̂J+
i = ˙̂J Ti ( Ĵi Ĵ Ti )−1 − Ĵ Ti ( Ĵi Ĵ Ti )−1(

˙̂J i Ĵ Ti +
Ĵi

˙̂J Ti )( Ĵi Ĵ Ti )−1, especially ˙̂J+
i = − Ĵ−1

i
˙̂J i Ĵ−1

i for
nonredundant robots.

Then, the control input, kinematic, dynamic parame-
ter adaption laws and disturbance observer are, respec-
tively, designed as

ui = − Kisi + Ydi ϑ̂di − μ̂i , (14a)

˙̂
ϑki = �ki Y

T
ki

(
1

α1

˙̃xi + 2x̃i

)
, (14b)

˙̂
ϑdi = −�diY

T
di si , (14c)

˙̂μi = �μi si , (14d)

where i ∈ {1, . . . ,m}, μ̂i is the estimator of the dis-
turbance μi , Ki , �ki , �di , �μi are symmetric pos-
itive definite matrices with proper dimensions and
Yki and Ydi are abbreviations of Yki (qi , q̇ri ) and
Ydi (qi , q̇i , q̈ri , q̇ri ), respectively.

Remark 5 This paper considers the task-space forma-
tion tracking problem, while we must note that the rea-
son for using auxiliary variables in joint space is that
joint-space ones are more conveniently available since
actuators and measurement sensors are always assem-
bled at joints but the end effectors. Thus, this paper
proposes a method to adopt the readily available auxil-
iary variables, i.e., the so-called joint-space reference
velocity q̇ri , acceleration q̈ri and sliding vector si in
(12)–(13), to achieve the task-space positions xi and
velocities ẋi that finally required in Definition 1 .

The interplay between the proposed fully distributed
control algorithm and nonlinear dynamics is clearly
shown in Fig. 1.

Remark 6 It can be easily concluded from Fig. 1 that
the control systems are described as strongly nonlinear
complex networks with parametric uncertainties and
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Fig. 1 The interplay
between the proposed fully
distributed control
algorithm and nonlinear
dynamics

external disturbances. It thus motivates us to design a
concise nonlinear controller–estimator algorithm, con-
sisting of controller (14), independent distributed esti-
mators (9) and gain adaption laws (10), to solve the
task-space formation tracking problem of such nonlin-
ear Lagrangian dynamics. Although there is not any
feedback from systems (1) and controller (14) to esti-
mators (9), the control accuracy of estimators (9) can
also bewell ensured by the designed gain adaption laws
(10).Meanwhile, the computing complexity and global
energy cost can be reduced to some extent. From the
physical and engineering point of view, gain adaption
law (10) implies that the supremums of ∞-norms ẋ0,
ẍ0,

...
x 0, can be unknown in prior, different from the case

that such information is assumed to be previously glob-
ally known to all agents in previous work [3,10,11].
Meanwhile, by utilizing disturbance observer (14d), the
supremum assumption of the external disturbances μi

in [10,11] is unnecessary, and the discontinuous effects
can be simultaneously handled. It thus concludes that
the nonlinear control problem in this paper can be
solved in a fully distributed manner.

Theorem 2 For master robot i ∈ {1, . . . ,m}, suppose
Assumption 2 holds, with Ji (qi ) and Ĵi (qi ) being non-
singular. Using (9), (10) and (14) for (1), the task-
space formation tracking of master robots with a single

leader defined in (7) can be asymptotically achieved,
i.e., xi − δi − x0 → 0, ẋi − ẋ0 → 0 as t → ∞.

Proof For master robot i ∈ {1, . . . ,m}, there exists
a finite time t1 > t0 to obtain the result presented in
Theorem 1; thus, the proof is proceeded as t ∈ [t0, t1]
and t ∈ (t1,∞), respectively.

For t ∈ [t0, t1], by a simple analysis, if the initial val-
uesqi (t0), q̇i (t0) ∈ L∞∩L2, one obtainsqi , q̇i ∈ L∞∩
L2 such that xi , ẋi ∈ L∞ ∩L2 based on the nonsingu-
larity of Ji (qi ). Similarly, if β1i (t0), β2i (t0), β3i (t0) ∈
L∞ ∩ L2 and x̂i (t0), ˙̂xi (t0), ¨̂xi (t0) ∈ L∞ ∩ L2, one
obtains β1i , β2i , β3i ∈ L∞ ∩ L2 and x̂i , ˙̂xi , ¨̂xi ∈
L∞ ∩ L2. Substituting the above values into (12) and
(13), one obtains that q̇ri , q̈ri , si ∈ L∞ ∩ L2 based
on the nonsingularity of Ĵi (qi ). Combining with Prop-
erties 1, 3 and 4, one obtains Yki ,Ydi ∈ L∞ ∩ L2.
Thus, by (14), ϑ̂ki , ϑ̂di , μ̂i ∈ L∞ ∩ L2 if the ini-
tial values ϑ̂ki (t0), ϑ̂di (t0), μ̂i (t0) ∈ L∞ ∩ L2. There-
fore, it gives ui ∈ L∞ ∩ L2 such that q̈i ∈ L∞ ∩
L2, i.e., ẍi ∈ L∞ ∩ L2. Finally, one achieves that
xi , ẋi , ẍi , si , ϑ̂ki , ϑ̂di , μ̂i ∈ L∞ ∩ L2 if qi (t0), q̇i (t0),
β1i (t0), β2i (t0), β3i (t0), x̂i (t0), ˙̂xi (t0), ¨̂xi (t0), ϑ̂ki (t0),
ϑ̂di (t0), μ̂i (t0) ∈ L∞ ∩ L2 as t ∈ [t0, t1].

For t ∈ (t1,∞), let ϑ̃di
= ϑdi − ϑ̂di , μ̃i

= μi − μ̂i ,
substituting (14a) into dynamics (1b) gives
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Fully distributed control for task-space 93

Hi (qi ) ṡi = −Ci (qi , q̇i ) si − Kisi − Ydi ϑ̃di + μ̃i ,

(15)

Consider the following Lyapunov function candi-
date.

V1i (t) = 1

2
sTi Hi (qi )si + 1

2
ϑ̃T
di�

−1
di ϑ̃di

+1

2
μ̃T
i �−1

μi μ̃i , (16)

Taking the derivative of V1i along (15) yields

V̇1i (t) = −sTi Ki si ≤ 0,

which means si ∈ L2 ∩ L∞, ϑ̃di , μ̃i ∈ L∞ as t > t1.
Note that one has obtained si ∈ L2 ∩ L∞, ϑ̂di , μ̂i ∈
L∞ as t ∈ [t0, t1] such that it gives si ∈ L2 ∩ L∞,
ϑ̂di , μ̂i ∈ L∞ for all t ≥ t0. Note that the details
derivative of V1i (t) are given in “Appendix C1.”

It is clear that Ji si ∈ L2 for Ji , si ∈ L2; thus, a pos-
itive constant K1 exists and satisfies K1 ≥ ∫ t

t0
sTi (ς)

J Ti (ς)Ji (ς)si (ς)dς . Then, consider the following
Lyapunov function candidate.

V2i (t) = 1

2
x̃ Ti x̃i + 1

2
ϑ̃T
ki�

−1
ki ϑ̃ki

+ 1

α1

[
K1 −

∫ t

t0
sTi (ς)J Ti (ς)Ji (ς)si (ς)dς

]
, (17)

Differentiating (17) with respect to time yields

V̇2i (t) ≤ − 1

2α1

( ˙̃xi + α1 x̃i
)T ( ˙̃xi + α1 x̃i

)

−α1

2
x̃ Ti x̃i − 1

2α1
(Yki ϑ̃ki )

T Yki ϑ̃ki ≤ 0,

which means ϑ̃ki ∈ L∞, x̃i ∈ L2 ∩ L∞, ˙̃xi ∈
L2 ∩ L∞ (i.e., x̃i is uniformly continuous) as t ≥ t0.
Note that the details derivative of V2i (t) are given in
“Appendix C2.”

By x̃i ∈ L2 ∩ L∞ with x̃i being uniformly contin-
uous, it is clear that x̃i → 0 as t → ∞ based on
Barbalat’s lemma provided in Lemma 2. By (15), one
obtains ṡi ∈ L∞ such that q̈i ∈ L∞ based on the deriva-
tive of (13a), and thus ¨̃xi ∈ L∞ (i.e., ˙̃xi is uniformly
continuous). Combined with x̃i ∈ L∞ and Barbalat’s
lemma, it gives that ˙̃xi → 0 as t → ∞. Note that
x̃i = xi − δi − x0, ˙̃xi = ẋi − ẋ0 as t ≥ t1. Therefore,
it follows Definition 1 that limt→∞(xi − δi − x0) → 0
and limt→∞(ẋi − ẋ0) → 0. It thus ends the proof. �	
Remark 7 In the first part, the asymptotic stability
of position and velocity formation tracking errors is

achieved by designing controller (14), which, in reality,
is not necessary to guarantee the estimator ϑ̂di track the
practical value ϑdi accurately. Nevertheless, the con-
vergence error between ϑ̂di andϑdi can also be reduced
by sufficiently increasing the adaption gain �di if nec-
essary. Moreover, we must note that by increasing the
adaption gain �di to positive infinity, it may cause
numerical instabilities and harmful effects for the sys-
tem. Thus, in order to further reduce the estimator error
and increase the system performance, persistence of
excitation (PE) will be considered in our future work.

3.2 Task-space formation tacking with multiple
leaders

For the second part, the task-space formation tracking
of slave robots with multiple leaders is considered. and
the superscript ∗ is employed to denote the slave robot
i ∈ {m + 1, . . . , n} for distinguishing from the above
master robot i ∈ {1, . . . ,m}. Based on the above dis-
cussion, it gives the following similar estimators for the
slave robots.

˙̂x∗
i = −β4i sgn (εi ) ,

¨̂x∗
i = −β5i sgn (ε̇i ) ,...
x̂∗
i = −β6i sgn (ε̈i ) ,

(18)

where i ∈ {m + 1, . . . , n}, εi = ∑m
j=1 ωi j (x̂∗

i − ηi−
x̂ j )+∑n

j=m+1 ωi j (x̂∗
i − x̂∗

j − ηi + η j ), the gains β4i ,
β5i and β6i are generated from

β̇4i = εTi �4iεi ,

β̇5i = ε̇Ti �5i ε̇i ,

β̇6i = ε̈Ti �6i ε̈i ,

(19)

By Theorem 1, one knows there exists a finite time,
assumed as t2, such that it follows εi = 0, ε̇i = 0,
ε̈i = 0, namely the vector form (L3 ⊗ Id)(X̂∗

s − η +
(L−1

3 L2 ⊗ Id)X̂m) = 0, (L3 ⊗ Id)(
˙̂X∗
s + (L−1

3 L2 ⊗
Id)

˙̂Xm) = 0, (L3 ⊗ Id)(
¨̂X∗
s + (L−1

3 L2 ⊗ Id)
¨̂Xm) = 0,

where X̂m = [x̂1; . . . ; x̂m], X̂∗
s = [x̂∗

m+1; . . . ; x̂∗
n ],

η = [ηm+1; . . . ; ηn]. Therefore, it follows that for i ∈
{m + 1, . . . , n}, there exist positive constants γ j satis-
fying

∑m
j=1 γ j=1 such that x̂∗

i (t)−ηi− ∑m
j=1 γ j x̂ j (t)

= 0, ˙̂x∗
i (t)−∑m

j=1 γ j
˙̂x j (t)=0, ¨̂x∗

i (t)−∑m
j=1 γ j

¨̂x j (t)
= 0 in a finite time t ∈ [t0, t2].

Afterward, the reference velocity, sliding vector and
acceleration for slave robot i ∈ {m + 1, . . . , n} are,
respectively, described as
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q̇∗
ri

= Ĵ ∗+
i

( ˙̂x∗
i − α2 x̃

∗
i

)
+

(
I ∗
pi − Ĵ ∗+

i Ĵ ∗
i

)
λ∗
i , (20a)

s∗
i

= q̇∗
i − q̇∗

ri
= q̇∗

i − Ĵ ∗+
i

( ˙̂x∗
i − α2 x̃

∗
i

)

−
(
I ∗
pi − Ĵ ∗+

i Ĵ ∗
i

)
λ∗
i , (20b)

q̈∗
ri

= ˙̂J ∗+
i

( ˙̂x∗
i − α2 x̃

∗
i

)
+ Ĵ ∗+

i

( ¨̂x∗
i − α2 ˙̃x∗

i

)

+ d

dt

((
I ∗
pi − Ĵ ∗+

i Ĵ ∗
i

)
λ∗
i

)
, (20c)

where α2 is a positive constant, x̃∗
i = x∗

i − x̂∗
i ,

˙̃x∗
i =

ẋ∗
i − ˙̂x∗

i , λ∗
i ∈ R

pi is an optimized convex function
for the slave robots. Similarly, the control input, kine-
matic, dynamic parameter adaption laws and distur-
bance observer are, respectively, designed as

u∗
i = −K ∗

i s
∗
i + Y ∗

di ϑ̂
∗
di − μ̂∗

i , (21a)

˙̂
ϑ∗
ki = �∗

ki Y
∗T
ki

(
1

α2

˙̃x∗
i + 2x̃∗

i

)
, (21b)

˙̂
ϑ∗
di = −�∗

diY
∗T
di s

∗
i , (21c)

˙̂μ∗
i = �∗

μi s
∗
i , (21d)

Theorem 3 For slave robot i ∈ {m + 1, . . . , n}, sup-
pose Assumption 2 holds, with J ∗

i (qi ) and Ĵ ∗
i (qi ) being

nonsingular. Using (18), (19) and (21) for (1), the task-
space formation tracking of slave robots with multiple
leaders defined in (8) can be asymptotically achieved,
i.e., x∗

i − ηi − ∑m
j=1 γ j x j → 0, ẋ∗

i − ∑m
j=1 γ j ẋ j →

0 as t → ∞.

Proof For slave robot i ∈ {m + 1, . . . , n}, consider the
following similar Lyapunov functions.

V ∗
3i (t) = 1

2
s∗T
i H∗

i (q∗
i )s∗

i + 1

2
ϑ̃∗T
di �∗−1

di ϑ̃∗
di

+1

2
μ̃∗T
i �∗−1

μi μ̃∗
i , (22a)

V ∗
4i (t) = 1

2
x̃∗T
i x̃∗

i + 1

2
ϑ̃∗T
ki �∗−1

ki ϑ̃∗
ki

+ 1

α2

[
K2 −

∫ t

t0
s∗T
i (ς)J ∗T

i (ς)J ∗
i (ς)s∗

i (ς)dς

]
,

(22b)

By a similar analysis performed in Theorem 2, one
obtains s∗

i , ṡ
∗
i ∈ L∞ and ϑ̃∗

ki , ϑ̃
∗
di , μ̃

∗
i ∈ L∞ as t ≥ t0,

such that one finally obtains s∗
i , ϑ̃∗

ki → 0 as t → ∞.
Then, rewrite (20b) as the following vector form.

˙̃X∗
s = −α2 X̃

∗
s + J ∗S∗ + Y ∗

k ϑ̃∗
k , (23)

where X̃∗
s = X∗

s − η +
(
L−1
3 L2 ⊗ Id

)
X̂m , J ∗,Y ∗

k ∈
R

(n−m)d×(n−m)pi are block matrices of J ∗
i , Y

∗
ki , respec-

tively. S∗, ϑ̃∗
k ∈ R

(n−m)pi are the column stack vec-
tors of s∗

i , ϑ̃∗
ki , respectively. Based on S∗, ϑ̃∗

k =
0(n−m)pi and input-to-state stability theory provided
in Lemma 3, one says (23) is input-to-state stable at

the origin X̃∗
s = ˙̃X∗

s = 0(n−m)d . Thus, one obtains

X̃∗
s ,

˙̃X∗
s → 0, i.e., x∗

i (t) − ηi − ∑m
j=1 γ j x̂ j (t) → 0,

ẋ∗
i (t) − ∑m

j=1 γ j
˙̂x j (t) → 0 as t → ∞. Combining

with x̂ j (t) − δ j − x0(t) = 0, ˙̂x j (t) − ẋ0(t) = 0 for
master robot j ∈ {1, . . . ,m} as t ≥ t1 shown in The-
orem 2, then, it follows that presented in Definition 2.
This completes the proof. �	
Remark 8 Likewise, it is not necessary to obtain the
accurate value of the finite time t2 in the proof of Theo-
rem 3.Moreover, the formation tracking of slave robots
with multiple leaders can also be obtained with a rede-
fined value εi right after 18.

εi =
∑m

j=1
ωi j (x̂

∗
i − ηi − x j )

+
∑n

j=m+1
ωi j (x̂

∗
i − x̂∗

j − ηi + η j ),

where the actual positions x j ofmaster robots are intro-
duced to replace the estimated ones.

By Theorems 2 and 3, Table 1 shows the control
process of the fully distributed control algorithm. Note
that the following subprocesses (1) and (2) in each step
are carried out simultaneously.

It is worth pointing out that the formation tracking
of NHRS can also be achieved by a control algorithm
with another kinematic parameter adaption law.

Corollary 1 For robot i ∈ {1, . . . , n}, suppose
Assumption 2 holds, with Ji (qi ) and Ĵi (qi ) being non-

singular. Respectively replace ˙̂
ϑki in (14b) and ˙̂

ϑ∗
ki in

(21b) with

˙̂
ϑki = �ki Y

T
ki (qi , q̇i )

(
1

α1

˙̃xi + 2x̃i

)
,

˙̂
ϑ∗
ki = �∗

ki Y
∗T
ki

(
q∗
i , q̇∗

i

) (
1

α1

˙̃x∗
i + 2x̃∗

i

)
,

where q̇i and q̇∗
i are used to replace q̇ri in Y

T
ki and q̇

∗
ri in

Y ∗T
ki , respectively. Combined with corresponding con-

trol inputs, dynamic parameter adaption law and dis-
turbance observer, the task-space formation tracking
of NHRS defined in (7) and (8) can be asymptotically
achieved.
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Table 1 The control process of the fully distributed task-space formation tracking control algorithm

Algorithm: Fully distributed task-space formation tracking control algorithm
Main input : xr , α, βi , �i , �ki , �di , �μi , Ki , μi , δi , ηi
Main output : xi , ẋi

Step 1. Initialization of system parameters:

(1) for master robots i ∈ {1, . . . ,m}, suppose qi (t0), q̇i (t0), β1i (t0), β2i (t0), β3i (t0), x̂i (t0), ˙̂xi (t0), ¨̂xi (t0), ϑ̂ki (t0),
ϑ̂di (t0), μ̂i (t0) ∈ L∞ ∩ L2;

(2) for slave robots i ∈ {m + 1, . . . , n}, suppose q∗
i (t0), q̇∗

i (t0), β4i (t0), β5i (t0), β6i (t0), x̂∗
i (t0), ˙̂x∗

i (t0), ¨̂x∗
i (t0),

ϑ̂∗
ki (t0), ϑ̂

∗
di (t0), μ̂

∗
i (t0) ∈ L∞ ∩ L2;

Step 2. Definition of sliding-mode estimators and gain adaption laws:

(1) for master robots, define x̂i , ˙̂xi , ¨̂xi and β1i , β2i , β3i , δi , such that x̂i = δi + x0, ˙̂xi = ẋ0, ¨̂xi = ẍ0 as t ≥ t1;

(2) for slave robots, define x̂∗
i ,

˙̂x∗
i ,

¨̂x∗
i and β4i , β5i , β6i , εi , γ j , such that x̂∗

i = ηi + ∑m
j=1 γ j x̂ j , ˙̂x∗

i = ∑m
j=1 γ j

˙̂x j ,
¨̂x∗
i = ∑m

j=1 γ j
¨̂x j as t ≥ t2;

Step 3. Design of control inputs and adaption laws:

(1) for master robots, design α1, λi , Ki , �ki �di and �μi , thus τi ,
˙̂
ϑki ,

˙̂
ϑdi and ˙̂μi are obtained;

(2) for slave robots, design α2, λ∗
i , K

∗
i , �

∗
ki , �

∗
di and �∗

μi , thus τ ∗
i ,

˙̂
ϑ∗
ki ,

˙̂
ϑ∗
di and

˙̂μ∗
i are obtained;

Step 4. Conclusions of the control process:

(1) for master robots, by V1i (t), V2i (t) and Barbalat’s lemma, the control objective proposed in Definition 1 is
achieved;

(2) for slave robots, by V ∗
3i (t), V

∗
4i (t) and input-to-state stability Theory, the control objective proposed in Definition

2 is achieved.

Meanwhile, not only the fixed-topology problems
but also the cases with dynamical topologies can be
solved via the above algorithms involving dynamically
changed communication topologies.

Corollary 2 Suppose Assumption 2 holds. Replace the
constant ωi j and bi in Theorems 2 and 3 with the time-
varying weights ωi j (t) and bi (t), such that the forma-
tion tracking ofmaster and slave robots with dynamical
topology can be achieved.

Furthermore, the algorithm can also be applied to
address the formation-containment problems by some
simple transformation.

Corollary 3 Suppose that Assumption 2 and Theo-
rem 2 hold. Replace εi in Theorem 3 with εi =∑n

j=1 ωi j (x̂∗
i − x̂ j ), and use (18), (19) and (21) for

(1), the task-space containment of slave robots can be
asymptotically achieved, i.e., x∗

i − ∑m
j=1 γ j x j → 0,

ẋ∗
i − ∑m

j=1 γ j ẋ j → 0 as t → ∞, such that the
formation-containment control of NHRS is achieved.

Last but not least, consensus problems can also be
solved as declared in Corollary 4.

Corollary 4 Suppose Assumption 2 holds. Replace
σi in Theorem 2 with σi = ∑m

j=1 ωi j (x̂i − x̂ j ) +
bi (x̂i − x0), as well as εi in Theorem 3 with εi =∑m

j=1 ωi j (x̂∗
i − x̂ j )+∑n

j=m+1 ωi j (x̂∗
i − x̂∗

j ), thus, the
consensus of NHRS is achieved by using correspond-
ing control algorithms for (1), i.e., xi − x0 → 0,
ẋi − ẋ0 → 0, i ∈ {1, . . . ,m}, and x∗

i − ∑m
j=1 γ j x j →

0, ẋ∗
i − ∑m

j=1 γ j ẋ j → 0, i ∈ {m + 1, . . . , n} as
t → ∞.

Proof The proofs of above corollaries are similar to the
analysis in Theorems 2 and 3 and are omitted here for
saving space. �	
Remark 9 In this paper, system (1) is the global con-
trol objective, which is employed to achieve the control
problems given in Definitions 1 and 2, while system
(11) is the local control objective, which is adopted for
obtaining the estimators defined in (9) and (18). Note
that the estimators are first obtained, then by invok-
ing them for the controllers (14) and (21), respectively,
the formation tracking of system (1) can be finally
achieved.

Remark 10 The reasons for choosing multiple master
robots rather than one are listed as follows. For practi-
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cal applications, it ismore adaptable and reliable for the
system with multiple master robots for the events with
any single-master robot is disabled for some known or
unknown issues. For theory research, it is not only a
more robust and flexible system but also a challenging
problem since the existence of distributed control man-
ner among the robots. Moreover, it is more convenient
for the results to be extended to multi-task problems.

Remark 11 The challenges and necessary for investi-
gating the formation tracking problem with both single
and multiple leaders are summarized as follows. First,
the design of estimators (9) and gain adaption laws
(10) in the single-leader case (Sect. 3.1) only requires
the known parameters x0, ẋ0, ẍ0, while (18) and (19)
in multiple-leader case (Sect. 3.2) are based on the
unknown results x j , ẋ j , ẍ j , j ∈ {1, . . . ,m} obtained
in Sect. 3.1, such that the problem with both single and
multiple leaders ismore challenging. Overall, it ismore
convenient for the combined results to be extended to
address multi-task problems, such that it is useful and
necessary to investigate the problem with both single
and multiple leaders.

Remark 12 Compared to the formation tracking prob-
lems [15–18] and fully distributed problems [16,17,
22–25] of linear or homogeneous systems with a sin-
gle leader, this paper develops fully distributed control
algorithms for NHRSs to, respectively, achieve task-
space formation with single and multiple time-varying
leaders, which enriches the scenarios of coordination
behaviors. In contrast to the formation tracking prob-
lem of linear or homogeneous systems with multiple

leaders [19–21], this paper focuses on Lagrangian sys-
temswith the nonlinear heterogeneous properties, para-
metric uncertainties and external disturbances. Supe-
rior to the control algorithms developed in [10,11],
this paper develops fully distributed control algorithms
with gain and disturbance-avoid adaption laws, which
do not require the upper bound assumption of reference
states and external disturbances. Unlike the fully dis-
tributed control algorithms, relying on the assumptions
that the communication topologies are undirected or
strongly connected [24–27], this paper develops fully
distributed control algorithms under a milder assump-
tion. Moreover, note that by employing time delays
in the communication channels, the proposed control
algorithms can be further extended to teleoperation
robotic systems considered in [12,13].

4 Numerical examples

In this section, example 1 is performed to demonstrate
the validity of the main results obtained in the above
sections, while example 2 is given to show the compar-
isons with previous results in [10].

Example 1 Without loss of generality, assume there
exist six planar master robots and eight planar slave
robots, displayed in Fig. 2, in NHRS, and the numbers
of nonredundant and redundant robots in each group
are, respectively, identical. The physical parameters
of robot i ∈ {1, · · · , 14} are given in
Table 2, where mi , li , ri and Ii , respectively, denote

Fig. 2 The planar nonredundant and redundant robots in NHRS
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Table 2 The physical
parameters of NHRS

i-th Robot mi (kg) li (m) ri (m) Ii (kgm2)

i = 1, 2, 3, 7, 8, 9, 10 1.4, 1.6 1.4, 1.6 0.7, 0.8 0.27, 0.41

i = 4, 5, 6, 11, 12, 13, 14 1.4, 1.0, 0.8 1.4, 1.0, 0.8 0.7, 0.5, 0.4 0.27, 0.1, 0.05

Table 3 The constant
dynamic parameters of
NHRS

i-th Robot ϑdi

i = 1, 2, 3, 7, 8, 9, 10 ϑdi1 = mi1r2i1 + mi2
(
l2i1 + r2i2

) + Ii1 + Ii2, ϑdi2 = mi2li1ri2,
ϑdi3 = mi2r2i2 + Ii2, ϑdi4 = mi1ri1 + mi2li1, ϑdi5 = mi2ri2

i = 4, 5, 6, 11, 12, 13, 14 ϑdi1 = mi1r2i1 + (mi2 + mi3)l2i1 + Ii1, ϑdi2 = mi2r2i2 + mi3l2i2 + Ii2,
ϑdi3 = mi2ri2li1 + mi3li2li1, ϑdi4 = mi3r2i3 + Ii3, ϑdi5 = mi3ri3li1,
ϑdi6 = mi3ri3li2, ϑdi7 = mi1ri1 + mi2li1 + mi3li1,
ϑdi8 = mi2ri2 + mi3li2, ϑdi9 = mi3ri3

Table 4 The inertia matrix of NHRS

i-th Robot Hi (qi )

i = 1, 2, 3, 7, 8, 9, 10 H11 = ϑdi1 + 2ϑdi2 cos qi2, H12 = H21 = ϑdi3 + ϑdi2 cos qi2, M22 = ϑdi3

i = 4, 5, 6, 11, 12, 13, 14 H11 = ϑdi1 + ϑdi2 + ϑdi4 + 2ϑdi3 cos q2 + 2ϑdi5 cos(q2 + q3) + 2ϑdi6 cos q3,
H12 = H21 = ϑdi2 + ϑdi4 + ϑdi3 cos q2 + ϑdi5 cos(q2 + q3) + 2ϑdi6 cos q3,
H13 = H31 = ϑdi4 + ϑdi5(q2 + q3) + ϑdi6 cos q3, H33 = ϑdi4, H22 = ϑdi2 + ϑdi4 + 2ϑdi6 cos q3,
H23 = H32 = ϑdi4 + ϑdi6 cos q3

Table 5 The
Coriolis–centrifugal matrix
of NHRS

i-th Robot Ci (qi , q̇i )

i = 1, 2, 3, 7, 8, 9, 10 C11 = −ϑdi2q̇i2 sin qi2, C12 = −ϑdi2(q̇i1 + q̇i2) sin qi2,
C21 = ϑdi2q̇i1 sin qi2, C22 = 0

i = 4, 5, 6, 11, 12, 13, 14 C11 = −ϑdi3q̇2 sin q2 −ϑdi5(q̇2 + q̇3) sin(q2 +q3)−ϑdi6q̇3 sin q3,
C12 = −ϑdi3(q̇1 + q̇2) sin q2 − ϑdi5(q̇1 + q̇2 + q̇3) sin(q2 +
q3) − ϑdi6q̇3 sin q3,
C13 = −(ϑdi5 sin(q2 + q3) + ϑdi6 sin q3)(q̇1 + q̇2 + q̇3),
C21 = ϑdi3q̇1 sin q2 + ϑdi5q̇1 sin(q2 + q3) − ϑdi6q̇3 sin q3,
C22 = −ϑdi6q̇3 sin q3, C23 = −ϑdi6(q̇1 + q̇2 + q̇3) sin q3,
C31 = ϑdi5q̇1 sin(q2 + q3) + ϑdi6(q̇1 + q̇2) sin q3,
C32 = ϑdi6(q̇1 + q̇2) sin q3, C33 = 0

the mass, length, distance between the joint and the
center of mass, and the moment of inertia around its
center of mass [10]. The constant dynamic parame-
ters of NHRS are displayed in Table 3 such that by
Property 4, the dynamics (1b) can be linearized with
respect to ϑdi , with the dynamic parameters obtained
and displayed in Tables 4, 5 and 6, where for i ∈
{1, 2, 3, 7, 8, 9, 10}, Hi (q) = [H11, H12; H21, H22],
Ci (q, q̇) = [C11,C12; C21,C22], gi (q) = [g1; g2];
and for i ∈ {4, 5, 6, 11, 12, 13, 14}, Hi (q) = [H11,

H12, H13; H21, H22, H23; H31, H32, H33],Ci (q, q̇) =
[C11,C12,C13; C21,C22,C23; C31,C32,C33], gi (q)

= [g1; g2; g3]. Note that the gravitational acceleration
g in gravitational torque gi (qi ) satisfies g = 9.8kg ·m2.

As shown in Fig. 3, a directed topologyG containing
a directed spanning tree is used to describe the commu-
nications of NHRS,where node 0, nodes 1–6 and nodes
7–14, respectively, denote the virtual leader, the mas-
ter robots and the slave robots, with the three types of
desired configurations shown in Fig. 4. Note that δ1 =
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Table 6 The gravitational
torque of NHRS

i-th Robot gi (qi )

i = 1, 2, 3, 7, 8, 9, 10 g1 = ϑdi4g cos qi1 + ϑdi5g cos(qi1 + qi2), g2 = ϑdi5g cos(qi1 + qi2)

i = 4, 5, 6, 11, 12, 13, 14 g1 = ϑdi7g cos qi1 +ϑdi8g cos(qi1 +qi2)+ϑdi9g cos(qi1 +qi2 +qi3),
g2 = ϑdi8g cos(qi1 + qi2) + ϑdi9g cos(qi1 + qi2 + qi3),
g3 = ϑdi9g cos(qi1 + qi2 + qi3)

Fig. 3 The directed communication topology G of the nonlinear
system

[0.05; 0.09], δ2 = [0.1; 0], δ3 = [0.05;−0.09], δ4 =
−δ1, δ5 = − δ2, δ6 = − δ3. η1 = [0.09; 0.21], η2 =
[0.25; 0.1], η3 = [0.25;− 0.1], η4 = [0.09;− 0.21],
η5 = − η1, η6 = − η2, η7 = − η3, η8 = − η4. More-
over, for t ≥ t0 = 0, the task-space position of virtual
leader is given as follows.

x0(t) = [1.0 + 1.0 sin(0.2t); − 1.0 − 1.0 cos(0.2t)] .

For the robots in NHRS, set t0 = 0 and ini-
tialize the joint-space positions qi (0) as [5;−1],
[5; 6], [5; 12], [5;−1; 13], [5; 5; 1], [5; 6; 6], [11; 6],
[4; 8], [4; 14], [5; 24], [4; 1; 13], [4; 1; 19], [4; 7; 1],
[4; 2; 5]. Initialize velocities q̇i (0) of nonredundant

and redundant robots as [1; 2] and [1; 2; 3], respec-
tively. Initialize estimated kinematic parameters ϑ̂ki (0)
of nonredundant and redundant robots as [0.4; 0.3]
and [0.4; 0.3; .2], respectively. Initialize estimated
dynamic parameters ϑ̂di (0), estimated disturbances
μ̂i (0), gains βi (0) and sliding-mode estimators x̂i (0),˙̂xi (0), ˙̂xi (0) as zero. Design α1 = α2 = 0.2,
�i = 800I2. The elements of disturbances μi are ran-
domly selected from [−1, 1]. Meanwhile, for robot
i ∈ {1, 2, 3, 7, 8, 9, 10}, design Ki = 8I2, �ki =
55I2, �di = 55I5 and �μi = 55I2; for robot i ∈
{4, 5, 6, 11, 12, 13, 14}, design λi = [0; 0.9(π/3 −
qi2); 0], Ki = 8I3, �ki = 55I3, �di = 55I9 and
�μi = 55I3.

The example results of the formation tracking prob-
lem are shown in Figs. 5, 6, 7, 8, 9, 10, 11, 12 and
13. Figures 5, 8, 11 and 6, 9, 12, respectively, depict
task-space position and velocity tracking errors x̃i and˙̃xi , and Figs. 7, 10, 13 depict the task-space forma-
tion tracking performance of the three cases shown in
Fig. 4. By Figs. 5, 8, 11 and Figs. 6, 9, 12, one sees that
all the task-space positions and velocities, respectively,
reach the agreement within t = 15 seconds. In Figs. 7,
10 and 13, the heavy line and pentagram are used for
describing the reference trajectory, the solid line, rhom-
bus and asterisk for the master robots, and the dashed

(a) (b) (c)

Fig. 4 The desired configurations of the robots in NHRS. a The case with every γ j = 1
6 . b The case with γ2 = 1. c The case with

γ3 = 1
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Fig. 5 The task-space
position tracking errors x̃i
of the robots in case (a)

Fig. 6 The task-space
velocity tracking errors ˙̃xi
of the robots in case (a)

Fig. 7 The task-space
formation tracking
performance of case (a)
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Fig. 8 The task-space
position tracking errors x̃i
of the robots in case (b)

Fig. 9 The task-space
velocity tracking errors ˙̃xi
of the robots in case (b)

Fig. 10 The task-space
formation tracking
performance of case (b)
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Fig. 11 The task-space
position tracking errors x̃i
of the robots in case (c)

Fig. 12 The task-space
velocity tracking errors ˙̃xi
of the robots in case (c)

line, circle and quadrate for the slave robots. At the
initial time, the positions of all the robots are decen-
tralized. Then, one sees that the three cases shown in
Fig. 4 are, respectively, achieved within t = 23 sec-
onds, which is an interesting advantage from a prac-
tical point of view since the algorithms proposed in
this paper can be applied in the cases, where danger-
ous tasks, including reconnaissance and attack, can be
accomplished by the unmanned slave robots outside,
while the manned master robots can be protected by
the constructed defensive systems.

Example 2 To show the advantages of the obtained
results, the consensus control algorithm designed in
[10] is extended to formation tracking cases to make a
comparison. The control algorithm is designed as

ui = Ydi ϑ̂di − Ksi si − Kμi sgn (si ) ,

˙̂
ϑki = �ki Y

T
ki

(
1

α

(
ẋi − ˙̂xi

)
+ 2

(
xi − x̂i

)
)

(24)

˙̂
ϑdi = −�diY

T
di si ,

where Kμi satisfies λmin
(
Kμi

) ≥ supt≥0 ‖μi (t)‖, and
estimators x̂i , ˙̂xi , ¨̂xi are derived from

˙̂xi = −β1sgn

⎛

⎝
m∑

j=1

ωi j (x̂i − x̂ j − δi + δ j )

+ bi (x̂i − δi − x0)

⎞

⎠ ,

¨̂xi = −β2sgn

⎛

⎝
m∑

j=1

ωi j ( ˙̂xi − ˙̂x j ) + bi ( ˙̂xi − ẋ0)

⎞

⎠ ,
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Fig. 13 The task-space
formation tracking
performance of case (c)

Fig. 14 The task-space
position tracking errors x̃i
of the robots under control
algorithm (24)

Fig. 15 The task-space
velocity tracking errors ˙̃xi
of the robots under control
algorithm (24)
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Fig. 16 The task-space
formation tracking
performance under control
algorithm (24)

...
x̂ i = −β3sgn

⎛

⎝
m∑

j=1

ωi j ( ¨̂xi − ¨̂x j ) + bi ( ¨̂xi − ẍ0)

⎞

⎠ ,

(25)

where the three proper constantsβ1,β2,β3 satisfyβ1 >

||ẋ0||, β2 > ||ẍ0||, β3 > || ...x0||.
Set β1 = 10, β2 = 5, β3 = 2, λmin

(
Kμi

) ≥ 6, and
other parameters are designed with the same as that in
Example 1. Then, selecting the desired configurations
as case (a), i.e., every γ j = 1

6 , the comparison results
under control algorithm (24) are given in Figs. 14, 15
and16,which show that the formation trackingproblem
in case (a) is finally achieved within t = 23 seconds.
However, it is necessary to point out that Figs. 14, 15
and 16 are obtained under a single leader, which may
restrict its applications, from the physical and engi-
neering point of view, in the cases with the only sin-
gle leader being disabled. Furthermore, the results are
limited by the assumption that the supremum of the
reference parameters ẋ0, ẍ0,

...
x 0 and the external dis-

turbancesμi are globally known to all robots, while, by
utilizing fully distributed control algorithms and mul-
tiple leaders, Figs. 5, 6 and 7 are well obtained and
are independent of parameter supremum and leader
failure.

5 Conclusion

This paper has constructed several novel fully dis-
tributed control algorithms to realize the task-space
formation tracking of NHRS with both single and mul-
tiple time-varying leaders. First, the nonlinear sys-
tem is modeled with external disturbances, kinematic

and dynamic uncertainties. Then, the main results of
the system are obtained by adopting the fully dis-
tributed control algorithms, including distributed esti-
mators and gain adaption laws, control inputs, dis-
turbance observer, kinematic and dynamic parameter
adaption laws. Next, the asymptotic stability of the
obtained results is analyzed by invoking Barbalat’s
lemma and input-to-state stability theory. Moreover,
the obtained results have been further extended to
formation-containment and consensus problems with
dynamical topologies. Finally, by designing corre-
sponding control gains and parameters, numerous
examples have been, respectively, performed forNHRS
to verify the validity and advantages of the theoreti-
cal results. In future works, the formation tracking of
NHRS with time-varying delays and external forces
will be further discussed.
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Appendix

Appendix A. Proof of Lemma 1. By Assumption 2, it
is clear that L3 is invertible. Based on the definition of
LaplacianmatrixL, one obtains L21m+L31n−m = 0m ,
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i.e.,−L−1
3 L21m = 1n−m since L3 is invertible. Thus, it

gives that −L−1
3 L2 is nonnegative, and each row sums

equal to one.
Appendix B. Proof of Theorem 1. Here we prove the
theorem by contradiction. First we replace βi in (11a)
with a constant β̄i , which satisfies β̄i > L∞ ‖ẋ0‖.
Then, by similar proofs of Theorem 3.1 given in [3]
and Lemma 3 given in [10], one can easily obtain
xi −x0 = 0 in finite time. If we assume that xi −x0 = 0
cannot be achieved in finite time such that it gives

βi (t) < β̄i , (26)

While β̇i in (11b) satisfies β̇i ≥ 0, which reveals that
βi continuously increases such that there must exist a
finite time satisfying

βi (t1) > β̄i , (27)

By comparing with (26) and (27), it is contradictory
such that it follows that xi − x0 = 0 can be obtained in
finite time, and it ends the proof.
Appendix C1. The details derivative of V1i (t). Differ-
entiating (16) with respect to time yields

V̇1i (t) = 1

2
sTi Ḣi (qi )si + sTi Hi (qi )ṡi + ϑ̃T

di�
−1
di

˙̃
ϑdi

+μ̃T
i �−1

μi
˙̃μi ,

Then, by invoking (15), Properties 2 and 4, one obtains

V̇1i (t) = 1

2
sTi Ḣi (qi )si + sTi

(
− Ci (qi , q̇i ) si

−Kisi − Ydi ϑ̃di + μ̃i

)

+ ϑ̃T
di�

−1
di �diY

T
di si − μ̃T

i �−1
μi �μi si

= 1

2
sTi

(
Ḣi (qi ) − 2Ci (qi , q̇i )

)
si − sTi Ki si

−sTi Ydi ϑ̃di + sTi μ̃i + ϑ̃T
diY

T
di si − μ̃T

i si

= −sTi Ki si ≤ 0,

Appendix C2. The details derivative of V2i (t). Firstly,
differentiating (17) with respect to time yields

V̇2i (t) = x̃ Ti ˙̃xi + ϑ̃T
ki�

−1
ki

˙̃
ϑki − 1

α1
(Ji si )

T Ji si ,

Then, substituting Ji si = ˙̃xi + α1 x̃i − Yki ϑ̃ki derived

from (13a), and ˙̃
ϑki = −�ki Y T

ki (
1
α1

˙̃xi + 2x̃i ) yields

V̇2i (t) = − 1

2α1

( ˙̃xi + α1 x̃i
)T ( ˙̃xi + α1 x̃i

)
− α1

2
x̃ Ti x̃i

− 1

2α1

˙̃xTi ˙̃xi − 1

α1
(Yki ϑ̃ki )

T Yki ϑ̃ki

− 1

α1
ϑ̃T
kiY

T
ki

˙̃xi ,

Based on the standard basic inequalities, one obtains
− 1

α1
ϑ̃T
kiY

T
ki

˙̃xi ≤ 1
2α1

˙̃xTi ˙̃xi + 1
2α1

(Yki ϑ̃ki )
T Yki ϑ̃ki such

that

V̇2i (t) ≤ − 1

2α1

( ˙̃xi + α1 x̃i
)T ( ˙̃xi + α1 x̃i

)
− α1

2
x̃ Ti x̃i

− 1

2α1

˙̃xTi ˙̃xi − 1

α1
(Yki ϑ̃ki )

T Yki ϑ̃ki

+ 1

2α1

˙̃xTi ˙̃xi + 1

2α1
(Yki ϑ̃ki )

T Yki ϑ̃ki

≤ − 1

2α1

( ˙̃xi + α1 x̃i
)T ( ˙̃xi + α1 x̃i

)

−α1

2
x̃ Ti x̃i − 1

2α1
(Yki ϑ̃ki )

T Yki ϑ̃ki ≤ 0,
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